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MOTIVATION

-Contactinvariant in Heegaard Floer homology

3 < 1 : many Heegaand decomposition my
HF(M3)

-

↑ 1 : 1 doubly graded
->& M = uvV stab vspace

↑

differ
↑ x
↑ ↑handlebodies

invariant under stab

contact Heegaard decomposition

↑
open bood decompositionAtanyist str # (B ,) ↑/ ↑contacto

invariant under ob steb



MOTIVATION
-

Properties :

·zsvath-Szabo : 3 Stein fillable (13) #O

·zsvath-Szabo : 3 overtwisted => (3) =0

·Chiggini-Honda-VanHorn-Morris :

3 contains Girou torsion => (3) = 0

All local reasons / Honda-Karez-Matic : partial open books)

Zenjecture /maybe : Ghiggini) :

3 contains Girou torsion along a separating torus

=> <(3) = 0 J really global c(Ty) + 0)



MOTIVATION

-
& I separating surface bordered 3-manifolds

(M , 5) #many bordered Hergaard CFA(M)

↑bordered 3-mfd decomp
stab

indep CFD (M)
↑

to-modules over an to-algebra associated to E

& cfa/m) cedjme-si) = ce(m) He(f(m)) = He (M)



MOTIVATION

·or ion
Act 3-mfds w/ foliated boy

& foliated open boods

(3,3) cata foliated open book
AFHLDV

Ca (3.3)↑ -

4 stab Co (3,3)
contact str

w/ chan · foliation on Si

& Ca(3" , Fs) (32fs) = c (3)



- y

TSTR -plane distribution =ana
#

andx)0

d(5) ve 44 induces a poliation:Xanacteristicfoliation3

Fat/Giroux) : d(42) + 0 at singular pts

=> the isolated singularities of Fa an eitherbut noa
Ihm(Giroux) : Eg determines 3 in a ubld of I.



Zen

book
Decompositionn

(e)
& near b we have

M3

1
1x ↑ -BM : MB -+> SFibration

↑ St

binding-

=> We can think of M13 as a mapping cylinder of (S , h) : ⑭S F/(
, 1) - (h(x) ,

0)

⑳ Owe obtaine by furthe identifying

(t) -( -+) x -jS

t
,
teI



-Ata =but if . 10 on 3

. ....5 is "manby'T Se

-examples 1) & 2) both supports Est

Growcorrespondence :

str openboot decompositione
isotopy

↑
local operation ,

connect sum

w/

⑳ho or Q
i



FHATEDOPEN BOOK - Example

M = solid towns ER"

B = 42- axis] M

It = angle : M1B -> SI

=> St="(t) changes in timeT
So Sur St Sury Sat

# lon given a (singular) foliation En for 2M



FOLIATED OPEN BOOKS - IDEA
-

&
Eu

X /Ma) (BatMal

small · 3 h

in "good position

.isotopy&& #z is Monse

· level sets of #Is have no closed components
↑

"

big isotopy" :

I&



FOLIATEDOPEN BOOKS

modify it nar S by introducing a canceling pair of

indu 1 & 1 critical pts · For every critical pt of TaM

·
Def : (B) is a Foliatedopen book for (M/CM) if :

· (3) /Mi 2 M)

·: MB-> S'S'-valued Morse function w - Eit (n) = Trit((2m)
-> the level sets ofMar have
closed leaves



FOLIATEDOPEN BOOKS

=> May has no min/max
-> indices of critical pts of my are 1

=>- are

-· Typubolicpoints

=> E lam)" (t) foliates GM : Fr

- a

.



