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PRELIMINARIES

1.1 Curvature
- Let M be a SRMF with Levi-Civita connection V. (Riemannian) curvature tensor is defined as
R:X(M)* - X(M)
R(Z,X,Y)=R(X,Y)Z = RxyZ = Vixy1Z - [Vx,Vy]Z.
- Itis a (1,3)-tensor field locally given by
Ro,5,(0;) = Ry,0;.

Recall ([3], 1.3.8) that
8j = Fk

i

and, explicitly ([3], 13.9),

, 1.
e =9"Tu = 59”(91;‘,1@ + gkl,j ~ Gjk.l)

are Christoffel symbols.
For components of the curvature tensor in terms of Christoffel symbols we have ([3], 3.1.1):

Ry =0T, — 0l + 10, T0 =T, T
- Since R is a tensor field, one may also insert individual fangent vectors info its slots. Upon inserting
individual tangent vectors one obtains the curvature operator of p € M for x,y € T, M via
Ryy : TpyM - T,M
Z Ryyz.
It has the following symmetries for all z,y,v,w € T, M ([3], 3.2.1):

1 antisymmetry: R,y = —Ry,

2. skew-adjointness: (Ry,v,w) = —(Rzyw,v)
3. 15" Bianchi identity: R,z + Ry.z+ R,y =0
4. pair symmetry: (Rg v, w) = (Ryw,Y)
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as well as the 2" Bianchi identity:

(V2R)(z,y) + (Vo R)(y, 2) + (Vy R)(z,2) = 0.

Definition 1.1.1. Every 2-dimensional subspace II of T}, M is called a tangent plane to M at p.
For v,w eIl lef
Q(v,w) = (v,v){(w,w) — (v, w)? = det (és:;% 55)7,1;)0))) .
From [3], 1.1.3, we know that
IT hon-degenerate (: <= g|p non-degenerate) < Q(v,w) # 0 for any basis {v,w} of II.
Moreover, using ONB (exists by [3], 1.1.12), we have

Q(v,w) >0 < g|n is definite and
Q(v,w) <0 < g|n is indefinite.

It is easy to calculate Q(v,w) for v =e; and w = ey, where {ey,e2} is an ONB.
On the other hand, for v = ax + by and w = cx + dy by an easy calculation we get

Q(v,w) = (ad - be)* Q(z,y),
>0

which shows that the sign of @ is independent of basis.

Lemma 1.1.2 (Sectional Curvature). Let II be a non-degenerate tangent plane of p € M, where M is
any SRMF. The sectional curvature of II

K(v,w) =
is independent of the choice of basis {v,w} of IT (and so one can also denote it by K (II)).

Proof. Let {x,y} be another basis of II. Then there are a,b,c,d € R (ad - be # 0) such that v = ax + by and
w = cx + dy.

(Rywv,w) = (R(az+by)(cx+dy)(a’x +by), cx + dy)
Hag =0 (ad - bc)(Ryy (ax + by), cz + dy)
D22 (ad - be)*(Ray,y)
Now Q(v,w) = (ad - bc)?Q(x,y) proves the claim. O

Lemma 1.1.3 (Approximation Lemma). Let V be a vector space with scalar product (with possibly
nontrivial signature, see 1.1.4 in [3]) and let v, w € V. Then there exist v,w arbitrarily near v,w such
that v, w span a non-degenerate plane.
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Proof. Without loss of generality we may assume that v and w are linearly independent and that they span
a degenerate plane. If (v,v) = 0 (ie. if v is a null vector) choose z with scalar product (z,v) # 0 (hote that
such an z exists since (-,-) is hon-degenerate). If v is not a null vector (i.e. if it is timelike or spacelike)
choose x with a different causal character from that of v. In both cases we have Q(v,z) < 0:

if (v,v) =0 = Q(v,) = —{v,z)? <0 and
if (v,v) #0 = Q(v,z) = (v,v){z,2) - (v,2)? < (v,v)(z,z) < 0.

different signs

It suffices fo show that v and w + dx span a non-degenerate plane for § small.

Q(v,w +dx) ) Q(v,w) +200 + 6% Q(v,x) for some beR
N— N——
=0 <0

span(v, w) is degenerate
and so there are two cases, namely, either
b=0and Q(v,w+dzx) <0 or
b+ 0 and for 6 small Q(v,w + dx) # 0.
Finally, we prove (*):

Q(v,w +6x) = (v,v)((w, w) + 26(w,z) + 6*(z,z)) - (v, w) + §{v, z))?
= (v,v){w,w) — (v, w)? +26 (v, v){w, z) = (v, w)(v, ) + 82 (v, v){(z, ) - (v, 2)?)

Q(v, w) =b Qv,x)

Proposition 11.4 (K and R). If K =0 at p (ie. K(II) = 0 for every non-degenerate plane in T, M),
then R=0 at p (i.e. Ryyz =0 for all z,y, z € T,M).

Proof. We proceed in several steps.

L Claim: (Ryuv,w) = 0 for all v,w € T,M. If II = span(v,w) is non-degenerate, this follows from
definition of K. Otherwise, by Lemma 1.1.3 there exist v,,, w,, such that span(v,,,w,) is non-degenerate
and v,, > v, w, — w. Then

n—oo

0= (Rvnwnvmwn> — (va,w).

2. Claim: R,,v =0 for all v,w € T, M. This claim follows by polarization. More precisely, for arbitrary x

we have
(Ry w2V, W+ ) = (Ry0, W) + (Ryv, ) + (Ryyv, w) + (Rypv, ) .
[ —
=0.byl =0,byl =0 byt

Therefore, (Ry,,v,x) = 0 for all = (since, by pair symmetry, (R,,v,z) = (Ry,v,w)). Finally, non-
degeneracy vyields R,,,v =0.

3. Claim: Ry = Rygv for all v,w,x € T, M. In order to prove this, we use polarization again:

Riyiayw(V+2) = Ry + Ryt +Rywt + Ry .
—— —— ——
=0, by 2. =0,by2 =-Ryzv =0, by 2.
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Finally,
1°'Bianchi i.
0 = Rywxr + R, w +RyzV = 3R yzv
S~—— ~—
= Ryzv. by 3. = Ryw® = Ryzv, by 3.
and therefore R,z =0 for all z,y,z € T,M ie. R=0 at p. O

Remark 1.1.5. Recall that a SRMF (M, g) is called flat if R = 0. By Proposition 1.14, if K =0 then (M, g) is
flat.

Example 1.1.6.
1. R™ is flat. By [3], 1.3.10, ii), since g is constant, F;k =0(1<4,5,k<n)and so R=0.

2. Every one-dimensional SRMF is flat. To see this let X, Y € X(M), where M is one-dimensional. Then
Y =f-X,where feC®. Therefore, Rxy = fRxx =—-fRxx and so Rxy =0.

Definition 1.1.7. A multilinear map F : (T,M)* - R is called curvature-like if it has the same symmetries as
(‘T7 ya v, U_)) ind (ny’l}, U))

Remark 1.1.8. By the proof of Proposition 1.1.4, we get that F(v,w,v,w) = 0 for all v,w € T, M spanning a
non-degenerate tangent plane at p, which is equivalent fo F' = 0.

Corollary 1.1.9 (Curvature-like Function). Let F' be curvature-like on T,,M such that

_ F(v,w,v,w)

K(v,w) =
Q(v,w)
for all v, w with non-degenerate span. Then

F(v,w,z,y) = (Rywe,y), for all v,w,z,y e T,M.

Proof. The map A(v,w,z,y) = F(v,w,z,y) - (Rgyv, w) is clearly curvature-like. By assumption,
A(v,w,v,w) =0

for all v,w spanning a non-degenerate plane. Remark 1.1.8 now gives the claim. O]

Remark 1.1.10. In particular, for a given g, if Ry and Rs are Riemann-tensors with K7 = Ks, then

Rl (Ua w,v, w) _ RQ(va w,v, w)

Qu.w) — Qv,w)

Definition 1.1.11. We say that a SRMF (M, g) has constant curvature if K is constant on M.

— R1:R2.

Corollary 1.1.12 (R for Constant Curvature). If M has constant curvature K = C, then

RxyZ=C(Z,X)Y -{Z,Y) X).

Proof. One easily checks that

F(w,ym,w) = C((U,l‘) <y7w) - <’U7y> (x,w))

is curvature-like. Moreover, F (v, w,v,w) = C- Q(v,w). If v and w span a non-degenerate tangent plane,
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then P
K(v,w)=C= o, w,v,w)
Qv,w)

By Corollary 119, F(z,y,z,w) = (Ryyz,w) for all v,w,z,z € T,,M, which proves the claim. O
1.2 Frame Fields
Definition 1.2.1. Let (M,g) be a SRMF.

- A frame at p e M is an ONB of T,,M.

- If dim(M) = n, then a frame field is an n-tuple E1, ..., E, of pairwise orthogonal (smooth) vector

fields. (Hence, E1(p),..., E,(p) such that (E;(p), Ej(p)) = €;0;5, V1 < i,j <n provide a frame at any
point p.)

Remark 1.2.2.

- Given a frame field any vector field (by [3], 1.113) V € X(M) can be expanded as

V =>"€¢(V,E;)E;, where ¢; = (E;, E;) = +1.

Moreover, for v, w e X(M)
(VW)= e{V. E:) (W, E;).

- We will prove later that frame fields always exist locally (but maybe not globally).

« Recall that the coordinate vector fields (8Z-|p)ie{17___7n} of Riemannian normal coordinate (RNC) system
xl,...,z" of p form an ONB at p (but not necessarily at any ¢ # p) and that F;k(p) = 0 for all

i,7,k (see [3], 2.1.17). Therefore, as long as only pointwise operations are concerned, we may reduce
formulas in frames fo coordinate formulas.

Example 1.2.3.

1 Let Ae TO(M), Ey,...,E, aframe field. Then,

(CabA)(Xl7-~-;Xs—2):ZemA(Xlwna Em gesey Em 7...,)(5_2). (121)
m N—— N——
a™ sloth b™ sloth

Indeed, since this is an equality of tensor fields, we only need to verify it pointwise. Therefore, let p € M
and x',... 2" be RNC at p such that 9;|, = E;|, (choose e; := E;|, in [3], 21.17). By multilinearity, we
only need tfo verify (1.2.1) for X; = 9;. But, (1.2.1) reduces fo the usual formula for Cy; A, as given in
[3],(3.2.11), ie. 1o

— omn . .
(CabA)jl,nszfz =9 A]l’my m .., N ,..js-2
~—— ~——
b sioth — b™ sioth

which proves the claim since at p (by [3], 2.117) ¢™"(p) = €, 0™
2. Let A: X(M)* - X(M) be a C*(M)-multilinear map. Then
(ChA) (X1, s Xso1) = D €m (B A(X1y .oy By, Xo1))

m ——
b™ sloth
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Choose RNC as above and note that dz™(9;) = 6" = €mGim(p) = (€mOm, ;). Therefore, (0,,)" =
endr™ (see [3], 1.33). As before, we only need fo check the equality on coordinate vector fields:

(CLA) Dy, 000) PP S A(da™, 0y, O se..r D)
m ~——
b™ sloth

el <é3'24) Z d,me(A(ah s >a’m7 s 76371))

m

= Z€m(8m)b(14(81,...,6m,...,63_1))
= Zem<am,A(81,..., 8m ,...,83,1)).

——
Em(p)

Remark 1.2.4. Frame fields serve as an alternative tool for tensor calculations, offering an approach dis-
tinct from local coordinates. However, when proving an identity involving derivatives, a pointwise argument
becomes unfeasible. Consequently, determining the most advantageous approach between utilizing frame
advantages and other methods becomes a case-by-case decision.

(Ei, Ej) = 0i5¢; (instead of (0;,0;) = gi;)
or use the advantages of a coordinate basis, for example
[0;,0;] =0 (but [E;, E;] +0).
We initiate our discussion on the local existence of frames by initfially focusing on frames along a curve.

Definition 1.2.5. Given a C*-curve o : I — M we call a system Ej,..., E, € X(a) (where E; : [ - TM,
7o E; = , see here [3], 1.3.26) a frame field along « if {E;(t)}i-1,....n is an ONB of T, )M, Vte I

Such frames always exist.

Proposition 1.2.6 (Parallel Frames). Let a.: I — M be a C*®-curve and ey, ..., e, an ONB at a(tq) for
some tg € I. Then there exists a unique parallel frame field F1, ..., E, along « such that E;(tg) = e;
forall 1<i<n.

Recall that parallel means that induced covariant derivatives of all E; vanish along o (see [3] affer
(1.355)) ie.
VE;

By ="

0

where

A o
Z, = (dt + FZQJZZ) ak

c(t)

Proof. By [3] 13.28, there exist unique parallel vector fields E; € X(a) with E;(tg) = ¢; for all 1 <4 < n.
Parallel transport is an isometry ([3], 1.3.30) and so Ey(t),...,E,(t) is an ONB for all t e I. O

Corollary 1.2.7 (Local Frames). Every p € M possesses a neighborhood on which there is a frame
field.
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Proof. Let {e1,...,e,} be an ONB of T, M. Choose a small normal neighborhood U around p ([3], 2.1.14).
For any radial geodesic ([3], 2.1.15) v emanating from p we parallel transport {e1,...,e,} and get a frame
field E1, ..., E, on U (Proposition 1.2.6). Parallel tfransport is given as the solution to an IVP of a (linear) ODE
([3], 1.3.28) so the E; depend smoothly on parameters and initial data. Therefore, E1, ..., E, ¢ X(U). O

In summary, within a local confext, we constantly have access to both coordinates and frame fields,
allowing us the flexibility to employ whichever best suits our calculations. Let's continue by exploring additional
examples.

