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AsT TimeGiroux

· -M IS CONVEY If 7 CONTACT VECTORFIELD X : 2x

I [ = 2+ un [↑
x(x))o ↑ *kko

x(x) = 0
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=>Nie) Is Determined by c S
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Handle Decompositions of Smooth 3-manifolds

& - HANDLE 1 - HANDLE 2- HANDLE 3- HANDLE

hi= D x j3 h'=D + D h2= x xD h3 xxxo=

- -
~ & · -

ThM(Morse) : Any (3tmanifold can be obtained via sSUCCESIVELY ATTACHING HANDLES ONTO EACH OTHER

A LONG GD ab-i Chandle Decomposition)
h

MOREOVER THE INDICES OF HANDLES CAN

B ASSUMED TO be In Increasing order 2 - h's

COR : =En
->

- 2:

- 1 -4's
Ne

EVERY 3-MANIFOLD ADMITS A -&->o-h
HEEGAArD DECOMPOSITION

HANDLEBODY



teegaard Decompositions

ThM /ALEXANDER) Every 3-manifold admits a M=luy

HEEGAArD DECOMPOSITION ↑x

HANDLE Bodies :⑳
E
.
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Origin - Morse Functions : M smoothManifold

DEF: F : M I SMODTh FUNCTION IS Morse If ALL
Hess (f) IS

CRITICAL POINTS Of f Are Nondegenerate

47 +- X NONDeGENERATE

FACTS : · Morse FUNCTIONS Are Co-GENERIC

· LOCAL Model Near a Morse-critical point :
7i

INDEX -
-> FLOW Off

Xi+ 1...., ·F core

> X1/... /Xi
↑
COCORE

·Index-i Critical pointsi hi =Dixi i - HANDLES

REARRANGING CRITICAL POINTS : MOVING INDEX I-HANDLES UNDER

INDEX i' = HANDLES

i 3 - it

USES TRANSVERSALITY & That dim(core) + Dim(colore) < 3

#

i(i
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CONTACTHandles

& - HANDLE 1 - HANDLE 2- HANDLE 3- HANDLE

Do x j3 D x D D 2 x pl D3x yo

-
~ D E -
thi 3) (n13 192 . 37 (h: 3%

After rounding the edges each becomes~

& By ELIASHBERG'S THM THIS ADMITS A

UNIDE TIGHT CONTACT STRUCTURE

-> Up To ISOTODY We GET WELL Defined CONTACT STRUCTURES

ON THE he



Attaching Contact Handles
i = HANDLE hi = D" - D3- i

2h" = 20piua x - =

WE CAN CONSTRUCT CONTACT MANIFOLDS BY SUCCESIVELY

3 -i

G LUING HANDLES ALONG 20" x D ·

- GLUF ROUND& 7-- A E↑-
CONTACT HANDLE DECOMPOSITION

THM/GIROUX) ANY CONTACT 3-MANIFOLD ADMITS A

CONTACT HANDLEDECOMPOSITION
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Contact Handlebody

D-HANDLE U SOME 1-HANDLES
- -

- OE . G . ~
Y~

8 NEIGHBORHOOD OF A

D
LEGENDRIAN GRAPH :

(n , zu , )

NOTE : CONTACT handLebodies are product Disc Decomposable

RECALL : A PRODUCT DISC DECOMPOSABLE HANDLEBODY L ADMIT S

A UNIQUE TIGHT CONTACT STRUCTURE WITH DIVIDING

CURVE ON U.

↑HUS

THM : A PRODUCT DISC DECOMPOSABLE HANDLEBODY U WITH

TIGHT CONTACT STRUCTURE 3 IS A

CONTACT HANDLEBODY
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Rearranging Contact Handles
-. UST AS IN THE SMOOTH CASE

I A CONTACT Handle decomposition One Can Assume That :

- CONTACT D-S ARE ATTACHED FIRST

- CONTACT 3-h's ARE ATTACHED LAST

BUT ! CONTACT 1-h'S CANNOT ALWAYS Be Attached

BEFORE CONTACT 2-hS
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Interlude - Contact Morse Functions
ONLY FOR FUN

