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The model problem is the scalar wave equation

Opu(x,t) — Agu(z,t) = f(x,t) for (z,t) € @ =Q x (0,T),

u(zx,t) 0 for (z,t) € ¥ = 0Q x [0,T7, (1)
u(z,0) = wup(x) for x € Q,
Owu(z,0) = wuy(x) for x € Q,

where

e a function u: Q — R is sought,

the function f: @ — R is a given right-hand side,

the functions ug, u;: €2 — R are given initial conditions,
e QO CRY d=1,2,3, is a given bounded Lipschitz domain with boundary 02,

e T'> (is a given terminal time.

To approximate the solution u of (1), the classical approaches are time stepping schemes
or finite difference methods in time together with finite element methods in space. An
alternative is to discretise (1) without separating the temporal and spatial variables, which
leads to the so-called space-time methods.

1 Variational Setting of the Wave Equation

This section is based on [13, Chapter 23 and 24|. The variational formulation of (1) is
given as follows:

Find v € L*(0,T; H}(Q)) with
O € L*(0,T; L*(Q)),

Ouu € L*(0,T5 [Hy()]),

u(+,0) = ug in HJ(Q) and
e Ju(-,0) =wuy in L*(Q)
such that
<attu('7 t)a U>Q + <vxu<7 t)a vzv>L2(Q) = <f(7 t)? U>L2(Q) (2)
for almost all ¢t € (0,7) and all v € HJ(2), where f € L*(0,T; L*(Q)), up € H() and
u; € L*(Q) are the given right-hand side and the given initial conditions.
Here, for s > 0, the usual Sobolev spaces of real-valued functions H*(Q2), Hj(S2) are

endowed with the Sobolev-Slobodeckij inner product (-, -) . gy and the norm ||-|
the closed subspace H}(Q) C H'(Q), the inner product

He ()" For

<w7v>Hé(Q) = <V$w7 V$U>L2(Q) = / vxw(x) ’ va('r)daju w,v € H&<Q)7
Q
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and the induced norm

2
|w|H1(Q) = ||w||H5(Q) = <IU,UJ>H3(Q) = \// Vow(z)["dz, we H&(Q%
Q
are considered due to the Poincaré inequality
Vo€ Hy(Q): vl ) < CrlIVavll o) (3)

with a constant Cp > 0 independent of v. The dual space [H}(Q)]’ is a Hilbert space
characterised as the completion of L?(£2) with respect to the Hilbertian norm

_ (g, v)al
HQH[H[%(Q)]/ ‘= sup )
0£vEHL(Q) |U|H1(Q)

where (-, -)q denotes the duality pairing as extension of the inner product in L?(().
In the following subsection, a short introduction to vector-valued functions and their
function spaces is given.

1.1 Short Introduction to Vector-Valued Functions
In this subsection, let (X, (-,-) ) be a real Hilbert space and T" € (0, c0).
Definition 1.1. Let m € Ny and 1 < p < oo be given.

e Define
c™(] = {v 0,7] = X: o™ is continuous on [0,T] for all k=0, ... ,m}
with the norm .
101l o po15x) = OIEE(T [ ™ @) -

where v := v and

o (t) == vW(t) == lim L_:(t) in X  foreacht e (0,T).

s—t S —
In addition, set C([0,T]; X) := C°([0,T]; X).
e Define
LP(0,T; X) := {v: (0,T) = X: v is measurable and HU”LP(O,T;X) < OO}

with the norm
1/p

T
ol == ( / Hv(t>ll’§<dt) ,

where v is measurable if t — (v(t),w)y is measurable for all w € X, see Bochner
measurable, Bochner integral.



Lemma 1.2. Let m € Ny and 1 < p < o0 be given.
1. The space C™([0,T]; X) with the norm ||-|| oo 7y.x) 5 @ real Banach space.

2. The space LP(0,T; X) with the norm ||-|| L 7.x) @ a real Banach space in the case,
where one identifies functions that are equal almost everywhere on (0,T).

3. The space L*(0,T; X) is a real Hilbert space with the inner product

T
(s V) L2 0. 7) ::/0 (u(t),v(t))ydt  foru,v e L*(0,T;X).

4. The space C™([0,T]; X) is dense in LP(0,T; X) and the embedding
C™((0,T); X) = L(0,T; X)
18 continuous.

5. Let v e LY0,T; X) be given. Then, there exists a unique element u € X such that

Yw e X: /0 (v(t),w) ydt = (u,w) .

Set fOTv(t)dt =u e X.
6. The spaces L*(0,T; L*(?)) and L*(Q) are isometric, i.e.

L*(0,T; L*()) = L*(Q).

7. The spaces C([0,T); C(Q)) and C(2 x [0,T]) are isometric, i.e.
(0.7 0(Q) = 0@ % [0,T]) = C(@Q).
Proof. See [13, Chapter 23|, [1, Lemma 8.22, page 276]. For 7., see |8, page 50| or [3, page
288]. O

Definition 1.3. Let (Y, (-,-)y) be another real Hilbert space. Further, let uw € L*(0,T;X)
and w € LY0,T;Y) be given. For n € N, the function w is called the n-th generalised
derivative of the function uw on (0,T) if

Vo € C3°(0,T): /0<p<">(t)u(t)dt:(—1)"/0 o(t)w(t)dt . (4)

g

eX 2%

Set OMu := u™ = w and du := uV, Oyu = u®.
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Note that the integrals in (4) exist since [|¢™ (t)u(t)HX < c||lu(t)| y for all t € (0,T)
with a constant ¢ > 0.

Lemma 1.4. The following properties of the generalised derivative hold true:
e The generalised derivative is unique in L'(0,T;Y).
o Let X =Y and u € C™([0,T]; X) for n € N. Then, the classical derivative and the
generalised derivative coincide on (0,T).

Proof. See [13, Chapter 23]. ]

1.2 Existence and Uniqueness

In the variational formulation (2), d is the distributional derivative on (0,7), i.e. equality
(2) means that

/0 <u(-,t),v)L2(Q)in(t)dt+ /O (Vau(-, 1), V) oy (£)1E = /O (), 0) oy (B

for all ¢ € C§°(0,T'), where the equalities

[ 000 0= [ (00,00 w0100 = [ @t 0,00

are used, see [13, Proposition 23.20]. The variational formulation in (2) is examined in
many books, for example, [5, Théoréme 8.1, Chapitre 3, page 287, and Théoréme 8.2,
Chapitre 3, page 296|, [4, Theorem 4.2, Chapter IV, page 167], [11, Satz 29.1, Kapitel V,
page 422], [13, Section 24.1, Chapter 24, page 453|, |2, Mathematical Example 1, Chapter
XVIII, page 581| or [9, Theorem 12.4, page 227|. In these books, the following existence
and uniqueness result is proven.
Theorem 1.5. For given f € L*(0,T;L*()), ug € HL(Q) and vy € L*(Q), a unique
solution u of the variational formulation (2) exists. This solution u satisfies
u € L*(0, T Hy () N C([0, TT; Hy(Q),
O € L(0,T; 12(9)) N C((0, T 1(92),
Owu € L*(0,T; [Hy ()],

the stability estimate

2 2
VIl zsmg ) + 190000 < € (ol + Loy + 11 0izszoqe)

with a constant ¢ > 0, and the energy equality

to
Ety) — E(t1) = / (), 0, ) s with 0 <ty <1y < T,

t1

where the total energy of the solution w is given by

1 1
E(t) = 510, O30 + I Vst )y, 1€ [0.7)

5



Proof. For the existence and uniqueness, see the books [5, 11, 13, 2, 4, 9] as mentioned
above. For the regularity and energy equality, see

e |9, Korollar 12.6, page 231],
e |5, Lemme 8.3, page 298|,

e |2, Lemma 7, page 578].

Corollary 1.6. For f =0, the energy equality is
! 1 1
£5) £ £0) = Sllurllia + 5IVetolltagy  for all t € (0.7),
i.e. a conservation of the total energy holds true.
In the remainder of the lecture, write
v(t) :==w(,t) fortel0,T],

- o(®)(x) = vlx,t)  for (z,8) € Q x [0, T,

where v: Q x [0,7] — R is a given function.

2 Classical Methods: Leapfrog Method and Crank-
Nicolson Method

In the standard approach, the discretisation schemes for time-dependent partial differential
equations, e.g., the wave equation, are based on semi-discretisations:

e Method of lines:

1. discretisation in space

2. discretisation in time

After the first discretisation, a system of ordinary differential equations has to be
solved.

e Rothe’s method:

1. discretisation in time
2. discretisation in space
After the first discretisation, a boundary value problem has to be solved for every

time step.

In this lecture, the method of lines is used, i.e. the first discretisation is done with respect
to the spatial variable.



2.1 Finite Element Spaces for the Spatial Variable

Let the bounded Lipschitz domain Q € R? be an interval Q = (0, L) for d = 1, or polygonal
for d = 2, or polyhedral for d = 3. For this situation, discretisations in space are introduced
as follows. The spatial domain €2 is decomposed as

N
Q=@
=1
with IV spatial elements w, C RY, i.e.

T = {wf}évzl

is an admissible decomposition or mesh of €). Here, the spatial elements w, are intervals
for d = 1, triangles for d = 2 and tetrahedra for d = 3. The local mesh sizes are given as

1/d
h[I:</ dx) for¢=1,...,N.
wp

h:= hmax(T) == Jmax hy and Ponin = Amin(T) == _minN hy

In addition,

are the global mesh size and minimal local mesh size. Furthermore, M is the number of
vertices {z;}, of the decomposition 7. In the following, a sequence

(To)ven :={Ty: v € N}

of decompositions of 2 is considered. The sequence (7,),en of decompositions of €2 is called
shape-reqular, if a constant ¢y > 0 exists such that

VveN: YweT,: suplr—y| <cpry,
x,ycew

where 1, is the radius of the largest ball that can be inscribed in the spatial element w € 7,.
The sequence (7,),en of decompositions of € is called globally quasi-uniform, if a constant
cq > 1 exists such that

hmax(7ld/)

N: ——=<ecgq.
VV < hmin(,]du) =6

Remark 2.1. In the literature, a shape-reqular sequence of decomposition is also called
reqular or quasi-uniform. In that case, a globally quasi-uniform sequence is called uniform.
See, e.q., [1, Definition 9.26 and Definition 9.33] and [10, page 205].
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In the whole work, the sequence (7,),cn of decompositions of (2 is assumed
to be admissible and shape-regular.
The space

SH(Q) = span{y;} M, € H'(Q)

is the space of piecewise linear, continuous functions on intervals (d = 1), triangles (d = 2),
tetrahedra (d = 3), where the functions 1); are the usual nodal basis functions satisfying
Wi(zy) = Oy for i,k = 1,..., M. In addition, the subspace S} () C S}() satisfies the
homogeneous Dirichlet boundary condition, i.e.

Sho(Q) = Sp(Q) N Ho(Q).

After an ordering of the vertices {x;}}X, in interior vertices {z;};7, C Q and boundary
vertices {z;}2,,,, C 99, this Hj(Q) conforming subspace is written as

S}IL,O(Q> = Span{wi}ij\il'
A function U, € S} o(Q2) admits the representation

Up(z) = Z Uii(x)

for x € Q with the coefficients U; € R. In the remainder of this work, M, € RM*M and
Aj, € RM*M denote mass and stiffness matrices defined via

Myli, j] = <wj7wi>L2(Q) (5)
fori,j=1,..., M, and
Apli, jl = (Vx¢j,vx¢i>p(9) (6)
fori,j=1,..., M.

