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LECTURE Z

DESCRIBING
CONTACT STRUCTURES

- CONTACT CELL DECOMPOSITIONS

- CONVEX SURFACE THEORY - BYPASSES
- CONTACT HEEGAARD SPLITTINGS (PROOF OF EXISTENCE)
- OPEN BOOX DECONPOSI TIONS

- OPEN BOOXK DECONPOSITIONS ¥ CONTACT HEEGAARD SPLITTINGS



AST an: (GIROUX)

*ZwM 16 CONVEX 'F 3 CONTACT VECTORFIELD X ! T4 x

R
°<(x)>c}> T “uico

«(X)= O
> GENERIC Z <M |5 CONVEX
-vglmi) IS DETERNMIVED BY Pc=

- (M%) OVERTWISTED <> T ZTe»M CONVEX w/ Z, OrR Z.

TIGHT # OVERTWISTED

e 31 TIGHT CONTACT STRUCTURE ON D WITH CONVEX BDR‘#\’
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HANDLE DECOHPOSITIONS OF SHOOTH 6“MAN['F'OLDS

O- HAVDLE I-HANDLE 1-HANDLE 3- HAVDLE
ho_ D"x D‘b "4= Da x D‘I- ‘\'—3 D“"'D‘ ’15=r D's,‘ D°

S -

THM (MORSE): ANY 3-MANIFOLD CAN BE OBTAINED ViA
SUCCESIVELY ATTACHING HAWVWDLES OMTO EACH OTHER

ALONG 2D »D " (HANDLE DECONPOSITION)




HANDLE DECOHF’OSITIONS OF SHOOTH 6“MAN['!-'-'OLDS

O- HAVDLE I-HANDLE 1-HANDLE 3- HAVDLE
ho_ D"x D‘b "4= Da x D‘I- “’-s D“"'D‘ ’15=r D's,‘ D°

@ D

THM (MORSE): ANY 3-MANIFOLD CAN BE OBTAINED ViA
SUCCESIVELY ATTACHING HAWVWDLES OMTO EACH OTHER

ALONG 2D »D " (HANDLE DECONPOSITION)

MOREOVER THE INDICES OF HANDLES CAN

BE ASSUMED TO BE (N INCREASING ORDER 92-h s

A-h's




HANDLE DECOHF’OSITIONS OF SHOOTH 6“MAN['!-'-'OLDS

O- HAVDLE I-HANDLE 1-HANDLE 3- HAVDLE
ho_ D"x D‘b "4= Da x D‘I- “’-s D“"'D‘ ’15=r D's,‘ D°

@ D

THM (MORSE): ANY 3-MANIFOLD CAN BE OBTAINED ViA
SUCCESIVELY ATTACHING HAWVWDLES OMTO EACH OTHER

ALONG 2D »D " (HANDLE DECONPOSITION)

MOREOVER THE INDICES OF HANDLES CAN

BE ASSUMED TO BE (N INCREASING ORDER 92-h s

// )

q ? A-h's

N =

HANODLE®BODY




HANDLE DECOHF’OSITIONS OF SHOOTH 6“MAN['!-'-'OLDS

3- HANDLE

O- HANWOLE l-HANDLE 2-HANDLE
ho_ D"x D‘b "4= Da x D‘I- “’-3 D“"'D‘ ’15=r D‘S" Do

@ )

THM (MORSE): ANY 3-MANIFOLD CAN BE OBTAINED VIA ‘\

SUCCESIVELY ATTACHING HANVDLES OMTO EACH OTHER
ALONG 2D°» D'°  (HANDLE DECOMPOSITION)

MOREOVER THE INDICES OF HANDLES CAN
BE ASSUMED TO BE (N INCREASING ORDER 92-h s

q T A
\ O-h

HANODLE®BODY




HANDLE DECOHF’OSITIONS OF SHOOTH 6“MAN['!-'-'OLDS

3- HANDLE

O- HANWOLE l-HANDLE 2-HANDLE
ho_ D"x D‘b "4= Da x D‘I- “’-s D“"'D‘ ’15=r D's,‘ Do

@ D

THM (MORSE): ANY (33MANIFOLD CAN BE OBTAINED VIA ‘\

SUCCESIVELY ATTACHING HANVDLES OMTO EACH OTHER
ALONG 2D°» D'°  (HANDLE DECOMPOSITION)

MOREOVER THE INDICES OF HANDLES CAN
BE ASSUMED TO BE (N INCREASING ORDER 92-h s

EVERY 2-MNANIFOLD ADMITS A w =
— h

HEEGAARD DECOMPOSITION

// 4 -h,s

HANODLE®BODY




HEEGAARD DE’COH POSITIONS

THM (ALEXANDER) EVERY 2-MNANIFOLD ADMITS A M=UuV
HEEG AARD PECOMPOSITION //“

HANDLE BODIES:

D3
)
EG.' « S =@ U @ <sCHsHA-nc ‘ o )
N

= f|7_|"+|w|z= 4&9&‘"
il u S Y [lateii= 41 s &

ety



OR\G.IN B HORSE "FUNCTIOMS *M SMOOTH (-MANIFOLD

OFF.: §:+ M — MR SMODTH FUNCTION 1|5 MOrRSE (F ALL

CrRITICAL POINTS

V§ #0

e

OF

§ ARE MNOVDEGEMNERATE
—

Hess (.ﬂ 1S
NONDE GENERATE




OR\G.IN B HORSE "FUNCTIOMS M SMOOTH [(-\MANIFOLD
OCF.: £+ M — MR SMODTH FUNCTION |5 MOrRSE (F ALL

1S
CRITICAL POINTS OF § ARE NONDEGENERATE Hess (f)

