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sY-Yelek:

ANSWER: TFIND A PROPCRTY THAT UDOESMNT CHAMNGE
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W (70) =W (Tq)
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QUESTION: WHICH CURVES ARE REGULAR HoOMOTOPIC ¢
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WHITNEY - GRAUS TEIN THEOREM:

W
S'REGULA& PLAVLE cmtves} —> 2
REGULAR
HONMoOTOPY
IS BIZECTIVE.
PROOF
«W (s WweLL-DEFINED /
. SURIECTIVE : W (Tu)=n T,z z"

e INIECTIVE :
PROVED BY WHITVEY IN 4957
GOAL : PRESEVT A 2P - PROOF OF GelgES - ELIASHELERG

FROM 200¥%
UsING  CONTACT TOPOLOGY
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WANT TO Show: W(Z.)=W(T,) = ¥. REG6. HOMOTOPIC TO ¥,

INSTEAD : WE WILL FIND STANDARD FORMS 7,

S0 THAT W(¥)=41 = T REG. HOMOTOPIC TO ¥,

HOwW DO WE LOOK TFOR THE STAVDARD FTORM ¢

o ——
> WANT TO THIVKL OF 7T Ag A
PROFECTION OF A ¥NOT (N W3
» THEN USE AVOTHER PROIFIECTION
TO REDUCE TRECGULAR HOMOTOPY -

TO SOMNMETHIVG THAT 15

COMBINATORIA LLY CcHECK ABLE QO
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2, 'y,
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Lirtivg Tue Curves To R

-APRIORI WE HAVE MULT\PLE WAYs OF LIFTING ¥

—_— .

0| | Ao
CXT 7

-BUT THEWN THE PROIECTION IS BORING

OR CAN BT ALMOS T ANYTHIVOG

=2 WE HAVE TO PUT RESTRICTIONS ON THE LIFT
TO MAKE | T UNIQUE
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L: S'¢c>® 1s LEGENDRIAY |F Lg*g=|u»(dz—4dolx)

EXAMPLE: X- AX1\S U Y-AXIS ARE POTH LEGEMNMDRIAVS

4 M

A

Z-AX\S IS NOT A LEGEVNDRIAV

L(s)-(x(s),aa(s),z(s)) ls LE GENDRIAN & l:(s) € 3o

& |2(s) - 4(s) %x(3) =O-
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L LEGENDRI|IAN KWNVOT
BASIS — U \'4
(] . '
L: S — T=5srmn(2 =2 2
7‘1' D22 I
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L LEGENDRIAN KVOT

BASIS — u v
] \
Y 5 — ? = $PAU(‘°

3:.

o WRITE L IN THE ®BASIS:

\
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\
L LEGENDR|AN KVOT l/ \

BASIS g \'4
n \\\’/

. A
L. 5 = T=sranl(2 (2 .2
7‘1' D22 I

c VRITE L IN THE ®ASIS:

VvV

- LEGENDRIAN

SO THE COORDINATES

OF L ARE

(%, 1)
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7 )
Va N A
L LEGENDRIAN KNOT [ \XT4;
BASIS — M v \
° " ‘ ’/ (¥ §
L 5 — = SPAWV ”
3 (2, al =Y .

o WVRITE L IN THE ®ASIS:

L= X ‘:12*1—;"(‘327- 31) k“?‘t

I LEGEMNDRIAN

SO THE COORDINATES OF L ARE
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X
L LEGENDRI|IAN KNOT // \ /%
BASIS — U Y, \
. . ' = u
L:$—?§-5PA0(° a ‘) 20
° v 5
o WRITE L IN THE BASIS:
s s D . - R °
L‘"‘?K"‘Jz*z fx(‘ﬁzz >x) Aﬁ?‘j y_+4,3g
- LEGENDRIAN
SO THE COORDINATES OF L ARE (X,H)
° 'Ro‘l‘('l) = DEea ((—xﬂl)
|(x,4)|

THIS |S THE WIUDING # OF L'S “PrROJIECTION TO

THE (x,4) - PLAVE



LAGRAWGIAN PROIECTIOV

L LSGENDRIANVN ¥KUNOT = 'z-»ta;<=0

Z A
Tr(x,z) : 1R3 - 1Rt
- (x,y2)"— (x/4)
g LOL T (L) = (x(5)/ 4(s))
T,z (L)

wl X

¢ CLAIM: T =T S AN INMERGION




LAGRAWGIAN PROIECTIOV

L LSGENDRIANVN ¥KUNOT = 'z-»(a;(=0
Z A

Tr(x : ']R‘s — "Rt

2)

(x,42)— (x/4)

