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Abstract

We show that distributional and weak functional limit theorems for
ergodic processes often hold for arbitrary absolutely continuous initial
distributions. This principle is illustrated in the setup of ergodic sums,
renewal-theoretic variables, and hitting times for ergodic measure preserv-
ing transformations.
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1 Introduction

Probability theory of dynamical systems has become a very active field of re-
search. A nonsingular map T on a o-finite measure space (X, .4, m) (meaning
that T is measurable and m o T—1 < m), generates, for any initial distribution
P < m according to which an initial state Xy € X is chosen, a sequence of
random elements X,, := T"Xg, n > 0, of X representing the consecutive states
of the system. Despite their nontrivial dependence structure, such (X,,)n>0, and
derived processes like, for example, Y,, := f(X,), n > 0, for suitable measurable
f: X — R, often share the regular asymptotic behavior of more classical types
of random processes. Typically, such results depend on T being ergodic (i.e.
AeAand T7'A = Aimply 0 € {m(A),m(A°)}) and the existence of a o-finite
absolutely continuous invariant measure pu (meaning o T—! = ), plus some
additional assumptions ensuring a form of asymptotic independence.

While results of this kind are usually stated in terms of the invariant measure
(if finite), there is no reason to regard the latter as a natural initial distribution
P representing, say, incomplete but nontrivial information about the actual



initial state of a deterministic system. It is therefore most desirable to extend
such results to a large class of nonstationary probability measures P. While
almost sure statements trivially carry over to every P < m, the question is
more interesting for convergence in distribution, where (for finite m) validity
for all P <« m is equivalent to the limit theorem being mixing in the sense of
Rényi, cf. [R], [E], and [AE], which means that it persists under conditioning on
any event of positive probability. Besides its obvious interest from the point of
view of modelling, the possibility of changing measures in weak limit theorems
has recently become a useful tool for establishing distributional limit theorems
in the first place, cf. [TZ].

A simple and very useful sufficient condition for scalar processes (called
asymptotic T-invariance below) has been introduced in [E]. While still not as
well known as it ought to be, it has entered the ergodic theory literature, see
e.g. [A0], [Al], [T], and [MT]. The present semi-expository note attempts to
popularize this principle by offering an ergodic theoretical approach to Eagle-
son’s result, and provides a slightly more general formulation which also covers
functional limit theorems. We then collect a couple of natural applications, that
is, types of distributional and functional limit theorems for ergodic transforma-
tions which are always mixing in Rényi’s sense.

Throughout (M,d) is a separable metric space with Borel o-field Bys. A
sequence (vp)n>1 of probability measures on (M, Bys) converges weakly to the
probability measure v on (M, Byy), written v, = v, if the integrals of bounded
continuous function ¢ : M — R converge, i.e. [ dv, — [ dv asn — oco. If
R,,n > 1, are random variables on a probability space (X, A, P), taking values
in (M,By), and R is another random element of M, not necessarily defined
on X, then (R,),>1 converges in distribution to R if the distributions P o R,1
of the R,, converge weakly to that of R. Explicitly specifying the underlying
measure, we denote this by

R, = R.

We are interested in situations in which a distributional limit theorem R,, :P> R
automatically carries over to a large collection of other probability measures:
For measurable maps R,, n > 1, of a o-finite measure space (X,.4,m) into
(M, Byr), strong distributional convergence (terminology taken from §3.6 of [A0])
to a random element R, written

‘R,

R,
means that R, :Q> R for all probability measures @ < m. If m itself is a
probability measure, this is equivalent to R, == R (mizing), meaning that
R, =& R for every E € A with m(E) > 0, where mg(A) := m(E N A)/m(E)
is the conditional measure on E.

The following result enables us to change initial distributions in a large
variety of interesting situations.



Theorem 1 (Asymptotically invariant random elements of M) Let R,
n > 1, be random variables on the probability space (X, A, P), taking values in
the separable metric space (M,d), and R a random element of M such that

P
R,— R asn— oo.

Assume there is a o-finite measure m on (X, A) such that P < m, and an
ergodic nonsingular transformation T on (X, A,m) under which (Ry)n>1 1is
asymptotically invariant in measure in that

d(R,oT,R,) 0 asn — oc. (1)

Then
R, L(zm) R asn— oo.