Ve O |— &— |NONDEGENERATE

FACTS: o« MORGE TFUNCTIONS ARE C”- GENERIC
o LOCAL HMODEL WEAR A MHORSE -CRITICAL POIVT *

a 1 .
INDE X /Z ®; Z x

S
jaa & Jeied

Xearser g Xq

~ FLOW OF V¢



OR\G.IN B HORSE "FUNCTIONS *M SMOOTH (-MANIFOLD

OFF.: §:+ M — MR SMODTH FUNCTION 1|5 MOrRSE (F ALL

CRITICAL POINTS ©OF § ARE NONDEGENERATE Hess (f)

Ve O |— &— |NONDEGENERATE

FACTS: o« MORGE TFUNCTIONS ARE C”- GENERIC
° LOCAL HODEI- NEAR A MORSE - CRITICAL POIVT

‘sd ‘3604 ‘.
~» FLOW OF Vg Xearpres s «— CORE

COCORE

e INDEX - 4 CRITICAL POINTS ~= !."aD"fD Y - HAMDLES



OR\G.IN B HORSE "FUNCTIONS M SMOOTH [(-\MANIFOLD
OCF.: £+ M — MR SMODTH FUNCTION |5 MOrRSE (F ALL

CRITICAL POINTS OF § ARE NONDEGENERATE Hess (f)

Ve O |— &— |NONDEGENERATE

FACTS: o« MORGE TFUNCTIONS ARE C”- GENERIC
° LOCAL HODEI- NEAR A MORSE - CRITICAL POIVT

‘sd ‘3604 ‘.
~» FLOW OF Vg Xearpres s «— CORE

COCORE

e INDEX - 4 CRITICAL POINTS ~= !.“aD"fD Y - HAMDLES

REARRANG ING CRITICAL POINTEC * MOVING IVWVDEX i-HAMVDLES UVWDER

INDEX 4&'-HANOLES

L 3-&1
USES TRAMSVERSALITY % THAT Dum (CORE) « Dim (COCcORE) LD

T
R




CONTACT H ANDLES

O- HAVDLE I-HANDLE 1-HANDLE 3- HAVOLE
D> D* D'x D o* *p* 5% D°
vi \./
/ \/
W W W W

AFTTER ROUNDING THE EKEDGES FACH BFCOMES

% BY ELIASHBERG'S THM THIS ADMITS A
UNIQE TIGHT CONTACT STRUCTURE



CONTACT H ANDLES

O- HAVDLE I-HANDLE 1-HANDLE 3- HAVOLE
D> D* D'x D o* *p* 5% D°
()-—__'::) —
/
(*, ) (v, %) (v, %) (%, %)

AFTTER ROUNDING THE EKEDGES FACH BFCOMES

% BY ELIASHBERG'S THM THIS ADMITS A
UNIQE TIGHT CONTACT STRUCTURE

~~ UP TO |50TOPY WE GET WELL DEFINED CONTACT STRUCTUEBES
on THE W



A'TTACHING CONTA CT ""ANDLES

i-HAWOLE k= D*« D* ¢

-~ &

2h*=20"*D " u D" x2D

WE CAN CONSTRUCT COWNTACT MANIFOLDS BY SUCCESIVELY

GLUINVG HANDLES ALONG 'aD"“%Dzw

G LUE ROuUNP

L%

J

CONTACT HANDLE DECOMPOSITION

THM (GIROUX) ANY CONTACT 2-MANIFOLD ADMITS
CONTACT HANOLEDECONMPOSITION

A




CONTACT \’\AUDL—E BODY

O-HANODLE U SOME 4-HANODLES
E .G6.




CONTAC‘T \"\AUDL—E BODY

O-HANODLE U SOME 4-HANODLES
E .G6. —>

9)
D
D

\y

NEIGHBOURHODOD OF A

LEGENDRIAN GRAPH :
(U,2u,r)



CONTAC‘T \"\AUDL—E BODY

O-HANODLE U SOME 4-HANODLES
E .G6.

NEIGHBOURHOOD OF A

LEGENDRIAN GRAPH :
(U,2u,r)

NOTE: CONTACT HANDLEBODIES ARE -PROPULT DISC DECOMPOSABLE

RECALL: A-PRODULT DISC DECOMPOSABLE HANDLEBODY |4 ADMITS
A UNIQUE TIGHT CONTACT STRUCTURE WITH DIVIDIVG
CUrRVE ' ON 2Uu.