1(Q)= Tr(vng\ (L‘) = (x(s),aa(s))
T2 (L)

wl X

¢ CLAIM: T =T S AN INMERGION

. o 2 .
PROOE . T(5) =(%(, 4(s) = © = L(s) || =




LAGRAWGIAN PROIECTIOV

L LSGENDRIANVN ¥KUNOT = 'z-»(a;(=0
Z A

Tr(x,z) : 1R3 — mt
(x,42)— (x/4)

¥(s)= Ty (L) = (*(’)/‘3(5))
T2 (L)

wl X

¢ CLAIM: T =T S AN INMERGION

. o 2 .
PROOE . T(5) =(%(, 4(s) = © = L(s) || =
BuT = ¢ %

so ¥(s)+0




LAGRAWGIAN PROIECTIOV

L LSGENDRIANVN ¥KUNOT = 'z-»ta;<=0

Z A

~

Tr(x : ']R‘s ——71R1

2)

(x,y2)"— (x/4)

1(‘)): Tr(«up ("‘) = (*(s) / ‘a(s))
Te,z) (L)

XD

¢ CLAIM: T =T S AN INMERGION

e WE CAN RECOVER THE =2- COORPDIVATE

|

z(s,) = z(0) + gq(s) x(s) ds




ReCoGNISING |LAGRANGIAN Pro3ECTIONS

z(s,) = z(0) + gq(s) %x(s) d s

QUESTION: ARE THESE LAGRANGIAD PROTJIECLTIONS
OF SOME LEGENDRIAN KNOT L :&a®YE

(X0



ReCoGNISING |LAGRANGIAN Pro3ECTIONS

z(s,) = z(0) + gq(s) %x(s) d s

QUESTION: ARE THESE LAGRANGIAD PROTJIECLTIONS
OF SOME LEGENDRIAN KNOT L :&a®YE

(X0

WEED - 2(0)-z(2T) Le. & y(s)k(s)ds=O




ReCoGNISING |LAGRANGIAN Pro3ECTIONS

z(s,) = z(0) + gq(s) %x(s) d s

QUESTION: ARE THESE LAGRANGIAD PROTJIECLCTIONS
OF SOME LEGENDRIAN KNOT L :&a®YE

A &

WEED - 2(0)-2z(2T) Le. & y(s)k(s)ds=O
S

S\GVED AREA

SO:WE'D NEED : A-8=0O -A+B-C =0



ReCoGNISING |LAGRANGIAN Pro3ECTIONS

z(s,) = z(0) + gq(s) %x(s) d s

QUESTION: ARE THESE LAGRANGIAD PROTJIECLCTIONS
OF SOME LEGENDRIAN KNOT L :&a®YE

A &

WEED - 2(0)-2z(2T) Le. & y(s)k(s)ds=O
S

S\GVED AREA

50 WE'D NEED : A-8 /O -A+B-C #O



ReCoGNISING |LAGRANGIAN Pro3ECTIONS

z(s,) = z(0) + gq(s) %x(s) d s

QUESTION: ARE THESE LAGRANGIAD PROTJIECLCTIONS
OF SOME LEGENDRIAN KNOT L :&a®YE

A &

WEED - 2(0)-2z(2T) Le. & y(s)k(s)ds=O
S

S\GVED AREA

50 WE'D NEED : A-8 /O -A+B-C #O

THIS WOULD LIFT : @@



LagrANGIAY PrOIECTIONS ve ReauLAr “PLANECURVES

e 3:8'>R" TREGULAR <PLANE CURVE
e BY TREGULAR HOMOTOPY WE CAN ARRANGE

TO HAVE @%(9)}(5)0“‘0

INCREAYE

C TO HAvVE
~—7

A-B—C‘=o

=y Y= ‘|T(w\ (LY FOR SOME LEGENDRIAVN



LagrANGIAY PrOIECTIONS ve ReauLAr “PLANECURVES

e 3:8'>R" TREGULAR <PLANE CURVE
e BY TREGULAR HOMOTOPY WE CAN ARRANGE

TO HAVE @%(9)}(5)0“"0

INCREAYE

C TO HAvVE
~—7

A-B—C‘=o

= Y= ‘|T(w‘ (1_) FOR SOME LEGENDRIAN

RE CALL w(7) = ROT () |




FronT ProzecTiOn

L LSGENDRIAN KNOT & 'z-—xa;(=o

ZA\

A’ “ Tr(‘lz) : 1R‘s — R
(x,42)— (x,z)
F(s) = T(em) (L) = (%(5))z (3)
(B8 X

WE CAN RECOVER THE 43— COORDINATE

_ 2=z

_ SLOPE OF .“'(t,z) (l—)
X

e—




FronT ProzecTiOn

L LSGENDRIAN KNOT & 'z-—xa;(=o

ZA\

4 — T,z R — R