3
( ,3) CONTACT MANIFOLD

DEF : FiM " Morse FUNCTION IS CONTACT If 7 X CONTACT

VECTORFIELD THAT IS AN ALMOST GRADIENT FOR F

&
A TO LEVEL SETS

RMK : NONCRITICAL Levelsets are
& "LIKE" TF NEAR

CONVEX
CRITICAL POINTS

def : Critical submanifold : c= xe3]
& UNION Of DIVIDING CURVES Of LEVELSETS)

THM(Giroux) : fIc : < < R IS Also Morse with the

SAME CRITICAL POINTS As F WITH Indices f fc

T HIS EXPLAINS WHY WE CANNOT MOVE Do

1.HANDLES UNDER 2-HANDLES 1 1

L 1

They are both 1- handles for c)
32
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BypassSLICE &
-- 1 - h 2- h

7 >M -&-
FROM THE TOP

#
THE ABOVE TAIR OF CONTACT 1- 82-4 CAN BE

ATTACHED TO ANY CONVEX SURFACE (IT) ALONG ANY

ARC C INTERSECTING As C

WILL SEE : Bypasses Are BASIC BUILDING Blocks of

CONTACT STRUCTURES ON EXI
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Convex Surface Theory
O- PARAMETER

RECALL (GIROUX) : CONVEX Surfaces Are Co-Generic

1- PARAMETER

THM IGIROUX , COLIN ,
rephrased By HONDA) Any 1-parameter

FAMILY Of Surfaces (Etegon With for E, Convex

CAN Be Isotoped to letteron So THAT

· + = 24 NEAR t = D & 1

· It Is convey except at discrete Times (th... ,tube d1)
7

· Et
: - &+E

JOBOUND a Bypass SLICE (i = 1 .. k)

THM (GIROUX rephrased By Honda) theEA
ANY CONTACT STRUCTURE ON EXI IS ti- E

CONTACTOMORPHIC TO A STACK OF - I-INVARIANT

34PASS SLICES

⑭
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stenceof Contact Heegaard Decompositions

THM (GIROUX) : Any CONTACT 3-manifold (M .3) AdmitS A

CONTACT HEEGAARD DECOMPOSITION

PROOF (LICATA - V)
Step 4: =M-(N/ku)uN/kul Ex Niku)

L
CAN BE WRITTEN AS A STACK

DF BYPASS-SLICES = h'u hz ↓/↑

/AWAY FROM The HANDLES E IS E-INVARIANT) LeSTEP 5 : USE THIS FLOW TO EXTEND THE HANDLES

Consider : Y = N(ru) u (uhi)
f T

CONTACT 1- HANDLES
CONTACT HANDLEBODY

-

7 U Is A CONTACT HANDLEBODY
1 1

Y side down : v = M) lenik) u(uhi) is a Contact Handle body

> M =Yu Is a Contact heegaard decomposition
U



BRIDGING
BRIDGING 1

M = U-V- M = U BRIDGE WHERE~ Y · u = N(r) u(uhi)
M

1 1
H He · v = M)U

NOTE : The BridgeDepends on

· H

· ku & Kv Niku)
· The Bypassesa Building up Elect L

i = /kurku , B) ↑ ↓/win
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Open Book Decompositions

DEF : PAIR (B ,) , WHERE

- BM Embedded 1-manifold : BINDING

- E : M-B > S' FIBRATION SUCH THAT

-> V + = S Se (t) Is A Seifert Surface For B

-> & on NibleByd = Angle Rew&

Def : Sti =" It) are the pages of (b ,t)

E
.
G.: M = S = ((z) + (w) = 13 = 2

(2 ,w) 7
z

#3 = (12) =03=5 , i : 5 "13 <s

Z

↑
1

ON R"WITH COORDINATES :
1 - Imw(z , kew) [ang() = = = t]

HERE 5) = D
=

Vt
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⑳enBook Decompositions - Another example