THUS

THM: APROPULT DISC DECOMPOSABLE HANDLEBODY W WITH

TIGHT CONTACT STRUCTURE % 1S A
CONTACT HAVDLEBODY




REARRANGIUG COMTACT HANDLES

JIUST AS N THE SMOOTH CASE

IN A CONTACT HANDLE PECOMPOSITION ONE CAN ASSUME THAT:
- CONTACT ©O-h’s ARE ATTACHED TFIRST

- CONTACT P-h’s ARE A TTACHED L AST



REARRANGIUG CONTACT HANDLES

JIUST AS N THE SMOOTH CASE

IN A CONTACT HANDLE PECOMPOSITION ONE CAN ASSUME THAT:
- CONTACT ©O-h’s ARE ATTACHED TFIRST

- CONTACT P-h’s ARE A TTACHED L AST

! conTacT A-h's CANNOT ALWAYS BE ATTA(CHC O

BEFORE CONTACT 2-h'g

BUT




|NTERLUDE B CONTACT HORSE :FUUCTIONS

(H?*g) CONTACT MANIFOLD
DEF: f:M—® MORSE FUNCTION 15 CONTACT IF J X CONTACT

VECTORFIELD THAT (S AN ALMOST GRADPIEMT ¥FOR f

R~ h TO LEVEL SETS

& "LIKE Vg NEAR
CRITICAL POINTS

RMK: NONCRITICAL LEVELSETS ARE
COMVE X

2
DEF: CRITICAL SUBMANIFOLD C=€X€\S'S




|NTERLUDE B CONTACT HORSE :FUUCTIONS

(H?*g) CONTACT MANIFOLD
DEF: f:M—® MORSE FUNCTION 15 CONTACT IF J X CONTACT

VECTORFIELD THAT (S AN ALMOST GRADPIEMT ¥FOR f

- h TO LEVEL SETS

& "LIKE Vg NEAR
CRITICAL POINTS

RMK: NONCRITICAL LEVELSETS ARE
COMVE X

2
DEF: CRITICAL SUBMANIFOLD C=€X€\S'S

THM (G]ROUX): ‘ylczc—b‘k Is ALSO MORSE \W)TH THE
SAME CRITICAL +oINTS AS § WITH INDICES I« 'Y‘c

o N= 0
BN a2 =0




|NTERLUDE B CONTACT HORSE :FUUCTIONS

(H?*g) CONTACT MANIFOLD
DEF: f:M—® MORSE FUNCTION 15 CONTACT IF J X CONTACT
VECTORFIELD THAT (s AN ALMOST GRAPIEMT FOR ¢

R~ h TO LEVEL SETS

& "LIKE Vg NEAR
CRITICAL POINTS

RMK: NONCRITICAL LEVELSETS ARE
COMVE X

2
DEF: CRITICAL SUBMANIFOLD C=€X€\S'S

THM (G]ROUX): ‘ylczc—b‘k Is ALSO MORSE \W)TH THE
SAME CRITICAL +oINTS AS § WITH INDICES I« 'Y‘c

THIS EXPLAINS WHY WwWE CAVONOT MOVE
Al-HANDLES UNDER 2-HANDLES

o N= 0
BN a2 =0

(THEV ARE BOTH /- HANDLES TFOR c)




Pyrass SLicE

FROM THE TOP




Pyrass SLicE

=/

FROM THE TOP

THE ABOVYE PAIR OF CONTACT A-%2-h CAN BE
ATTACHED TO ANY COWVEX SURTFACE (Z,77) ALONG AwWY

ARC ¢ [INTERGECTING M AS I IC I

WILlL SEE: BYPASSES ARE BASIC BUILDING BLOCKS OF
CONTACT STRUCTURES ON =T=xT




CON VE X SURTACE THE’OR\/

O-PARAMETER
RECALL (GIROUX): CONVEX SURFACES ARE C™- GENERIC

I-PARAMETER

THM (GIROUX | COLIN | REPHRASED BY HONDA) ANY A~ PARAMETER
FAMILY OF SURFACES ( Tileem,g WITH T, =, COMVEX
CAN BE 1SOTOPED TO (Ti)icm,y S© THAT
. 7«"“2—2 NEAR 4£=0 & 4



CON VE X SURTACE THE’OR\/

O-PARAMETER
RECALL (GIROUX): CONVEX SURFACES ARE C™- GENERIC

I-PARAMETER

THM (GIROUX , COLIN , REPHRASED BY HONDA) ANY 4- PARAMETER
FAMILY OF SURFACES ( Tileem,g WITH T, =, COMVEX
CAN BE 1SOTOPED TO (Ti)icm,y S© THAT
. 7«"“2—2 NEAR 4£=0 & 4
+ T4 15 CONVEX EXCEPT AT DISCRETE TIMES {*.,--J*JEI:O,‘.S



CON VE X SURTACE THE’OR\/

O-PARAMETER
RECALL (GIROUX): CONVEX SURFACES ARE C™- GENERIC

I-PARAMETER

THM (GIROUX , COLIN , REPHRASED BY HONDA) ANY 4- PARAMETER
FAMILY OF SURFACES ( Tileem,g WITH T, =, COMVEX
CAN BE 1SOTOPED TO (Ti)icm,y S© THAT
. 7«"“2—2 NEAR 4£=0 & 4
+ T4 15 CONVEX EXCEPT AT DISCRETE TIMES {*.,--J*JEI:O,‘.S
. I.::..-E % z"'“*6 cosouno A ByrASs siLics  (i=4. k)



CON VE X SURTACE THE’OR\/

O-PARAMETER
RECALL (GIROUX): CONVEX SURFACES ARE C™- GENERIC

I-PARAMETER

THM (GIROUX , COLIN , REPHRASED BY HONDA) ANY 4- PARAMETER
FAMILY OF SURFACES ( Tileem,g WITH T, =, COMVEX
CAN BE 1SOTOPED TO (Ti)icm,y S© THAT
. 7«"“2—2 NEAR 4£=0 & 4
+ T4 15 CONVEX EXCEPT AT DISCRETE TIMES {*.,--J*JEI:O,‘.S
. I.::..-E % z"“*s cosouno A ByrASs siLics  (i=4.. k)