Lemma 2.2 (Inverse Inequality). Let the sequence (T,),en of decompositions of Q0 be
admissible, shape-reqular and globally quasi-uniform. Then, the inverse inequality

2 - 2
Yo, € SE(Q): 1) < Cinv b 2||Uh||L2(Q)
holds true with a constant ¢, > O.
Proof. See previous courses or [10, Lemma 9.8, page 217|. O]

Definition 2.3 (Ritz Projection). For a symmetric, continuous and elliptic bilinear form
a(-,-): Hy(Q) x Hy(Q) — R,

the Ritz projection Ry: Hy(2) — S, () is defined as unique solution of the variational
formulation to find Ryv € S}, 4() such that

Ywy, € Sp () a(Rpv, wy) = a(v,wy)

for a function v € H} ().



Note that the Ritz projection is the orthogonal projection of Hg(Q2) onto S} o(©2) with
respect to the energy inner product a(-,-). In this lecture, the special case

CL(U, w) = <Vx1), Vmw>L2(Q)7 v, w € H3<Q)7

is considered, i.e. the Ritz projection Ry, is the Hj () projection Q}: Hy(2) — S ()
defined by
Ywn € Sy0(Q): (VaQuv, Vatn) o) = Vo, Voh) p2(q) (7)

for a function v € H} ().

Lemma 2.4. Let the sequence (T,),ex of decompositions of Q be admissible and shape-
reqular. Then,

o the stability estimate

Vv € Hy(S): |Q}LU|H1(Q) < |U|H1(Q),

o the H'(Q) error estimate

Yo € HY Q) NH(Q): ’Q,llv—v‘Hl(Q) < ch' v

HH(2)
for s € [1,2] and a constant ¢ > 0, and
o if Q is sufficiently reqular, e.g., Q convex or 9S) smooth, the L*(Q) error estimate
Yo € H&(Q) N H*(Q): HQ}W - UH/;?(Q) < ChSHU”Hs(Q)
for s € [1,2] and a constant ¢ > 0
hold true.
Proof. See previous courses, i.e. Céa’s lemma, Aubin-Nitsche duality argument. ]

Lemma 2.5. Let v € C™([0,T]; H}(Q)) be a given function for some m € No. Then, the
relations

t= Quu(-,t) € C™([0,T]; S),4(2)

and
ANQv=0Q;0v forj=1,...,m
hold true.
Proof. Use an orthonormal basis of S ;(€2) and the definition of the derivative. O
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2.2 Finite Difference Method for the Temporal Variable

Let N, € N, N; > 2, be the time discretisation parameter. Set the constant time step size

_ oot
TTN, "

and the time steps

th=kr fork=0,...,N,.
Definition 2.6 (Finite Difference Operators). Let the constant time step size T € (0, %]
and the corresponding time steps t* be given.

e For a function v: Q x [0,T] = R, define
— the continuous first-order forward operator

t — t
Dfv(z,t) := v(z,t+7) — vl ), xeQ, tel0,T—r],

T T

— the continuous first-order backward operator

t) — t—
D u(x,t) = vz, t) = vz, T>, reQ, te|r,T],

T T

— the continuous second-order central difference operator

v(x, t+7) —2v(x,t) +v(x,t —7)
-2

D2v(x,t) = , xeQ te|n,T—r1],

— the function v*: Q — R by
v (z) = vz, th), xeQ ke{0,1,...,N}. (8)
e For a sequence of functions VE: Q — R, k=0,...,N,, define

— the discrete first-order forward operator

k+1 1k
DiV’“(fc)::V @) V(x), zeQ ke{0,1,...,N,— 1},

T

— the discrete first-order backward operator

Vk _Vk—l
DV = LYW e0 ke 1N,

— the discrete second-order central difference operator

_ VL () — 2V F(2) + VEL(2)

D2V*(z) : - , e ke{l,2,...,N,—1}.

T

10



Note that by using the notation (8), the equalities

Div(z, t*) = (Dfv)*(x) = Dfv*(x), reQ, ke{0,1,...,N,— 1},
D> v(z,t") = (D;v)*(x) = Dy v*(2), re ke{l,... N},
and
D2u(z,t*) = (D2v)*(z) = D2*(2), z€Q, ke {1,2,...,N, -1},
hold true for a function v: Q x [0,7] — R and the corresponding sequence v°,v*, ... v

defined by v*(-) = v(-,t*), k =0,1,..., N;.

Lemma 2.7. Let the constant time step size 7 € (0, %] and a functionv € C*([0,T}; L*(2))
be given. Then, for x € Q and t € [0,T — 7], a number O(z,t,7) € (0,1) exists such that

Ow(z,t) = Div(z,t) — %attv(x,t +70O(x,t,7)).
Analogously, for x € Q and t € [1,T], a number ©(x,t,7) € (0,1) exists such that
Ow(x,t) =D v(x,t) + gﬁttv(aﬂ,t —70O(x,t,7)).

Proof. Frist, for fixed x € Q and ¢t € [0,T — 7], Taylor’s theorem gives

Opv(x,t + 7O(x,t, 7'))7_2
2

v(x,t+7) =v(z,t)+ Ow(z, t) T+

with ©(z,t,7) € (0,1) depending on z, t and 7. Hence, with

v(x, t+ 1) —v(x,t) Ol t) + Opv(x,t 4+ 7O(x, t,T))T

D t) =
TU(:C7 ) T 2

the first assertion follows.
Second, for fixed z € 2 and t € |1, T], Taylor’s theorem gives
attv(xv t— T@(ZL‘, ta T)) 2

v(z,t —71) =v(z,t) — Ow(z, t) T+ 5 T

with O(z,t,7) € (0,1) depending on z, t and 7. Hence, with

v(z,t) —v(z,t —71) _ Oolat) — Opv(z,t — 7O (x,t, 7))

D_ t) =
So(a) - . :

the second assertion follows. O

Lemma 2.8. Let the constant time step size 7 € (0, %] and a functionv € C*([0,T]; L*(2))
be given. Then, forx € Q and t € [1,T — 7|, a number O(z,t,7) € [—1,1] exists such that

2
Opv(x,t) = D2v(w,t) — %va(:p,IH— TO(x,t,7)).

11



Proof. For fixed x € Q and t € [7,T — 7|, Taylor’s theorem gives

3 4 A
U({E, b+ T) - U({L‘,t) + atv(xa t) T+ attv;aj’t)TQ + atv(éx’ t) 7'3 + 8tv(x’2t4+ 7_@)7-47

3 4 -
'U(I‘,t - T) = U(Qf,t) — 8tv(x,t) T+ attv(x7t)7_2 . 3t’u(x,t)7_3 n 8tv(a;,t T@) 7_4

2 6 24

with ©,0 ¢ (0,1) depending on z, t and 7. Adding these equations up yields

4

vz, )% = v(x, t+ 1) — 21}(:1: t) +v(z,t —7) —ﬂ[a‘* v(z,t +70) + v (z, t — 7O)).

:T2D,2_v(a:,t)

By the intermediate value theorem, s — dfv(z,t + 75) must assume every value between

)
Otv(x,t + 70) and dtv(x,t — 7O) on the interval (—O,0) C (—1,1), including also the
average of these two numbers, i.e. an element O(z,t,7) € [—1, 1] exists such that

Otv(x,t +70) + dfv(x, t — 7O)

8fv(x,t+79($,t,7')) = 5

Hence, the assertion follows. ]

2.3 Leapfrog Method

This subsection is based on [1, Subsection 9.5.2] and [6, Chapter 3]. In the remainder of
this subsection, let f € C([0,T]; L*(Q2)) be a given right-hand side of (1), let the sequence
(7.)ven of decompositions of €2 be admissible, shape-regular and globally quasi-uniform,
and let the constant time step size 7 € (0, %] and the corresponding time steps t* be given.
Introduce for x € Q and k € {0,1,..., N;} the approximations

Z () ~ u(z,tb), (9)

where of € R are the unknown coefficients of U* € S} (Q). For k = 1,..., N, — 1,
using the approximation (9) in the variational formulation (2) together with the discrete
second-order central difference operator D2U*(z) ~ Oyu(z,t*), v € Q, gives the leapfrog
method.

Leapfrog Method
Find functions U* € Si,O(Q) for k=0,1,...,N; such that

UO = UQ,h, U1 = U1, (10)

12



and for k=1,2,..., N, — 1

)

1
vvh 6 S}lho(Q): §<Uk+1 - 2Uk + Uk_l; Uh>L2(Q) +<VzUk7 vah>L2(Q) = <fk7 Uh>L2(Q)

-

= <DZ Uk on > 12(Q)

(11)
with f*(x) := f(z,t*) for x € Q, where

u(,0) =up ~ ugy € S,lljo(Q) and u(-, ') ~ Uy € S}MO(Q)

are approximations using the initial conditions ug, u; and the right-hand side f, which will
be defined later. In the following, it is shown that the leapfrog method can be realised as
a two-step method. With (9) and v, = ¢;, 7 =1,..., M, in (11), the discrete variational
formulation (11) is equivalent to solving the linear system

<fk’w1>L2(Q)

fk7¢2
ﬁMh(QkJrl . QQk _i_gkfl) + Ahgk _ < ‘>L2(Q) — ik? k= 1’ N -,Nt _ 1’ (12)

<fk7 ¢M>L2(Q)
where the unknown coefficient vectors are given by

o3
o

Here, M), and Aj are the mass and stiffness matrices given in (5) and (6). Rewriting the
linear system (12) gives

Myartt = 72@’“ — Apd®) + My(22F — oY), k=1,... N, —1, (13)

i.e. in every time step, a linear system with the mass matrix has to solved for a**!,

when o, o1 are already computed. Since the mass matrix is positive definite, the linear

system (13) is uniquely solvable. Hence, the discrete variational formulation (11) has a
unique solution U**' € S} () for k =1,..., N, — 1, when U*, U*"" are known.

In the following, the leapfrog method (10), (11) is analysed. Therefore,
e an energy conservation,
e the stability and

e crror estimates

13



are proven.

Definition 2.9. Let U" € S} ((Q) be the solution of (10), (11) for the time step t*,
k=0,1,...,Ny. The discrete energy of the leapfrog method (10), (11) is defined by

1 2 1
Eh = §||DjUk||L2(m + §<VxUk, VxUk+1>L2(m
fork=0,1,..., N, — 1.

Note that Fy is in general not a non-negative quantity. For the stability analysis, it
is desirable to determine a condition for which the discrete energy is non-negative. This
leads to the so-called CFL condition (Courant, Friedrichs, Lewy).