Remark 1 a) Convergence in measure, —, w.r.t. a o-finite measure is to be

understood as —=» for all probability measures Q <K m.

b) A parallel statement for continuous-parameter families (Ry)i>o which sat-
isfy d(Ry o T, Ry) 50 as t — oo follows by exactly the same argument.

¢) If m happens to be infinite, we can w.l.o.g. pass to an equivalent proba-
bility measure (w.r.t. which T is nonsingular) without spoiling (1).

d) For real-valued R, the result is contained in [E] (but our proof is differ-
ent). An example of a mizing functional limit theorem (i.e. for path-valued R,,),
in the context of Donsker’s invariance principle for independent and strongly (c-
) mizing processes, is discussed in [B] (cf. §14 and §19 there), see also § VIIL5
of [JS].

e) A related result for a.s.-versions of distributional limit theorems is given

in §4 of [ChG].

2 Proof of Theorem 1

The transfer operator T : Li(m) — Li(m) of the nonsingular map T on
(X, A, m) describes the evolution of probability densities under T, that is, Tu =
d(PoT~1)/dm, where P has density u w.r.t. m. Equivalently, [(goT) -udm =
fg- Tudm for all u € Ly(m) and g € Loo(m), i.e. T is dual to g —> go T.
We let D(m) denote the set of probability densities w.r.t. m. The following
classical companion of the mean ergodic theorem, due to Yosida [Y] (see also
[Kr], Theorem 2.1.3), is central to our argument:

Theorem 2 (Yosida’s Theorem) Let T be a nonsingular map on a o-finite
measure space (X, A,m). Then T is ergodic if and only if

n—1

1 Zf’“(u —u*)

— 0  for all u,u” € D(m). (2)
n
k=0

Ll(m)



We are now ready for the

Proof of Theorem 1. Fix any probability measure @ < m on (X, .A4). To
prove R, L Ritis enough to show that

/wd(QORle):/¢0RndQHE[¢(R)] as 1 — 0o (3)

whenever ¢ : M — R is bounded and (uniformly) Lipschitz. Fix such a . Since,
by assumption, the corresponding statement is true for P, (3) is equivalent to

/¢oR,LdP—/¢oR,LdQ—>O as n — oo. (4)

Choose any € > 0 and let u := dP/dm, and u* := d@Q/dm. Replacing P and
Q@ by K-step arithmetic averages generated by T, with K = K (e) sufficiently
large, we obtain, via (2),

k=0 k=0
| K1
— k *
_‘/1/10Rn (KZT(u u))dm‘
k=0
K-1
1 ~k . €
<sup|Y|-||= T (u — u™) <= foralln>1.
M K 2
k=0 Lyi(m)

The assertion of the theorem therefore follows once we verify

|/wo Rnd<ll(Kz_:lPoTk> f/z/;oRndP
k=0

as well as the analogous statement with P replaced by Q.

<§ for n > no(e),  (5)

Rewrite the left-hand side of (5) as ’% S (o RyoTH —4poR,)dP
to see that it suffices to prove that for every j > 0 and v € D(m),

/(z/)oRnoTj+1—1poRnOTj)-vdm—>0 as n — oo. (6)

Since T is nonsingular, we may assume w.l.o.g. that j =0. Let ¥,, := v o R,,
and observe that due to Lipschitz continuity of ¢ the sequence (¥,,),>1 inherits
asymptotic T-invariance in measure from (R,,),>1, that is,

U,0T -V, ™0 asn— oo (7)

Now take any &' > 0, then

/|\I!non\I/n|~vdm§z—:’+2sup|1/1|~/ vdm,
M {|V,0T—¥,|>c"}



and because of (7) the right-most term tends to 0 as n — oo. This proves (6)
and hence our theorem. m

3 Applications

We collect a number of interesting situations in which Theorem 1 can, with little
effort, be applied to give strong distributional convergence in distributional limit
theorems and weak invariance principles for ergodic processes.

3.1 Ergodic sums and partial sum processes

The most obvious examples of asymptotically invariant sequences (R, ) for a
conservative ergodic nonsingular map T on (X,.4,m) are normalized ergodic
sums Zz;é foT*, n > 1. For the reader’s convenience we recall the most basic
observation (cf. [E]):

Corollary 1 (Ergodic sums in R) Let T be a nonsingular conservative er-
godic map on the probability space (X, A, m), P < m some probability measure,
and f : X — R measurable. For constants A, € R, B, >0, n > 1, consider the
normalized ergodic sums

n—1
1
S,: X =R, n>1, S,(z):= T (ZfoTk(x)—An>.
"\ k=0

Then, for any R-valued random variable S,

S, LS implies S, 2% g.

