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Kirby's Thy for Smooth 3-manifolds
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k

·
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THM /KIRBY"F8) : SURGERY ALONG THE FRAMED LINKS L & LCS GIVE

DiffedMorphic Manifolds iff hal are related via

- BLOW UPS & BLOW DOWNS

- HANDLESLIDES

f
THESE MOVES ARE NOT LOCAL

THM (FENN-ROUKE"79) : The Moves

# ( fil
ARE ENOUGH

.

STILL NOT FINITE
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Application of Kirby's Theorem

BASICALLY EVERYWHERE IN LOW DIMENSIONAL TOPOLOGY

1179 CITATIONS)

Most IMPORTANT 3D APPLICATIONS

- CASSON'86 : THE "CASSON INVARIANT" IS An INTEGRAL LIFT

OF THE ARF INVARIANT

- RESHETIkhin - TURAEV '91 : 3- Manifold Invariant

- TOPOLOGICAL QUANTUM FIELD Theory
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CONTACT Structures

DEF : A CONTACT STRUCTURE ON A CLOSED , ORIENTED SMOOTH

3.MANIFOLD M3 Is ATOTALLY Non Integrable

2.PLANE-DISTRIBUTION 3CTh T
NOT TANGENT TO ANY

f
SURFACE

SMOOTH CHOICE OF
1

2 M
>0:*

3 TpM X
p

① TpM L
# FROBENIUS

LOCALLY : 3 = kear" (M) 21dx)0

COORIENTED CONTACT STRUCTURE : GLOBAL L

DARBOUX THM : LOCALLY ANY CONTACT

STRUCTURE IS CONTACTOMORPHIC

To M
, 3 s+

= k (dz - ydx) ↑
DIFFEOMORPHISM THAT CARRIES

3 To z



KNOTs In CONTACT Structures

DEF : GM IS A LEGENDRIAN KNOT

TpL
V LIf ToL < 3p p

: - m-

-+
s

A

MOTTO : THE CONTACT STRUCTURE
1)

ALWAYS ROTATES
"

↓to
Nomin

THURSTON-BENNEQUIN FRAMING :

PUSH L IN THE

DIRECTION OF T,

WHERE[p + TpL &Esp

THM : ANY LEGENDRian Knot lg (M ,3) has a Neighbourhood Will

Contactomorphic To Nid)



Front Projection of Legendrian Knots
dZL LEGENDRIAN In (R3/3s+) # y =

dX

5. : y Can Be Recovered From Tri/L)

Z

trung 3s+
= ker(dz - ydx)

L > X

-

z &
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CAN BE OBTAINED FROM (53 /3st) VIA 11 SURGERY

A LONG A LEGENDRIAN LINK 24(53 3st)

&
1 DEA Of PROOF :

· Open Book Decomposition

PAIR (3 ,) / WHERE

- BM Embedded 1-manifold : Binding

- [ : M - B > S' FIBRATION SUCH THAT

#
St

-> V + = S Se (t) Is A Seifert Surface For B

-> & on NibleByd = Angle

S= (t) Are The pages of (b ,t)

· (b,t) compatible With (m ,3 = her (all
- <(B))a

- da 5) o



THM LONG-GEIGES'On) ANY CONTACT 3-Manifold (M ,3)
CAN BE OBTAINED FROM (53 /3st) VIA 11 SURGERY

A LONG A LEGENDRIAN LINK 24(53 3st)

1 DEA Of PROOF :

· Open Book Decomposition

WE CAN THINK OF An OB VIA ITS

FIRST RETURN MAR (5, 4) #.....
Surface weS

↑ y
MONODROMY

ME (x , 1)n(4(x) - a)

SxI

(x - t)-(x - t) x eas

encarsh

i
· MCGIS) IS STILL GENERATED BY DEHN TWISTS ALONG S .

C
. CS



THM LONG-GEIGES'On) ANY CONTACT 3-Manifold (M ,3)
CAN BE OBTAINED FROM (53 /3st) VIA 11 SURGERY

A LONG A LEGENDRIAN LINK 24(53 3st)

1 DEA Of Proof : SIMILAR To SMOOTH CASE

· - (5,4) ob

· Take An ob wi page S For S : /S, Yal

·write por = Do ... o Dan , where Si is Nonseparating On S

=> Can embed ci on si es as a Legendrian : L

(S .
T

. Sin GIVES THE THURSTON-BENNEGUIN FRAMING FOR()

- (M ,3) iS Obtained via CONTACT Surgery A Long Y

RED
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Earlier RESULTS

MOVES THAT DON'T CHANGE (M ,3)

· DING-GEIGES"d1 : CANCELLATION

· DING-GEIGES"Dg : CONTACT Handle Slide

CONTACT ANNULUS TWIST

· LISCA-STIPSICZ'11 : LANTERN DeSTABILISATION

· CASALS-ETNYRE-KEGEL : CONTACT ROLESEN TWIST

· AVDEK'13 : RIBBON MOVES

THM /AUDEK'13) 11-SURGERY ALONG THE LEGENDRIAN LINKS

&2 (S3t) GIVE CONTACTOMORPHIC CONTACT MANIFOLDS

IFF L & L'ARE RELATED VIA RIBBON MOVES

BUT ! RIBBON MOVES CAN BE ARBITRARILY COMPLICATED

& CANNOT BE Recognised



Towards a Contact Kirby's Theorem

THE STRATEGY FROM THE SMOOTH CASE DOESN'T EASILY

GENERALISE :

PROBLEMS :

1 THERE IS NO CONTACT Blow Up

THIS WAS KEY In ALL THE SMOOTH STEPs)

2 There isNo unide or .

of (sigh) for a Given page-Tyee

3 ONLY NONSEPARATING CURVES ON S Give Legendrians



Towards a Contact Kirby's Theorem

THE STRATEGY FROM THE SMOOTH CASE DOESN'T EASILY

GENERALISE :

PROBLEMS :

1 THERE IS NO CONTACT Blow Up

THIS WAS KEY In ALL THE SMOOTH STEPs)

2 There isNo unide or .

of (sigh) for a Given page-Tyee

3 ONLY NONSEPARATING CURVES ON S Give Legendrians

WE STRUGGLED The MOST W/b , EVEN THOUGH The

SOLUTION ALREADY EXISTED HIDDEN In A "g6 Paper
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Towards a Contact Kirby's Theorem

· PRESENTATION Of McG(S) /Gervais 96)

GENERATORS : DEHN TWISTS ALONG NONSEPARATING CURVES

RELATIONS :
- COMMUTATIVITY : ab = ba If an b = 0

- BRAID RELATIONS : - 1 LANTERN RELATION

&
S

bu No a
b

17
< O

a M A

ab = ca abc = d , dedadu
- 1 CHAIN RELATION

(abc)"= d
, da 2



THM /KEGEL,
STENHEDE

,
V

, ZUDDAS) 11-SURGERY ALONG THE

LEGENDRIAN LINKS 22 (S but) Give Contacto morphic

CONTACT MANIFOLDS IFF L & Y' ARE RELATED VIA

-1 ↓
- CANCELLATION :

"

- X
- -

~ LEGENDRIAN HANDLESLIDE :

· ⑭
gas deA

- LANTERN MOVE : ~ CHAIN MOVE

< >

4)
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· Embed 2 and l into pages of ob's (5
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GERVAIS
We can relate The words do .... Do to
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BY

Do ... Do To

- COMMUTATION [ >

- BRAID Relation [ > LEGENDRIAN HANDLESLIDE

- LANTERN RELATION [ > LANTERN MOVE

- CHAIN RELATION [ > CHAIN MOVE
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