COMPATIBILITY
-

(e) pers b = bra on

Montmay· 270 on B

· da)0 on St ="(t)

·Fr this says thatjust
V N

3 is manby TSt

AboutFri
homo

We would life to say "the same" or
I small differ isotopic to id that

takes Eg to Fr
but

↑
-

We can never have differ near the hyperbolic pts (duw(F3) + Ot div (f) = 0)
&

Ihm /Licata - VI FOB
cat str w/ fixed be/isotopy fixedor↑internal stab

.

rel M



- IDEA-stac

For
oa

↓ no circles :

T(t) =SOS =Ha)"() =

leave of F

·

man F-
)+ I I + ))



AbstractFoliated Open Books

Bef : an Abstractfoliated open bood is (So ,
5

...... Sar , h) w/

· So surfaces w/ polygonial boy = BUA: w/ no circles in A:

A
· Sid So an related by ).. II
· h : Se So fixing B

·-



-AbstractFollated Open Books - Examples

S = annulus

↓ take
any abstract open book (5, h) z

& 2k subsets S
: ES w/h/Sc) = S.

⑳&
So Si Se

Dy
y

...2 for Janulus , Dj)
⑨

r-
- mighborhood of OT

S
.

S
. S discDj



OPERTIES- CUTTING I-invariant

i
(B ,) (B-+ z) (Ba ,ta)

If · 3 [ Mu ,
3 = 3/Mz) is

· #12 is Morse => supported by
· the level sets of &

has no circles (Bu = B1Mz
,
+= (c)↑ &

Mr. Gr = 3/Mr) is

after modifying it man & then

cutting out a ubhd of [ supported by

/Br = BeMr ,#r= /ma)



OPERTIES-GLUING

(Mr ,3) (Ma ,3)

&es un

(B) /Battel

there is a standard piece on Ex I.

If ~Mr Mr => (depends on F)

Fi -- Fia
5 M = Mzu ExIv Mr

has an open bood (Bitt) w/

(B)/Nc = /Britta) supports 3/M2= Bu

&

(B,)/Na = (Bartta) supports 31M
.

= Se



PLICATIONS- ADDITIVITY OF THE SUPPORT NORM

(M:3) closed contact : su(3) = min[-X(S)-1 : (S . b) supports 33

Question How does su(3) behave under connected sum ?-

(Mi ,3)
(M2 ,3)2

&iam

sh

~ the pages for the Ob for /Mi#M2 .#3) after gloving are Si 52

=> Su()4su(3) + Su(32)

question :Is Su() = su(3) + Su(3) ?



PLICATIONS- ADDITIVITY OF THE SUPPORT NORM

Zample/Ozbaga) : M X-homology sphere , 3 overtuisted

(M / 3) #(S,
3

. x) = (M , 3)
↑ *

computedy = -E

but sh/5, 3 . 1) + &

Ihm(V) : (Mir3) & /M23c) tight => Su() = Su (3) + Su(32)

ison



-su
a

(53 ,) = Eter3

ziD& glue

(M,3)
(S ,
hi)

(Mz(32) (Scha)-

=>S = 5
.G => X(s) = X(S,) + X(S) - 1



PLICATIONS- ADDITIVITY OF THE SUPPORT NORM

But! We cannot alway simplify to
instead :

↳na

: flatma from a

i(D / id)

-Ideaof Proof : fight the graph on

formed by these separatrices

is a tree.

~ can do induction·



-
↑

F F (53) (Did)

cut both· eit&

(M,3)
(S ,
hi)

(Mz(32) (Scha)
↑

=> x(s) + x(0)) = X(s) + X(S) => Su(3)(su (3 ,) + Su(z)

Page #



(work in progress)
Ozsvath-NTACTINVARIANA manifold ~ (3) =H = (- M)
Szabo

(M .3 , 7) ctct 3-mfd w/ convex 2
Honda-Karez

Eh(3 ,4) ESFH((M ,
r))-

- Matic

(M /3 , Fg) cct 3-mfd w/ char · foliation on G (this is also a)

#Alishahi , Foldrani , Hendricks
7 CFAMOME parantea

-

Petrova
,
Licata

,
V eM

EiF
=m (AFHLPv) (M .3) = /Mu ,3-F) /Ma ,saf)