E
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Abstract Seen Books

FIX S := S
.
& Look AT THE FIRST RETURN-MAP

Of E : M - 3 <S -> GET (5 , Y) WHERE Y- S IS AN ORIENTED SURFACE WITH Boundary

- & 4 : S8S HOMEOMORPHISM THAT FIVES NaS)
E
S = So

Def : THE AIR (SY) Is an Abstract Open Book

E G .: THE PREVIOUS EXAMPLE GIVES

S =

a S'x I

&a MAPPING a TO Y(a) O
THIS Determines Y Up To Isotopy)

DEF : THE ABOVE MAP IS A RIGHT HANDED DEHN-TWIST

ALONG C

C
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Abstract Seen Books

CONVERSALY : AN ABSTRACT OB (5, 4) DETERMINES A 3-MANIFOLD
M TOGETHER With an open Book decomposition

Proof: Take The Mapping Torus of y :

My =
SxE

(x , 1) - (y(x) , 0)

· LAS Y Fixes as) -My = asxs"

· & WE COLLAPSE EACH CIRCLE⑲
x + S (x = 2S)

M : = Ma(x, +)-(t) + Eas

THEN : 3 = -S/e

& a : M - z > s ·(x ,t) > t

GIVES AN OBD
um
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Interlude - Describing Monodromies
FOR FUN ONLY

Power Of Open Books : To DESCRIBE CTCT STRUCTURES

We Need To Understand p : 5 < S : Yas = idE Y/isotopy=: McG(s)
(Mapping CLASS Group)

THM (DEHN) : MCG(S) IS GENERATED BY DEAN TWISTS ALONG

SIMPLE CLOSED CURVES LT
1

THM (LICKORISH) MCGISIS GENERATED
N()

BY DEHN TWISTS ALONG a

↑ Guara
&

-> WE CAN RePHRASE/ Solve PROBLEMS ABOUT CTC Structures

COMBINATORIALLY (CURVES ON A SURFACE)

G)ROU CORRESPONDANCE ALLOWS MS TO Use Open Books

TO DEFINE INVARIANTS OF CTC STRUCTURES
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Spen Books & Contact Structures

Def : An obd (bitt) supports a contact structure If

· 3 IS Transverse /TB +3
M

1 : %330
↳

· d
+30

3

A ↑ m
-

E
- (t) positive area form on Sei Fre
-

3 NEVER Gets = TSz

WE WILL HAVE A MORE TOPOLOGICAL DEF LATER

CONSTRUCTION /THURSTON-WINKENKEMPLER) : ANY OBD SUPPORTS

A CONTACT STRUCTURE THAT IS UNIQUE UP To

Isotopy

IDEA : 01-parameter family of area form Bey
-> x = B + + kdt WHERE KID

· LOCAL CONSTRUCTION NEAR Binding i



Spen Book - & Contact teegaard Decompositions

GIVEN An OBD (3 ,it)

S
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Spen Book Decompositions Heegaard Decompositions

Given an obd (b ,it) met consider M=nuV where

u = c- ((0, 3) V =n -1((k - 13)
* S D = 1

Here 2 = SuSi

↑rop : U & V Are Handlebodies

· Let dirt-ranges be masor↑roof : For U :

SUCH THAT S-vaied"

= - ED
A &T THEN Di : = aix(1]=
- 2

E-

· a u-up = /S-va (0.]
=

= a + (0,%]/ = 3



Spen Book Decompositions Heegaard Decompositions

Given an obd (b ,it) met consider M=nuV where

u = c- ((0, 3) V =n -1((k - 13)
* S D = 1

Here 2 = SuSi

↑rop : U & V Are Handlebodies

· Let dirt-ranges be masor↑roof : For U :

SUCH THAT S-vaied"

= - ED
A &T THEN Di : = aix(1]=
- 2

E-

· a u-up = (S-va(01] = a = (04]/ = 3-

> U IS A HANDLEBODY



Spen Book Decompositions Heegaard Decompositions

Given an obd (b ,it) met consider M=nuV where

u = c- ((0, 3) V =n -1((k - 13)
* S D = 1

Here 2 = SuSi

↑rop : U & V Are Handlebodies

↑ roduct Disc decomposable TMoreover : (v ,[ , r = 3) Is

=> DISCS Di SUCH THAT ↑ ↑
· u - uDi = D Di = a= x10,12)