CON VE X SURTACE THE’OR\/

O-PARAMETER
RECALL (GIROUX): CONVEX SURFACES ARE C™- GENERIC

I-PARAMETER

THM (GIROUX , COLIN , REPHRASED BY HONDA) ANY 4- PARAMETER
FAMILY OF SURFACES ( Tileem,g WITH T, =, COMVEX
CAN BE 1SOTOPED TO (Ti)icm,y S© THAT
. 7«"“2—2 NEAR 4£=0 & 4
» T4 1S5 CONVEX EXCEPT AT DISCRETE TINES {*.,--J*AEI:O,‘.S
. I’e,-,-e % z"“*s cosouno A ByrASs siLics  (i=4.. k)

THM (GIROUX REPHRASED BY HONDA) “‘ﬂ

ANY CONTACT STRUCTURE ON TxT Is t: - ¢

CONTACTOMORPHIC TO A STACK OF «et— T - WVARIANT
BYPASS SLICES




EX\&TENCE OF CONTACT HE‘EGAAKD DE’COHPOQITIOUS

THM (GIROUX)' ANY CONTACT 3-MANIFOLD (M,%) ADMITS A
CONTACT HEEGAARD DECOMPOSITION

PROOF (LICATA - V)




EX\&TENCE’ OF CONTACT HE‘EGAAK\? DE’COHPOQITIOUS

THM (GIROUX)' ANY CONTACT 3-MANIFOLD (M,%) ADMITS A
CONTACT HEEGAARD DECOMPOSITION

PROOF (LICATA - V)
STEP A: TAKE ANY SMOOTH HEEGAARD
DE COMPOSITION OF WM H:Uuz_v




EX\&TENCE’ OF CONTACT HE‘EGAAK\? DE’COHPOQITIOUS

THM (GIROUX)' ANY CONTACT 3-MANIFOLD (M,%) ADMITS A
CONTACT HEEGAARD DECOMPOSITION

PROOF (LICATA - V)
STEP A: TAKE ANY SMOOTH HEEGAARD
DE COMPOSITION OF WM H:Uuz_v

STEP 2 TAKE SPINES KyCU & Kky <V

N (&v)

N (Ku)



EX\STENCE’ OF CONTACT HE‘EGAAK\? DE'COHPOSI'TIOUS

THM (GIROUX)' ANY CONTACT 3-MANIFOLD (M,%) ADMITS A
CONTACT HEEGAARD DECOMPOSITION

PROOF (LICATA - V) N ()
STEP A* TAKE ANY SMOOTH HEEGAARD
DE COMPOSITION OF M M =Uuz_v

STEP 2 TAKE SPINES KyCU & Kky <V

u

STEP %2 : LEGENDRIAN REALISE Ky % kv % TAKE THEIR
STAVDARD CONTACT NEIGHBOURHOODS N (Ky) Kk N(ky) N (k)




EX\&TENCE‘ OF CONTACT HE‘EGAAK\? DE'COHPOSI'TIOUS

THM (GIROUX)' ANY CONTACT 3-MANIFOLD (M,%) ADMITS A
CONTACT HEEGAARD DECOMPOSITION

PROOF (LICATA -V) N(Kv)
STEP A TAKE ANY SMOOTH HEE GAARD /O\

DE COMPOSITION OF WM H:Uuz_v \

STEP 2 TAKE SPINES KyCU & Kky <V

e

STEP %2 : LEGENDRIAN REALISE Ky % kv % TAKE THEIR

STAVDARD CONTACT NEIGHBOURHOODS N (Ky) Kk N(ky) N (k)

OIFFEO
STEP Y: XsH-(N(Ku\uM(Kv))?- ZxT = %y cAN BE WRITTEN

AS A STACU OF BYPASS-oLicEs = Wouh™

(AWAY ¥ROM THE HANDLES € 1S I- INVARIANT)



EX\STENCE’ OF CONTACT HE‘EGAAK\? DE'COHPOSI'TIOUS

THM (GIROUX)' ANY CONTACT 3-MANIFOLD (M,%) ADMITS A

CONTACT HEEGAARD DECOMPOSITION

PROOF (LICATA - V)
OIFFEO
STert: X=M-(NKUNKY) = TxT = 3|y
CAN BE WRITTEN AS A STACK
OF BYPASS-SLIcESs = Woh®
(AWAY FROM THE HANDLES % 1S I- INVARIANT)

n

/q(“V’




EX\STENCE’ OF CONTACT HE‘EGAAK\? DE'COHPOSI'TIOUS

THM (GIROUX)' ANY CONTACT 3-MANIFOLD (M,%) ADMITS A

CONTACT HEEGAARD DECOMPOSITION

PROOF (LICATA - V)
OIFFEO
STert: XM~ (NKUN(W) = TxT = 3|,
CAN BE WRITTEN AS A STACK
OF BYPASS - SLICES WMok
(AWAY FROM THE HANDLES % 1S I- INVARIANT)

n

STEP 5: USE THIS FLOW TO EXTEND THE HANDLES




EX\&TENCE’ OF CONTACT HE‘EGAAK\? DE’COHPOSITIOUS

THM (GIROUX)' ANY CONTACT 3-MANIFOLD (M,%) ADMITS A
CONTACT HEEGAARD DECOMPOSITION

PROOF (LICATA - V)
OIFFEO
STert: XM~ (NKUN(W) = TxT = 3|,
CAN BE WRITTEN AS A STACK
OF BYPASS - SLICES WMok

n

(AWAY FROM THE HANDLES % 1S I- INVARIANT)

STEP 5: USE THIS FLOW TO EXTEND THE HANDLES

A \
CONS|IDER: \ = N(Ku\ V, (U'\;.)