Proof. Asymptotic T-invariance S, o T — S,, — 0 is obvious. m

Turning to functional limit theorems, we denote functions to be regarded as
elements of a path space M by x,y and their values at t by x;, y;. Similarly, ran-
dom elements of M will be denoted by S,S,,, ... with corresponding coordinate
variables S, S, + etc. As a simple warm-up, consider the space C[0, 1] of continu-
ous real functions on [0, 1], with the uniform metric de(x,y) := sup;eqo,1) [%¢ — y¢l,
x,y € C[0,1]. See [B] for an exposition of weak convergence theory for Borel
probabilities on C[0,1]. Most prominently, Donsker’s invariance principle as-
serts distributional convergence in C[0, 1] of (affinely interpolated) partial sum
processes for iid sequences of square integrable random variables to a Wiener
process W = (Wy)e(0,1) (understood to be a random element of C[0, 1]). Func-
tional CLTs have been studied for a large variety of ergodic dynamical systems.
We check that, for general ergodic stationary sequences, such a limit theorem,
if valid, automatically holds for all absolutely continuous probabilities:

Corollary 2 (Ergodic sums in C) LetT be a measure preserving ergodic map
on the probability space (X, A,m), P < m some probability measure, o > 0,



and f € La(m). Consider the partial sum processes S, : X — C[0,1], n > 1,
given by

ltn]—1
Smt(x) ::L Z fOTk(l')+w~(foTUnJ)

ovn \ = 1/n

Then

S, =W inCl0,1] implies S, =2 W in [0, 1.

Proof. In view of Theorem 1 we only need to check that d¢(S, o T, S,,) 50
as n — 00, which is easily done:

Since we trivially have d¢(S,, 0T, S,,) = maxo<j<n |(Sn ©T)j/n — Sn,j/n| and
‘(Sn oT)j/m— Sn’j/n| < (fl+ ‘f OTj’)/U\/ﬁ, we just need to show that

maXop<;j<n |f o] T]| m
—

o~ 0. 8)

But for any € > 0, we have

m ({maX0<j0—<\;T‘lf OTj’ Z g})

and since f € La(m), the rightmost integral tends to zero as n — co. ®

(n+1)-m({|f| = eov/n})

IN

2
wf{lfw}f

2dm,

For more general limit theorems, consider processes with unbounded time
interval and cadlag paths: Let D[0,00) denote the spaces of right-continuous
real functions x : [0,00) — R possessing left limits everywhere. We equip this
space with the usual Skorohod (J1-) topology (cf. [S]), which we introduce using
a variant of the Skorohod metric given in [P], §VL.1. Given x,y € D[0, 00) we
first define, for any M > 0, the distance dp a(x,y) as the infimum of all § > 0
such that there exist some k € N and points 0 = s < 1 < ... < s; and
0=ty <ty <...<tpwith sg,tx > M, |s; —t;] <0 for 0 <i <k, and

[xs —ye| <& if s € [s4,8i41) and t € [t;,t;41) for some 0 < i < k.

The metric on D[0, c0) we are going to use is given by

dp(x,y) := Z 27M(A Ndp ar(x,y)), %y € D0, 0).
M>1

For background information on the Skorohod space thus defined, we also refer to
[B]. Extending the previous result, we show that distributional convergence of
normalized ergodic sums in D[0, co) automatically implies strong distributional
convergence:



Corollary 3 (Ergodic sums in D) Let T be a nonsingular conservative er-
godic map on the o-finite space (X, A,m), P < m some probability measure,
and f : X — R measurable. For constants A, € R, B, >0, n > 1, consider the
normalized ergodic sum processes given by

[tn]—1
Sp: X —D[0,00), n>1, Sp.(z):= Bi Z fOTk(ZL') — A,
n k=0

Then, for any random element S of D]0, 00),

S, =S in D[0,00)  implies S, U D[0, o).