·&Dinn = 2 Vi



Spen Book Decompositions Heegaard Decompositions

Given an obd (b ,it) met consider M= uV where
2

u = c- ((0, 3) V =n -1((k - 13)
* S D = 1

Here 2 = SuSi

↑rop : U & V Are Handlebodies TMoreover : (v ,[ , r = 3) Is

↑ roduct Disc decomposable

7> DISCS Di SUCH THAT ↑ ↑
· u - uDi = D Di = a= x10,12)

·&Dinn = 2 Vi

We Have SEEN : An open Book decomposition Defines

A Heegaard Decomposition with product Decomposable

HANDLE BODIES

WARNING : NEED On S



Spen Book - & Contact teegaard Decompositions

THM : An open Book decomposition defines a Heegaard

Decomposition with product Decomposable handLebodies

(3 ,4) -> M = uV(,)V

Let's Look at the Contact structure supported By (bitt)

THM/TORISU) : THE SURFACE E IS CONVEY WITH DIVIDING

curve T
.
The CONTACT Structures 31m & Blu Are

TIGHT ,
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Spen Book - & Contact teegaard Decompositions

THM : An open Book decomposition defines a Heegaard

Decomposition with product Decomposable handLebodies

(3 ,4) -> M = uV(,)V

Let's Look at the Contact structure supported By (bitt)

THM/TORISU) : THE SURFACE E IS CONVEY WITH DIVIDING

curve T
.
The CONTACT Structures 31m & Blu Are

TIGHT ,

5. : (M .Bu) & /V.3) Are Contact handlebodies

THUS M = YVIS A Contact hergaard decomposition

THIS GIVES RISE TO AN EPUIVALENT DEFINITION :

Def : 3 Is supported by the open book (bit) If

The heeGard decomposition defined by (bitt) Is a

CONTACT HeEGAArd DeCOMPOSITION



Heegaard Decompositions Seen Book Decompositions
↑ rop : (4/ 1) product Disc decomposable Handlebody

> u = Sx I
(t) - (x ,t)) + =GS

,
t
,
t EI

SUCH THAT 2U = Sto v-SX1
an = es/

IDea : Induction on The # Of PRODUCT DISCs

* n = 0
= =& IDENTIFIED

-

-

· n n + 1

T & x/E
M



Heegaard Decompositions Seen Book Decompositions
↑ rop : (4/ 1) product Disc decomposable Handlebody

< u = S + =(x,y) - (x ,t)) + = 2S
,
t
-
t EI

SUCH THAT 2U = Sto vSX1
an = es/

& IVEN a contact heegaard decomposition M = U visiti
V

U 2u = 2 = 2+ un
- R

=

1

V V

V av= 2 = = R + unR-



Heegaard Decompositions Seen Book Decompositions
↑ rop : (4/ 1) product Disc decomposable Handlebody

< u = S + =(x,y) - (x ,t)) + = 2S
,
t
-
t EI

SUCH THAT 2U = Sto v= SX1

an = es/

& IVEN a Contact heegaard decomposition m = u visitiv
S x 0 - Sx
Il

34 Prop : u = Sx(01] wu = 2 = R + un - R =
1 1

V V

v = Sx(k
-
1] av= 2 = = R + unR-

II Il

- SX1 S 1
7
Il

> GLUES TO A FULL FIBRATION (b ,)
*

Given By projection Onto Cort] uY/ - 1]



Spen Book - & Contact teegaard Decompositions
So WeGet A One-to-one Correspondance

OPEN Book CONTACT HEEG AARD
[ >

Decompositions of (M , 3) DECOMPOSITIONS of (M.3)

ISOT ISOT

SO We CAN Work WITH WHICHEVER IS MORE CONVENIENT

RECALL :

THM : EVERY CONTACT MANIFOLD (N, 3) ADMITS A

CONTACT HEEGAArd DeCOMPOSITION

COR : Every CONTACT MANIFOLD (n- 3) ADMITS An

OPEN Book DeCOMPOSITION



COMING up :

- STABILISATION

- STATEMENT Of GIROUX CORRESPONDENCE

- IDEA Of prodf