Lemma 2.10. Let the sequence (T,),en of decompositions of Q be admissible, shape-regular
and globally quasi-uniform, and let the constant time step size T € (0, %} be given. Assume
that X € (0,2) exists such that the CFL condition

72
Cinvﬁ < 2— A (14)

is satisfied, where ¢y, > 0 is the constant of the inverse inequality (Lemma 2.2). Then,
the tnequality
1

A 1
SI’jF = ZHD;FUICH;(Q) + 4 |Uk+1’izl(9) + 4 ’Uk

2
‘Hl(ﬂ)

holds true for k=0,... N, — 1.
Proof. Let k € {0,...,N; — 1} be fixed. The second part of &y fulfils

VLU VU o) (VUL VUMY L o)+ (VaUS VoUR) yg
. <V1=Uk+1 . vak’ vak-i-l . vak>L2(Q)

= 0 iy + 1 oy = 7 [DF

S k12 k|2 s DHU*|I?
> |U |H1(Q) +|U |H1(Q) - CiHVﬁH U Hm(n)’
where the inverse inequality (Lemma 2.2) is used since DXU* € S}(Q). Inserting the last

inequality in the definition of £ gives
1 72 2 1 2 1 2
i 7k k+1 k
et > 5 (1 oz ) IDE0* ey + 110" o+ 1 0o
—_—
>1-3(2-)N)=3

and hence, the assertion follows. O
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Remark 2.11. In the situation of Lemma 2.10, using the inequality

2
2<VwUk7 VmUkH>L2(Q) =2 }UkH/Q‘iﬂ(Q) o % ‘DjUk‘iﬂ(Q)

2 T2
> 2 ‘UkJrl/Q’Hl(Q) - CinVQ_hQHDjUkHi?(Q)

fork=0,...,N; — 1 in the proof of Lemma 2.10 with the average

Uk+1/2 — (Uk+1 4 Uk)

N | —

leads to the inequality

A 2 1 2
& > DT oy + 5 10 1)

fork=0,...,N;,— 1, if a constant e (0,4) ezists such that the weaker CFL condition

2

’7' ~
Cinvﬁ S 4—\ (15)
1s satisfied. Note that
Uk+1 + Uk 1 1
k41/2 _ k41 k
}U ’Hl(Q) - ‘ 9 . < 92 |U ’Hl(Q) + 92 ‘U }Hl(Q)

fork=0,...,N;, — 1.

Lemma 2.10 states that the discrete £Fp is non-negative, providing the CFL condition
(14). Next, an energy conservation is proven.

Theorem 2.12 (Energy Conservation of the Leapfrog Method). Let f € C([0,T]; L*(£2)) be
a given right-hand side of (1), let the sequence (T,),en of decompositions of 2 be admissible,
shape-reqular and globally quasi-uniform, and let the constant time step size T € (0, %} be
given. Assume that A € (0,2) exists such that the CFL condition (14) holds true. Then,

e for the right-hand side f = 0, the leapfrog method (10), (11) conserves energy in the
sense that
SI’fFISBF fOT'k'Il,...,Nt—l,

e for the right-hand sides f # 0, the relation

k
[ ck 0 T4 _ _
Ep < 5LF+;\/XHf ||L2(Q) fork=1,...,N,—1
holds true, where fi(x) = f(x,t7), v € .
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Proof. Let k € {1,...,N; — 1} be fixed. For j € {1,...,k}, choosing
vp = U — U7 = (U = U7) + (U7 = U77Y) € 5,,4(9)
in the variational formulation (11) yields
<fjv Ut — Uj_1>L2(Q)
:%<Uj+1 U7 4 Ui Uit — i
+(V, U,V U =V, U7

L2(Q)

L2(Q)

T2<<Uj+1 U7) = (U7 =071, (U7 = U7) + (U7 = U771)) g
+ (VLU VLU = V00 L g

HUJ-H_Uj 2 HUJ_Uj—l 2
- T L2(Q) T L2(©)
(VU Vo UT) g) = (VU VU )
=2(&lp — &), (16)

Hence, in the case f = 0, the equality

follows by induction on j from (16).
In the case f # 0, the relation (16) gives

2(5ﬂF - 51]51) :<fj> Ut — Uj71>L2(Q)
(LU =) g+ (0T =0T
=7(f".DIV) oy + T DIV o

<Py (D207 sy + D207 )

. 1 1
STHfJHm(Q) (\/X‘%F + \/XgﬂF1> ; (17)

where the Cauchy-Schwarz inequality and Lemma 2.10, i.e the CFL condition (14), are
used. If & > 0, then

\/STLF @ \/5TLF % \/_Hf HL2 (18)

If EI{F = 0, then the estimate (18) still holds true since 8{;1 > 0. Hence, summing (18)
over j =1,...,k gives

CTRREIED ) (ERRET  oE AT

16




where a telescoping sum occurs. ]

Remark 2.13. An energy conservation analogous to Theorem 2.12 holds true, if the weaker
CFL condition (15) is satisfied.

Theorem 2.14 (Stability of the Leapfrog Method). Let f € C([0,T]; L*(RQ)) be a given
right-hand side of (1), let the sequence (T,),en of decompositions of ) be admissible, shape-
reqular and globally quasi-uniform, and let the constant time step size T € (O, %] be given.
Assume that A € (0,2) exists such that the CFL condition (14) holds true. Then, the
leapfrog method (10), (11) is stable in the sense that

‘Hl(Q + }Ul‘Hl(Q)

# 3 Z

1
IDE0 gy + 10" ey < (5 1) [VEIDI g+ 10

fork=1,...,N;,— 1.
Proof. Let k € {1,..., N, — 1} be fixed. With the inequality
2(Vyu,V w>L2(Q) =(Vav,V U>L2 + <V:cwavxw>L2(Q) = (Va(v —w), Vy(v — w)>L2(Q)
2
= |U|H1(Q) + |w|H1(Q) — v =Wl
2 2
< |vlg) + [W05q)

for all v,w € H'(Q), it follows that

£ :%HDjUO 2

1
HL?(Q) + §<VxU07 VmU1>

L*(Q)
1 1 1
<SIDFU ey + 3 10y + 5 0 -

Using Lemma 2.10, the energy conservation (Theorem 2.12) and the last estimate yields

4
||DiUkHL2(Q) + ‘UkH‘Hl(Q) <1/ XglfF + \/455F
1 /
ZQ(ﬁ 1) SEF
1 N j
<2(—+1 Er+ > —=|IF |-
(25+1) (Vete )
1
<(5+1) Mnmuim Vi) + 10 i

Z e

So, the assertion follows by using (a + b+ ¢)? = a® + b* + ¢ + 2ab + 2ac + 2bc. O
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Remark 2.15. A stability result analogous to Theorem 2.14 in the sense that

||D;i-Uk 4 |Uk+1/2

Ile,...,Nt—]_,

||L2(Q) ‘Hl(ﬂ) ’

is estimated holds true, if the weaker CFL condition (15) is satisfied.

Remark 2.16. For f € C([0,T]; L*(2)), the estimate

k k

ZTHfjHL2( < maX Hf ||Lz(Q)ZT<T||f||c ([0,T);L2(Q)) (19)

i e —
is valid for all k = 1,..., Ny. Hence, Theorem 2.12 states that the discrete energy EFp
is bounded for any k € {1,...,N; — 1} by EP%, d.e. by U°, U and the right-hand side f.
Analogously, Theorem 2.14 gives the boundedness of the approzimations U, U3, ... UNt by
U°, U and the right-hand side f. Note that U° and U' are determined by approximations
(10) of the initial conditions ug, uy and the right-hand side f.

Theorem 2.17 (Error Estimates of the Leapfrog Method). Let f € C([0,T]; L*(Q)) be a
given right-hand side of (1), let the sequence (T,),en of decompositions of 2 be admissible,
shape-reqular and globally quasi-uniform, and let the constant time step size T € (0, %}
be given. Assume that A\ € (0,2) exists such that the CFL condition (14) holds true. In
addition, let the unique solution u of Theorem 1.5 satisfy u € C*([0,T]; H}(2)).

Then, the leapfrog method (10), (11) fulfils

o the L*(Q) error estimate

1
30 [0% = ) gy < Cr (75 1) [VEIDE 07 = Gl ) s

2T
+]U7 - QhuO‘Hl(Q +[U" = Quul, |H1 WHQ}@%“_
T CpT

o) + 1950 = el aens

Onu ‘ ‘ C([0,T);L2(%2))

o the H}(Q) error estimate
1
+|UO QhuO‘Hl(Q +}U1 Qpu(-, |H1 ot

2CpT
\/P— H(‘94 Hc ([0,T); Hl(Q):| + ”Qhu “Hc ([0,T;H3 (€2))’

- attuHC([O,T];L2(Q))

18



o the L*(Q) error estimate of the discrete time derivative

1) [V 0 = Qb )]

max HDJr — (-, t* <

1

o 2y = (\/X
, X 2T\

+ U = Quuo| g gy + U = Qrul,t)| 1 g ﬁHQhaﬁ“_att“cho,TLL?(m)

T2CpT
- H84UHC ([0,T7; Hl(Q))]

-
+ HQh@t“ - atuHC([O,T];L2(Q)) + 5 HQ}L&%“ - att“”c*([o,T];m(Q))’

where Q,: Hy(2) — S} 4() is the Hj(Q) projection (7).
Proof. For k €{0,...,N;} and z € 2, the pointwise error is written as

Ur(z) — u(z, t*) = yk(m) — Qpu(, tk)j+\Q}Lu(x t*) — u(x, tkl = 0%(x) + p*(2).

—0%(z) T ———

The quantities 6* € S} ,(€2) and p* € Hj(Q) are treated separately.

First, for k € {1,..., N, — 1}, the finite element function §* € S} ((Q2) is estimated.
Therefore, with the notation (8), the leapfrog method (11), the H}(Q) projection (7) and
the variational formulation (2), it follows that

<D72_0k, Uh>L2(Q) + <vx9k; vxvh>L2(Q)
= <D3Uk, Uh>L2 ) + <v:cUk, VIUh>L2(Q) _<D3(Q}zu)k’ vh>L2(Q) - <vx(Q}lu)k’ vxvh>L2(Q)

N
-~ -~

(11)<fk Uh>L2(Q) @<v”“k’vﬂ’h>

(attu)k’vh>L2(Q) +(Vou", vzvh>L2(Q) — (D3(@pw)", Uh>L2(Q) — (Vo' vzvh>L2(Q)
(attu)kv Uh>L2(Q) _<D72-uk7 Uh>L2(Q) + <D72-uk7 Uh>L2(Ql _<D3<Q}Lu)k7 Uh>L2(Q)

-

L2()

{
{

=0
_ k 2k 2 k
= <(attu) - DT - DTp 7vh>L2(Q)

for all v, € S} ((Q) and for k = 1,..., N, — 1. Hence, the functions 6" € S} (), k =
0,1,..., Ny, are the solutions of the leapfrog method (10), (11) with

0° = UO - Qll‘l,u(70)7 0! = Ul - Qllzu(7t1)
for the right-hand side g € C ([0, T]; L*(£2)) with

Oyu(z,7) — D2u(x, 7) — D2p(2,T), (z,t) € Q2 x[0,7),
g(z,t) := < Oyu(z,t) — D2u(z,t) — D?p(z, t), (2,t) € U x [1,T — 7],
Owu(z, T — 1) — D2u(x, T — 7) — D?p(x, T — 7), (2,t) € Qx (T —1,T],
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where p = Q}u — u. So, the stability of the leapfrog method (Theorem 2.14) for 0% gives
the estimate

D7 6| 2y + 10" 11y < A

1
< (5 1) [VEIDE O + 10

’Hl(Q) ’Hl(Q)

k
2T : . ,
+ —=||(Onu)’ — D2/ — D2//|| (20)
jZ:; \/X tt LZ(Q)

for k = 1,..., N, — 1. For the last term in (20), the triangle inequality, Lemma 2.8 with
O1(x,t7,7), Oy(x,t/,7) € [~1,1] and the Poincaré inequality (3) with constant Cp > 0
yield

”(attu)j —Du’ - szjHLQ(Q)
< H(attu)j - Dg“me(Q) + HD72'ijL2(Q)

)| 12y

2
—T—afu(-,tj —1—7'@1(-,257,7'))H + ||D2p(-, )
12 12(2)