7\ ~ CONTACT A-HAWDLES
CONTACT HANDLE 0DY

= U 1e A CONTACT HANDLEBODY




EX\&TENCE‘ OF CONTACT HE‘EGAAK\? DE'COHPOSI'TIOUS

THM (GIROUX)' ANY CONTACT 3-MANIFOLD (M,%) ADMITS A
CONTACT HEEGAARD DECOMPOSITION

PROOF (LICATA - V) —_— N (&v)
STEP Y X=H-(N(Ku\\/”(\‘vﬁ?" TxT = 3|y

CAN BE WRITTEN AS A STACK \
OF BYPASS - SLICES WMok
(AWAY FROM THE HANDLES % 1S I- INVARIANT)

n

STEP 5: USE THIS FLOW TO EXTEND THE HANDLES \

CONSIDER: U = N(Ky) v (Uh:) N (k)

f ~ CONTACT A-HAWDLES
CONTACT HANDLE 0DY

= U 1e A CONTACT HANDLEBODY
A A~ >
UPSIDE DOWN: YV=MNM\U = N(Kv\ v (U‘l;.) e A CONTACT HANDLEBODY

=> M=UuV 15 A CONTACT HEEGAARD DECOMPOSITION -



BRIDGIMG

S RIDGING A ~ A A
N=UUV S ng UV B RIDGE WHERE 'U‘N(Ku\u(u‘li)
A A

i H

N

cv=NM\U

]

NOTE: THE ®RIDGE DEPENPS ON
o ¥

* Ky & Ky - T N(KV)
+ THE BYPASSES 8 BUILDIVG UP 5‘231‘
N

N
K = K(Ku)Kv/B)

2xT \




OPEN BOOK
DECOMPOSITIONS

it

//\ S,




BOOK DECOHPOS\TIOMS

: PAIR  (BiT), WHERE

- BexsM EMNBEDDED A-MANIFOLD : BINDING

-T:M-% —> S' FIBRATION SUcH THAT

vwgeS' sSg=x‘(¢) \s A SEIFERT SURFACE FOR ®
X = ANGLE

+8 ON N(B)S BXxD
Spr=x(¢) ARE THE

PAGES

OF (B,x)

il

N



Oren Boox DecourosiTions
DEF : PAIR (BX), WHERE

- BcesM ENBEDDED A-MANIFOLD :
-C: M-8 — S' FIBRATION SUCH THAT

BINDING

vwgeS' sSg=x‘(¢) \s A SEIFERT SURFACE FOR ®
28 ON N(B)E B*D Xe AVGLE

g
m
“

St =% (¢) ARE THE PAGES

E.G.* M=g"= '[\z\z-‘lwrﬂ'k s ¢’

B=flzl=0{®s', x:s*\ & — &'

z
(z,w) — 1=l

OF (B,x)

il

N



Oren Boox DecourosiTions
DEF : PAIR (BX), WHERE
- BesM EMBEDDED A-MANIFOLD : BINDING

-T:M-% —> S' FIBRATION SUcH THAT

vwgeS' sSg=x‘(¢) \s A SEIFERT SURFACE FOR ®
28 ON N(B)E B*D Xe AVGLE

In 2
DEF: §*=%"(¢) ARE THE PAGES OF (B,X) A
E.G.: M=% = '[\z|z*l-|z=4'k cc’ Ve >
4 % 4 4 gez
B={lzl=0}25", x: 8"\ — S
(z,w) — = d Se
|| P
ON R® WiITH COORDINATE St (z, Rew) [aa (@)= = = t]
A-lmw =/ ? |zI

HERE G6,8%D VYt



Oven Boox DeconrosiTions - ANoTher ExaMpLE

£ M=o =(lls|w* =4} € ¢*

" imw
B=fl=|=031L§lwl=0'S 7x: 5\ — S’ Iny 2
. ra
(z)w) — Izw| /
onN R®w M o/ N
ITH COORDINATE & (z, Rew) | Rex

A-Imw

HERE ®B 2 &' 1L 5
S, % S'»T Y 4

'I;\-ﬂ(ALEXMJDER\= ANY 2-MHANIFOLD ADMITS AN oOPEVvw BOOK
DECOMPOSITIOWN

PROOF LATER


https://www.imo.universite-paris-saclay.fr/~patrick.massot/en/exposition/giroux_correspondance.html

Oven Boox DeconrosiTions - ANoTher ExaMpLE

£ M=o =(lls|w* =4} € ¢*

" imw
B=fl=|=031L§lwl=0'S 7x: 5\ — S’ Iny 2
. ra
(z)w) — Izw| /
onN R®w M o/ N
ITH COORDINATE & (z, Rew) | Rex

A-Imw

HERE ®B 2 &' 1L 5
S, % S'»T Y 4

'I;\-ﬂ(ALEXMJDER\= ANY 2-MHANIFOLD ADMITS AN oOPEVvw BOOK
DECOMPOSITIOWN

PROOF LATER


https://www.imo.universite-paris-saclay.fr/~patrick.massot/en/exposition/giroux_correspondance.html