Example 1.2.8.

1. Divergence. For X € X(M)
divX =C(VX)eC™(M),

(see, [3] 3.2.7). In a frame this equation takes the following form:
divX =3 e (Vi X, Ei) .

Indeed, choosing RNC at a point p with 9;|,, = E;|,, we get
C(VX), = VX(dz',0)lp = Vo, X (da")|, = da' (Vo, X)),
R Y€V, X,0i) =Y € (Ve X, Es).
2. Ricci-tensor. The Ricci-tensor is defined as Ric = C;(R) (see 3.3.1in [3]). In a frame, it takes the form

Ric(X,Y)=> en(Rxp,Y,En)

since

Ric(X,Y) CHR)(X,Y) "2 Y e (Em, R(X,Y, En))

Zem (RYE,”Xy Em) = Zen <RXE,,LK Em)a
m m

where in the third equality we used the convention from 3.2.4 in [3] and in the fourth pair symmetry
(i.e. property 4. from the beginning of this section).

1.3 Semi-Riemannian Submanifolds

In this section, our focus lies on studying the (M, g) of a SRMF (M,g). Let j: M = M be the inclusion.
Then g = j*g.

R?

nota T

SRSMF

SRSMF /
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We write (,-) for both g and g. Our goal is to relate curvature quantities in M and M. We will compare
¥V with v, R with R, et cefera.

Definition 1.3.1. Let M < M be a smooth submanifold of a SRMF. Then we call X a vector field on j : M < M
(ie. X : M — TM is such that w37 0 X = j, compare with [3], 1.3.26)

T™M
%\LWM

an M-vector field on M.
Furthermore, we write

X(M):={X eC®(M,TM): X is a vector field over j}.
Remark 1.3.2.

- X e X(M) assigns fo each p € M some X, € T,M in a smooth way ie. for all f e C*(M),
X(f) eC®(M). Hence, the set X(M) is a C*(M)-module. X(M) is a submodule of X(M). Also, if
X € X(M), then X[y € X(M) (but, in general, not in X(M)).

- Since M is a SRSMF, by definition gl|r,as = j*g(p) is non-degenerate and hence T,M < T,M is
non-degenerate (see [3], p.5), so o
T,M = T,M & T,M*. (13.1)

/\/\oreover,iTpMl is non-degenerate as well ([3], 1.1.10) and the diLnension of TpMl is the codimension
of M in M. The index of §|TPML is called the coindex of M in M. We have

ind(M) = ind(M) + coind(M)
(see [3], 1.1.15).

- We call elements of T),M tangential to M and those of T,,M* normal fo M. By (1.3.1) every = € T, M
has a unique decomposition
x =tan(z) + nor(x)
——— N——
eTp, M e Tpl\/IL

and we denote the respective orthonormal projections by tan : Tpﬁ - T, M and nor: TpM - T,M*.
Those are clearly R-linear.

Definition 1.3.3. A vector field Z is called normal to M if Z, € T,M* for all pe M.

Remark 1.3.4. The set of all such vector fields X(M)* is also a C* (M )-submodule of X(M).

Lemma 1.3.5 (Hicks, 1963.). Let M"™c ka be a SRSMF and p € M. Then there exists a neighbor-
hood W of p and Ex, ..., Ep, € (W) such that for all ¢ € W (E;|g)i=1,....n is an ONB T, M and
(Eilg)j=n+1,....k is an ONB of T, M*.

Proof For M a RMF consider an adapted chart (z',...,2™*") around p and apply Gram-Schmidt to
{01,...,0n1k}. For general SRMF M there might be null-vectors (during Gram-Schmidt process we nor-
malize vectors, which could result in division by zero). Let X;,...,X,.; be an ONB for T,M such that
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Xi,...,X, isan ONB for T,M and X,+1,..., Xn+k an ONB for T, M* (see [3], 1112).

1. There exists a chart (¢ = (2',...,2"*%),U) of M at p such that -2 ,=Xiwhere 1<i<n+k.

To see this, let (¢,U) be any chart of M at p and let Y; := T,3(X;). Let A e GL(n + k) be such that
—

c Rn+k

1 - -
A-Yi=ei=| —— |forallie{l,...,n+k} and ¢ : U — R™* where p(q) = A-$(q). Then (¢,U) is

i place
0
a chart at p and T,p(X;) = A-T,p(X;) = e;, which implies that X; = (T,) " (e;) = %|p.
————
=i

2. There exists an adapted chart of M 1 = (y*,...,y™**) at p such that 6%|p =X; forall1<i<n
Indeed, let ¢ be as in 1. and write

Sp:(.%'17...,xn,xn+1,...7xn+k)E((p',gp"):( pry o<p7pr‘20<p),
——
]Rn+k S R™
%h, = X, are linearly independent and so T,(¢’|ar) is invertible. We have T,o(X;) =e; for 1 <i<n,

and X; is a basis of T),M. Hence,
Ty (') (Xi) = Tp(pry o plar) (Xi) = pry o Tp (el ) (Xi) = pry o Tpp(X) = e

for 1 < i < n, implying that ' a chart of M at p. Without loss of generality p(p) = 0 € R™*F.
Furthermore, we can pick a > 0 so small that

@ U {xeR":|z'|<afor1<i<n}

is bijective (Inverse Function Theorem). Making a even smaller we can also have that

©:U—{zeR"™ |z <aforl<i<n}

is bijective.

a SO(U)

RTL
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For G € U let n(g) be the (unique) element of U such that
¢'(7(@) = ¢'(2) (132)
ie. 7(q) = (¢'|u) " (¢'(Q),0). Therefore, 7 is well-defined as well as smooth since
¢luomop™ =pry.

—_——
pryo¢

Y=g
w// — S0// _ s0// T

Note that ¢ is smooth on U. We prove that
U={gel:y"™ (@) ==y""(@) =0} = {geU:¢"(q) = 0}.
If "' () = 0 for some G € U then ¢”(q) = ¢ (7(3)) and ¢'(7) = ¢'(7(q)) (see (132)). Therefore,

Let o = (y!,...,y"™**) be as follows:

©(q) = p(m(q)) and so, since @ is a chart, g=7(q) € U.
Conversely, if g € U since 7|y = id, we are done.
Ty = (T, Tpp" = Trpy” - Tpm). where m(p) = p since pel. For 1 <i<n
0
1
——

TpSDI(Xi)) ~ i™ place

pr(Xi):(Tng"(Xi) for all ié{l,...,n}

and so T,"(X;) = 0 for 1 <i < n. Since {X;}i-1,...n are a basis for T,M, T,¢"|r,n = 0 and
Tpp" o Tpm =0. Therefore,
N——
Ty M—Ty M
Ty =Tye

(in particular; ¢ is a chart around p), T, (X;) =T,(X;) =e; for 1 <i<n+k and so X; = a%\p.

3. Existence of E;.
Shrink U so that ( o 0 ) is hear +1 for all ¢+ and ( o0 ) ~ 0. Now apply Gram-Schmidt:

Oy’ Oyt Byt Dyl
0
E = -
1 ayl
~ 0
—_—~
<ay23E1)
E, = 8y2_mE1 = (FE2,E3) ~ (0y,,0y,) ~ 1
———
~1
<ay37E1) (8y3,E2)
E = Oy, — Eq - E Ea. E2) ~ (O 9 o+
’ (BB (B, E) 2 == (B3, E3) ~ (9yg, Oy ) ¥ 2
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Remark 1.3.6. As a consequence of the previous lemma, we have that for every X e X(M)

n n+k
X:ZEi<X7Ei>Ei+ Z 61<X,EZ>EZ
i=1 i=n+1
tan(X) nor(X)

where tan(X) € X(M) and nor(X) e X(M)*. In other words, X(M) = X(M) & X(M)*.
Moving forward, both V' and W will consistently denote tangential vector fields to M, whereas Z will

consistently represent a hormal vector field.

Lemma 1.3.7 (Extensions of Functions and Vector Fields). Let M™, N™ be C*-manifolds, j : M — N
an immersion and p € M. Then

1. for all f € C=(M) there exists f € C*°(N) such that near p
f=Foij.
2. for all X e X(j) there exists X € X(N) such that near p
X =Xoj.
Proof.

1. From [2] we know that there exist charts ¢ of p and 1) of j(p) such that pro o j = ¢ where pris a
suitable projection from R™ fo R™. Choose f € C*°(NN) such that near j(p)

f=fogptoproy
(use a partition of unity). Then near p
foj=fogpoprogoj=Ff.

N———
=@

2. Locally around p we have X (q) = f*(q)9,:|;(p) Where the y* are coordinates with respect fo ¢ and f*
are C*° (M)-functions. Extend f? to f? as in 1. and set X = fidy’. Then X o j = X near p.

O
We now want fo find a ‘connection’

V:X(M)xX(M) - X(M)

induced by the connection V on M. However, for V € X(M) and X € X(M) Vy X is a priori not defined
since V expects arguments from X(M). The idea is to extend X and V' as in Lemma 1.3.7 fo vector fields
X and V and set

Vv X :=VyX|m, where V, X e X(M). (13.3)

Lemma 1.3.8 (Induced Connection). The map defined in (132) is well-defined i.e. it does not depend
on the choice of extensions V, X of V and X. It is called the induced connection of M on M.
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Proof. Yy X is smooth since V, X € X(M) (see [3], 1.31). To show independence of the choices of V and
X fix p e M and pick an adapted chart (U, z',...,2"**) of M around p (dim M =n, dim M = n + k). Then

V=V'0;,X =X79; where V' e C*(M nUf) for 1<i<nand X" eC®(MnU) for 1<i<n+k

and

Forge M nU o N N 4
Vo (X7) =V(q) 0i]4(X7) = Vo (X7) (134)
—_——

Vig) 9ilq(Xx7)
for 1<i<n

and moreover B B B
Vi (9)lq = Vi, (95) = Vv, (), (135)

where in the first equality we used the fact that connection is always tensorial in the first slot. Finally,

_ _ 13175, o ~ — (1.3.4),(1.3.5) i j =
Vo X ) 1 VED 051, + X () T50) 7727 V(X1 + X (0) Vv, (9))
= X799,

and so we see that WVY only depends on V and X. O

Proposition 1.3.9 (Properties of the Induced Connection). The induced connection V : X(M) x
X(M) - X(M) on M c M has the following properties for VW e X(M), X,Y € ¥(M) and
feCe(M):

(V1) Vy X is C®(M)-linear in V,

(V2) Vy X is R-linear in X,

(V3) Vv (fX)=V(f)X + fVy X (Leibniz rule),

(v4) [V,W]=VyW -VwV (torsion-free condition),

(v5) V{X,Y)=(VyX,Y)+(X,VvY) (metric property).
Proof. Locally extend V, W, X, Y to vector fields V,W,X,Y on M. Then for V.W,X,Y properties (V1) -
(V5) of V are satisfied. The result follows from following observations:

1. VVYW = Vv X holds by definition (see (1.3.3)).

2. V(lar = V(f) (see (1.3.4)).

3.(X,Y)|m = (X,Y) (M is a SRSMF of M).

4. [V, W]lp = [V,W] (since V ~; V, W ~; W, we get [V, W] ~; [V,W]: see [2], 2.3.16).

O

Note that for V,W € X(M), Vv W ¢ X(M) since the derivative might have non-tangential directions (see
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[2], Section 3.2). Consequently, our inferest lies in studying both tan(Vy W) and nor(Vy W). We'll discover
that tan(Vy W) corresponds to something already familiar, while hor(Vy W) introduces a new concept.

Proposition 1.3.10 (fanV). Let V,W € X(M) and M be a SRSMF of M. Then we have

tfan(Vy W) = vy W,

where V is Levi-Civita connection on M.

Proof. Let X € X(M) and choose extensions V,W and X, as in Lemma 137. Then by the Koszul formula
for M ([3], (13.10))

2T W, X) = V(W X) + W(X,V) - X(V, W) = (V, [W, X]) + (W, [X,V]) + (X, [V, W])
= F(V,W,X). (136)

As in the proof of Proposition 1.3.9, we find that
M E (Vo W, Xr) = (Vv W, X),
a EVIW, X)) 2V (W, X)),
. - = 4.
(V. [X, W]in)) = (V. [X, W]).

g

=

>
|

=
B
3
B

Nw

So the restriction of equation (1.3.6) gives
2(VvW, X) = F(X,Y,2) =2(Vy W, X) = (Vv W, X) = (Vv W, X),

where rhs. Koszul formula characterizes Levi-Civita connection on M (see [3], 1.3.4). Finally, since X is
tangential (X € X(M)!), we have

(Vv W, X) = (tanVy W + norVy W, X) = (tanVy W, X ),

which, because of non-degeneracy, implies that tanVy W = vy W. O]

Lemma 1.3.11 (Second Fundamental Form). The mapping
I: X(M) x X(M) - X(M)*
I(V,W) = nor(Vy W)

is C* (M )-bilinear and symmetric. We call it the second fundamental form or shape tensor of M in
M.