7'2 . 7'2 . .
< —||6tu +‘a Gt 4+ =0t p(-, T+ T Oy T
< Sl0tull ooy + || 0ar( 1) + 15000 SSLaRall .
2 2
T 4 T
<3 o UHC(OT] vy Tl0uplleqomzay + 35 @8 10000, D]l 20
<Cp||a4u|| gcp|a;1p(-,t)|

c([o,T;HL (2)) H1(Q)

and further, Lemma 2.5 and the H}(f2) stability of @} (Lemma 2.4) give

. . . 7'2
H(@ttu)J — D — DEP?HLQ(Q) < _CP”a?uHo( 0.11:H @) T Hattu - Qll"battuHC([O,T];LQ(Q))

max ’Qh04 ) — Otu(-,t

2
* 12CP0<t £ )’Hlmg

<2|o} u("t)|H1(Q)

for j =1,..., k. With the last estimate and the inequality (19), it follows for (20) that
1
D26 ey + 10 ey = (5 1) [VEID i+ Ly + 16

20T
19,0 2Cp Ha4 ||C[OT];H3(Q))} (21)

2T
fork=1,...,N, — 1.
Second, for k € {0,...,N; — 1}, the function Dfp* € H}(Q) is estimated. With
Lemma 2.7 with ©(x,t* 7) € (0,1) and Lemma 2.5, one concludes that

Ot | { C([0,T);L2())

HDvJ-rpka(Q) = ||IDIp(-, "

0, )+ Z0up(e 1 + 700 1, 7)|

)||L2(Q) - ‘ L2(9)

-
< ”Qilzatu - at“HC([o,T];L2(Q)) + 5“6228&7“‘ - attu”C([O,T};L?(Q)) (22)
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for k € {0,...,N; — 1}.
Hence, the assertion follows due to

U =t | ooy S N0 o) + 107 2y < Cr 10 ) + 110" | 2y
U =l ) gy < 107 gy + 10 iy

IDZU* = u( 1))l pagy < P70 20y + D7 2] 2y
for k =1,..., N; — 1 with the help of (21), (22) and the Poincaré inequality (3). O

Remark 2.18. Error estimates analogous to Theorem 2.17 in the norms

L max ||Uk+1/2 - u("tkH/Q)HLz(Q)v
M U G| P
pomax DU = (e, )| 2y
hold true with
k+1/2 t H;—t"g :tk-l-g, k=0... N, —1

if the weaker CFL condition (15) is satisfied, see also Theorem 2.26 and its proof.

The Theorem 2.17 motivates to choose

2

-
Ul = Uop = Q,lluo and U'= Uy = Q,ll <uo + Tu; + E(Axuo + f(, O))> (23)

in (10) for ug,u; € Hg(Q) with A,ug € H}(Q) and f € C([0,T]; L*(Q)) with f(-,0) €
H}(Q). Using the representation (9), the initialisation (23) can be realised as

2 2
0_ 2-1 1_ .0 —1 T T
o’ =A, iuo and o =a + A4, (Tiu1+7iA¢uo+?if>

with the stiffness matrix A, given in (6) and the vectors

o[l = (Voo Vathi) 2
Lo il = (Vaur, Vathi) 1o,
Fauglil = (Volotuo, Vi) 2y

f (i) = (Vo f (- 0), Vath) 2

fori=1,..., M.
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Lemma 2.19. Let the sequence (T,),en of decompositions of Q be admissible, shape-regular
and not necessarily globally quasi-uniform, and let the constant time step size T € (0, %} be
gwen. Let ug,u; € HY(Q) with Ayug € HY(QY), f € C([0,T]; L*(Q)) with f(-,0) € H}(Q)
be the given initial conditions and right-hand side of the wave equation (1). In addition,
assume that the unique solution u of Theorem 1.5 fulfils w € C3([0,T]; H} (). Then, the
initialisation (23) leads to

VDI (U = Qs ) gy +1U° = @il sy 10" = @i, )
7_2
< 5 <T + \/§CP> ‘8?U|C([O,T];HS(Q))

with the constant Cp > 0 of the Poincaré inequality (3).

Proof. First, |U® — Q,llu0|H1(Q) = 0 holds true.
Second, the assumptions on u and f yield A u @ Oyu — f € C([0,T]; L*(Q)) and so

Opu(-,0) = lim Oyu(-,t) @ Jim [Agu(-t) + f(-,1)] = Agu(-,0) +£(-,0) in L*(Q).
t—0t t—0t+ ——
=Azug

Hence, Taylor’s theorem gives

2 3
u(z,t") = u(x,0) + du(x,0) 7+  Jyu(x,0) oy O}u(z, @(w,tl))T—, x € Q,
N—— 2 6
=Aguo(z)+f(2,0)
with ©(z,t') € (0,¢'), and thus,
1 1 1 1 72
07 = Qb ) gy = @ (w0 7o+ T B+ 1,00
1 7 3 T
0 (104w + (B £(,0) + Ol B0 )
2 6/ 1)
PRy 1
= E |Qhatu('7 @(7t ))|H1(Q)
3
T |53
< G }atu‘C([O,T];Hé(Q))
folllows, where the H} stability (Lemma 2.4) is used.
Third, the last estimate and the Poincaré inequality (3) yield
1
40 _ 1 1
IDFU° = Quul )| gy = =10 = @uuls )| 2y < |U Q)] 1y
CPT 3
‘(9 ’C ([0,7}Hg ()
Hence, the assertion is proven. O
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Corollary 2.20. Let the assumptions of Theorem 2.17 and Lemma 2.19 be satisfied. In
addition, assume that the solution w is sufficiently smooth and the domain Q C R? is
sufficiently reqular, e.g., convex or smooth. Then, the error estimates

K20 [UF —u(-t HLZ(Q Sc-(h*+77),
krgl,a},(Nt‘Uk_“ |H1 <c-(h+7),
e HD+ U* —u(-,t") HL2(Q) <c-(h*+77)

hold true with a constant ¢ > 0 independent of u and the mesh sizes h, T.

Remark 2.21. The implementation of the initialisation procedure (23) requires spatial
derivatives of the initial conditions ug, w; and the right-hand side f. However, nodal
interpolations or

-1 1 0 -1 7' 7'2 o0

with the stiffness matriz A, and mass matriz My, given in (6), (5) and the vectors

f [1] = <u0a¢z‘>L2(Q)7 i I[Z] = <U17¢i>L2(Q)a f’[i] = <f(’70)7¢i>1;2(9)7 i=1..., M,

ug u
are easy to implement and are often sufficiently accurate in practice.
As numerical examples, the domain and the time interval
Q=(0,1) and (0,7)=(0,11)
with the exact solutions

ua(z,t) = sin(2nt) sin(27x) 4 cos(wt) sin(wz) for (z,t) € [0,1] x
up(z,t) = (1 — z)sin(7(3z — t)) for (z,t) € [0,1] x
and the corresponding right-hand sides f4, fp and initial conditions w4, wa1, U, U1
are considered. Note that f4 = 0 and the total energy

1 1 52
EA(t) = EA(O) - 5”“%1,1”%2(9) + EHVQ?UA,OHi?(Q) = T ~ 12337, te [07 11]7

is conserved, see Corollary 1.6. The uniform spatial mesh size and the constant time step
size are given by

1
h:N’ N e N, and T=—, N;eN.



In this case, the CFL condition (14) and the weaker CFL condition (15) read as

T 1A 1

—<4/=—-—=< —==~04 fi 24
S \e 13 < g 00 or A (0,2), (24)
T 1A 1 ~
—<\/-——=<—==0.5774 f 4 2
w3 12<\/§ 0.577 or A € (0,4), (25)

since ¢y = 12, see the derivation of [10, (9.19), page 217].

In Table 1, Table 2, Table 3 and Table 4, the errors of Corollary 2.20 for the solutions
ua, up are given for the leapfrog method (10), (11) with initialisation (23) when a uniform
refinement strategy is applied for the temporal and spatial discretisations, i.e. N and NNV,
are doubled in each refinement step. The appearing integrals to compute the initialisation
(23) and the related right-hand sides are calculated by using high-order quadrature rules.
In Table 1 and Table 3, the CFL condition (24) is satisfied with

T

7= 0.4
and hence, the leapfrog method is stable and the error estimates of Corollary 2.20 are
confirmed. Additionally, in Figure 1 the total energy E4(t) = % ~ 12.337 and the discrete
energy £ of the leapfrog method for the solution u, are depicted for the refinement level
0 and level 3 with 7 = 0.4, where the discrete energy conservation of the leapfrog method
(Theorem 2.12) is verified. In Table 2 and Table 4, the CFL conditions (24) and (25) are
violated with

T 22
= ag 0.5789.
So, Table 2 and Table 4 show that the leapfrog method is not stable in these cases.

h T maxy |||,z €oc maxg ||y eoc maxy|[DI()||2q) eoc
0.50000 0.20000 1.33e+00 - 5.62e+00 - 5.88e+00 -
0.25000 0.10000 1.24e+00 0.08  7.89e+00 -0.4 8.01e+-00 -0.4
0.12500  0.05000 1.17e+00 0.08  7.41e+00  0.08 7.34e+-00 0.11
0.06250 0.02500 3.57e-01 1.63  2.25e+00  1.64 2.20e+00 1.65
0.03125 0.01250 9.09e-02 1.93 5.74e-01 1.93 5.59e-01 1.94
0.01562 0.00625 2.28e-02 1.97 1.46e-01 1.95 1.40e-01 1.97
0.00781 0.00313 5.69e-03 1.99 6.40e-02 1.19 3.50e-02 1.99
0.00391 0.00156 1.42e-03 1.99 3.20e-02 1.00 8.75e-03 1.99
0.00195 0.00078 3.56e-04 2.00 1.60e-02 1.00 2.19e-03 2.00
0.00098 0.00039 8.89e-05 2.00 7.99e-03 1.00 5.47e-04 2.00

Table 1: Numerical results of the leapfrog method (10), (11), (23) with uniform refinement
for the solution w4, where the CFL condition (24) is satisfied with 7 = 0.4.
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h T maxy ||| o) eoc maxy|[giq eoc maxg[[DF()|| g, eoc

0.50000 0.28947 1.34e+00 - 9.66e+-00 - 9.65e+00 -
0.25000 0.14474 1.44e+00 -0.1 8.46e+-00 -0.5 8.29e+00 -0.4
0.12500 0.07237 1.27e+00 0.16  8.04e+00  0.07 7.88e+00 0.07
0.06250 0.03618 4.11e-01 1.56  2.59e+00  1.56 2.53e+00 1.56
0.03125 0.01809 1.05e-01 1.93 6.60e-01 1.93 6.44e-01 1.93
0.01562  0.00905 3.21e+47 - 7.11e+49 - 6.69e+49 -
0.00781 0.00452  1.14e+134 - 5.04e+136 - 4.69e+136 -

Table 2: Numerical results of the leapfrog method (10), (11), (23) with uniform refinement
for the solution w4, where the CFL conditions (24) and (25) are violated with 7 = 2 ~
0.5789.