=Cra)-Mae)ceof-mara) = c = (M) )(Maba)
& ca(3)co(Ea) = c(3)



-CONNECTIONTO SUTURED INVARIANT

Im:afhlov) Ceafmsehfr)
a
CEDMSFH (M)

Ca (3) # EH(3) ↳ (3) #- EH/3)

& CFA) - Mr) ⑰ CFDfMa) = CF) - M) commutes
ca(3c) ② (3)

↓ co(3) ↓ Her(Zareu Zaneu

SFH (M) & SFH(M) HE (-M)
EH(32) * EH(3r) ↑ c (3)

the definition of this map includes a "sufficiently complicated"
so it is impossible to compute it even in concrete example

this diagram mades this computation possible



~

ContactInvariant in Bordered Fider Homology - IDEA

(M , 3,) -> foliated open book

F



-At InT
Foe Horoo-o

-> "multipointed" B-bordered HD

- sutmed bordered HP)F-
parametrisation basepoints= N(Son2M) =N("(o)M

! depende on the time-parametrisation of It : M1B -> S !



FURTHERDIRECTIONS

· contact invariant in CFDA (M)
-> description of CFA(M) & CFD(M) in terms of SFH

:

Im (Zaur) : CFA(M)= SFH(i
elementary dir curves

Enjecture (Zarer) : the to-maps can be described by

gluing standard &MXF, v-Tz)-pieces .

· gives a good guess of what bordered ECH should be.

· can be used to give global results as well :

⑭inku) Can distinguish
the



THANKS FOR

YOUR ATTENTION !

# D
QUESTIONS ?

+





~

ContactInvariant in Bordered Fider Homology - IDEA

h = Dy

&A
&·& ->-
So Sa Sz

give the boy parametrisation
- f

~on
&

Sor - Sa



FURTHERDIRECTIONS

Eenjecture /maybe : Ghiggini) :

3 contains Girou torsion along a separating torus

=> <(3) = 0

(T = Fr y
= ker (cos (t)dx- Sin (t)dy)

-

Hisraise mustli

#



PARTIALDeen Books (Honda-Karez-Matic)

abstract version (SU / h) hits hs-id
↑ subsurface

surface w/j = 3

B
P =

...........-Ef sa- -

↑
&

↑
S aM i USB

aspapraplas

one can define supportedaet str & then

Ihm (HKM) contact stu/contactomorphism POB/ Stabilisation



-ooks

san schematic picture
inside-out

new page : Su Pr

GLUING VARTIAL OPEN

·monochomy :

Si
Wi

hr
Siri -> Suh= ufelfuhr(r)
-> ufalha/Pa))uhra) -> h() vSr =

= h(P)u(salta) up h)uSlh() upr = /s.

= Supr

Ex : glue astandard" POB of GMXI in between

- FOBs exactly do this



Lationto partial open books pos me for)
#hm (Licata-V) : (S ,

P
. h) compatible w/ (M . 3 , 4)+divided by M

=> 7 S
: ESwl So = h(p) Su = S See = P

& (So.... Searh) For compatible / (M ,3 ,F)

·
choice of
handle decomposition
for Sp & Sla(p)
determinesF

h

FOB

&C-
So Si Sz



LationTo Partial Open Books (Forupob)

#hm /Licata-V) : So
.... Searh) For compatible w/ /M .B .F)

=> can stabilise it sufficiently to (5 ... sa)
st

. (5: h) supports (M .
3

.
4) & S = So ,
s: h =hut)

↑
dividing conce for

Insummary :For for Mis//stab hos for (M /31/stab





LATIONTO PARTIAL OPEN Books

poss have "big" (5) &small" (P) pages .