Proof. C*°(M)-linearity in V' and R-linearity in W follow from (V1) and (V2) of Vi W in Proposition 1.3.9.
To prove C* (M )-linearity, we will need

vy

from Proposition 1.3.9 in order to obtain

IV, fW) =nor(V(fW)) =V (f)norW + fnor(Vy W) = fI(V,W),

=0

V(W + fVvW
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where the second equality holds because nor is C*°(M)-linear. Lastly, we prove symmetry:

bilinearity

(V. W) - 1(W,V) nor(Ty W =T V) "= nor([V, 1) =0,
since [V, W] e X(M). O

Remark 1.3.12. Even though I is not a fensor field on M (since it takes values in X(M)*), C* (M )-bilinearity
still implies, akin to the fensor case, that I behaves as a ‘pointwise object’. This implies the ability to insert
individual tangent vectors into it. Therefore, I(V, W)|, depends only on V(p) and W (p) (proof as in the
tensor case, see [2], 41.19). Consequently, at any point, I defines a bilinear map:

I, : T,M x T,M — T, M*
(v,w) » L (v,w).
By Proposition 1.3.9 and 1.3.10, we have that
Vv W =tan(Vy W) + nor(Vy W) = Vy W +L(V,W), YV, W € X(M) (137)
—_— —
xX(M)  x(M)*
We derive the fundamental result concerning the curvature of SRSMF, known as the Gauss equation,
from this observation.
Theorem 1.3.13 (Gauss Equation). Let M be a SRSMF of M with Riemann tensors R and R, respec-
tively. Then YV, W, X, Y € X(M)
(RvwX,Y) = (Ryw X,Y) + (I(V, X),I(W,Y)) - (I(V, Y), (W, X)).

Proof. This is a tensor identity (in the slightly generalized sense of the previous remark) and so we can
argue pointwise. We can assume that [V, W] = 0 (see the proof of [3], 3.L.2). Then

<§VWX7 Y) =—(VW)+(WV),
where

VW) =

(1.3.7)

ﬁVﬁWXaY
VvVwX,Y)+ (VvI(W, X),Y)

Vy Vi X,Y) (0 - (I(W, X), nor(VvY)))

<
<
1.:3.1(;,(%) (
(
(VyVw X, Y) = (I(W, X),I(V,Y))

)
)
VvVw X, Y) + (V(I(W,X),Y) - (I(W, X),VvY))
)
)

where in the third equality the normal part vanishes because Y is tangential. Finally, we obtain

(RvwX)Y) = (WV)-(VW)
= ((VwVy - VyVw) X, Y) - (I(V, X),I(W,Y)) + (I(W, X),[(V,Y))

Ryw X

O

As the Gauss equation represents a tensor identity, we have the flexibility to insert individual tangent
vectors into the equation.
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Corollary 1.3.14 (Gauss Equation for K). Let v,w € T,M span a non-degenerate tangent plane of

M. Then
(I(v,v),(w,w)) = (I(v,w),I(v,w))

K,w) = K(v,w) + Q(0w)

Definition 1.3.15. Since I is a (0, 2)-tensor with values in X(M)* it can be metrically contracted to give a
normal fensor field on M. The result of this contraction is called the mean curvature vector field. At p in
M it is given by

1
H,:= - Zei]l(ei,ei),
where n is the dimension of M and e, ..., e, any frame of T, M (see here Example 1.2.3, 2).

Example 1.3.16 (Sectional Curvature of Spheres). Sectional curvature of the n-sphere S"(r) = {z ¢ R"*! :

|| =7} is given by
0 =1
K:{l’ "
2.

72 n 2z

Indeed, in the case of n = 1 the result is clear from Example 1.1.6 (2.). Therefore, let n > 2 and denote by
P(u) =Y u'0;

the position vector field on R™*!. Then P1S"(r) at every point of S"(r). Let ¥ be the (flat) connection on
R™! For all Y70 X (u?) = X e X(R™) (like in [3], 13.10), we have

n+1l . o
TxP =3 (X(u')d; +u' Vo, (P)) = X.
i=1 N~——

=0

Let U := %P be the outer unit vector field on S™(r). Then

IV, W), 0) = (rory W, U )= (Tuw,0) = Ty W, P) D L w 5vp) = L vwy,
—— T T T
e X(S™)*

where the fourth equality follows from (V5) since 0 = V{( W , P ). Since I(V,W) € X(S™(r))* it is
—— Y~

€ TpM € T‘p]\4L
proportional fo U. Hence,

I(V,17) = = (V. W) U,

Since R™*! is flat (K = 0), we obtain the following result from Corollary 1.3.14:

=1

1 — 2
K(v7w):0+ ﬁ((’U,’U)(U,U)(U),w)—h]Z,’w) ) :%.
('va> <w7w) - (v,w) r

As seen in the previous example, specific simplifications arise when M has a codimension of 1. We will
explore this scenario in the upcoming discussion.
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1.4 Semi-Riemannian Hypersurfaces (SRHSF)

Definition 1.4.1.
- A semi-Riemannian hypersurface (SRHSF) M of M is a SRSMF of codimension 1.

- The index of all the 1-dimensional spaces T),M* is called co-index of M and it fakes values in 0 or 1.
Definition 1.4.2. The signum ¢ of a SRHSF M of M is:
+1, if the coindex of M is 0 ie. if for all pe M and for all 0 # z € T, M*

(z,2)>0.
-1, if the coindex of M is 1 i.e. if for all pe M and for all 0 z € T, M*
(z,2) <0.
Remark 1.4.3. We have that
ind(M) =ind(M) < e=1and ind(M) =ind(M) -1 < e=-1.

If M is Riemannian, all SRHSFs are of signum 1 and hence M is also Riemannian. We call it Riemannian
hypersurface (RHSF). If M is Lorentzian (i.e. if M has index equal to 1 according fo [3], text under 1.2.1),
we call M:

. spacelike if € = -1 (i.e. if M is Riemannian) and

« timelike if € = 1.
Hypersurfaces are offen defined as zero sets of regular functions.

Proposition 14.4 (SRHSFs as Zero Sets). Let f € C*(M), c € f(M). Let M := f~'(c) and assume
that (grad(f),grad(f)) >0 or {(grad(f),grad(f)) <0 for all pe M. Then M is a SRHSF of M with

signum(M) = sgn(grad(f),grad(f))

._ _grad(f) ;
and U := Tarad (P is a unit normal vector for M.

Proof.
grad(f)|, # 0 = df|, #0, Ype M = f is regular

and therefore M is a codimension 1 sub-manifold of M (see [2], 1.1.8). For every v € T, M, we have that

{grad(f),v) =v(f) =v(flar) =0 (141)

ie. grad(f)|, € T,M*. Since T,M* is 1-dimensional, grad(f)|, spans it. To show that T,, M is non-degenerate
it is (by [3], 1.1.10) enough to show that T,,M* is non-degenerate. Indeed, let v, w € T, M*. Then there exist
A, v € R such that v = X-grad(f)|, and v = - grad(f)|,. If (v,w) = 0 for all w € T,M*, then

Ap{grad(f),grad(f)) =0 Vpu,

+0




20 Chapter 14. SEMI-RIEMANNIAN HYPERSURFACES (SRHSF)

A =0 and, consequently, v = 0. Finally, Wl(f)ugmd(f) =U e T,M* by (14.1). O

Remark 1.4.5. If M is Lorentzian then, if grad is spacelike, M is timelike and, if grad is timelike, M is
spacelike.

Example 1.4.6.

1. Let f:R™! = R such that .
fu) =Y (u')?.
Then f~1(r?) = S"(r). S™(r) is Riemannian since M = R"*1,
Also note that grad(f) = 2P, where P is position vector field from Example 1.3.16.

2. Observe that not every SRHSF is (globally) a level set of a C*-function f (for example, M&bius strip).
However, locally, every SRHSF is of this form.

For SRHSFs the second fundamental form 1 can be described in simpler terms. Let U be a unit normal

vector field, pe M and V € X(M). Then
T,M>ww~ (I(V,,w),U,) eR
is linear: Hence, there exists a unique vector S(V'), € T,,M such that
(S(V)p,w) = (I(Vp,w),U,), YweT,M.
Varying p we obtain S(V') e X(M) via a local frame E; of M:
S(V) =2 ei(S(V),Ei) E; = Y i (I(V, Ey),U) E;.

eC™
Moreover, V + S(V') is C*°(M)-linear, hence S(V) € T{H(M).
Definition 1.4.7. Let U be a unit normal vector field of the SRHSF M in M. The (1,1)-tensor field S with
(S(V), W) =(I(V,W),U), VV,W e X(M)

is called the shape operator (derived from U) of M in M.

Lemma 1.4.8 (Form of the Shape Operator). Let S be the shape operator derived from U. Then
S(v) = -V,U, Yv e T,M, where pe M

and Sy, : T, M — T, M is self-adjoint.

Proof. Let V,W e X(M). Then

(S(V), W) =TV, W), U) = (Ty W,U) = = (W, Ty U) = S(V) =Ty U,

where the second equality holds since U is hormal and the third one follows from (V5) since V (W, U) = 0.

N——
=0
Finally, self-adjointness follows from symmetry of T (see Lemma 1.3.11)

(S(V), W) = (I(V, W), U) = (I(W, V),U) = {S(W),V).
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]
Remark 1.4.9.

1. S describes the shape of M in M; Vy U is the change of U in direction V. It describes the behavior
of U and hence also of T}, M.

2. In classical terminology, sometimes the (0, 2)-tensor
B:=|1 S
is called 2" fundamental form.
3. If U is only locally defined and we replace U by -U, S changes sign as well. Therefore, even if there
is no global unit hormal vector field S is defermined up fo sign.

We close this section by deriving the form of the sectional curvature for SRHSF.

Corollary 1.4.10 (Gauss Equation). Let S be the shape operator of a SRHSF M ¢ M. If v,w span a
non-degenerate tangent plane in T, M then

(Sv,v) (Sw,w) - (Sv, w)*
Qv,w)

K(v,w) = K(v,w) +e

Proof. U, is an ONB of T,M*. Therefore,

T,M* 5 1(v,w) = e(I(v,w),U,) Up = € (Sv,w) U,,.

Insert this into Corollary 1.3.14 and note that (U,,Up) =€ O

1.5 Geodesics in SRMFSs

We'll start by adapting Vi W = vy W + I(V, W) to vector fields on curves.

Proposition 1.5.1. Let a: I - M™ c M be a C®-curve and let Y € X(a) with Y (t) € T,,;)M for all
tel (ie. Y is tangential to M). Then

Y=Y +I,Y).
N—— —_

tangent normal

Here
VY

. vY
Vis) =YX and Y'(s) =
ds



22 Chapter 1.5. GEODESICS IN SRMFSS

(Note that & = o/ = 42)

Proof. Without loss of generality assume that « lies in a single adapted chart domain of M. Then

Y =3 Y'0;]q, where Y': I - R.

=1
[3] 1.3.27. implies that '
Y= - 0ilat 2 Y (Ola) -
i=1 @S i=1

Now
37)

(i) = Var (@) V27 Var(8) + (e, 0y)
where the first equality holds by [3], 1.3.27, (44i). Therefore,
. n dyz n ; n ; ,
Y2276i|a+ Y Va'(8i|a)+zy H(Oé ,8i|a)
- ds i=1 i=1

3 =

proves the claim since, by [3], 1.3.27,

Z L87|O, + Zylva/(ﬁﬂa) = Y’
i1 ds i=1

and Y7, YI(o/, 8;la) = 1(c, ). O

Corollary 1.5.2 (Acceleration). Let ow: I - M ¢ M be a C*-curve. Then
a=a"+1(c,a),

where & denotes acceleration in M and o acceleration in M.

Proof. From Proposition 1.5.1 (recalling that & = o') we get that
a=(a) +I1(a,a) =" +1(a/,a).
L]

Remark 1.5.3. This gives us another nice way of seeing that I describes the shape of M in M. Let p € M,
v e T,M and ~, an M-geodesic with ,,(0) = p and ~,,(0) = v. Then =, is ‘straight’ in M i.e. v, = 0. Therefore,
all curvature of 7, in M comes from it being forced to stay in M ie, by Corollary 152, ¥,(0) = I(v,v).
According fo Corollary 1.5.2 a curve v is an M-geodesic if and only if 4 is normal to M. Indeed, assume ~
is an M-geodesic. Then

F=9"+1(v",7),
where 4" = 0 since v is an M-geodesic. Therefore, 5 is an element of T}, M*. Conversely,

' =4 -1y, ) e T,M*,
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while 4" € T, M. Therefore, v/ = 0 and so + is an M-geodesic.

Therefore, an M-geodesic moves freely within M but experiences a ‘force’ normal to M within M that
confines it to remain on M.

Example 1.5.4 (Geodesics on the Sphere). The geodesics on S™(r) are precisely the great circles (parametri-
zed with constant speed). A great circle on S™ is a circle II n S™ where II is a 2-dimensional plane through
0 e R™! Let v be such a curve (parametrized with unit speed). Then

A
c={(¥,9) == (¥,%) =0 =414 and 4,5 e IL.

Let P: 2~ z be the position vector field on R™*!. Then P, € II but
Pryly = 4 o« Py == 415" == ~ is a geodesic by Remark 1.5.3.

Conversely, let v be a non-constant geodesic on S™ and let II be the
plane through 0, 4(0) and where 4(0) lies. Parametrize II n S™ as a
suitable constant speed curve « such that a(0) = y(0) and &(0) = ¥(0).
From the above, « is a geodesic. By unique solvability of the initial value
problem for the geodesic equation, a = 7.

Example 1.5.5 (Exponential Map of S™ at p).

- -

Let v € T,,S™. Then exp,, maps (by Example 1.5.4) the straight line ’:\f/_'_()__:’ T,S™
tv € T,,S™ to the great circle through p tangential to v. Hence,

exp,,(tv) = cos(t)p +sin(t)v. |

The (n — 1)-spheres t = constant are mapped to ‘spheres of lat-
itude’; hence S™ !-spheres in S™ which are given by the inter-
sections of S™ with planes normal to the ‘axis’ {-p, p}. For ¢ = kr
(k € Z) these spheres collapse to p and —p, respectively.