Discrete Energy of the Leapfrog Method

12 R 1
10 1
8| - EF, level 0]
X k

§ o6l - &', level 3]
| ——E4(1) |
2 |[900000000000000000000000000000000000000000000000000000F0 |

O | | | | | |

0 2 4 6 8 10

tk
Figure 1: Total energy E4(t) = % ~ 12.337 and discrete energy EFy of the leapfrog method

(10), (11), (23) with uniform refinement for the solution u 4, where the CFL condition (24)
is satisfied with ; = 0.4.
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h T maxy ||| o) eoc maxy|[giq eoc maxg[[DI()|| g eoc
0.50000 0.20000 9.03e-01 - 3.01e+00 - 2.93e+00 -
0.25000  0.10000 1.29e-01 2.17 1.20e+00 1.03 4.12e-01 2.19
0.12500  0.05000 2.39e-02 2.19 5.23e-01 1.08 7.83e-02 2.16
0.06250 0.02500 6.06e-03 1.88 2.68e-01 0.92 2.13e-02 1.79
0.03125 0.01250 1.52e-03 1.95 1.35e-01 0.97 5.24e-03 1.97
0.01562  0.00625 3.79e-04 1.98 6.74e-02 0.99 1.28e-03 2.01
0.00781 0.00313 9.46e-05 1.99 3.37e-02 0.99 3.20e-04 1.99
0.00391 0.00156 2.37e-05 1.99 1.69e-02 1.00 8.01e-05 1.99
0.00195 0.00078 5.92¢-06 2.00 8.43e-03 1.00 2.00e-05 2.00
0.00098 0.00039 1.48e-06 2.00 4.22e-03 1.00 5.01e-06 2.00

Table 3: Numerical results of the leapfrog method (10), (11), (23) with uniform refinement
for the solution up, where the CFL condition (24) is satisfied with ; = 0.4.

h T maxy ||| o) eoc maxy|[giq eoc maxg[[DF()|| g, eoc
0.50000 0.28947 7.69e-01 - 2.59e-+00 - 2.49e+00 -
0.25000 0.14474 1.29e-01 1.99 1.18e+00  0.87 4.15e-01 2.00
0.12500 0.07237 2.41e-02 2.18 5.23e-01 1.06 8.01e-02 2.14
0.06250 0.03618 6.17e-03 1.87 2.68e-01 0.92 2.14e-02 1.81
0.03125 0.01809 1.54e-03 1.95 1.35e-01 0.97 5.32e-03 1.96
0.01562 0.00905 1.50e+55 - 3.33e+57 - 3.13e+57 -
0.00781 0.00452  2.46e+139 - 1.09e+142 - 1.01e+142 -

Table 4: Numerical results of the leapfrog method (10), (11), (23) with uniform refinement

for the solution up, where the CFL conditions (24) and (25) are violated with 7 =

0.5789.
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2.4 Crank-Nicolson Method or Newmark Method

This subsection is based on |1, Subsection 9.5.2] and [6, Chapter 3]. The Crank-Nicolson
method considered in this subsection is also known as Newmark method with Newmark
parameters 3 = i, v = 3, see the classical reference [7, (8.6-4), (8.6-5), (8.6-6), page 205].
In the remainder of this subsection, let f € C([0,T]; L*(€2)) be a given right-hand side
of (1), let the sequence (7,),en of decompositions of 2 be admissible, shape-regular and
not necessarily globally quasi-uniform, and let the constant time step size 7 € (O, %] and
the corresponding time steps t* be given. Introduce for z € Q and k € {0,1,..., N;} the
approximations

Uk(x) == Z of i (x) ~ ulz, th), (26)

where of € R are the unknown coefficients of U* € S} ((Q). For k = 1,...,N, — 1,

i

replacing

Vou(z, th) ~ = (VU () + 2V, U* (2) + V,U" 1 (2)), 2€Q,

IS,

and

flath) ~ i (fl, 1) 4 2f (2, 85) + f(a,871) . weQ,

in the variational formulation (2) together with the discrete second-order central difference
operator D2U*(z) ~ Oyu(z,t*), z € Q, gives the Crank-Nicolson method.

Crank-Nicolson Method
Find functions U* € S,ao(Q) for k=0,1,...,N; such that

UO = UQ,h, U1 = ul,h (27)

and for k=1,2,...,N; — 1,

1
Von € S0(Q): (UM = 20" + UM ) 1oy

(&

-~

= <D3Uk ’”h> 12(Q)

1
(VUM +2V,0% + VUM Vatn) g = (P 20+ 7o) g, (29)

o |

+
with f*(x) := f(z,t*) for x € Q, where
u(+,0) = ug = ugy € Si,o(Q) and u(-,tl) Uy € Sflbyo(Q)

are approximations using the initial conditions ug, u; and the right-hand side f, which will
be defined later. In the following, it is shown that the Crank-Nicolson method can be
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realised as a two-step method. With (26) and v, =, j =1,..., M, in (28), the discrete
variational formulation (28) is equivalent to solving the linear system

1 1 1
_ZMh(gk—I—l . QQk +Qk_1) + ZAh(gk—i—l + QQk +gk—1) — Z (fk—i—l + 2fk + fk—l) (29)
- S S TL
for k=1,..., Ny — 1, where the unknown coefficient vectors are given by
of
k a3 M
= S R y k= 0, ,Nt
oy

Here, M), and A, are the mass and stiffness matrices given in (5) and (6), and the vectors
of the right-hand side are defined by

<fk’w1>L2(Q)
fk <fk’¢.2>L2(Q)

<fk’¢M>L2(Q)

Rewriting the linear system (29) gives

2

2 2
(Mh - TzAh) oM = T (M 2 ) A2 o) M(20f o) (30)

for k = 1,...,N;, — 1, i.e. in every time step, a linear system with the system matrix
M, + %Ah has to solved for o**!, when o, o#~! are already computed. Since the mass
and stiffness matrices are positive definite, the linear system (30) is uniquely solvable.
Hence, the discrete variational formulation (28) has a unique solution U1 € S,lho(Q) for
k=1,...,N,—1, when U*, U*! are known.

In the following, the Crank-Nicolson method (27), (28) is analysed. Therefore,

e an energy conservation,
e the stability and

e crror estimates
are proven.

Definition 2.22. Let U* € S} ((Q) be the solution of (27), (28) for the time step t*,
k=0,1,...,N;. The discrete energy of the Crank-Nicolson method (27), (28) is defined

by

1 2 1
et i= DIV g + 3 (TUH AT,

-~

:‘Uk+1/2|2

HL(Q)
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fork=0,1,..., Ny, — 1 with the average
1
Uk+l/2 — Uk:+1 Uk )
L0+ Y
Note that £&y is in general a non-negative quantity, i.e. no CFL condition (Courant,

Friedrichs, Lewy) is required such that £&y > 0. Next, an energy conservation is proven.

Theorem 2.23 (Energy Conservation of the Crank-Nicolson Method). Let the function
f e C(0,T); L*(2)) be a given right-hand side of (1), let the sequence (T,),en of decom-
positions of 0 be admissible, shape-reqular and not necessarily globally quasi-uniform, and
let the constant time step size T € (O, %} be given. Then,

e for the right-hand side f = 0, the Crank-Nicolson method (27), (28) conserves energy
in the sense that

SéiN:ggN fOTk’Zl,,Nt—l,

e for the right-hand sides f # 0, the relation

\/ Ebn < 58N+ \/_}|fj+1+2fj+fj*1”L2(Q) fork=1,....N,—1

holds true, where fj(a:) = f(x,t)), z € Q.
Proof. Let k € {1,...,N; — 1} be fixed. For j € {1,...,k}, choosing
v =0 U = (U —UN) (U -0 = (U UY) — (U U € 511,0(9>
in the variational formulation (28) yields
L, i j i—1 77j+1 i—1
Z<f]+ + 217 4 fI ’U]'i‘ — U’ >L2(Q)
1, o -
— §<UJ+1 =207+ UL UM - UTY) L
1 - . - - -
+ (VU7 £ 2V,07 4 VUL VLU = VU7 g
_2<(UJ+1 _ U]) _ (UJ _ UJ—1>7 (UJ-H _ U]) + (UJ — UJ—1)>

T L2(Q)
VLT 4 U9) Va7 4 U97), V0P 4 09) = W09 4 097))
:“Uj-i-l_Uj 2 _HUJ‘_Uj—l 2 +‘Uj+1—|—Uj2 _‘UjJrUj—l?
T L2(Q) T L2() 2 HY(Q) 2 HY(Q)
= 2(Edx — &) (31)

Hence, in the case f = 0, the equality

Ein = Ex fork=1,...,N,—1
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follows by induction on j from (31).
In the case f # 0, the relation (31) gives
. R . o -
2(géN - géN ) :Z<f]+1 + 2fj + fj 17 U]Jrl - U’ 1>L2(Q)
1, . o .
:Z<f]+1 +2f 4 fI 17 Uitt _ U]>L2(Q)
1, o -
+ (PR P U g
<f]+1_'_2f]_|_fj 1 D+U]>L2 - <f]+1_'_2f]_'_fj 1 D+U] 1>L2

<2 7 g (HDiUJHLz(m R LELE

si”fj“ + 217+ 7 Loy <\/2$éN + \/25éN1) : (32)

where the Cauchy-Schwarz inequality is used. If SéN > 0, then

J j—1 E(JJNl ( G+1 j j—1
\V ECN \V ECN \/SéiN @ \/—Hf +2/+f HLQ(Q)' (33)

If EéN = 0, then the estimate (33) still holds true since Ségl > 0. Hence, summing (33)
over j =1,...,k gives

\/; \/;_Z(\/E @) \/—HfjHJFijJrfjfl”LQ(ﬂ)’

where a telescoping sum occurs. O

Theorem 2.24 (Stability of the Crank-Nicolson Method). Let f € C([0,T]; L*(2)) be a
given right-hand side of (1), let the sequence (T,),en of decompositions of 2 be admissible,
shape-regular and not necessarily globally quasi-uniform, and let the constant time step size
7 € (0, %] be given. Then, the Crank-Nicolson method (27), (28) is stable in the sense that

|DfU* + |UFH2 < 2|[DfU°

+2|U?

HL2(Q) |H1(Q) HL?(Q) ‘Hl(Q)

k
T\ pi+1 i il
+ ; I 28+ 7 | g
fork=1,... Ny, — 1.
Proof. Let k € {1,..., N, — 1} be fixed. Using the definition of the discrete energy and
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the energy conservation (Theorem 2.23) yields

DT oy + 1052 oy < 288+ /268

= 2V2,/Eky

k
<ove (/e + Y T b2 4 YL )
< CN ;4\/5 L2(Q)

1 ; 1 ;
=2V2 \/QHD:—FUOHH(Q) +t3 U2 (41

7 j J o fim
+;m”f +1+2f +f 1HL2(Q)]'

So, the assertion follows by using the binomial formula (a + b)? = a? + 2ab + b*. O

Remark 2.25. For f € C([0,T]; L*(Q)), the estimate

k k
ZTHfﬂ+1+2fJ+fJ 1HL2 <4 _max HfZHLQ )ZTS4T“f”c([07T];L2(Q))
=1

— 0 REREe =0, k+1
7=1

is valid for allk =1,..., Ny — 1. Hence, Theorem 2.23 states that the discrete energy EEx
is bounded for any k € {1,..., Ny — 1} by 2y, i-e. by U, U and the right-hand side f.
Analogously, Theorem 2.24 gives the boundedness of the approzimations U, U3, ... UNt by
U°, U' and the right-hand side f. Note that U° and U' are determined by approzimations
(27) of the initial conditions ug, uy and the right-hand side f.