| (x,42)— (%,2)
F () = Tm (L)= (x(5))z ()
L X

WE CAN RECOVER THE 43— COORDINATE

_ 2=z

_ SLOPE OF ‘IT(,,z) (l—)
X

e—

= FRONMT PROIECTIOMNS
- HAVE NO VERTICAL TAN GENCIES ~>



FronT ProzecTiOn

L LSGENDRIAN KNOT & 'z-—xa;(=o

ZA\

4 — T,z R — R
| (x,42)— (%,2)
F () = Tm (L)= (x(5))z ()
L X

WE CAN RECOVER THE 43— COORDINATE

_2= e SLOPE OF Tz (L)
Y
= FRONMT PROIECTIOMNS
~-HAVE NO VERTICAL TAV GENCIES ~>

- INTERGECTIONS OF Tr(q(,r_)(l-—) . ON L : /\/



Sove Tront ProsecTtions

« ANY CUSPED (CURVYE CAN BE UVIQUELY LIFTED
Y THE RULE | >z
Y




Sove Tront ProsecTtions

« ANY CUSPED (CURVYE CAN BE UVIQUELY LIFTED
Y THE RULE | >z
Y

« ANP ROT(L) CAN BE COMBINATORIALLY COMPUTED

CLA[M : ‘ROT(t-)=1—(#¢, —#1‘)




Sove Tront ProsecTtions

2 v 7! ! v
v 1
) U y
Ro-r-‘r(z—z)=o ROT-‘Z(Q-Q)-A
« ANY CUSPED (CURVYE CAN BE UVIQUELY LIFTED
Y THE RULE | >z
T 9

« ANP ROT(L) CAN BE COMBINATORIALLY COMPUTED

CLA[M : ‘ROT(t-)=1—(#¢, - # 1 )




ROTATION NUMBER (u THe TRONT Pro3ECTIOV

CLAIM : “ROT(L-)=1—(#J, — #1 )

IDEA OF “PROOF : z

L= "32243" ;‘(‘ﬁ%z+ %«) & g

'Ro-r(l_)djpzcs (E(t‘?n)




ROTATION NUMBER (u THe TRONT Pro3ECTIOV

CLAIM : "ROT(L-)=1—(#J, — #1 )

IDEA OF “PROOF : z

L= ‘.‘62243" ;‘(‘ﬁ%z+ %) & g

'Ro-r(l_)djpzcs (E(t‘?n) =4 (LI f-‘%)




ROTATION NUMBER (uw THE TRONT ProFECTIOV

CLAIM : "ROT(t-)=1—(#J, — #1 )

IDEA OF “PROOF : z
. s 9 ° P~ "; 1
L= Aa;%f x(‘ﬁ;z"' ;) & 4 |
dof (x,4) ) ° D
ROT(L)= DEG( — | =# (LIl =
) ) L X

LIS @ Tea (L) HAS A Cus®



ROTATION NUMBER

(v THE TrONT Pro3ECTIOV

CLA(M :

®or (W)= £ (#4 - 1)

IDEA OF PROOF :

- ‘32243" ;‘(‘3%7.+ %) &

'ROT(L)deEG ((*‘i‘) ) =4 (LI f-;*

[(x 4)]

)

& Tun (L) HAS A Cus®

% THE SIGNS ARE

+ 4

)




Moves onv The FTronvt Prozccriov

« ANY CuUusPED CURYE CAN BE UVIQUELY LIFTED
- 50 A MHOVIE (= A-PARANETE ® FAMILY) (F.)

Of THESE CUSPE DO CURVES LIFTS YyuP TO

A A-PARAMETER FAMILY OF (IMMERSED) LEGEVWDRIANS

L)



Moves onv The FTronvt Prozccriov

« ANY CuUusPED CURYE CAN BE UVIQUELY LIFTED
- 50 A MHOVIE (= A-PARANETE ® FAMILY) (F.)
Of THESE CUSPE D CURVES LIFTS e TO

A A-PARAMETER FAMILY OF LEGEVWPDRIANS

L)



Moves onv The FTronvt Prozccriov

« ANY CuUusPED CURYE CAN BE UVIQUELY LIFTED
- 50 A MHOVIE (= A-PARANETE ® FAMILY) (F.)
Of THESE CUSPE D CURVES LIFTS e TO

A A-PARAHMETER FAMILY OF |MMERSED LEGEVWPDRIANS

L

IN THE LIFT -
K — ) C NOT AV ISOTOPY



Moves onv The FTronvt Prozccriov

« ANY CuUusPED CURYE CAN BE UVIQUELY LIFTED
- 50 A MHOVIE (= A-PARANETE ® FAMILY) (F.)