We explicitly see that exp,, is a diffeomorphism (see [3], 2.114) of

Sn

D ={veT,S": |v| <n} to S"\{-p}.
Therefore, S™\{-p} is a normal neighborhood of p.
'=p
Now, we furn our aftention to the simplest SRMFSs—those that appear flat when observed from M.
Definition 1.5.6. A SRSMF M of M is called totally geodesic if I=0 on M.
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Theorem 1.5.7 (Totally Geodesic SRSMF). For a SRSMF M of M the following are equivalent:
1. M is totally geodesic ie. I =0.
2. A curve v in M is an M-geodesic if and only if it is an M-geodesic.

3. Letpe M, veT,M cT,M. Then the M-geodesic 7, (7,(0) = p, §,(0) = v) lies in M initially
i.e. there exists an open interval I > {0} such that ~,(t) € M for all t € I.

4. Let c be a C=-curve in M and v € Ty gy M. Then the M- and the M -parallel transport of v
along ¢ coincide.

Proof.
(1. - 4.) Let V be the M-parallel vector field along ¢ with V' (0) = v. By Proposition 1.5.1

V=V'+1(,V)
N——
=0

and V is also M-parallel.

(4. - 2.) From [3] we know that 7 is an M-geodesic if and only if 4" is M-parallel. By assumption, '
is M-parallel if and only if 4" is M-parallel, which is the case if and only if v is an M-geodesic.

(2. - 3.) Let a: I - M be the M-geodesic with a(0) = v,(0) = p and a’(0) = v. From 2. we have
that « is also an M—geodesic and from in [3] that « = 7,|;. Observe here that v, can leave M. For
example, consider an open disc in R? and observe a radial geodesic +,(t) starting at its centre. For
some t, the geodesic leaves the disc.

(3. > 1.) Let v e T, M. From Corollary 1.5.2 we get that

o=y +1(v,0) = I(v,0) =0

and so T =0, by polarization. 0 =T(v + w,v + w) = I(v,v) + 2I(v,w) + l(w, w) = 2I(v,w).
O

Example 1.5.8. For 52 exactly the great circles are fotally geodesic 1-dimensional submanifolds (see property
3. in the above theorem).

In the following result, we demonstrate that the number of totally geodesic SRSMFs is limited.

Proposition 1.5.9. Let M and N be SRMFSs of M that are complete, connected and fotally geodesic.
If there is p e M n N such that T,M =T, N, then M = N.

Proof. By symmetry, it suffices fo prove that if M is connected, N complete and both are tfotally geodesic,
then M < N. To this end, let v be an M-geodesic connecting two points, p and q, in M. From Theorem
157 (2.) it follows that « is also an M-geodesic. 4(0) € T,M = T, N by assumption and so, by Theorem
157 (3.) ~ is an N-geodesic initially. Since N is complete, v lies in N for all times. Hence, q is in N.
By Theorem 157 (4.), T,M = T,N (since parallel transport is an isometry by 13.30 from [3] and since all
parallel transports agree). Since M is connected, every g € M can be reached by a broken geodesic (see
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[3], 2.1.16). Therefore, any point in M lies in N as well, by iterating the above and so M ¢ N. O
Example 1.5.10.

1. Let W be a k-dimensional subspace of R. We call tfranslates W + z, k-planes. The non-degenerate
k-planes are fotally geodesic SRSMFs of R” by Theorem 157 (2.). Moreover, by Proposition 1.5.9, they
are the only totally geodesic SRMFSs of R which are complete and connected.

2. The complete, connected, fotally geodesic k-dimensional RSMFs of S™(r) are the k-great spheres i.e.
the intersections W nS™(r) with W, where W is a (k+1)-plane through 0 in R™*, Indeed, W n.S™(r)
is totally geodesic: W n S™(r) is a sphere in W. By Example 15.4 geodesics in W n S™(r) are (parts
of) great circles in WnS™(r), hence in S™(r). The claim follows from Theorem 1.5.7 (2.). Conversely, if
M is complete, connected, totally geodesic k-dimensional RSMF of S™(r), then choose a (k+1)-plane
W through 0 such that T, M = T,,(W nS™(r)) (for example, let W := span(T, M, p)). Proposition 1.5.9
implies that M =W n S™(r).

Definition 1.5.11. A point p in M ¢ M SRSMF is called umbilic if there exists z € T,M*, called normal curvature
vector, such that

I(v,w) = (v,w) 2z, Yv,weT,M.

If M is Riemannian, for every unit vector
u, we find that I(u,u) = 2. Consequently, at (
an umbilic point, M bends uniformly in all

u
directions. »r

In the Lorentzian scenario, T(u,u) = +z. Hence, within spacelike directions (ie, when (u,u) = +1), M
bends foward z, while in timelike directions (ie, when (u,u) = -1), it bends away from z.

Definition 1.5.12. A SRSMF M c M is called totally umbilic if every p e M is umbilic.

In this case, we have
IV, W) =(V,W)Z, YW,V e X(M),

where Z € X(M)* is called the normal curvature vector field of M. If is C* since in a local frame of M

b 6iZ|P = (EMEZ) |P ’ ZP dgt ]I(ElaEz)|P eC”.

In particular, a totally geodesic SRSMF (I = 0) is totally umbilic with vanishing Z.
Example 1.5.13. The spheres S™(r) are totally umbilic with Z = —%U, see Example 1.3.16.

In the case of hypersurfaces, things simplify significantly. In this scenario, the normal curvature vector
reduces fo a scalar quantity.

Proposition 1.5.14 (Characterizing Totally Umbilic SRHSFs). Let M ¢ M be a SRHSF. The following
are equivalent:

1. M is totally umbilic.

2. The shape operator of M is scalar i.e. for any choice of unit nhormal vector U there is a scalar
function ky on the domain of U such that

S(V) = kyV, VV e X(M).
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Proof.

(1. - 2.) Let Z be the normal curvature vector field of M in M (ie. I(V,W) @ (V,W) Z). Then for
all V;IWW e X(M), we have

(S(v),w) 271, w),u) L (v, w) (2,U) = (2,U)V, W)

hence, on the domain of U, S(V') =(Z,U) V.
——
= ky

(2. = 1.) As in the proof of Corollary 1.4.10,
I(V,W) = e (I(V,W),U)U = e(S(V), W)U % ek (V, W) U.

If we replace U by —U, S(V') also changes sign (see Definition 1.47) and hence k_y = ~ky. Z = ekyU
is therefore globally well-defined and we have

I(V,W) =(V,W) Z.

O

Remark 15.15. The function k from the above proposition (defined up to sign) is often called the normal
curvature function of M in M.

1.6 The Normal Connection and the Codazzi-equation

We have studied the map (V,W) — Vv W for VW € X(M), where VyW = Vi W +I(V,W). We now
want fo study geometry normal to M.

Definition 1.6.1. The normal connection of a SRSMF M ¢ M is the mapping V* : X(M) x X(M)* — X(M)*,
where

VL Z = nor(Vy Z), YV e X(M), Z € X(M)*.

Remark 1.6.2. V%,Z is also called the cormal covariant derivative (of Z with respect to V); it measures the
rate of change of Z in the normal direction when p moves tangentially in the direction of V.

Lemma 1.6.3 (Properties of V). V' satisfies the following:
(V1) Vi, Z is C*(M)-linear in V,

(V3) Vi.(f2) =V (f)Z + fVi, Z (Leibnitz rule),

)
(V2) Vi, Z is R-linear in Z,
)
(v5) V

where V e X(M), f eC*(M) and Z € X(M)*.
(Note that there is no (V4) since [V, Z] for V e X(M) and Z € X(M)* is not defined!)

(Y,Z)=(ViY, Z) + (Y, Vi Z) (metric condition),

Proof. Properties (V1) — (v3) follow from Proposition 13.9, (V1) - (V3) since nor is C>°(M)-linear. (V5)
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also follows from Proposition 1.3.9 by noting that

(VvY, Z) = (nor(VyY), Z) for Z e X(M)*.

We want to define VL

Definition 1.6.4. Let M c M as before and V, X,Y € X(M). Then
(VwI)(X,Y) = Vi (I(X,Y)) - I(Vv X, Y) - I(X, VvY)
———
eX(M)*
Remark 1.6.5. It is easy fo check that Vi I: X(M) x X(M) - X(M)* is C*-bilinear and symmetric.
Recall that the Gauss equation from Theorem 13.13 describes fan(Ryw X) (since

(RyvwX,Y) = (tan(Ryw X),Y),

for Y e X(M)) via L

Theorem 1.6.6 (Codazzi-equation). Let M ¢ M be a SRSMF and let V, W, X € X(M). Then we have
nor(Ryw X) = —-(VvID)(W, X) + (VwI)(V, X).
Proof. Codazzi-equation is pointwise, so without loss of generality, we can assume that [V, W] = 0 (see the

proof of Theorem 1.3.13). Then
nor(RywX) = (VW) + (WV),

where
3

(VW) = nor(Ty Tw X) 27 nor(Ty Vv X) + nory (I(W, X)).

By Lemma 1311, nor(Vy Vi X) = I(V, Vi X) and, by Definition 1.6.1, horvy (I(W, X)) = Vi (I(W, X)).
Therefore, by Definition 1.6.4,

(VW) =I(V,vwX) + (Vv (W, X) + I(Vv W, X) + (W, Vv X),
In —(VW)+(WV) the first and last terms cancel in pairs and the third terms cancel due to [V, W] =0. O
Definition 1.6.7. We call Z € X(M)* normal parallel if V{,Z =0 for all V e X(M).

When dealing with constant curvature and hypersurfaces, matters simplify.

Corollary 1.6.8. Let M ¢ M be a SRSMF with constant curvature. Then

1. the Codazzi-equation takes the simpler form

(VvD(W, X) = (VwD)(V, X), VYV, W, X € X(M).

2. if M is a SRHSF with shape operator S, then

(Vv S) (W) =(VwS)(V), YV, IW e X(M).
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Proof. 1. By Corollary 1.1.12 Ryw X is tfangential. Now the result follows easily from Theorem 1.6.6.

2. Let S be derived from U (see Definition 1.4.7). For all X € X(M)
0=Vx(UU)=2(VxUU) = VxULU,

where the first equality holds since (U,U) = +1. Since M is a SRHSF, Vx U is tangential ie. VU =0
for all X and so U is normal parallel. 2. is a pointwise equality so we can assume that all covariant
derivatives of V, W, X with respect to each other vanish at p (see 2.117 in [3]). Then, at p,

Vy(S(W)) =(VyS) (W) + S (Vv W) (16.1)
=0

by the Leibnitz rule for the tensor derivation vy, (recall that S € T;'(M)). Therefore,

(vvs)w),x)y LY

(Vv (S(W)), X)
V({S(W), X))
VAI(W, X),U)

(V(I(W, X)), U) +(I(W, X),VvU),
=0

valpiov (V5)

1.4.7

(V5)

where the last equality holds since we showed earlier that VU is tangential. Furthermore,

(V(U(W, X)), U) = (norT(I(W, X)), U) = (V& (I(W, X)), U) " (Vv I)(W, X),U),

where the last equality holds since ViyW =0=Vy X at p. Hence,

(Vv S)(W), X) = ((TvD)(W, X),U) = (VwD) (W, X), U) = (VwS)(V), X)

and the result follows since X was arbitrary.

Remark 1.6.9 (The Tensor I). Let M ¢ M be a SRSMF.
1. We define the tensor I via
I:X(M) xX(M)* - X(M)
I(V,Z) :=tanVy Z
It is easy fo check that T is C*°(M)-bilinear;
(V, fZ) =tanVv (fZ) =tan(fVvZ) + V(f)Z =tan(fVvZ) = ftan(Vy Z) = fI(V, Z).

——
(7 is normal)
Hence, at every p € M we have a well-defined R-bilinear map
T:T,M xT,M* - T, M.
2. By definition, for all V e X(M) and all Z € X(M)* we have the following analogue of (1.3.7):
VwZ=I(V,2)+ViZ. (16.2)

tangential  normal
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3. T does not contain new information since for all V, W € X(M) and all Z € X(M)*, we have that
(I(V,2),W) = —(I(V,WV), Z).
Indeed, by applying V to (Z, W) = 0 (see (V5), Proposition 1.3.9) we get that
(Vvz,w)=-(2,VvW).

Since -
(Vv z,w) D@V, 2) + vE 2, W) = ([(V, 2), W)

N——
normal

and

(2,5 W) LDz 1V, W)+ v W) = (Z,1(V, W),
——
tangential

the result follows.
4. If some X € X(M)* is important (for what we are trying fo calculate), we also use the notation
S,V =1(V,Z).
From 3. above we get
(SzV. W) = (I(V,W), Z) = (I(W, V), Z) = (SzW, V),

because I is symmetric. Therefore, Sz is a self-adjoint linear map. Furthermore, if M is a SRHSF and
Z = U is a unit normal, then this notation is consistent with the one from Definition 1.4.7.

5. The normal connection induces a corresponding operation on vector fields over curves a: I - M,
where vector fields are normal o M at every point. Let Y € X(«) such that

Y (t) = ToyM*, for all t.

Then A
Y Y
Y'= v>r . norv—.
dt dt
Analogs of the usual properties (cf [3], 1.3.27) hold for V;—ty. Moreover, the analog of Proposition 1.5.1
here is .
Yy ..
AL AR
dS ——

—

tangent normal

Y is called normal parallel if Y' = 0, which induces normal parallel transport analogous fo the one
from [3], 1.3.28. For more details see [4], Chapter 4, 40.