Theorem 2.26 (Error Estimates of the Crank-Nicolson Method). Let f € C([0,T]; L*(2))
be a given right-hand side of (1), let the sequence (T,),en of decompositions of Q be admis-
sible, shape-reqular and not necessarily globally quasi-uniform, and let the constant time
step size T € (0, %} be given. In addition, let the unique solution u of Theorem 1.5 satisfy

u € C4[0,T]; HY(Q)). Then, the Crank-Nicolson method (27), (28) fulfils

o the L*(2) error estimate

max (US| g < [2|DEO0 - Q1

+ |U0 — QhU0|H1(Q) + ‘Ul Qhu

lz20)

}Hl +720PTH84“”0 [OT 1 HE ()

+ 27| Oyu — Qflzatt“HC([o,T];m(Q))} +|Qpu — uHC’([O,T];LQ(Q)) + g“a“uHC([O,T];LQ(Q))’
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o the H}(Q) error estimate

max 1 ‘UIH—I/Q - U(-, tk+1/2)|H1(Q < 2HD;‘—_(U0 - Q}Lu(7 to))HLZ(Q)

+ ‘UO—Q}LUO‘HI(Q)—F ’Ul Qrul-, +T2CPT||84

\Hl UHC([O,T};H[%(Q))

7_2
+ QTHattu - QfllattuHC([O,T];LQ(Q)) + HQfltu - uHC([o,T];Hg(Q)) + g”aﬁu”C([O,T};H&(Q))’

e the L*(Q) error estimate of the discrete time derivative

e [IDFUS = ul,29)]| ) < 20700 = Qhul, )]l 2oy

+ ‘UO_QhUU‘Hl(Q)+|U1 Qnul(, ‘Hl )
+ T CeT|0ull oo rgmy oy + 2T 10wt = @it o 71120

-
+ HQ,lﬁtu - atu”cz([o,ﬂ;w(g)) + §||Qilzatt“ - attuHC([O,T];LQ(Q))’

where Q- Hy () — S} o(Q) is the Hy(Q) projection (7) and

\]

tk+1 tk
t’”l/?:TJr:thr} k=0,...,N,—1

Proof. For k € {0,...,N;} and x € Q, the pointwise error is written as

UM(x) = u(w, t") = UM(z) - Qw(ﬂ«" t*) + Qpulz, tk) —u(@,t") = 0*(z) + p*(2).

—9k( ) =:p(, tk) Pk ()

With this notation, the averaged pointwise error is

U2 () — u(x, thH) 4+ u(a, tF) _ Uktl(z) + U*(x) uz, thH) +u(z, )
2 2 2
1

= 5 (U (@) = ula, #4) + (UF(2) — u(w, )]

= 5 [0 (@) + 4 (@) + (6(@) + (@)

_ 0k+1/2(a:) +pk+1/2(l’)

for k € {0,...,N;—1} and z € Q. The quantities 0" € S} ((Q) and p* € Hj(Q2) are treated
separately.

First, for k € {1,..., N, — 1}, the finite element function §* € S} ((2) is estimated.
Therefore, with the notation (8), the Crank-Nicolson method (28), the H}(Q2) projection
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(7) and the variational formulation (2), it follows that

(D30, 0n) () + i<vx9’f+1 +2V,0" + V.05 Vaun)

1
- <D3Uka Uh>L2(Q) + Z<Vf”Uk+l +2V,U" + V.U, V‘”Uh>L2(Q)

()

8
(:)i<fk+1+2fk+fk—1ﬂ,h>L2

1
- <D72-(Qllzu)k7vh>L2(Q) - Z

(.

(@

<Vﬂc(Qllzu)k+1 + va(Qllzu)k + Vm(@}llu)kila vah>L2

-~

(@)

(:)% <V;cuk+1+2vxuk+vxuk*1,vah>

1 ,
= Z<fk+1 + 2fk + fk 17 vh>L2(Q) - <D3(Qiu)kv Uh>L2(Q)

1 k+1 k k-1
— Z<qu + 2V u" + Vau' Vzvh>L2(Q)/

-

L2()

DL(prrrraerfi—ton) o o (@) 142000+ O o)

and further,
1
k k k k—
(D20, 0n) () + 7Vl + 2Va0 + Vo0~ Vaun)

1
— 1<<8““)k+1 + 2(0pu)* + (Opu)* 1, Uh>L2(Q) — <D3(Q,1lu)k, Uh>L2(Q)
+<D3uk,vh> )~ <D3uk,vh>
-0

— <((9ttu)k — D2u" — D2p* + i [(8ttu)k+1 — 2(0yu)* + (&gtu)k’l} , vh>

L2(Q L2(Q)

i

L2(Q)
T _

= <(attu)k — Dlu" —D2p" + 1 [D:—L(attu)k - D (attu)k} ) Uh>

L*(Q)

for all v, € S} ((Q) and for k = 1,..., N, — 1. Hence, the functions 6" € S} (), k =
0,1,..., Ny, are the solutions of the Crank-Nicolson method (27), (28) with

0° =U" — Quu(-,0), 0'=U"~Quu(-t")
for the right-hand side g € C([0, T]; L?(£2)) with
g(z,t) == Oyulz,t) — D2u(z,t) — D2p(x,t) + i [Df Oz, t) — Dy Oyu(z, )]
for (z,t) € Q x [r, T — 7],
g(x,t) == Oyu(x,7) — D2u(x,7) — D2p(z,7) + i [DfOyu(z, 7) — DS Opu(z, 7)]
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for (z,t) € 2 x [0,7) and

g(z,t) := Opu(x, T — 7) — D2u(a, T — 7) — D2,0(:c T—7)

Z [Dj@ttu(x, T — T) — D;attU($, T — 7')}

for (z,t) € Q x (T — 7,T], where p = Q}u — u. So, the stability of the Crank-Nicolson
method (Theorem 2.24) for 6% gives the estimate

HDjeka(Q) + ’9k+1/2‘H1(Q) < 2HD7J-F‘90HL2(Q) +2 }91/2‘H1(Q)

k
35l 20+ gy (39)
Jj=1

s

g

; k
<max;=o, .. k+1 9’ ||L2(Q) Z]’:l 27

for k =1,...,N; — 1. For the last term in (34), the triangle inequality, Lemma 2.8 with
O1(z,t/,7), Oy(z,t/,7) € [—1,1], Lemma 2.7 with O3(z,t/,7), O4(z,t/,7) € (0,1) and the
Poincaré inequality (3) with constant Cp > 0 yield

ngHLz(Q) = H(attu)j — D’ - D3y + % [DF (Oyu)’ — D7 (Oyu)’]

< @)’ — D2 gy + D20 gy + —IDF @)’ — D7 @y

‘L2(Q)
|20

+[D2o( )| (g
L2(Q)

7'2 . .
= H——@f‘u(-, t+T10(-,,7))

o

2

(- 80) + 34 (-, tﬂ‘+T@3(-,tﬂ‘,7))—éﬁ”u(-,tj)+gé‘?u(-,tﬂ'—f®4<-,t%>>\

L2(2)

2
; T . .
<3 H@“u“c (o2 T || 0 () + Eafp(wt] +7602(-, ¥, 7)) .
2
4
Y H(‘? “Hc o2 T 19l ooryrz@) + ﬁolgajT |0/ p(-,t HLz )
SCVP|a;1p('7t)|H1(Q)

and further, Lemma 2.5, the H}(2) stability of @}, (Lemma 2.4) and the Poincaré inequality
(3) with constant Cp > 0 give

HgJHLQ(Q) < 3! Ha;l“Hc (0,T]:12(2)) +Hattu - QfllattuHC([O,T];LQ(Q))
<CPH6 “Hc([oT SHA ()
-2
+ 33 max |@0/u(t) = Oful )| ;g (35)
§2|8?u(.’t)|H1(Q)
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for j =1,...,N; — 1. Since the relations

go — gl and gNt—l — gNt

hold true, the estimate (35) is also valid for j = 0, IV, i.e. the estimate

[ HL2(Q) < 701’“83“”0([01];}13(9)) + |G — Q’llattuHC([O,T];LQ(Q))

holds true for j =0,..., N;. With the last estimate, it follows for (34) that

k

D70 oy + 102 sy < 2ADF | oy +2 16721y +,_mesx [167[] 2y 227
‘ ) j=0,..., =
:‘91390) ) N——
HL(Q) <2T
< 2|D70| gy + 16 111y + 16 111
+ TQCPTHafu”c([O,T];Hé(Q)) +27 || O — Q}lattuHC([O,T];L%Q)) (36)

fork‘:L...,Nt—l.
Second, for k € {0,..., N, — 1}, the terms with the function pF+'/? = w €
H; () are estimated by

k+1/2 < %HpkHHLQ

Hp HL2(Q) = §|kaHL2(Q) < ||@Qpu — UHC([O,T};LQ(Q))

and analogously,

k+1/2

I ‘Hl(Q) < || @uu— UHC([O,T];H(%(Q))'

Third, for k& € {0,...,N; — 1}, the function Dfp* € H}(Q) is estimated. With
Lemma 2.7 with ©(x,t* 7) € (0,1) and Lemma 2.5, one concludes that

D7 2" 2y = IDF oL 2

Bup(-, %) + %aﬁp(.,tk n T@(.,tk,T))]

HL?(Q) ||L2(Q) - ‘

L2(Q)
-
< ”Q}L@t“ - atuHC([O,T];LQ(Q)) + 5“@}@% - attu”cqo,ﬂ;m(g)) (37)

for k € {0,...,N, — 1},
Fourth, for k£ € {0,..., N; — 1}, Taylor’ theorem yields

2
u( 1) = u( 052 = G V) 2 4 (-, 0 O 2 7))

and
2
u(_’tk—i-l) _ u(_’tk:-i-l/Q) e tk+1/2)2 + O, ht1/2 %@(_’tk—f—l/Z’T))%
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with ©(z, t#11/2 1), O (x, t*T1/2,7) € (0,1). Adding these equalities up gives
u<'7 tk+1> + U(-, tk)
2

2
= (- #52) 4 Tl 852 — 2O Y2, 1)) 4 G 1 4 2O #4127

and the triangle inequality states

HUk+1/2 _ u ) + u(-, %)
2

72
+ g”att““c*([o,T];B(Q))

(38)

HUIH—I/Q . u(_’ tk+1/2) ||

<
L2() @)

for k=0,...,N; — 1. Analogously, the estimate

u( M) + (-, 1)
2

7_2
+ g”attunc([o,T];H&(Q))

(39)

kL2 e h+1/2

k+1/2
i <[V

HY(Q)

holds true for k =0,..., N, — 1.
Hence, the assertion follows due to

‘ iz UG +ul )
2

< Hekﬂ/z”LQ(Q) 4 Hpk+1/2
L2(Q)

< Cp |05 gy + 1072 2oy,

2o

',tk+1 + ‘,tk
‘Uk+1/2 = )2 et o) < |02 gy F 1P
D" — )y < 5

|H1(Q) g

2oy + 1P7 "] 2

for k =1,..., Ny — 1 with the help of (36), (37), the Poincaré inequality (3) and (38) and
(39). O

The Theorem 2.26 motivates to choose the same initialisation procedure (23) as for the
leapfrog method in Subsection 2.3, see also Remark 2.21. Hence, with Lemma 2.19, the
following corollary holds true.

Corollary 2.27. Let the assumptions of Theorem 2.26 and Lemma 2.19 be satisfied. In
addition, assume that the solution w is sufficiently smooth and the domain Q C R? is
sufficiently reqular, e.qg., convex or smooth. Then, the error estimates

max HUk+1/2 . u('7tk+1/2)HL2(Q) <c- (h2 + 7_2)’

k=0,...,Ny—1
k+1/2 _ ¢ 4k+1/2 ) 9
Py A U ul¢ )|H1(Q) <c-(h+77),
HUF — (- tF (12 2
cnax  [[DIUE = ul, )] g S e (07 +7%)

hold true with a constant ¢ > 0 independent of u and the mesh sizes h, T.
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The same numerical examples as for the leapfrog method in Subsection 2.3 are investi-
gated. Hence, the domain and the time interval

Q=(0,1) and (0,7)=(0,11)
with the exact solutions

ua(x,t) = sin(27t) sin(2wx) + cos(nt) sin(mwx) for (z,t) € [0,1]
up(z,t) = (1 — ) sin(w(3z — t)) for (z,t) € [0,1]

x [0, 11],

x [0, 11]

and the corresponding right-hand sides f4, fp and initial conditions w0, w41, UBo, UB1
are considered. Note that f4 = 0 and the total energy

5 2
T ~12.337, telo11],

1 2 1 2
Ea(t) = €a(0) = §||UA71||L2(Q) + §||VJ:UA,0||L2(Q) =
is conserved, see Corollary 1.6. The uniform spatial mesh size and the constant time step
size are given by

h:%, N e N, and Tzlﬁlt, Ny € N.