Proof. We check that (S,),>1 is asymptotically T-invariant in measure, i.e.
that
dp(S, oT,S,) =50 asn— occ. 9)

Fix any M € N and n > 2. To estimate dp r(S, 0 T,S,,), consider the points
s; == i/nand t; ;== (i+ 1)/n for 1 < i < Mn =: k, which clearly satisfy
|s; — t;] <1/n. Since, for s € [0, M],

[(s+5)n -1

1 k
(SnoT)s:Fn ; foT"(z) — A, :S"7S+%_37n’

we see that

|f if se [Si, Si+1) and t € [ti7ti+1)
_ < 1
|(Sn0T)s = Sl < B, for some 0 <3 < k.
Given any § > 0, we therefore have dp p (S, ©T,S,) < on {|f|/B, < d} for
n > 1/5. As M does not show up in this estimate, the same is true for dp, that
is,

dp(Sp,oT,S,) <4 on {ggé} forn > 1/4.

By conservativity and our assumption S, = S, we have B, — oo, showing
that m({|f|/Bn < 0}) — 1 as n — oo, and (9) follows. Now use Theorem 1 to
conclude the proof. m

Remark 2 a) Using dp,a(x,y) < supy ap [x —y| we could have tried to argue
as before. However, the analogue of (8) breaks down, even in iid situations, if
f has heavy tails: In fact, if the distribution of f is the one-sided stable law
of order a € (0,1), M,, := maxo<;<n |foTj|, and S, = Zz;éf o Tk, then
Sn /My, has a non-degenerate limit distribution, cf. [Da].

b) Due to the use of the clever metric from [P], the argument is as simple
as it should be. It takes a less pleasant form if, instead, we work with the more
common metric to be found e.g. in [B], §16 (which, of course, induces the same

topology).



In particular, weak convergence in D[0, 00) of partial sum processes of sta-
tionary ergodic sequences to non-Gaussian stable processes automatically ex-
tends to all absolutely continuous measures. For a different example, take an
infinite measure preserving transformation 7" satisfying a functional version of
the Darling-Kac theorem for the occupation times ZZ;& 1y o T* of some set
with 0 < u(Y) < oo, cf. [A2], that is, convergence w.r.t. uy in D[0,0) to a
Mittag-Leffler process M = (My);>¢ of order « € (0,1) (the inverse of the stable
subordinator). The corollary shows that this functional convergence holds for
every Q < .

3.2 A renewal theoretic invariance principle

Here is another application to null-recurrent situations (i.e. maps T  preserv-
ing an infinite measure p): For a fixed set ¥ € A, p(Y) > 0, we define the
No-valued variables Z,(Y), n > 0, on X by Z,(Y)(z) := max({0} U {1 <
k <n:TFrx €Y}), which gives the time of the last visit to Y up to time n.
The Dynkin-Lamperti arcsine law for waiting times describes the asymptotic
behaviour of these renewal-theoretic quantities in infinite measure preserving
situations, see [Dy], [L1] for the classical setup, and [T], [TZ] for ergodic trans-
formations and strong distributional convergence. In [L2] Lamperti has given a
renewal-theoretic invariance principle which can be reformulated as a functional
limit theorem for the Z,,. Here, too, our simple test applies:

Corollary 4 (Waiting times in D) Let T be a nonsingular conservative er-
godic map on the o-finite space (X, A,m), P < m some probability measure,
and Y € A, m(Y) > 0. Consider the normalized waiting-time processes given

by
1
Z,: X = D[0,00), n>1, Zy(x):=—=Z4n(Y).
n
Then, for any random element Z of D|0, c0),

Z, L. Z in D[0,00)  implies Z, ﬂ) Z in D|0, 00).

Proof. We check asymptotic T-invariance of (Z,,)p>1, dp(Zy, 0 T, Zy,) 50 as
n — oo. As in the proof of Corollary 3 it is easy to estimate dp ar(Z, o T, Z,)
for M € N. Consider the same set of points, s; := i/n and ¢; := (i + 1)/n for
1 <i< Mn =: k. Abbreviating Z,, := Z,,(Y), we note that

ZyoT =2y —1 onl] TY.
J:

Therefore, for s € [0, M], we have

Z\_snj oT _ Zl_sn+1j -1

1 n .
(Zn © T)s = n n = Zn,s+1/n - ﬁ on Uj:l T ]Yv
and hence

1 on Un_ TﬁjY if s € [Si 5i+1) and
_ < = j=1 ) iy
(ZnoT)s = Znsl < n t € [t;,tiy1) for some 0 <@ < k.