IMPORTANT EXAMPLES OF LORENTZIAN MANIFOLDS

In this chapter, we'll delve into the most significant examples of Lorentzian manifolds. We'll start with the
simplest—Minkowski space—and then proceed fo explore de Sitter and anti-de Sitter spaces, comprising
the trio of Lorentzian manifolds with constant curvature. Following this, we'll delve into Robertson-Walker
spacetimes, crucial models in cosmology. Finally, we'll examine the Schwartzschield half-plane, an essential
model in black hole physics.

2.1 Minkowski Space

Let's start by introducing some notation. For x,y € R™ we write
for the standard scalar product and for = (2%, 2t,...,2"),y = (3°,y',...,y") e R**L
(.) = 2% + Y a'y’
=1

for the Minkowski scalar product. Writing = = (2°,2),y = (v°,9) e R™*!, we get

<<£L'7y>> = _xOyO + <§77 37) .

Definition 2.1.1 (Cf [3], 115, (ii)). An (n + 1)-dimensional Lorentzian manifold is called Minkowski space if
it is isometric (cf [3], 1.2.8) to Ry (cf [3] 1.2.3, (ii)) with the metric

n
g=-dz’ ®dz’ + Z dr' ® dz' = e;dx’ ® dx’,
i=1

{—17 i=0,
where ¢; =
+1

Remark 2.1.2.

1. If n = 3 Minkowski space is the spacetime of special relativity.

30
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2. In 'natural coordinates’ we have (for any n):
gij = €0, is constant
— T%, =0, Vi,j,k (cf [3] 139)
— R =0 (cf [3], 313)
— Ric=0 (cf [3] 33.1)
= S =0, where S is scalar curvature from [3], 3.3.2

= K =0 (see Lemma 1.1.2).

The geodesic equation hence is ¢ = 0 (cf [3], (2.1.2)) and the geodesics are affine-linear parametrized
straight lines.

Definition 2.1.3 (Causality Relations in M).
- Light cone: C = {x e R{"*!: (z,2) = 0}.

- Future/past light cone: C, := {x ¢ C : +2° > 0}.

- Timelike vectors: I := {z e RP™ : (z,z) < 0}.

- Future/past timelike vectors: I* = I, := {z € I : +2° > 0}.

« Vectors from J:=Cul ={xz: {x,z) <0} are called causal when they are different from 0.
cJE=J,=C,ul,={wveJ:+2° >0}
- Null/lightlike vectors: C\{0}.

- Spacelike vectors: (R7*1\J) u {0}. (Note here that null vector is spacelike by definition!)

- Future (past) pointing null vectors: C,\{0} (C_\{0}).

- Future (past) pointing causal vectors: J,\{0} (J_\{0}).

Lemma 2.14. Let z,y € I, and t > 0. Then
1 txel, and
2. x+yel,.
The assertion 1. also holds for I_, C., J, and R?“\J. The assertion 2. also holds for I_ and J,.
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Proof. 1 Letxzel,. Then {z,z) <0 and so
(ta,tz) =t* (z,2) <0 = txel.
Since 2 > 0 and t > 0, we get that tx € I,. The proof is similar for all other cases.

2. Observe that x € I, if and only if 2° >0 and |Z||? < (z%)? (ie. if and only if (z,z) < 0), where | -| is
Euclidean norm. Let z,y € I,.. Then 2%, 4% >0, 2% + 4° > 0 and

(2 +9°)? = (20)” + 227" + (4°)°

>Nz +2- [2l-1gl  +[9l?
——

22(2,9),
by Cauchy-Schwarz

> |2+ 3] = 1@+Fg))*.

Therefore, z +y € I,.

Corollary 2.1.5. I, and J. are convex.

Proof. We only prove the claim for I, since for the other cases the proof is completely analogous. Let
z,yel, and t € (0,1). Then t,1 -t >0 and so, by Lemma 2.14 (1), tz, (1 - t)y € I,. Finally, by Lemma 2.14
(2), tx+ (1 -t)yel,. O

Next, we'll delve into the study of isometries within Minkowski space (refer to [3], 1.2.8).

Definition 2.1.6. A mapping ¢ : R?*! - R"*! is called a Lorentz transformation (L-transformation) if for all
x,y € RP™L it holds that

(Dus Dy ) = (2, 9)-

Remark 2.1.7. Recall that in a vector space V with scalar product g there always exists an ONB (cf [3], 1.1.12)
ie. a dim(V)-tuple of pointwise orthogonal unit vectors {e;};, where v € V is called a unit vector if

1
o] :=g(v,v)|2 =1
(cf [3], 1.111). Then any vector x € V has a unique decomposition

dim(V')
z= > €g(v,e)e;, where e :=g(e;,e;),
i=1
(cf [3],1113). An ONB {bo,...,b,} in R is often called Lorentz-orthonormal. Then,
«bo, b()>> =-1, <<bz,bz>> =1forl1<i< n, <<b“b]>> =0fori+ ]

A simple example is the standard basis {e; }}-,.

Proposition 2.1.8. A map ¢ : R™ — R7*! is an L-transformation if and only if ¢ is linear and
{#(ei) }iy is an orthonormal basis.

Proof. (=) Since {¢(e;), o(e;)) = {ei,e;)) we conclude that {¢(e;)}7 is an orthonormal basis. In order
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to show that ¢ is linear, we write
n
d(z) =) cio(e;), for some ¢; € R.
i=0

Then

(@(2), ¢(e0)) = 2o ci (d(e:), 6eo))
= ZCZ' <<€i760>> = —Cp.

On the other hand,
(@(x),d(e0)) = (. e0) = —2°.

Therefore, ¢y = ¥ and, analogously, ¢; = 2* for all i € {1,...,n}. Hence, ¢(z) = X x'¢(e;) ie. ¢ is linear.
(«) Let ¢ be linear and {¢(e;)}i~, an ONB. Then

n

(o), 0 = 30 2"y (dler), o(e;)) = {z,y) -

4,5=0

Let's how shift our focus to the matrix representations of Lorentz transformations. Let

-1 0
e (d0)
where I, is an (n x n)-unit matrix. Then
n L
<<$, y>> = <{E, Jny> = _xoyo + Z xzy’, Va,y e R;Hl

i=1

where (-,-) is the euclidean product in R™*!. Hence, A € GL(n + 1,R) is the matrix of an L-transformation
if and only if
(z, Jny) = {x,y) = (Ax, Ay) = (Az, J, Ay) = (x7AtJnAy) ,

hence if and only if
A, A= J,.

Proposition 21.9 (The Matrix of an L-transformation). For A € GL(n + 1,R) the following are
equivalent:

1. A is the matrix of a Lorentz transformation.

2. The columns of A are an ONB of R},

3. AT, A= J,.

Proposition 2.1.10 (Lorentz Group).

1. The set of all Lorentz-transformations R+, denoted by £(n +1) = O(1,n), is a group (with
respect to composition).

2. If A is the matrix of an L-fransformation, then det(A) = £1.
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Proof. 1. Let A, B be two matrices of Lorentz transformation. Then

(AB)'J,(AB) = B' A'J,AB = J,,
N— —
In

ie. AB is a Lorentz transformation as well. Furthermore,
At eO(1,n) = (AN T.(A )=, = (A) T, = J,A < J,=A'J, A

2. —1=det(J,) = det(A'J, A) = —det(A)?.

Example 2.1.11 (L-transformations).

0 B

v (1 0\[(-1 o)(1 o) (-1 o) (-1 o).
=5 p)(o 0)6 8)-(0 #e)(o 1)n

2. We call a matrix of the form

1. For Be O(n,R) we have A := (1 0) € O(1,n). Indeed,

sinh(n) cosh(n) 0O
0 0 I,

a Lorentz boost. It is a Lorentz transformation;

cosh(n) sinh(n) 0 1 0 cosh(n) sinh(n) 0O
A'J,A =|sinh(n) cosh(n) 0 (O In) sinh(n) cosh(n) 0

(cosh(n) sinh(n) 0 )
A=

0 0 In—l 0 0 In—l
cosh(n) sinh(n) 0 —cosh(n) -—sinh(n) O -1 0 0
=|sinh(n) cosh(n) O sinh(n)  cosh(n) 0 |=10 1 0 |=dJ,
0 0 I 0 0 I 0 0 I,

where we have used the fact that cosh?(n) - sinh?(n) = 1.
3. Jny—Ins1 € O(l,’n),
(J) Tndu = J5y and (La1)" Tndner = Jn.

4. For all z € I there exists A € O(1,n) such that Ax = ¢-eq, with +¢ > 0 if z € I. Indeed, span(x) is a
non-degenerate subspace of R7*! (ie. (-, -) lspan(z) is non-degenerate). Using [3], 1110, we get that

at={y e R : (2,y) = 0}

is hon-degenerate and Euclidean (cf [3], 11.15). Therefore, z* has an ONB {yi,...,y»} and so
{€0,Yi}i=1,...n is a basis of Ry Then

z =~ (, co) eo + _le«x,yn»yn - e
=0 =c

Choose A such that {eg,e1,...,en} > {€o,y1,-->Yn}-
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Proposition 2.1.12. For x,y € R?*1\{0} the following are equivalent:

L (z,2) = (v, y).
2. There exists A € O(1,n) such that y = Ax.

Proof.
(2. - 1.) This is clear since (y,y) = (Az, Ax)) = {(x,x)).

(1. — 2.) We only prove this for = and y timelike. The other cases are proven analogously Set

=z, z) = (y,v).
<0

By Example 2.1.11 (4.) it suffices to consider ¥ = c-eq, for some ¢ > 0. Without loss of generality, assume
x € I, (otherwise replace z by J,z). Moreover, use B € O(n) in order fo obtain BZ = d-e; (recall,
z = (2°,2)) and let, again without loss of generality, z = (z°,2%,0,...,0). Then —(2°)% + (2!)? =

(@,2) = (y,y) = - ie.
JJO 2 .1;1 2
()
c c
which is a hyperbola. We may parametrize it by i+~ (c- cosh(n), c-sinh(n)). Then
cosh(n) sinh(n) 0O
x =|sinh(n) cosh(n) 0 |y=Ty.
0 0 I,

From Example 2.1.11 (2)) we know that T € O(1,n). Then A:=T~! € O(1,n), by Proposition 2.1.10.

Lemma 2.1.13 (Cauchy-Schwarz Inequality). Let z € I and let z,y € R7*! with (=, 2) = (y, z) = 0.

Then
[§z, ) [ < VI (= 2) VI (y: 9) | (211)

with equality if and only if x and y are linearly dependent, and vice versa.

Proof. We can replace x, z,y by Ax, Ay, Az without changing (2.1.1), if A€ O(1,n). By Example 2.1.11 (4.,
without loss of generality, we may assume that z = c- eq, for ¢ # 0. Then for x = (2°, %)

(z,2) =0 <= 2°=0

o) Q-

and the statement follows from from the usual Cauchy-Schwarz inequality. O

and likewise for y. Hence,

Remark 2.1.14. Nofe that without the assumption {x, z)) = {y, z)) = 0 the above lemma is in general false. For
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n=11ake z =(3,1) and y = (-3,1). Then (z,y) = 3 and (z,z) = (y,y) = 3 but
5 3 /3 3
Vi

Lemma 2.1.15 (Inverse Cauchy-Schwarz Inequality). For x,y € It we have

(2,90 |2 VI (2 2) VI () |

with equality if and only if x and y are linearly dependent.

Proof. Without loss of generality, we can assume ¥ = ¢ - g for ¢ > 0. Then for x = (2°,%) and y = (c,0);

(. y)” = 1z, 2) |- (v, ) | = (@)% = |=(a°)? + |2)* |-

= (@)% = ((2°)* = |2]*) - ¢ = [ 2)*¢* > 0.

Equality holds if and only if |#]* = 0 ie. if and only if z = (2°,0), in which case x and y are linearly
dependent. O

Proposition 2.1.16 (Time-preserving L-transformation). Let A = (a;;)};_o € O(1,n). Then this facfs
are equivalent:

1. ago > 0.

2. AegeI*.

3.A(IT) eI

Proof.

(1. &+ 2.) A € O(1,n) preserves the causal character of vecfors, hence A(I) ¢ I and so Aeg € I.

Moreover,
apo

Aeg = a:1o el < agp>0.
no
(3. = 2.) This is clear because eg € I*.
(2. > 3.) Let z € I'*. By Corollary 2.1.5 I'* is convex and so for all ¢ € [0,1]

z(t)=tz+(1-t)ege " = Ax(t)el

since A preserves causal character. In particular, (Az(t))° # 0, for all ¢ € [0,1]. Since (Az(0))°
Aeg > 0 by assumption, (Az(t))" > 0 for all ¢ € [0,1]. In particular, A(x(1))° >0 and so A(z(1))
Azr el
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Definition 2.1.17. The elements of L' (n+1) = O'(1,n) = {A € O(1,n) : ago > 0} are called time-preserving
or orthochronous Lorentz transformations.

Corollary 2.1.18. £'(n + 1) is a subgroup of £(n + 1). Moreover, for A € L'(n + 1) we have

A(IT)=T"and A(I")=1".

Proof. We first prove that L is a subgroup of L(n +1).
. Let A,Be L' Then

2.1.16 2.1.16
c

(Ao BY(I*) = A(BUIY)) € A e’

and so Ao B e L, by Proposition 2.1.16 (3. - 1.).

- We know that A~teg € I since A™! € O(1,n). Assume that A~ leg e I". Then A7 (—eg) = —A~leg e I*
and
—eo = A(A (~eg)) eI nT* =g,
— Y—.———
el” eIt

which is a contradiction. Therefore, A™tey € I'* and so A™*(I*) c I, by Proposition 2.1.16 (2. - 3.).