In Table 5, Table 6, Table 7 and Table 8, the errors of Corollary 2.27 for the solutions u 4, ug
are given for the Crank-Nicolson method (27), (28) with initialisation (23) when a uniform
refinement strategy is applied for the temporal and spatial discretisations, i.e. N and N,
are doubled in each refinement step. The appearing integrals to compute the initialisation
(23) and the related right-hand sides are calculated by using high-order quadrature rules.
Table 5 and Table 7 show that the Crank-Nicolson method is stable and the error estimates
of Corollary 2.27 are confirmed, where the mesh sizes are chosen such that the ratio

-
- =04
h

is fulfilled. Additionally, in Figure 2 the total energy Ea(t) = % ~ 12.337 and the
discrete energy EEy of the Crank-Nicolson method for the solution u4 are depicted for the
refinement level 0 and level 3 with ;- = 0.4, where the discrete energy conservation of the
Crank-Nicolson method (Theorem 2.23) is verified. Table 6 and Table 8 show that the
Crank-Nicolson method is also stable and the error estimates of Corollary 2.27 are also

confirmed, when the mesh sizes are chosen such that the ratio

T 22
733 0.5789

is fulfilled. Note that in the last case, the leapfrog method is not stable, see Table 2 and
Table 4.
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h T maxy ||| 2y eoc maxy|[giq eoc maxg||[DF()|| g, eoc

0.50000 0.20000 1.07e+00 - 4.55e+00 - 5.11e+00 -

0.25000 0.10000 1.25e-+00 -0.2 7.90e+00 -0.6 8.05e+00 -0.5
0.12500 0.05000 7.46e-01 0.67  4.73e+00  0.67 4.69e+00 0.70
0.06250 0.02500 2.09e-01 1.75 1.32e+00  1.76 1.29¢+00 1.78
0.03125 0.01250 5.32e-02 1.93 3.40e-01 1.91 3.27e-01 1.93
0.01562 0.00625 1.33e-02 1.97 1.28e-01 1.39 8.20e-02 1.97
0.00781 0.00313 3.34e-03 1.99 6.39e-02 0.99 2.05e-02 1.99
0.00391 0.00156 8.34e-04 1.99 3.20e-02 1.00 5.13e-03 1.99
0.00195 0.00078 2.09e-04 2.00 1.60e-02 1.00 1.28e-03 2.00
0.00098 0.00039 5.22e-05 2.00 7.99e-03 1.00 3.20e-04 2.00

Table 5: Numerical results of the Crank-Nicolson method (27), (28), (23) with uniform

refinement for the solution u4 with the ratio ; = 0.4.

h T maxy ||| o) eoc maxy|[giq eoc maxg||[DI()|| ., eoc
0.50000 0.28947 6.02e-01 - 3.00e+-00 - 4.02e+00 -
0.25000 0.14474 8.08e-01 -0.3 5.20e+-00 -0.6 5.61e+4-00 -0.4
0.12500 0.07237 3.62e-01 1.04 2.31e+00 1.05 2.24e+00 1.19
0.06250 0.03618 1.01e-01 1.76 6.49e-01 1.74 6.21e-01 1.76
0.03125 0.01809 2.57e-02 1.92 2.55e-01 1.31 1.58e-01 1.93
0.01562 0.00905 6.46e-03 1.97 1.28e-01 0.99 3.97e-02 1.97
0.00781 0.00452 1.62e-03 1.99 6.39e-02 0.99 9.94e-03 1.99
0.00391 0.00226 4.05e-04 1.99 3.20e-02 1.00 2.49e-03 1.99
0.00195 0.00113 1.01e-04 2.00 1.60e-02 1.00 6.22e-04 2.00
0.00098 0.00057 2.53e-05 2.00 7.99e-03 1.00 1.55e-04 2.00

Table 6: Numerical results of the Crank-Nicolson method (27), (28), (23) with uniform
refinement for the solution u, with the ratio - = 32 &~ 0.5789.
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Discrete Energy of the Crank-Nicolson Method

e ———————
10 1
8| - EEy, level 0|
5 6l - Ey, level 3|
Al ——&4(1) _
2 [0000000000000000000000000000000000000000000000000000000 |

O | | | | | |

0 2 4 6 8 10

tk
Figure 2: Total energy £4(t) = % ~ 12.337 and discrete energy £fy of the Crank-Nicolson

method (27), (28), (23) with uniform refinement for the solution u, with ratio 7 = 0.4.

h T maxg |||,z €oc  maxg ||y eoc maxy|[DI()||2q) eoc
0.50000  0.20000 1.26e+00 - 4.18e+-00 - 4.45e+-00 -
0.25000  0.10000 1.23e-01 2.60 1.18e+-00 1.42 3.99e-01 2.69
0.12500 0.05000 2.24e-02 2.21 5.21e-01 1.06 7.76e-02 2.13
0.06250 0.02500 5.88e-03 1.84 2.67e-01 0.92 2.08e-02 1.81
0.03125 0.01250 1.49¢-03 1.94 1.35e-01 0.97 5.05e-03 2.00
0.01562 0.00625 3.71e-04 1.98 6.74e-02 0.99 1.27e-03 1.98
0.00781 0.00313 9.27e-05 1.99 3.37e-02 0.99 3.17e-04 1.99
0.00391 0.00156 2.32e-05 1.99 1.69e-02 1.00 7.92e-05 1.99
0.00195 0.00078 5.79e-06 2.00 8.43e-03 1.00 1.98e-05 2.00
0.00098  0.00039 1.45e-06 2.00 4.22e-03 1.00 4.95e-06 2.00

Table 7: Numerical results of the Crank-Nicolson method (27), (28), (23) with uniform

refinement for the solution up with the ratio 7 = 0.4.
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h T maxy |||,z €oc maxg || eoc maxy|[DI()||2q) eoc

0.50000 0.28947 1.26e+00 - 4.28e+-00 - 4.72e+4-00 -

0.25000 0.14474 1.17e-01 2.65 1.16e+00 1.45 3.78e-01 2.82
0.12500 0.07237 2.23e-02 2.15 5.19e-01 1.05 7.39e-02 2.12
0.06250 0.03618 5.83e-03 1.85 2.67e-01 0.91 2.01e-02 1.79
0.03125 0.01809 1.47e-03 1.94 1.35¢-01 0.97 5.01e-03 1.95
0.01562 0.00905 3.68e-04 1.98 6.74e-02 0.99 1.26e-03 1.97
0.00781 0.00452 9.20e-05 1.99 3.37e-02 0.99 3.15e-04 1.99
0.00391 0.00226 2.30e-05 1.99 1.69e-02 1.00 7.87e-05 1.99
0.00195 0.00113 5.75e-06 2.00 8.43e-03 1.00 1.97e-05 2.00
0.00098 0.00057 1.44e-06 2.00 4.22e-03 1.00 4.92e-06 2.00

Table 8: Numerical results of the Crank-Nicolson method (27), (28), (23) with uniform

refinement for the solution up with the ratio ¥ = 22 ~ 0.5789.

3 Space-Time Methods

Space-time methods are characterised by interpreting the time direction as an additional
spatial coordinate. Thus, the time-dependent problem is discretised without separating the
temporal and spatial variables, i.e. a space-time discretisation. This ansatz may lead to
structured decompositions, i.e. tensor-product approaches, see Figure 3, or unstructured
decompositions, see Figure 4, of the space-time domain (). In general, the main advantages
of space-time methods are space-time adaptivity, space-time parallelisation and the treat-
ment of moving boundaries. At a first glance, a disadvantage is that a global linear system
must be solved at once. Therefore, fast solvers and preconditioning are essential, which
are not investigated in this work. However, space-time approximation methods depend
strongly on the space-time variational formulations on the continuous level.

As model problem, consider the homogeneous Dirichlet problem for the wave equation,

Opu(z,t) — Agu(z,t) = f(z,t) for (z,t) € @ =Q x (0,7,
u(z,t) = 0 for (z,t) € ¥ =09 x (0,77, (40)
u(z,0) = dwu(z,0) = 0 for x € Q,

where Q C R, d = 1,2,3, is a bounded domain with Lipschitz boundary 9Q, T > 0 is a

terminal time and f is a given right-hand side. For the space-time variational formulation
of the wave equation (40), the Sobolev spaces

Hyo (Q) = H (0,75 L*(Q)) N L*(0, T3 HY(Q)) € H'(Q)

and
HYW(Q) 1= HY(0,T5 L*(Q)) N L2(0,T; HY(Q) € H'(Q)
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Figure 3: Nonuniform structured space-time meshes for a spatially one-dimensional do-
main: Starting mesh and the mesh after one uniform refinement step.
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Figure 4: Unstructured space-time meshes for a spatially one-dimensional domain, resulting
from an adaptive refinement strategy.
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are endowed with the inner product

T
(U, 0) 1) = / / (Opu(z, t)Opv(z,t) + Vyu(z,t) - Vyu(x, t)) dedt
o o Ja

and the induced norm

1/2
|u|H1(Q)::1/(uuH11(Q)—{/ /<|8tuxt| +Z|8 u(zx, t)] )d:vdt}

with the subspaces
HL(0,T; L2(Q) = {v e HY(0,7; L2(Q)): v(-,0) =0 in L?(Q)} c O([0, T); L*(Q))
and

Hy(0,T; L*(Q)) := {v € H'(0,T; L*(Q)): v(-,T) =0 in LQ(Q)} c O([0,T]; L*(2)).

Note that in Hé;’é’ (Q) and Hé;’}O(Q), the seminorm || g is a to [|*[| g1 () equivalent norm

due to the Poincaré inequality. The dual space [H&;}O(Q)]’ is characterised as completion
of L*(Q) with respect to the Hilbertian norm

171 [Hy o (Q) sup M
i 0FAweH;! o(Q) |w|H1(Q)

Y

where (-, ) denotes the duality pairing as extension of the inner product in L*(Q).

To derive a variational formulation in subspaces of H'(Q), take the second-order time
derivative dyu(z,t), multiply by a sufficiently smooth function w(x,t) with w(z,T) = 0
and integrate via the space-time cylinder ). Then, integration by parts gives

T
/ /attu(x,t) cw(x, t)dedt = / /&u x,t) - Qw(x, t)dzdt
o Jao

/@um T)w(z,T) dm—/@tu ,0)dz.

So, one defines the bilinear form a(-,-): H&’é’ (Q) x Hé;”lo(Q) — R,
a(u,w) := — (O, Ow) r2(q) + (Vaul, Vaw) r2(g), u € H&’é} (Q), we Hé;’}O(Q).
The boundedness of the bilinear form a(-, ) is stated in the next lemma.
Lemma 3.1. The bilinear form a(-,-): H&;& (Q) x Hé;’}O(Q) — R is bounded, i.e.
|a(u, w)| < |ul g ) Wl g

for all u € Hé;’é, (@), w e Hé{}o(@)-
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Proof. The assertion follows immediately from the Cauchy-Schwarz inequality. ]

The variational formulation of the wave equation (40) is to find u € H&;& (@) such that

Vo € HiL(Q):  alu,w) = (f.w) 12, (41)

where f € L?(Q) is given. Note that the initial condition u(-,0) = 0 is considered in the
strong sense, whereas the initial condition d,u(-,0) = 0 is incorporated in a weak sense.