As U?Zl T77Y /' X mod m, asymptotic T-invariance follows as before. m

3.3 Hitting times and associated point processes

We turn to a different circle of questions which has recently attracted a lot
of attention. Let T be a conservative ergodic nonsingular map on the o-finite
measure space (X, A, m). For sets Y € A of non-zero measure define ¢y () :=
inf{n > 1:7T"x € A}, v € X, which is finite a.e. When restricted to Y, py
is the return-time function of Y, while it is usually called the entrance-time or
hitting-time function when regarded as a function on X. The restriction of the
map Ty : X — Y, Tyz :=T¢ @y toY is the first-return map of Y. If Y, € A,
n > 1, are sets of positive measure with Y;, \, @ or m(Y,,) — 0, we can think of
(Y)n>1 as a sequence of asymptotically rare events and study, for some fixed
initial probability P < m, the distributions of their hitting times ¢y;, asn — oo.
It has been shown that for a large variety of transformations with reasonable
mixing conditions these distributions do converge (after normalization) to an
exponential distribution. Relevant references include [H], [HSV], [AG], and
[KL]. For situations with different limit laws see e.g. [BZ].

Again, results of this type are usually stated in terms of an invariant mea-
sure p, or some other particular initial distribution P (Lebesgue measure on
an interval, say), and sometimes extended to a family of very regular initial
distributions @ < m (see e.g. [CoG|). We show that they automatically hold
for all @ < m (for which Eagleson’s result [E] suffices):

Corollary 5 (Hitting-times) LetT be a conservative ergodic nonsingular map
on the o-finite space (X, A,m), and P < m some probability measure. Let
Y, €A, and v, >0, n > 1, with v, — co. Assume that Y, \, @ or that m is
T-invariant with m(Y,,) — 0. Consider the normalized hitting times

R,:X — 0,00, n>1, Rup(z):=v," ¢y, (x).
Then, for any random variable R taking values in [0, o],

o L
R, LR implies R, ﬁm) R.

Proof. To check asymptotic T-invariance of (R, )n>1, observe that for any set

Y of positive measure,

poyoT =py —1 on{py >1}=T"1Y" (10)

Consequently, |R, oT — R,| = 1/, on T71Y,, and by our assumptions on
(Yn)n>1 we have Q(T'Y,) — 0 as n — oo for every probability measure
Q < m, which proves R,, oT — R,, — 0, and hence Corollary 5. m

Let M := M,([0,00)), the space of counting measures on ([0,00), Bg,)),

that is, measures v : By o) — No. Equipped with the topology of vague conver-
gence, meaning that v, — v in M iff v, (f) — v(f) for every continuous function



f:[0,00) — R with compact support, M is a Polish space (has a complete and
separable metric d). A point process N on [0, 00) is a random element of M.

We are interested in the point processes N,, given by the successive visits to
the target sets Y,,: The interarrival times between consecutive visits of to Y,
are

2
@Yn7¢YnOTYn7@YnOTYn7"'

and the actual arrival times are the ¢y, j = Z;:é Yy, © T}j,n, k > 1. The
number of visits to Y,, within the time set B € By o) defines the point pro-
cess N, : X — M,([0,00)), Np(B) := > 1~1 18(¢v, k). Under fairly general
assumptions, functional versions of the hitting-time limit theorems mentioned
above are available, asserting distributional convergence (after normalization)
of the NV, to some limiting point process (usually Poisson), see e.g. [H].

Corollary 6 (Hitting-time processes) Let T be a conservative ergodic non-
singular map on the o-finite space (X, A,m), and P < m some probability
measure. Let Y, € A, and v, >0, n > 1, with v, — co. Assume that Y, \, &
or that m is T-invariant with m(Y,) — 0. Consider the rescaled point processes

Nt X = M,([0,00)), n =1, Nu(B):=Y 1z <W> 7
= Vn
i>
Then, for any random element N of M, ([0, 00)),

N, = N in M, ([0,00)) implies N, LN in M,,([0, c0)).