Since I* = A(A™'(I*)) ¢ A(I*), from Proposition 2.1.16 it follows immediately that A(I*) = I*. Finally, since
I~ =-I" and A is linear, we are done. O

Example 2.1.19 (Time-preserving Lorentz-transformations).

1. For B € O(n) we have

A:(é g)EET(n+1)

and
-1 0
A:(O B)e,ci(nﬂ),

where L4(n +1) := L(n+1)\L'(n + 1) is called the time-reversing L-transformation.

2. All L-boosts

sinh(n) cosh(n) 0
0 0 I

belong to L'(n + 1) since cosh(n) > 1 for all n e R.

(cosh(n) sinh(n) 0 )

Remark 2.1.20. The following notations for the elements of L are in use:
L Li(n+1)={AecL(n+1):det(A)==1}.
2. L (n+1) =L (n+1)nLi(n+1).
3L (n+1)=LY(n+1)nLi(n+1).
Definition 2.1.21. A map ¢ : R7™! — R?*! is called Poincaré-transformation if it is of the form
o(x) = Ax +b,
where A e L(n+1), be R} We denote the set of such maps by P(n + 1). Moreover, we write

Pln+1):={p(z)=Az+b: Ae LN (n+1)}

and similarly for P*(n + 1).
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Proposition 2.1.22 (Isometries of Minkowski Space). P(n+1) is the group of isometries of Minkowski
space ie. ¢ : R — R is an isometry if and only if ¢ € P(n +1).

Note that ¢ € P(n+1) is not a linear isometry of R7*! if b # 0! Also, distinguish isometries of vector spaces
¢:(V,g) > (W,q) (where ¢: V — W is linear and preserves the scalar product i.e. g(é(z), o(y)) = g(z,y))
from isometries of SRMFs ¢ : (M,g) - (N,h) (where ¢ : M — N is a diffeomorphism and ¢*h = g ie.
(@ h)|p(v, w) = hg ) (Tpp(v), Tpp(w)) = gp(v, w)).

Proof. Let g, = —da® ® dz° + Y7 | da® ® da' be Minkowski metric. For all ¢ € P(n + 1), where ¢(v) = Av +b,
we have that T,¢ = A (for all p) and A € L(n +1). Since A preserves scalar product, ¢ is an isometry
(in the latter sense). Conversely, let ¢ be an isometry. Then, if ¢ is a geodesic, so is ¢ o ¢ and writing
c =t exp,(tX), we obtain the following commutative diagram:

n T n
TPR1+1 T¢(p)R1+1

J’e"pp lexm(p)

R;l-i—l ¢ s R;H—l.

Recall that (using TI,]R}Hl = R?1) we have expp(X) =p+ X. Then we have for p = 0 from the diagram

$(X) = expy(oy (To¢(X)) = Toep (X) + ¢(0)

= A =b
where exp,(X) = X e ToR = R and A € L(n + 1) since Tyé is a linear isometry by definition. O

Remark 2.1.23 (Flat L-manifolds). Examples of L-manifolds with Ry:
1. Open subsets of R7*1.
2. Quotients of Minkowski space:
- Rptl/zn+l = T (n + 1)-dimensional torus.
- R /Zeg = ST x R™,
R Zey @ @ Ze, 2R x T™

2.2 De Sitter Space

After discussing flat space, hamely Minkowski space, in the previous section, let's now shift our focus o
another fundamental spacetime or a family of spacetimes characterized by constant curvature. With this in
mind, let's consider a function f: RP*! — R, where

o (i, z) = ~(20)% + Z()

Then f e C* and
df|, = —22°da® +2 Y 2'da’ £ 0, Vo £ 0.

i=1

Therefore, every ¢ € R\{0} is a regular value of f.
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Definition 2.2.1. Let r > 0. Then we call the SRHSF (cf. Proposition 1.4.4)
Si(r) = £70)

n-dimensional de Sitter space(time).

Remark 2.2.2 (Basic Properties of de Sitter).

1. S7'(r) is a one-sheeted hyperboloid in Ry*:

2. As a C*-manifold S (r) is diffeomorphic o R x S™~! via
Si(r) > Rx S

(20, &) > [2° i’):(azo j;)
’ 7\/’I"2+($0)2 ’ H‘%He
(°,9) = (°, v/ (50)? +79).

3. A global unit normal can be derived from grad(f). Indeed,

The inverse is given by

8 n y 8 n y a
_ o, 0f__ Y i _ 7
grad( f(x)) =2z ( xo) + 2;1&0 i 2i=50x 7

(cf 326 in [3]), where f(x) = (z,z) = —(2°)? + | 2]~

Therefore, grad(f) = 2 x the position vector field (cf Example 1.3.16).
{grad(f(x)),grad(f())) = 4{x,z) = 4f(x) = 4r* >0

and so € =1, implying ind(S7(r)) = 1. Hence, {-,-)) induces a Lorentzian metric on ST (r).

4. The outwards-pointing unit vector field is

3

xi

1 0 1
- - =-X,
T ort r

W) = U) = ;gmdmx» -

I
[}

3

where X is position vector field. Therefore, the shape operator of S7'(n) is:

18 — 3.16 1
S(v) L g, —;V, (221)

since Vy (X) =Vy (in%) = ZV(Ii)aZi +T...=V+0.

Now the 2" fundamental form takes the following form:

KV, W) == (V, W)U
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since (I(V,W),UY) "7 (S(V),W) = -L{(V,W) and (U,U) = +1. In particular, we see that ST (r)
is totally umbilic (cf. Definition 1.5.11) with the normal curvature vector field Z = —%U.

. For the Riemannian curvature Gauss equation yields the following:

1.

1=

(REOxY) ‘3«$§XX»WMWHMWYW—WVWMWXW

1+

0+ 5 ((V,X) (W,Y) - (W, X) (V; V)

and so

R = (VX)W = (W, X) V).

. For the sectional curvature we find for a non-degenerate tangent plane II spanned by V' and W that

(S(V), V) (SW), W) - (S(V), W)

ESSOww)  ME KT (W) +e

Q(V,W)
Coner o LEVIEW) (Vv 1) 1
r2 Q(V, W) r2Q(V,W) 2’

Therefore, de Sitter space has constant curvature ,%

. In order to derive the Ricci curvature we choose a frame (E;)7, of T,,ST(r) and calculate

Ric(X,Y) = iEi«RXEiYaEi»
;iq(«x,y» (B ) - (B Y) (X, E:))
- S Y) - (XYY
- Loy
In other words, Ric = 3t g, implying
g-mn-1)

where the scalar curvature S = C'(Ric) (cf [3], 33.2).

. The Einstein tensor (cf [3], 3.3.5) is then equal to

o1 1 1
G =Ric - §Sg = r—z((n -1)- §n(n -1))g.
In particular, for n =4,
3
G: —ﬁg

Sefting A := 2 > 0, we obtain
G+Ag=0=8T,

where T is energy momentum tensor. S7'(r) is a solution to the vacuum Einstein equations (cf [3],
(3.317)).
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2.21 The Geodesics of de Sitter Spacetime

Remark 2.2.3.

1. In order fo defermine the geodesics geometrically, we consider p € ST (r) and X € T,S7(r)\{0}.
Those two vectors determine a plane E in R7*! ie. E :=span{p, X}.

<>
St (r)
i

We first consider timelike or spacelike X. Then E is hon-degenerate (since p is spacelike) and so
Ry = E@ B+ (cf [3] 1.19).

2. Define A e L(n+1) as the reflection on E ie. let
A|E = IdE and A|EJ. = idEJ..

Then A is an L-transformation.
Indeed, let x = 2p + xp.,y =Yg +yp: € E@® E* =R Then

(Az, Ay) = (A(zp +2p), Alye +ye)) = (ve - 25, yp —yes) = (2E,u8) + (2Bs, yps) = (2,0) -

Moreover, A leaves S7(r) invariant.
Let z € ST (r). Then

f(Az) = (Az, Az) = (@,2)) = f(x) =r°
and so A(S7(r)) € ST (r). Since A% =id, A= A7!, yielding

A(ST(r)) = ST (r).
3. Therefore, Algn(,y € Isom(ST(r)). We set
F(Alsn(ry)={zeS(r): Az =2} =S{'(r)nE.

F' is the fixed point set of the isometry A|S?(r). Lemma 2.2.4 will show that the connected components
of S (r) n E are (as point sets) geodesics of S7'(r).

4. In case X € T,,S7(r) is null we choose a sequence (X); € T,,S7 (r) such that X is not null for every
j and X; - X when j - oo. Then the planes E; spanned by {p, X;} are non-degenerate (by 1.) and
converge to E (as point sets). Moreover,

exp,, (tX;) — exp, (tX), Vt (exp, €C™)

and so exp,,(tX) is a geodesic parametrizing £/ n S7'(r). Hence, also in the null case are S (r) N E
are (null) geodesics (as point sefs).

5. By uniqueness of geodesics, in this way we obtain all geodesics.
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Lemma 2.24. Let ¢ be an isometry of a SRMF (M, g) and
F:={zxeM:¢(x)=x}

its set of fixed points. Then if F is a C*°-submanifold, it is tfotally geodesic.

Proof. In this proof we will use property 3. from Theorem 15.7. Letpe F,v e T,F c T,M and let ¢, : I - M
be a geodesic of M with ¢,(0) = p and ¢,(0) = v. Then since ¢ is an isometry, also ¢ o ¢, is a geodesic such

that ¢(c,(0)) = ¢(p) =p and (o ¢,)'(0) = T,¢(c,,(0)) = T,d(v) = v since @|p = idp. Therefore, poc, = ¢,
by uniqueness of geodesics (cf [3], 21.5) and so ¢,(t) € F for all t € I and so F is totally geodesic. O

Remark 2.25. In our case, Lemma 2.24 implies Remark 223 (3). F' = S7*(r) n E is a 1-dimensional sub-
manifold (as the zero set of (f —r?)|g); hence flat (cf Example 1.1.6). Therefore, any parametrization with
constant speed of the connected components of F is a geodesic in F, hence in S7(r).

Remark 2.2.6 (Geometric Interpretation of Geodesics).

1. Assume that X is spacelike. Then (-,-) |g is positive definite. Hence,
EnsSi(r)={yeE:(y.y)=r"}
is an ellipse i.e. a closed curve (see the image in Remark 2.2.3).

2. If X is null then {-,-) | is positive semi-definite, but degenerate. In this case E n ST (r) is a pair of
parallel straight lines. Indeed,

EnSy(r)= {ap+ﬂX {ap+BX,ap+ X)) = 7”2}
={ap+BX :a®(p,p) +2aB (p, X )+ (X, X)) =}

N—— N—— N——
= 2 =0, =0,
pLX X is null

:{ap+ﬁX:a2:1,ﬁeR}
={zp+8X:BeR}

These straight lines are precisely the generators of the hyperboloid as a ruled surface.

-

3. If X is timelike, then {-,-) |z is indefinite and non-degenerate. In this case E n S7(r) is a hyperbola
with two connected components

EﬁS?(r)={ap+6X:a2r2+ﬂ2<(X,X))=r2}={ap+6X:a2+<<XT’2X»62=1},

which is the equation of hyperbola since (X, X)) <O0.
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4. Tt follows that ST (r) is geodesically complete i.e. exp,, is defined on all of T, M for every p € M.
Moreover, it is not totally geodesic since the geodesics of R}*! are straight lines, which is the case
only in (2.).

2.2.2 Geodesic Conectedness

According to the Hopf-Rinow Theorem (cf. [3], 2.4.2), any connected and geodesically complete Rieman-
nian manifold (RMF) ensures geodesic connectedness. However, De Sitter space contradicts this theorem
within Lorentzian geometry. Precisely, ST (r) is geodesically complete but lacks geodesic connectedness.

Fix p € S7'(r) and consider which g € ST(r) can be reached by a geodesic starting at p. If:

« q=p or q=-pthe answer is trivial since there exist infinitely many planes containing p and +p.

« q # £p then p and q are linearly independent and there exists a unique plane E containing them. If
this plane is not spacelike and p and ¢ happen to be in different connected components of En ST (r),
then there is no geodesic connecting them.

T
%

\

Moreover, all points g that can be reached from —p by a causal geodesic cannot be reached from p.

shaded

region is null
not reachable geodesics

from p through
by geodesics -p

Analytically, this is the set

{geST(r): {q+p,p) <0 and ¢ # p}.

(p,q) < -r?
Indeed, pick an ONB {eg, e1} in E = span(p,q). Then En ST (r) consists of two branches of hyperbola
—(2%)% + (2')? = r% If p = poeg + pre1, then —p3 +p? =r? and -2 + ¢} = r? and so we can parametrize
p and q as
p = r(sinh(t),cosh(t))
q = r(sinh(s), £ cosh(s)).
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They are on different branches if and only if ¢ = r(sinh(s), —cosh(s)). Then
(p,q) = —r?sin(t) sin(s) — 72 cosh(t) cosh(s) = =2 cosh(t + s) < —r2.
On the other hand, they are on the same branch if and only if ¢ = r(sinh(s), + cosh(s)). Then
(p,q) =---=r%cosh(t - s) > 12

Therefore, p and q are on different branches if and only if {p, ¢) < —r2, which is the case if and only
if (p+4q,p) <0.

To conclude this section, we'll delve into the study of isometries of ST (r).

Theorem 2.2.7 (Equality of Isometries). Let (M,g) be a connected SRMF and let v; and 1 be
isometries of M. If 11 (p) = ¥2(p) and T,y = Tpipy (for some M), then 1)y = 1)

Proof. Set 1) := 13! o1, Then 9 € Isom(M), 1(p) = p and T3 = id. It remains o show that 1 = id. To that
end, let

U= {q eM:y(q)=qand Ty = iquM}-
Then,
U+ sincepeld.