ABSTRACT OPEU Boous J?ﬁ
FIX 5:=5_, & LOOK AT THE ¥FIRST RETURN-~MAP ¢

OF =:M-B—8" ~» GeT (5,4) WHERE

-S 1s AN ORIENTED SURFACE WITH BOUMDARY

~% 9:59 5 HOMEOMORPHISM THAT FIXES N(2s) /M
S=S,

pcF: THE PAIR (S,¥) 'S AN ABSTRACT OPEN BOOK




ABSTRACT OPEU Boous J?ﬁ
FIX 5:=5_, & LOOK AT THE ¥FIRST RETURN-~MAP ¢

OF =:M-B—8" ~» GeT (5,4) WHERE

- S Is AN ORIENTED SURFACE WITH BOUNDARY
~% 9:59 5 HOMEOMORPHISM THAT FIXES N(2s) /M

S=S,
pcF: THE PAIR (S,¥) 'S AN ABSTRACT OPEN BOOK

E.G.: THE PREVIOUS EXAMPLE GIVES

S =



ABSTRACT OPEU Boous J?ﬁ
FIX 5:=5_, & LOOK AT THE ¥FIRST RETURN-~MAP ¢

OF =:M-B—8" ~» GeT (5,4) WHERE

-S 1s AN ORIENTED SURFACE WITH BOUMDARY

~% 9:59 5 HOMEOMORPHISM THAT FIXES N(2s) /M
S=S,

pcF: THE PAIR (S,¥) 'S AN ABSTRACT OPEN BOOK
E.G.: THE “PREVIOUS EXAMPLE GIVES

S= % 9 MAPPING & TO V(a)

DEF: THE ABOVE MAP | A RIGHT HANDED DEHN-TWIST
ALONG ¢




ABSTRACT OPE\) Boou S

CONMVERSALY ¢+ AN ABSTRACT OB (5,9) DETERMINES A 2-~MANFOLD
M TOGETHER W)TH AN OPEN BOOK DECOMPOS(TION

PROQF: « TAKE THE MAPPING TORUS OF -
SxT

M s (x,4) ~ (4(x), 0)

. My = 25x 5° Q@




ABSTRACT OPE\) Boou S

CONMVERSALY ¢+ AN ABSTRACT OB (5,9) DETERMINES A 2-~MANFOLD
M TOGETHER W)TH AN OPEN BOOK DECOMPOS(TION

PROQF: « TAKE THE MAPPING TORUS OF \{’:

SxT
My = 9
) ("/'1)'\' (\'P(")/ 0)
. 'DM,':?SWS 5" .\’2‘\

- % WE COLLAPSE EACH CIR(CLE
X % S‘ (XGQS)

M:= H/
q(x,&.]a-(x,’c.‘) x €95
THEM : Ba'as/~

%« *: M~-B — g!
(v,e) — ¢ ¢
GIVES AN OBD




‘FOR FTUN OlLY

NTERLUDE _DESCRlBIMG HQMQDROHIES

POVER OF OPEN BOOKS: TO ©OESCRIBE CTCT STRUCTURES

WE NMEED TO UNDERSTAND h¢:5 — s ‘f)as-iol'ﬁ/ =1 ¥CG (5)
|SOTOPY

(MAPPING CLACS GROUP)



NTERLUDE _DESCRIBIHG HQMQDROHIES

POVER OF OPEN BOOKS: TO ©OESCRIBE CTCT STRUCTURES

WE NMEED TO UNDERSTAND h¢:5 — s ‘f)as-iot'j/ =1¥CG6 ()
|SOTOPY

(MAPPING CLACS GROUP)

THH (DEHN): NC6(9) 1S GENERATED BY DEKN TWISTS ALONG

GIMPLE CLOSED CURVES /\

N ()




NTERLUDE _DESCRIBIHG HQMQDROHIES

POVER OF OPEN BOOKS: TO ©OESCRIBE CTCT STRUCTURES

WE NMEED TO UNDERSTAND h¢:5 — s ‘f)as-iot'j/ =1¥CG6 ()
|SOTOPY

(MAPPING CLACS GROUP)

THH (DEHN): NC6(9) 1S GENERATED BY DEKN TWISTS ALONG

GIMPLE CLOSED CURVES /\

N ()




NTERLUDE _DESCRIBIHG HQMQDROHIES

POVER OF OPEN BOOKS: TO ©OESCRIBE CTCT STRUCTURES
WE NMEED TO UNDERSTAND hy¢:5 — 'S ‘f)as-wt'ﬁ/ =1 ¥CG (5)

|SOTOPY
(MAPPING CLACS GROUP)

THH (DEHN): NC6(9) 1S GENERATED BY DEKN TWISTS ALONG
SINPLE CLOSED CURVES .

THM (LICKORISH) MCG(5)1S GENERATED
BY DEKN TWISTS ALONG

= (€

N ()

—~> WE CAN REVHRAGE[ SOLVE PROBLEMS ABOUT C(CTC STRUCTURES
COMBINATORIALLY (CURVES ON A SURFACE)



NTERLUDE _DE$CRIBIUG HQNQDROHIES

POVER OF OPEN BOOKS: TO OESCRIBE CTCT STRUCTURES

WE NMEED TO UNDERSTAND hy¢:5 — 'S ‘f)as-wt'ﬁ/ =1 ¥CG (5)
|SOTOPY

(MAPPING CLACS GROUP)

THH (DEHN): NC6(9) 1S GENERATED BY DEKN TWISTS ALONG
SINPLE CLOSED CURVES .