Of THESE CUSPE DO CURVES LIFTS YyuP TO

A A-PARAMETER FAMILY OF (IMMERSED) LEGEVWDRIANS

L)

IN THE LIFT \/
K — ) C NOT AV ISOTOPY
_

. RoT ()= < (#| - #1 ) DOES NOT CHANGE

PURING THESE MOVYES



Lecsevoriav Rewemeister Moves
THE FOLLOWING LOCAL MOVES AR E COMING FROM

PROSCCTIONS Ot A i PARAMNMETER FAMILY

OF LEGEVODRIAMN KNOTS:

RI
<

RL
<

THEOREM: TWO FRONT PrROTIECTION S CORRESPOND
TO LEGENORIAN SO TOP|IC LEGENMDRIAN
KNOTG & THEY ARE RELATED BY
A SEQUENCE OF MOVES RI -1 .




NorMALISING FrouT PrOIECTIONS
GIVEN ANY FTRONT PROIECTION




NorMALISING FrouT ProIECTIONS

GIVEN ANY FTRONT PROIECTIOV

A) NOYE ALL RIGHT CUSPS TO THE RIGHT %
LEFTT CUSPS TO THE LETFTT




NorMALISING FrouT ProIECTIONS

GIVEN ANY FTRONT PROIECTIOV

A) NOYE ALL RIGHT CUSPS TO THE RIGHT %
LEFTT CUSPS TO THE LETFTT




NorMALISING FrouT ProIECTIONS

GIVEN ANY FTRONT PROIECTION

A) NOYE ALL RIGHT CUSPS TO THE RIGHT %
LEFT CUSPS TO THE LETFTT




NorMALISING FrouT PrOIECTIONS
GIVEN ANY FTRONT PROIECTION

/) NOYE ALL RIGHT CUSPS TO THE RIGHT %
LEFTT CUSPSs TO THE LETFTT




NorMALISING FrouT PrOIECTIONS

LABE L UPWARDS | DOWNWARDS <cusPs w/ A OR
LHH)USe RT TO TREMOVE CONSECUTIVE 1TV oOR V7




NorMALISING FrouT PrOIECTIONS

LABE L UPWARDS | DOWNWARDS <cusPs w/ A OR
LHH)USe RT TO TREMOVE CONSECUTIVE 1TV oOR V7




NorMALISING FrouT PrOIECTIONS

LABE L UPWARDS | DOWNWARDS cusPs w/ A OR
LHHUSe RIT TO TREMOVE CONSECUTIVE 1TV oOR V7

R
| vy v \




NorMALISING FrouT PrOIECTIONS

LABE L UPWARDS | DOWNWARDS cusPs w/ A OR
LHHUSe RIT TO TREMOVE CONSECUTIVE 1TV oOR V7

) P
| vy v \
) r—"T Ly
) { v \ J




NorMALISING FrouT PrOIECTIONS

LABE L UPWARDS | DOWNWARDS cusPs w/ A OR
LHHUSe RIT TO TREMOVE CONSECUTIVE 1TV oOR V7

K
{ y v v
T r—>T B
) v v v y
\
-




NorMALISING FrouT PrOIECTIONS

LABE L UPWARDS | DOWNWARDS cusPs w/ A OR
LHHUSe RIT TO TREMOVE CONSECUTIVE 1TV oOR V7

/\Jl‘b
{ (\4, V=7 \’
L) r—" g‘l‘
. Vool ¢ ¢)
\’ \’
ez K
- \ —~
/\Jr l
. -




NorMALISING FrouT PrOIECTIONS

LABE L UPWARDS | DOWNWARDS cusPs w/ A OR
LHHUSe RIT TO TREMOVE CONSECUTIVE 1TV oOR V7

T N

{ vy v \’ y
) r—T Ea
) v vy &

\’ \ \’

RI

- — —>

vy y

/




NorMALISING FrouT PrOSBECTIONS
GIVEN ANY FRONT PROJIECTIOV -
A) MOVE ALL RIGHT CUSPS TO THE RIGHT %
LEFTT CUSPs TO THE LETFTT
LABE L UPWARDS | DOWNWARDS <cusPs w/ A OR
LHHuse RT TO TREMOVE COWNWSECUTIVE 1TV oOR V17