- U is closed.

- U is open. To see this, let ¢ € U. exp, is a local diffeomorphism ie. there exists a neighborhood U

of ¢ € M and a local neighborhood U of 0 in Ty M such that exp, U->Uisa diffeomorphism. We
consider the following commutative diagram:

i
oxp, | w o=,
u——>~2u.

(see Lemma 2.2.4). Therefore, on U,
¢ = exp,oid o exp;1 = idy.

Finally, since M is connected, Y = M and so v = idyy. O]

Proposition 2.2.8 (Isometries of De Sitter). The map
L(n+1) - Isom(S7(r))
is a group isomorphism. Moreover,

1. Isom(S7(r)) acts transitively (i.e. for all p,q € ST (r) there exists a ¥ € Isom(S7(r)) such that
q =(p)). We say that S7'(r) is homogeneous (or that no point is preferred).

2. Forall X,Y e TST(r) with (X, X)) = (Y,Y)) there exists ¢ € Isom(ST(r)) such that Ty(X) =
Y. In this case we say that S7'(r) is isotropic (or that no direction is preferred).
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Proof. Let Algn(,y: S7'(r) = S7'(r) be as before. Since Alrgn () preserves (-,-), Alsn () € Isom(ST(r)).

1 Let p,q € S7(r). Then (p,p) = 72 = (q,q). By Proposition 2.1.12, there exists A € L(n + 1) such that
Ap=q.

2. By 1. we may without loss of generality assume X and Y fo have the same base point p € ST (7). In
pt =T,57(r) 2 R} we find, according to Lemma 2.2.4, that there exists B € L£(n) such that BX =Y.

As in Example 2.111,
= B 0
B.—(O 1)e£(n+1).

Now ¢ := B sn(ry € Isom(ST (1)) satisfies 1(p) = p and T (X) = BX =Y. That (2.2.2) is injective
is clear since S7(r) contains a basis of R™*. Finally, we show surjectivity. To that end, let v €
Isom(ST(r)) and fix p € ST (r). For g € ¢ (p) € ST (r) we find A € L(n + 1) such that Ap = ¢ (by 1.
Then p is a fixed point of

1 = A7 oqp e Isom(ST(r)).

Hence, Ty : 1,57 (r) — 1,57 (r) is a linear isometry. Choose B € L(n + 1) such that B(p) = p and
T, Blsy(ry = Blsn(ry = Tpth1 (cf B above). Define

=B oA oy
Then 15 € Isom (ST (7)), ¥2(p) = p and Tpebs = id. Theorem 2.2.7 implies that 19 = id and so ¢ = Ao B.
O

Remark 2.2.9. The isometfry group of de Sitter space is considered 'maximal’ because any A € L(n + 1)
induces an isometry. It can be demonstrated that any Lorentzian manifold with a maximal isometry group
exhibits constant curvature.

2.3 Anti-de Sitter Space

We now turn to a (family of) space(s) with Lorentzian metrics and constant negative curvature. We will
infroduce the respective space as a submanifold of a SRMF, which is no longer Lorentzian but has index 2.
Consider R3*1 with the metric

n . .
ds? = g = —da® ® da° — dz' ® dz' + > da' @ da’
i=2

and the map
f . Rn+1 >R
n .
2 f(x) = gla,x) = =(2°)? = (') + Y (2)*.
i=1
Here again fe€C* and T, f =0 if and only if x = 0. Also, any c € R\ {0} is a regular value of f.
Definition 2.3.1. Let r > 0 then we call the SRHSF

Y (r) = (%)

n-dimensional anti-de Sitter space.
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Remark 2.3.2. (Basic Properties of Anti-de Sitter)

1. H?(r) is a one-sheeted hyperboloid in RG*L.

2. The map

Hl(r) — St x R™!

0 1
(202" @) o | e &
VIEl+r2 /@] +r?

is a diffeomorphism with inverse

y = (VIE]+r2y° 2] + 12yt 9).

3. The normal bundle of H{'(r) is generated by

13} 13} D0
2_20(_7)_21(_7) 22" g
grad(f)(z) L e i;x e
=2 —
Zx oxt’

Il
[}

K3

which again is proportional fo the position vector field X = ¥ xi%. Now

g(grad(f)(x),grad(f)(z)) = 29(X, X) = 4f (z) = ~4r* <0
and so € = -1 and ind(H{(r)) =2 -1 = 1. Therefore, H{*(r) is a Lorentzian manifold.
4. For the curvature quantities we obtain the following:

- For the unit normal, we have

W(2) 2 U(w) = p-grad(f)(@) = + 3 °

Contrary to de-Sitter, now we have (U,U)) = % (X, X)) = -1.
- Shape operator

— 1— 1
S(V)=-VyU = --TyX = —-V.
T T
- I(V,W) = 2(V,W)U since

UV, W), 0) 27 (S(V), W) = = (V. W) = (VW) (U,0).
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- Gauss equation yields for the Riemann curvature:
(RywX,Y) 27 0 +(I(V,X),I(W,Y)) = (I(V, V), [(W, X))
N——
RO+ s flat

= L (V. X) (WYY (U, U) - (V.Y) (W, X){U, T))

= = (VX)W ) = (W, X) (V7).
Therefore,
RywX = =5 (V. X)W = (0, X) V).

. Secfional curvature:

(S(V),VI{S(W), W) - (S(V),W)?
Q(V,W)

L)W W) - (V,W)* 1

2 QV, W) 2

1.3.14
= O+e¢

This shows that H{'(r) has constant negative curvature.

- Ricci curvature:

M=

Ric(X,Y) €i(RxEg,Y, E;)

~.
I

6 (X, Y)(Ei, Ei) - (B, Y) (Ei, X))

=1

I
|
3 ="
0=

—_

= = (X7Y>a

r2

where ¢; = (E;, E;) and {E;},-, a local frame. Hence,

. n-1
RIC = —79
- Scalar curvature:
-1
S = C(Ric) = _”(”72).
T

« Einstein tensor: ]
.on n
G:R'C_559:_72((71_1)_5(“_1))’

which is for n = 4 equal to %g and so AdS (i.e. anti-de Sitter) is a solution of the vacuum Einstein
equations with cosmological constant A = _% <0ie G+Ag=0=T.

Remark 2.3.3. The geodesics of AdS are (again) given by the intersections of the form E n H?'(r), where
E cR™*! is a 2-dimensional surface. Here again H7(r) is hot geodesically connected (but it is geodesically
completel).

Remark 2.3.4. There exist closed fimelike geodesics in H{'(r), which offen is unwanted. A way around it is fo
consider the universal cover H{'(r) = R", where 2 stands for 'diffeomorphic’. Sometimes AdS is understood
to be HJ(r).
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2.4 Robertson-Walker Spacetimes

These are also referred to as Friedmann-Lemaftre—Robertson-Walker spacetimes, commonly denoted
as FLRW. These spacetimes represent pivotal cosmological models, porfraying universes that are both ho-
mogeneous and isotropic. They encapsulate scenarios of universal expansion or contraction and are often
regarded as a standard model in cosmology.

Definition 2.4.1. An (n + 1)-dimensional Lorentzian manifold (M, g) is called a FLRW-spacetime if it is of
the form

M=1xS,

where I is an open interval of R and (S, gs) a complete connected RMF with a constant curvature  and of
dimension n, with metric

g:=—dt®dt+ f(t)%gs, (241)

where f(t)? is a scale factor and f: I - R* is a C*-function.
Remark 2.4.2.
« The above is an example of a warped product.

- A vivid picture of a FLRW-spacetime is:

St:SX{t}

where S; = S x {t} for some t ¢ I inferpreted as time, making S; into a time-cut (time-slice). v = 2 is

ot
its hormal vector in M.

- The most important model spaces are, in cases k =1,0,-1, S", R", and H™. Other examples involve
quotients of these spaces.

Example 2.4.3.
1. For S=R", k=0, I =R and f =1 we have Minkowski space.

2. For S=8"k=1I=Rand f=1we

obtain Einstein’s static universe. Ein- /_\ .
stein’s static universe is diffeomorphic \/

to a cylinder. In the 1920. the basic
idea about the universe was that it is
static (fime-independent) and this is
the prime model. To make it a so-
lution o the field equations Einstein

introduced the cosmological constant /\
into his equations. \_&
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241 Geometry of the FLRW-spacetimes

1. Time slices. Set S(t) = Sy = {t} x S (which is a level setf of h(t,z) =1t). Then
_9
ot

is the unit normal to S;. For the shape operator with respect fo v let X,Y, Z be tangential to S; and
let without loss of generality their Lie-brackets vanish. Then

(24.2)

14

(S(X),Y)=(-Vxu,Y)

1
_7(X<V3Y>+V <Y7X) _Y<X5V))
2 —— —— ——
=0 F()?95(X,Y) =0

oo

—f@lﬂngXJY)=—§(XUY%

where in the second equality we used the Koszul formula (cf (1.3.10) in [3]). Finally,

_/
S(X) =% X.

2. Cosmic observers. We will show that the curves ¢t — (t,x¢), for some fixed xg € S, are geodesics.
This models the worldline' of an observer (spaceship, galaxy..) often called a cosmic observer. Let
v:t e (t,20). Since v (tg) = %|t0, it suffices to prove that

(V)'v)(to,po) =0,V (to,po) € M

since Vv = v,y =" Let (z',...,2™) be coordinates of S at py such that (¢,z
coordinates of M at (tg,po). Using the Koszul-formula we obtain that

2(V)'v,0;) = v (v, 0:) + v(Bi,v) - i (v,v)
N——
=-1

since [0;,0,] = [0;,v] = [v,v] = 0. Because v € T'S* while 9; € T'S,
(V]VWI/, 8z> =0

L...,z") are

and so Vv is perpendicular to Sy,. Therefore, Vv = tan(v2v), where tan is the tangential
projection of the SRSMF I x {po} of M. Proposition 1.3.10 implies that tan(VMv) = vLv, which is
equal to zero since I is flat. Therefore, VM v = 0, as claimed.

3. General geodesics. Let ¢(s) = (t(s),v(s)), where t(s) € I and v(s) € S, be a curve in M such that
t'(s) #0 and ~'(s) # 0 for all s. Then ¢(s) = t'(s)v ++/(s) and so
€ (TSy)* €TS,

VM) = VM(tw +y)
——
€ X(c)
V3
@ vl v+,
=R (t')2 Vyy+t'vyu+t'vf,w'y'+vf/v,j'y.
——
=0

The world line (or worldline) of an object is the path that an object traces in 4-dimensional spacetime.
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Using (1.3.7), we get
VA =V 1Y) = VA = (1Y) ) v = 95 (S ) v

We can extend +' locally fo a vector field X on S and lift this to M. Let T be a local extension of t'v
to a vector field on M. Then [T, X] =0 since in a basis d;,9;, as above, T depends only on ¢t and X
only on X and [, 9;] = [9;,0;] = 0. Therefore, Vo X = VxT and so V)5 = V1/v. Now

Vald(s) =t"v -2t S(v) +VEA - (S(v), ) v.
——

M
V,Y/ v

Note that v and (S(v'),~') v are perpendicular to S; while S(v') and Vfry’ tangential fo it. Hence,
c is a geodesic if and only if

0 = t"—(SO)Y)VE + FFr9:(4' )
If, / S 7 (fot), !
LADNAES VRN NN
77 Vi + Fot |

o
|

S 1
Vo +2t

Proposition 2.4.4 (Geodesics of FLRW). A smooth curve c = (t,) in M is a geodesic if and only if
Lt"=-ff-95(v,7") and

2. V;g,'y’ = —2(13,1? v

In particular, v is a pregeodesic of S (cf 2.1.10 in [3] or choose a parametrization such that f ot is
constant).

Corollary 2.4.5. For null geodesics (cf 2.1.9 in [3]) we have that ¢'(f ot) is constant.

Proof. Proof

0=F g(c,d) CLD Z ()2 4 fgu(v ) P2 F ()2 = f = ~(H (o t)).
N——
=0

O

Remark 2.4.6 (Cosmological Redshift). Light emitted from a distant galaxy appears to undergo a shift towards
lower frequencies when observed from Earth. The emitted wavelength remains assumed to be the same,
suggesting that wavelengths have uniformly lengthened during transmission. The energy of a photon is given

by

E=hw=
w Y

where £ denotes Planck constant, w frequency and A wavelength. It is measured by an observer v according

to

E=—g(c\v) =1,

where ¢ = (t,7) (and ¢’ = t'v ++') is the null geodesic (i.e. light ray) emitted by the galaxy.
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If the time of emission is s; and the fime
of absorption sy, then t'(s1)f(t(s1)) “=°

t'(s2) f(t(s2)) yields

t'(s1) _ f(t(s2))

t'(s2)  f(t(s1))

E(s1)  A(s2)

E(s2)  A(s1)

worldine of
a photon
(lighlike geodesic)

worldine of a
far away galaxy

~~

Therefore, if f is increasing (which cor- N
responds to the universe expanding), then
A(s2) > A(s1). (For more details see 12.8 in
(4])

our worldline

2.4.2 Curvature for FLRW Spacetimes

1. Let S(t) be a time slice in M ie. S(t) = {t} x S, where S has a constant curvature . Then

where XY, Z € X(S(t)).