THM (LICKORISH) MCG(5)1S GENERATED
BY DEKN TWISTS ALONG

RS

N ()

—~> WE CAN REVHRAGE[ SOLVE PROBLEMS ABOUT C(CTC STRUCTURES
COMBINATORIALLY (CURVES ON A SURFACE)

GIROUx CORRESFONDANCE ALLOWE MS TO USE OpPeEd BOOKS

TO DEFIVE |INVARIANTS OF CTC STRUCTURES



OFEN BOOKﬁ & CO)JTACT STRUCTURES

DEF: AN OBD (B,t) SUPPORTS A CONTACT STRUCTURE |F

B 15 TRANSVERSE (Te p g ) “lb 5O
° d“‘ ) )O

TS, p /

>\ =

T (¢) POSITIVE AREA FORMN ON S¢: //‘/”_ﬁ,

¥ NEVER GETS = TS,



OFEN BOOK$ & CO)JTACT STRUCTURES

DEF: AN OBD (B,t) SUPPORTS A CONTACT STRUCTURE |F

- ® 15 TRANSVERSE (Te h g ) tlee|g O
° d“‘ o )O
TS& [ /
7\ .
(&) POSITIVE AREA FORM ON GSe: o A AT
I/"l ./-"s' \

¥ NEVER GETS =TS,
WE WILL HAVE A MORE TOPOLOGICAL ©ODEF LATER

CONSTRUCTION (THURSTON-VanENKEHPLER)‘ ANY OBD SUPPORTS
A CONTACT STRUCTURE THAT 15 UNIQUE UP TO
lsOTOPY
IDEA:« 4 - PARANETER TAMNMILY OF AREA TFTORM [p.h

~> La B+ Kdit WHERE kO

e + LOCAL CONSTRUCTION VEAR BINDIVG



ON S
OSIT)
DECQHP
HE_EGAAR\?

& CONTAC‘T

Book =

OPEM

™)
AV OBbD (B,
GIVEN

L




OPEM BOOK DE’COHPOSIT\ONS > HEEGAARD DE’COHPOsl‘T\ONs

GIVEN AN OBD (B,7T) ~= CONSIDER M= U vV WHERE

=reen Vo (T, 41)
N 2

PrROP: U %*V ARE HANDLEBODIES o N e NP
\/-——\_ /




OPEN BOOK DE’COHPO&IT\ONS ~—2 HEEGAARD DE’COHPO&IT\ONQ

GIVEN AN OBD (B,7T) ~= CONSIDER M= U vV WHERE

o L (A
N 7
* % HERFE = = S, v S,

PROP: U *V ARE HANDLEBOPIES N A D A
\/-——\_ /

PROOF: FOR U:
*LET o,- ) R3q40 BE ARCS ON ¢
SUCH THAT S-~va, XD




OPEN BOOK DECOHPO&IT\ONQ 7 HEEGAARD DE’COHPOSIT\ONS

GIVEN AN OBD (B,7T) ~= CONSIDER M= U vV WHERE

U= R~ ([o, 41 Vate -t ([, 41)
N 7
* % HERE > =95,0 S,

=Y ‘/c\\ P

.

PROP: U %*V ARE HANDLEBODPIES

PROOF: FOR U : ="t

*LET o,- ) R3q40 BE ARCS ON ¢

SUCH THAT S-~va, 2D
= - s e e .t = . A - - ~
THEVY D;: ow[o,/z]/\’ y = ) ¥D

%

R\ =

-
® S -



OPEM BOOK DECONPoslT\ONs ~—> HEEGAARD DECOHPoslT\ons

GIVEN AN OBD (B,7T) ~= CONSIDER M= U vV WHERE

U T T5 7 Vo (U, A1)
N 2
z%x HERFE = = S v S,

PROP: U %*V ARE HANDLEBODPIES

PROOF: FOR U:
*LET o,- ) R3q40 BE ARCS ON ¢
SUCH THAT S-~va, XD

&) THEY oieloy]/ - Rt

¥ U-~uvD, =(5-ua¢,)x[o,"/1]/ = D‘lx[_o)%]/ ¥ p’



OPEM BOOK DE’COHPO&IT\ONS > HEEGAARD DE’COHPO&IT\ONS

GIVEN AN OBD (B,7T) ~= CONSIDER M= U vV WHERE

U T T5 7 Vo (U, A1)
N 2
z%x HERFE = = S v S,

PROP: U %*V ARE HANDLEBODPIES

PROOF: FOR U:
*LET o,- ) R3q40 BE ARCS ON ¢
SUCH THAT S-~va, XD

&) THEY oieloy]/ - Rt

¥ U-~uvD, =(5-ua¢,)x[o,"/1]/ = D‘lx[_o)%]/ ¥ p’

=» U 15 A HANDLEBODY g



OPEN BOOK DE’COHPO&IT\ONs 7 HE'EGAARD DECOHPO&IT\ONS

GIVEN AN OBD (B,7T) ~= CONSIDER M= U vV WHERE

U=x-*([o, %] vt ([, 11)
N\ 2
* % HERE = = S, v S,

&/ ) o
21 L XN
\/4—‘—\\/'
J DISCS D:e SUCH THAT 7

. = . 4
- U- UD.‘, Q'Ds Db anx[o//sjz

. % |20, nl"’!ai Ve

PROP: U %*V ARE HANDLEBODPIES

MOREOQOVER: (U, =, r= %) 15
PRODUCT DISC DECOMPOSABLE




OPEM BOOK DE‘CONPOslT\ONs ~—7 HEEGAARD DE‘CONPoslT\ONs

GIVEN AN OBD (B,7T) ~= CONSIDER M= U vV WHERE

e R G AT
N &
* % HERE > = S, u S,

/’ /

o/ ey A~
\/4—"‘_\\/’

3 DISCS D SUCH THAT 7

.« U- uD; gD"’ D, = a:."[o,‘/JA
% |20, nP|=2 Ve
WE HAVE SEEN: AN OPEN BOOK DECOMFOS)TION DEFINES
A HEEGAARD DECONPOSITIONM WITH PRODULT DECOMPOSABLE
HANDLE BODIE &