NorMALISING FrowT ProIECTIONS
GI'WVEN ANY FTRONT PROIECTIOV
A) MOVE ALL RIGHT CUSPS TO THE RIGHT %
LEFT CUSPS TO THE LEFT
LABE L UPWARDS | DOWNWARDS <cusPs w/ A OR
LHHuse RT TO TREMOVE COWNWSECUTIVE 1TV oOR V17

?) REARRANGE THE CusPS S0 THAT THEY INCREASE
ON EACH LINE

T
)
{
, ()
1 RO
) ~ N
* T



NorMALISING FrowT ProIECTIONS
GI'WVEN ANY FTRONT PROIECTIOV
A) MOVE ALL RIGHT CUSPS TO THE RIGHT %
LEFT CUSPS TO THE LEFT
LABE L UPWARDS | DOWNWARDS <cusPs w/ A OR
LHHuse RT TO TREMOVE COWNWSECUTIVE 1TV oOR V17

?) REARRANGE THE CusPS S0 THAT THEY INCREASE
ON EACH LINE

T
= WE GET A STANDARYDY FORM
THAT OMNMLY DEPrE VDY ON U
ROT (L) *
ROT ©DOE®% NOT CHAWGE 1
DURING ) 2) 3, A
T,




Back To WHITNEV-GkAusTE!u Thngn

WHITUEY - GRAUSTE|VN THEOREWMN

W
ﬁ'REGuLAK '\’LAUECUKVES3 > 4. 15 A

RC
GuLawr BI3ECTIOVN.
HoOMoTOPY

PROOF: ¢« W SURJECTIVE /

eW INJTECTI\VE

¥ :5'=>R" REGULAR PLANECURVE
) DO REGULAR® HOMOTOPY oy 7 so THAT P4xds=0

O N

Z)LIFT UP ¥ TO A LEGENDRIAV CURVFE L 50O THAT

THE LAGRANGIAN “PROFIECTION 11-(“"’)(‘_):-;« L

ROT(L)= W(T)
OO/




Back To WHITuEY-GrAausTein THEOREM
(UP TO REGULAR HOMOTOPY) WE HAVE -s«-Tr(,,,J,(\.)

@TAKE THE TRONT “PROFECTION OF L

—
L
J

% WORMALISE T
QO/

ly‘r\—t\'-: STePS GIVE A A-PARANMETER
TAMILY OT (\NME®RSED) Lt GENDRIA WS (L}

WHERE )
R . (2
S

5) THE | AGRANG(AN PROJECTION ¥ .= Tr(«,,)(Lt)
GIYVES A REGULAR HOMOTOPY OF

¥-= T, 7o Ty = T ey (L 2 =



BACK TO WHlTNEV—GKAusTE‘” THEQREH
5_0: AVY REGULAR PLALVECUK\E v S‘-*“R‘

Is REGULARLY HOMO TOP\C TO Fn
FoOowr n=W(1')

=y W |S INDEED (VSECTIVE o



WhiTLE Y - GRAUSTEIN (v OTHER Y MEwsioMs

L
CLASSIEY INMERSED SPHERES —=: S o R
L
UP TO REGULAR HOMOTOPY : IMM(S R')

- THEOREHM (SWALE | 4959): (MM (8 ®") = Te (Vi R"))
STICFEL MAVIFOLD
1 (ORTHONORMAL FRAMES (N R")
e FTOR k=n-14: S o5R" (0 n=4,3,%
- " ~ ] Z n=172
M (87 ) = T (Ve (R) = T, (S0(a) 54 2

" \

° h=2 {5‘«»12“]/~ > T,(50(2) = Z

n=b

(41

¢ n=2% | 5%ty R”) |~ w & T, (50(%)) =0
\

|l we CcAN TURV THE SPHERE |INVSIDE -ouT



EPILOGUE
e« CONTACT S TRUCTURES CAV BEFE PEFIVED ON AVY

O D - DINENSIONA L MANIFOLD

>

— —_

* LEGENDRIAV SUusMAVNIFOLDS ARE USED AS TOOLS |IN
PHYSIce (OPTICS, THERHODYVA HICS , MECHAWICS, ..)
* THEY ARE UsEoD IN TOPOLOOY & GTOMETRY
e THE TOOLS TO STUDY CONTALT MANIFTORDS INCLUDE:
- COMPLE X GEOMNETRY

- FLOER® HOMOLOGIES
- COMBINATORICS , ..



THANKS FOR YOUR
ATTENTION

QUESTIONS?

FuN VIDEOS ON YOUTUBE:-

-49H¥ZL *REGULAR HOMOTOPIES ON THE -“PLAVE
- 4954 oOuTSIDE [N