Next, an existence and uniqueness result for the variational formulation (41) is given.
Such a result is contained in [4, Chapter IV], see also [12].

Theorem 3.2. Let f € L*(Q) be given. Then, a unique solution u € H&;& (Q) of (41)
exists, satisfying

1
|l < ET“JCHLQ(Q)‘

Proof. For the variational formulation (41), there exists a unique solution u € Hé;’é’ (Q),
see |4, Chapter IV, Theorem 3.1, page 157, and Theorem 3.2, page 160]. The estimate
follows by a Fourier series ansatz as in [4, Section 7, Chapter IV], see [12, Theorem 4.2.23,
page 153]. ]

The solution operator from Theorem 3.2 is not an isomorphism and hence, to derive

from Theorem 3.2 an inf-sup condition, like
a(u, w

Yu € Hé;’é’ (Q): sup —l (v, w)|

oweHy (@) Wl Q)

with a constant C's > 0, is not possible.

Theorem 3.3. There does not exist a constant C' > 0 such that each right-hand side
f € L*(Q) and the corresponding solution u € H&’& (Q) of (41) satisfy

|U|H1(Q) <C Hf”[Hé”lo(Q)]'

In particular, the inf-sup condition (42) does not hold true.
Proof. See [12, Theorem 4.2.24, page 155]. ]

In the remainder of this section, conforming finite element discretisations for the vari-
ational formulation (41), resulting in Galerkin-Petrov schemes, are introduced and exam-
ined. For a discretization scheme, let the bounded Lipschitz domain  C R? be an interval
2= (0, L) for d =1, or polygonal for d = 2, or polyhedral for d = 3. For a tensor-product
ansatz, admissible decompositions

Ny N
Q=0x00,7=JmxJm
=1 /=1



are considered with N := N, - N; space-time elements, where the time intervals 7, :=
(te—1,t,) C R with mesh sizes

ht,f = tg—tg_l for ¢ = 1,...,Nt,
hi := Ry max 1= maxg hy g, hymin := ming hy o, are defined via the decomposition
O=ty<ti <ta < - <tny-1<tn, =T

of the time interval (0,7"). For the spatial domain 2, consider a shape-regular sequence
(7.)ven of admissible decompositions

T, ={w;cR:i=1,...,N,}

of © into finite elements w; C RY with mesh sizes

1/d
hyi = (/ dx) fori=1,..., N,,

hy := max; h, ;. The spatial elements w; are intervals for d = 1, triangles or quadrilaterals
for d = 2, and tetrahedra or hexahedra for d = 3. Next, introduce the finite element space

Qn(Q) = Vi, 0(2) ® S;,(0.7)
of piecewise multilinear, continuous functions, i.e.
Vi o(9) = span{y; il € Hy(Q), 85,0, T) = span{pi}ty € H'(0,T).

In fact, V| ((Q) is either the space S} ()N Hg(Q) of piecewise linear, continuous functions
on intervals (d = 1), triangles (d = 2), and tetrahedra (d = 3), or V}} ;(€) is the space
Qj,. () N Hy(Q) of piecewise linear/bilinear /trilinear, continuous functions on intervals
(d = 1), quadrilaterals (d = 2), and hexahedra (d = 3).

The Galerkin-Petrov finite element discretisation of the variational formulation (41) is

to find
un € Qi(Q) N Hyp (Q)
such that
a(un, wp) = (f; wa) 12 (43)

for all wy, € Q}(Q) N Hé;’}O(Q). The approximate function wu; admits the representation

1) = D0 D b (@0onlt) = 3 Un g @), Uneaft) = Dl

for (z,t) € Q. After an appropriate ordering of the degrees of freedom, the discrete varia-
tional formulation (43) is equivalent to the global linear system

Kyu = F
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with the system matrix
K, = _Aht ® My, + My, @ Ahz S ]RNt'MxXNt'Mw,

where M), € RM=*Me and A;, € RM=*M= denote spatial mass and stiffness matrices given
by
My, i, 3] = (W5, i) 2y, Anglis J) = (Vatby, Vai) 2y, 4,5 =1,..., My,

and the temporal stiffness matrix

=1
1 P 1 1
ht,1 +1ht,2 . ht,2 . )
_ - P NtXNi
Aht - t,2 ht 2 + ht3 ht,3 € R )

—1 1 + 1 -1
htN,—1 htn,—1 ht N, he N,

the temporal mass matrix

by
1 2hyy + 2Ny o hi o
My, = 6 Py o 2o +2hi3 hys c ]RNtXNt7

hen—1 20y N1+ 20N, hen,

and with the corresponding vector F' € R M= of the right-hand side.

Remark 3.4. Note that the Galerkin-Petrov finite element discretisation (43) can be re-
alised as a two-step method.

For a uniform time mesh size h; > 0, stability of (43) in a certain sense can be proven,
see [12, page 156-158|, when the CFL condition

12

hy < h.,

Cinv

is satisfied with the constant c¢;,, > 0 of the inverse inequality (Lemma 2.2) with respect
to the spatial mesh, i.e. the sequence (7,),en of decompositions of € must be globally
quasi-uniform.

In the particular case d = 1, it holds true that ¢y, = 12, see the derivation of [10,
(9.19), page 217] and therefore, stability follows for

hy < hy.

When V! ,(€2) C Hy(Q) is also of tensor-product structure, i.e.
Vil o@) = (SL, (0, L)@ .. @ S} (0,La)) N HY(9),
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for example, when considering = (0, L;) x ... x (0, Ly) C R? with uniform mesh sizes

hayy .., hsg,, one concludes c;,, = 12d, and therefore, the stability condition
h:v min
ht : )
Vd
where Ay min = min{hg,, ..., hy,}.

As a numerical example, consider for d = 2 the spatial domain 2 = (0, 1) with uniform
discretisations with mesh sizes h, = h,, = h,, and the exact solution

u(wy, 9,t) = t*sin(mxy) sin(wwy)  for (1, 29,t) € Q = Q2 x (0,7)

with different terminal times 1" € {%, \%, %, 1, 2} . Then stability follows when choosing

hy 1
— < — =~ 0.7071068. 44
he V2 (44)

In Table 9, Table 10, Table 11, Table 12 and Table 13, the L*(Q) error, the H'(Q) error
and the maximal and minimal singular values of the related system matrix Kj of the
Galerkin-Petrov formulation (43) are given, where the observed convergence rates are as
expected, provided the CFL condition (44) is satisfied, i.e. the CFL condition (44) seems
to be sharp. Here, the number of the degrees of freedom is denoted by

dof = dim Q},(Q) N Hyp (Q) = dim @Q},(Q) N Hy',(Q).

dof hx ht Hu — uh||Lz(Q) €oC |u — uh|H1(Q) €0C Umax(Kh) Umin(Kh)

2 0.500 0.3500 2.034e-02 - 4.204e-01 - 4.8e-01 4.7e-01

36 0.250 0.1750 4.737e-03 2.1 2.089e-01 1.0 9.4e-01 5.4e-02

392 0.125 0.0875 1.161e-03 2.0 1.040e-01 1.0 6.5¢-01 7.0e-03
3600 0.062 0.0438 2.887e-04 2.0 5.193e-02 1.0 3.5e-01 1.2e-03
30752 0.031 0.0219 7.207e-05 2.0 2.595e-02 1.0 1.8e-01 2.3e-04
254016 0.016 0.0109 1.801e-05 2.0 1.298e-02 1.0 8.9e-02 3.6e-05

Table 9: Numerical results for the Galerkin-Petrov formulation (43) with uniform meshes

for @ = (0,1)? x (0, 5), satisfying the CFL condition (44).
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dof hx ht Hu — uh||L2(Q) €0C |u — uh|H1(Q) €0C Umax(Kh) Umin(Kh)

2 0.500 0.3536 2.094e-02 - 4.303e-01 - 4.7e-01 4.7e-01

36 0.250 0.1768 4.888e-03 2.1 2.141e-01 1.0 9.3e-01 5.2e-02

392 0.125 0.0884 1.198e-03 2.0 1.066e-01 1.0 6.4e-01 6.1e-03
3600 0.062 0.0442 2.981e-04 2.0 5.323e-02 1.0 3.4e-01 7.6e-04
30752 0.031 0.0221 7.444e-05 2.0 2.661e-02 1.0 1.8e-01 9.6e-05
254016 0.016 0.0110 1.860e-05 2.0 1.330e-02 1.0 8.8e-02 1.2e-05

Table 10: Numerical results for the Galerkin-Petrov formulation (43) with uniform meshes
for @ = (0,1)? x (0, \/Li) for the limit case of the CFL condition (44).

dof hz ht Hu — uh||L2(Q) €0C |u — uh|H1(Q) €0C Umax(Kh) O'min(Kh)

2 0.500 0.3750 2.476e-02 - 4.937e-01 - 5.0e-01 4.3e-01

36 0.250 0.1875 5.862¢-03 2.1 2.469¢-01 1.0 8.7e-01 4.1e-02

392 0.125 0.0938 1.443e-03 2.0 1.231e-01 1.0 6.0e-01 2.7e-03
3600 0.062 0.0469 3.594e-04 2.0 6.153e-02 1.0 3.2e-01 4.5e-05
30752  0.031 0.0234 8.977e-05 2.0 3.076e-02 1.0 1.7e-01 3.5e-08
254016 0.016 0.0117 2.244e-05 2.0 1.538e-02 1.0 8.3e-02 5.7e-14

Table 11: Numerical results for the Galerkin-Petrov formulation (43) with uniform meshes
for @ = (0,1)% x (0, 2), violating the CFL condition (44).

dof hx ht ||U — uhHLz(Q) €0C |u — uh|H1(Q) €0C Jlnax(Kh) Umin(Kh)
2 0.500 0.5000 5.418e-02 - 9.782e-01 - 7.2e-01 2.7e-01
36 0.250 0.2500 1.353e-02 2.0 4.986e-01 1.0 7.2e-01 1.5e-02
392 0.125 0.1250 3.381e-03 2.0 2.502¢-01 1.0 4.6e-01 1.7e-04
3600 0.062 0.0625 8.453e-04 2.0 1.252e-01 1.0 2.4e-01 6.6e-08
30752 0.031 0.0312 2.113e-04 2.0 6.263e-02 1.0 1.2e-01 2.8e-14
254016 0.016 0.0156  8.621e+08  -41.9 4.635e+11 -42.8  6.2¢-02 ~0

Table 12: Numerical results for the Galerkin-Petrov formulation (43) with uniform meshes
for Q@ = (0,1)? x (0, 1), violating the CFL condition (44).

dof hm ht ||u — uhHL2(Q) €0C |u — uh|H1(Q) €e0C Umax(Kh) Umin(Kh)
2 0.500 1.0000 2.777e-01 - 5.638e+-00 - 1.7e+00 1.8e-01
36 0.250 0.5000 7.355e-02 1.9 2.798e+00 1.0 1.5e4+00  6.9e-03
392 0.125 0.2500 1.863e-02 2.0 1.404e+00 1.0 9.3e-01 2.4e-05
3600 0.062 0.1250 4.732e-03 2.0 7.028e-01 1.0 4.9e-01 7.0e-10
30752 0.031 0.0625 7.852e-01 -7.4 1.796e+02 -8.0 2.5e-01 ~ 0
254016 0.016 0.0312 1.710e+21  -70.9  7.642e+23 -71.8 1.2e-01 ~ 0

Table 13: Numerical results for the Galerkin-Petrov formulation (43) with uniform meshes
for @ = (0,1)? x (0,2), violating the CFL condition (44).
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