PROP: U %*V ARE HANDLEBODPIES

MOREOQOVER: (U, =, r= %) 15
PRODUCT DISC DECOMPOSABLE

WARNING : NEEP " ON =



OPEM BOOK ~ & CO\JTACT HE_EGAAR\? DE’CQHPO_&IT\ONS

THM: AN OPEN BOOK PECOMPOS)TION DEFINES A HEEGAARD
DECOMPOSITION WITH PROVPUCLT PECOMNMPOSABLE HANDLERPODIEGS

(2,x) ~> M=y U(i’,l")v

LET'S LOOK AT THE CONTACT STRUCTURE SUPPORTED BY (B,X)

THM (TORISU): THE SURFACE Z 1S CONVEX WITH DIVIDING
CURVE ¥, THE CONTACT &TRUCTURES |, % %¥|, ARE
TIGHT,




OPEM BOOK ~ & CO\JTACT HE_EGAAR\? DE’CQHPO_&IT\ONS

THM: AN OPEN BOOK PECOMPOS)TION DEFINES A HEEGAARD
DECOMPOSITION WITH PROVPUCLT PECOMNMPOSABLE HANDLERPODIEGS

(2,x) ~> M=y U(i’,l")v

LET'S LOOK AT THE CONTACT STRUCTURE SUPPORTED BY (B,X)

THM (TORISU): THE SURFACE Z 1S CONVEX WITH DIVIDING
CURVE ¥, THE CONTACT &TRUCTURES |, % %¥|, ARE
TIGHT,

S5O: (M;84) % (V,8y) ARE CONTACT HANDLEBODIE §

THUS M=Ju Vie ,,)V IS A CONTACT HEEGAARD DECOMPOSITION
!




OPEM BOOK ~ & CO\JTACT HE_EGAAR\? DE’CQHPO_&IT\ONQ

THM: AN OPEN BOOK PECOMPOS)TION DEFINES A HEEGAARD
DECOMPOSITION WITH PROVPUCLT PECOMNMPOSABLE HANDLERPODIEGS

(2,x) ~> M=y U(i’,l")v

LET'S LOOK AT THE CONTACT STRUCTURE SUPPORTED BY (B,X)

THM (TORISU): THE SURFACE Z 1S CONVEX WITH DIVIDING
CURVE ¥, THE CONTACT &TRUCTURES |, % %¥|, ARE
TIGHT,

S5O: (M;84) % (V,8y) ARE CONTACT HANDLEBODIE §

THUS M=Ju Vie ,,)V IS A CONTACT HEEGAARD DECOMPOSITION
!

THIS GIVES “RISE TO AN EQUIVALENT DEF|IMITION ®
DEF: B 15 SUPPORTED BY THE OPEMN B8OOK (Bm) IF
THE HEEGARD DECOMPOSITIOV PEFfINED By (BJL) IS A

CONTACT HEEGAARD DECOMPOSITION



"lE'EGAARD DE’COHPO&IT\ONSMOPEN BOOK DECOHPO&IT\ONQ

PROP: (UM PRODUCT DISC DECOMPOSABLE HANDLEBODY
—D> u= S*I
/(x,

O~ (2,) x €35, 4, €T

SUCH THAT 2U=5x0 U-S x 4
% r'sfas/

IPEA INDUCTION ON THE # OF PRODUCT DIlScsS

T O-E
/ i OENTIFIED
Pnr\an-rﬁ
E A & S
> 4 xT




"lEEGAARD DE’COHPOSIT\ONS’\-»OPEN BOOK DECOHPOSIT\ONQ

PROP: (UM PRODUCT DISC DECOMPOSABLE HANDLEBODY
—D> u= S*I
/(x,

O~ (2,) x €35, 4, €T

SUCH THAT 22U = 5x0 Ur-'-sx'i

I = ’as/
GIVEN A CONTACT HEEGAARD DECOMPOGITION M=uU "(z-r')v
!
U U= = R, v, -R_

! !

v ?V"‘Z-—Rq-\gp R-



"lE'EGAARD DE’COHPOSIT\ONS’\-»OPEN BOOK DECOHPOSIT\ONQ

PROP: (UM PRODUCT DISC DECOMPOSABLE HANDLEBODY
—D> u= S*I
/(x,

ﬁ)“()‘/t\) x € '35, ‘L/'t'.' GT

SUCH THAT 22U = 5x0 U;$x4

I = ’as/
GIVEN A CONTACT HEEGAARD DECOMPOGITION M=uU U(i’ P)\/
!
BY PrROP:' U= U= = R, v, -R_
V= ?V""Z Q—Rq- \Zr, R-

n
"

=5 GLUES TO A FuLL FIBRATION (B,%)
AN

GIVEVY BY PROIECTION ONTO EO/%.]V[_‘Q,H



OPEN BOOK — & CONTACT 'lE_EGAARD DECQHPO_&lT\ONS
SO WE GET A ONE- TO-ONE CORRESPONDANCE

OPEN BOOK CONTALCT HEEGAARDO
—>

DECOMPOSITIONE OF (M, %) DECOMPOSITIONS OF (M%)
IsOT ISOT

SO WE CAN WORK WITH WHICHEYER 1S5 MORE CONMVENIE NT

RECALL:

THM: FVERY CONTACT MAMFOLD (M,¢) ADMIT S A
CONTACT HEEGAARD DECOMPOSITION

COR: EVERY CONTACT MANMFOLD (M,¢g) ADMIT & AN
OFEN BOOK pECOMPOSITION




CON!)JG Uue :

~ STABILISATION
- STATEMENT OF GIROUX CORRESPONPENCE
- IPDEA OF TPROOF