Foss have lots of different pages
-M

sa VS
. *

↑
~XLam sig·

↓it

51



add an extra piece to interpolate between

the page
:·
C

-

-
P h(p)

Sz So



add an extra piece to interpolate between

the page
:·

↑& CG
S P h(p) S

Si Sz So Si



add an extra piece to interpolate between

the page
:·

h

&
the resulting
FOB & FonZMC - depens on

the choices of- handles

So Si Sz

Ep (Licata-V) We can acchieve any o divided by M



FOB- POB st-

II

blow up·"
In ()

at B *~

&

↳ ↓et

I

Want to identify a "biggest" I "smallest page
dea : use Morse theory : choose gradient lif vectorfield It

& follow the flowlines .

Y



Fob-POB

critical po

[

· draw the 2-dim critical submanifold

& try to continue in the other layers·
submanifolds of an under 10

S

· we cannot continue of. The clical

Eop (Licata-V) : We can always stabilise the FOB to avoid all
the intersections

Inabilisation : add an extra handle to each

pageus
hope

! Depends on which page we stabilise !



FoPosat the ascending& descending submanifolds do not interedo

↑ E eMI
~ of disending manifolds

G

·soN usedEP
,

XI D
↓

#hm/Licata - V) If the gradient flow on WM is "adapted" toFo

than (after enough stabilisations) (So ,Poshlp) is

a POB for (M , 3) . 7 "tortedFOB"



h = Dy
Fob-POB

&&

-A
&

J-
So Sa Sz

~ Autumns
!

&

S⑳
So



NtactInvariant in heegaard floer Homology

& closed case
-

·
STE

- Sa

·

at can Pπ+ E

~+ = ) - M)

- Sa

· ·
~es = H( M , r)



-tactInvariant in Bordered fider Homology - properties

#m:AfhLav) cab) e chafr) e colleced(-m)

are well-defined elements /up to to-homotopy equivalence)

Im:AFHLOV) Mus Marsal

(M / 3)=& Clay Co(a) = c(3)

↑
↑ m boundary parametrication

R&Zanu R&Zanu

#m : (afhlov) Ceafmi- Sehfr) a
CFD + M) -> SFH( M)

Ca (3) # EH(3) ↳ (3) #- EH/3)

over : CFAfMa)CFD(Ma) = CF(M) <B) commutes

tzare(2) ↓ zaru
G (3r) · homology

SFHfMa) a SehfMa) HF (M) (B)
EH(31) EH(32)



h
Fob-POB

&E. g .: C
NOT SORTED

-
So Si

⑱
So Si Si

·
Si



INTRODUCTION

New tools to study contact structuresw/ boundary.

· w/o boy :

open books (Girou)
· w/bdry there was already one : partial open books (Honda-Karer-Matic)

Why do we care ?

· gluable

· more natural

· & has Applications : -> Ihm (v) : the support norm ( = minimal contact genue)
is additive for tight contact structures

-> bordered contact invariant /A .
Alishahi ,

V
. Foldvari,

K
.

Hendricks , Y. Licata , V)

->
1-



-CONTACTSTRUCTURES

(33) mintegrableplane distribution~ *
# SCM' st 3 =TS

Locally: 3 = ken a-1 form on M

non-integrability of3 a 1d x + O

We will work witvountedcontact structure : · T = keva

globally

· and)0

MarbowThm : locally contact structures are modelled on

( ,
Est = ber (dz - ydx)) -



CHARACTERISTICFOLIATIONS

& (M,3) embedded surface ve 3prTtinducestheCharacteristic foliation #3

E ↑more precisely Es is givenby12

taught to Fz at
p

#Girow) : if 5= TpSi => mar pg is wi
illepticpointHyperbolic point

so it cannot bee. ( = d((s) +0)

Ihm(Giroux) : Eg determines 3 in a ubld of I.



IGHT-OVERTWISTEDDICHOTOMIE

#3
-centwisteddisc : & / /3) / Trap) < 3

&M1)entwistednot overtwisted
⑭

Thm Eliashberg): Covertuisted out structures are flaible)

3 , homotopic to 3 & OT = 3, 32





(= . =)de#=

S = annulus

igy-
-

3= annulm
, Di)