Proof. Recall that (according to standard results, see e.g. [Kal]) convergence

N, L Nis equivalent to convergence of finite tuples of interarrival times, i.e.
to the assertion that for every K > 1,

- _1\ P
Yt (v v 0 Tvs - - 0y, OT;I/i Y = (10,71, ., TK-1)» (11)
where the 75, j > 0, are the interarrival times of the limit process N. It is
therefore sufficient to show that, for K > 1,
—1 K—1y £(m)
Yoot ((pyn,goyn OTyn,...,(pyn OTYn ) — (70;7'17~-~;7'K—1)-
Since it is easily seen that for any Y of positive measure,
TEoT =T fork>1on {py >1} =T7'Y",
we obtain, recalling (10) above,

sup [py oT¥ oT —py oTP| =1 on T7'Y". (12)
k>1

Now fix any K > 1 and consider the random vector R, : X — R on the
left-hand side of (11). Equipping R¥ with the metric d corresponding to the
sup-norm, we see from (12) that

d(R,oT,R,) =1/y, onT 'Y¢

no

10



and d(R,, o T,R,) - 0 follows as in the proof of Corollary 5. m

Remark 3 Analogous statements (with analogous proofs) hold for continuous-
parameter families (Ye)eso of measurable sets with u(Ye) — 0 or Y \, @ as

€\, 0.

3.4 Appendix: A compactness proof of Yosida’s theorem

We finally take the opportunity to point out an alternative to the usual Hahn-
Banach proof of the crucial characterization of ergodicity via (2). It is analogous
to the proof of Lin’s characterization of exactness, cf. [L] or Theorem 1.3.3 in
[AO]. In the present context it is of interest for the following reason: The
proof of Eagleson’s result in [E] relies on a ”compactness plus subsequence-
in-subsequence” argument (for the sequence of characteristic functions of the
variables R,, under consideration), and so does the argument given in Section
3.6 of [A0] (for sequences of continuous functions of the R,,). Due to the use of
Yosida’s theorem, which also gives a good intuitive understanding of ”why the
result is true”, our proof of Theorem 1 avoids this type of reasoning. In a sense,
however, the compactness argument has only been hidden behind the statement
of Yosida'’s result:

Proof of Yosida’s Theorem. The other direction being trivial, we assume
that the nonsingular map T on the o-finite measure space (X, .4, m) is ergodic,
and fix any w € Li(m) with [, wdm = 0. Let W, := n~! Z:;é T*w and
Gy :=sgnW,, n € N, so that |G, ||, <1 and

n—1

1 ~
=y Trw :/Gn~Wndm:/Dn~wdm,
"= 17X X

where the D,, := n~! Zz;é GnoTk, n € N, satisfy |D,|l,, < 1. We need to
prove

/Dn~wdm—>0 as n — 00. (13)
X

To do so, we choose some partition v C A of X into sets of finite positive
measure, and let A, C A denote the o-field generated by ~, w, and the D,
n € N. As (X, Ay, m |4,) is o-finite and countably generated, Li(m |4,) is
separable, so that (see, e.g. Proposition II.A.15 of [W]) the closed unit ball
oo of its dual space Loo(m |4, ) is metrizable in the weak*-topology. Together
with Alaoglu’s theorem (Theorem II.A.9 of [W]), this shows that 4l is weak*
sequentially compact. Let D be any weak® limit point of the sequence (D, )nen
in Y, i.e. suppose there are n; /" 0o such that

/Dnj-fdm—>/D-fdm for all f € Li(m |4,). (14)
b's p'e

11



We are going to show that any such D is a.e. constant, implying in particular
that

/Dnj-wdm—>D~/wdm:O as j — oo.
X X

A subsequence-in-subsequence argument based on sequential compactness of
oo then yields (13).

By ergodicity, we need only check that any limit point D as above is T-
invariant (mod m) to see that it is constant (mod m). According to (14) we
also have

/DnjoT~fdm:/Dnj-ffdm—>/D~ffdm:/DoT-fdm
X X X X

as j — oo, for all f € Li(m |4,), but

i/ (ananoT”j)-fdm‘
nj Jx

21l

1

‘/ (DnjoTD"j)~fdm‘ =
X

< — 0,

so that the respective limits coincide, i.e. [, DoT - fdm = [ D - fdm for all
f€Li(m|a,), proving DoT = D a.e. as required. m
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