RY(X,Y)Z "= k(gs(Z, X)Y - gs(Z,Y)X),
Ric “%° k(n-1)g, and
S o222 k(n-1)n,

2. Claim: tan(RM(X,Y)Z) = RSy Z +(S(X),Z)S(Y) - (S(Y), Z) S(X). Let X,Y,Z,W € X(S(t)).

Then

(tan(RM(X,Y)Z), W)

WSO pM(x vy Z, W)

(R 2, W) = (L(X, 2), 1(Y,W)) + (I(X, W), I(Y, 2)).

1.3.13

(*)

In general, I(X,Y) =e(S(X),Y) v and so

(*)‘free w

tan(R™(X,Y)Z)

= _<]I(X7Z)a]1(}/a)> + (H(Xv)’H(K Z))

- (S(X), Z) (1,v) S(Y) + €2 (S(Y), Z) (v, v) S(X)
=1 =-1

(5(X), 2) S(Y) - (S(Y), 2) S(X).

2 2

n(gs(z,xw—gs(zx)xw(—jﬁ) (X.2) Y(ﬁ) v.2) X,
= f?9.(X, 2) = f29.(Y, 2)

i (gs(X, 2)Y = gs(Y, 2)X) + (X, 2)Y - f29.(Y, Z)X
(k+ ) (9s(X, 2)Y - g,(Y, 2)X)

(]’; . (;)2) (X.2)Y -(¥.2) X)
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since S(X) = —;X.

3. Claim: nor(RY, Z) = 0. By the Codazzi-equation,
2 (VAD)(ZY) + (W I)(X, 2),

nor(R¥y Z) = nor(Rxy Z)

where
VX]I(Y7Z) = €<VXS(Y)7Z)V

as seen in the end of the proof of Corollary 1.6.8. Therefore,

nor(RYy 2) = (VxS)(Z),Y)v - ((VyS)(X),Z)v =0
)-5(vx2) P X(-Dy 2 fox7 + LesZ

since S € T{1(S(t)) and so (VxS)(Z) () Vx(S(2)

I
7z =0

Similarly, (Vy S)(X) =0.

4. Claim: RM(X,v)v = fTX Indeed, 3.1.1 in [3] implies that
Moy yMy Moy,

Vixw]
=0, by2

RM(X,v)v

= V%V_VMX—VS/[( S(X) )
X v

1.4.8 M
=" -Vyv

S(S(X)) +8(v,'X) - v,/ (S(X))
e ()

T YOO |
= PX+ fQ()X:fX.

i

5. Next we calculate Ric™ (X,Y) for X, Y € X(S(t)). To that end, let (E;)™, be an orthonormal frame
for S(t). Then Ej,..., E, is an orthonormal frame for M and so
RicM (X,Y) 5 * S (RM(X, E)Y, E;) - (RM (X, v)Y,v),
=1 ————
=—(RM(X,v)v,Y)
LX)
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by skew-adjointness.

Ric” (X,Y)

(tan(RM (X, E,)Y), E;) + *’;' (X,Y)

"

(’i"" fQ)(gs(XVY) (E17E1> - QS(Eivy) <X7 El)) + 7 <X7Y>

11N

- 5 (X,Y) = L (ELY)
AR AN N (B, e ll
= (f (f) )Z;( E;, E;) (EZ,Y)<X7EZ))+f(X7Y>
N iz n— +L” n-1 ot 2 +f
- (f2 (f))< D)2 = (M e )0 4 e,
6. Ric™ (X, v) = 0. Indeed,
o« X, by 4.
Ric" (X,v) = - Y (RM(X, E))E;,v) - (RM (X, v)v,v),
=0by3. =0

because X 1v.

7. Claim: Ric™ (v, u)——n since

f

RicM (v, v) = i(RM(V, E)v,E;) - (RM(v,v)v,v) = —nf—”.

=1 —— [ — f

e

i =0
- T E - M
by the symm. of R

8. Scalar curvature:

sM = znj 1 (B, E;) - RicM (v,v)
AV
o (nf2 (k+f )+f)+nf

<\ 2
£ ([ 2 f
= -Dl—=+5] +
n(n )(f2+(f) n— 1f)
9. Finally, we can express the Einstein equations for A = 0. For X,Y tangential to S(t),

G(X,Y):RicM(X,Y)—%SMg(X,Y) e ((1—)( —1)( (;) )—(n—l)jj)(X,Y)

p... pressure

and

_piM _} M 7.8, n(n-1) Kk i
G(X,v) =Ric" (v,v) 25 g(v,v) = — f2 + 7
—_———
p... energy (= mass) density
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Since Ric™(X,v) =0 (by 6.) and g(X,v) = 0, G(X,v) = 0. Therefore, for the Einstein equations, we

get
G(X,)Y)=T(X,Y).

The right hand side is a perfect fluid energy momentum tfensor (cf (3.317) in [3]) T(v,v) = p.
T(X,v)=0and T(X,Y) =p(X,Y) ie

T=(p+p)(v' ®1')+pg.

These equations describe the dynamics of our FLWR spacetime.

Definition 2.4.7. An FLRW spacetime is called a Friedmann model if p = 0.

Remark 2.4.8 (Friedmann Cosmology).

The condition p = 0 is, by 9. above, the second order N
ODE for f which can be solved explicitly. In case n = 3, f
we obtain:

3 k=0

L k=0 f(t)=C(t-to)=. Neil's parabola

2 5 =0,4(0) = C(0 - sin(0)), F(HO) —to) = C(1 -
cos(0)).

3.k = -1 t(n) = C(sinh(n) —n). f(t(n) - to) =
C(cosh(n) - 1).

R =
cycloid

) t
big bang  pig crunch /

Remark 2.4.9 (Horizons). Consider a null geodesic c(s) = (£(s),v(s)) in a FLRW spacetime. Then c'(s) =
t'(s)v++' and

|t
f@)

0=g(c,c) ==+ POV = 7] =

In case 7' > 0 we have for the spatial ‘component’ ~:

gy [ Y e t'(s) y=t(s) [ dy
)= [ Whds= [ oeeSsas ™ [Ty

If f grows fast enough (eqg. f(t) = t2, f(t) = €') then L(y) < oo and hence v is confined to some ball
B(v(s0), R) in S. This means that in this case some parts of the universe can never be seen i.e. are hidden
behind a "horizon'.




‘Causality’ refers to the broader inquiry concerning the con-
nection between points within a Lorentzian manifold (LMF) and
their ability to be linked by causal curves—those curves charac-
terized by having a causal tangent vector. In General Relativity
(GR), this inquiry delves into discerning which events can be influ-
enced by a given event. While in some cases causality might not
offer substantial insights, under appropriate conditions, it encap-
sulates the fundamental characteristics of an LMF. For instance,
it provides sufficient conditions for points to be connected by
causal geodesics or fo be reached by normal causal geodesics
originating from a spacelike hypersurface. Key aspects of causal-
ity theory have been developed within the context of singularity
theorems by R. Penrose and S. Hawking.

3.1 Basic Notations

Definition 3.1.1. A fime orientation on a LMF (M, g) is a map
¢:M—>P(TM),
where P denotes the power set of T'M, such that:

CAUSALITY

25
40

C

1. for every p e M ((p) is one of the connected components of the set of timelike vectors in T, M.

2. for every p € M there exists a chart (U, z) of p such that %(q) € ((p) for every g e U.

We call the pair (M, () a time-oriented LMF and M time-orientable if it possesses a time orientation.

Proposition 3.1.2 (Time Orientability). For a LMF (M, g) these facts are equivalent:

1. M is time-orientable.
2. There exists a continuous timelike vector field on M.

3. There exists a C* timelike vector field on M.

(Note that, in particular, there exists a howhere vanishing CO, or C*, vector field on M.)

55
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Proof.

(3. > 2.) Clear.

(2. - 1.) Let X be a continuous timelike vector field and define {(p) to be the connected component
of I(0)(c T,M) containing X(p). Pick a chart (z,U) at p such that % is timelike on U and
%p € {(p). In a Lorentzian vector space let z € I*(0), y € I. Then y € I*(0) < (z,y) < 0.
Indeed, any Lorentz-transformation leaves I invariant so, without loss of generality, let z = (a2,0)
for some a € R. y € I'*(0) means that ¢ > 0 and so (z,y) = —-y’a® < 0. Conversely, assume that
0> (z,y) = —a®y°. Then y° > 0. By choice, (X(p), %L}) < 0, hence also (X(q)7 %L}) <0, for all

q € U. By the remark in gray, %b € ((q) for all g € U, which proves the claim.

(1. —» 3.) Let ¢ be a time orientation and (U,,x,) a covering of M by charts such that 820 |q € ((q)
for all g € U, for every a. Let (p, ) be a partition of unity subordinate to (U, ), and set X := Zpaa%.

Then X € X(M) and X(p) = ¥ pa aio|p € ((p). by the convexity of ((p) (see Corollary 2.1.5). In
xa

——

€¢(p)
particular, X is timelike.

Remark 3.1.3.

- All previous examples of LMFs are time-orientable (Minkowski, de Sitter...).

« The concepts of orientability and time-orientability are independent, as illustrated in the following

image.
m orientable
-~ >< >< >< R e —— and
." time-orientable
\ 7/
“._ glue together

~o -

not orientable
and
>< >< >< not time-orientable
@ orientable
- 5 and
>< < >< — not time-orientable

not orientable
X > X - and
time-orientable
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Remark 3.1.4.

1. From now on we will only consider LMFs (M, g) that are Tb, 2" countable, connected and time-
oriented. Such LMFs are called spacetimes.

2. A curve will always mean a piecewise C>-curve (i.e. a curve having finally many break points with two
distinguished tangent vectors at break points).

3. A causal curve v (ie. a curve such that 4(¢) is causal for all ¢) is called future directed causal curve

if 4(t) € {(y(t)) and past directed causal curve if 4(t) € —=((y(t)).

Definition 3.1.5 (Causality Relations). For p,q € (M, g) (spacetime) write
« p < q if there exists future directed timelike curve from p to q.
« p < q if there exists a future directed causal curve from p to q.
- p<qifp<qgorp=q

For A ¢ M define the set:

- I*(A):={ge M :3pe A such that p « ¢}, called the chronological future.

« J*(A):={qe M:3pe A such that p < ¢}, called the causal future of A.
I=(A) and J~(A) are defined analogously. Observe that I"(A) = Upea I (p) and J*(A) = Upea J ¥ (p).
Example 3.1.6.

1. Let M =R2, then:

’
N ’
L ‘/-A\
N F r

D, NF ]\17
/ J_(A)

(M,g) =R} /Zeg = (S xR, -d6? + df?),

2. Let

then: Lorentz cylinder

identify

Remark 3.1.7 (Transitivity of << and <). Since one can concatenate pointwise C*=-curves one easily sees that

p<gag<r == p<rand

PLKIAGKTr = p<<r.

However, we even have a stronger form of this transitivity often called the push-up principle.
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Proposition 3.1.8 (Push-up Principle). In a spacetime (M, g) for all p,q,r, we have that

pKgAaq<r = p<rand
PLgAq<Lr = p<<rT.

r

p

Proof. We only show the second assertion since the first one follows analogously. If p = ¢ then the statement
is trivial. Therefore, let p < g. Then there exists a future directed causal curve

c:[0,1] - M
such that ¢1(0) = p and ¢1(1) = g. There also exists a future directed timelike curve
e [1,2] > M

suchthat c2(1) = g and ¢2(2) = r. Let E € X(c1) be the parallel transport of ¢2 (1) along ¢;. Set X (t) = t-E(t).
Then X € X(c1).

X(0)=0

We can find a 2-parameter map (cf 2.1.19 in [3]), a variation of ¢;, denoted ¢; 5 with variational vector field
Xie

c1,5:[0,1] x (-€,6) > M
(t,8) = c1,5(t)

such that ¢1,0(t) = ¢1(t), ¢1,5(0) = p for all s and
c15(1) =ca(1+s) (for s> 0). (311)

Finally, we want that
Dscrs(B)] = X(t) =t- E(t). (312)

Is there such a variation? To convince ourselves that there is, we check for compatibility:

dJyers(1) PV 1+ 0) 1= eh(1) = B(1) = 1-E(1) = X(1).
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How to construct ¢ 4?

Use Fermi coordinates along c;; take a frame E; along ¢; such that {¢1(¢), Ex(t),..., E,(t)} is an
ONB of T, )M for all t € [0,1]. In a fubular neighborhood of ¢; we can then define coordinates
as follows: p has coordinates (z',...,2") : <= p = exp(u1) (Xita #'Ei(z')). Now the above four
conditions for ¢1, s prescribe for every z* = z*(¢1,5(t)) = 2°(¢,s) (i = 1,...,n) the following constraints:

z rtocy(l+ s)

p
t=0 5
This means that, for each i = 1,...,n, we have to find a smooth surface z* = x'(t,s) as in the picture,

where the s-derivative of z! is prescribed, for s = 0, and the values at t =0 and ¢ = 1 are also imposed.
This is obviously feasible for ¢ € (0,1), and the above compadtibility checks show that it is also possible
at t =0 and at t = 1 (since the s-derivatives match up in the ‘corners’ (0,0) and (1,0)). Then we have

(8(09;,57 3(09?5 > (t,0) = (&(t),é(t)) <0

since ¢y is a causal curve. Furthermore,

0 <acl,s aCl,s> (V5) 2( \Y
0

0s

ot ot 9s| ot V% ot

0 0 )
C —cl)o
0 N——

=¢1(1)

; )
Cl,s5 5,C1,0
S

2.1.20,[3] 2<V 0

ot s
=¢1(1)
612 2(%(@(75)),&1 (t)) & 20 2(E(t),¢(t)),

since E is a parallel vector field (see 1311 in [3]). 2(E(t),¢(t)) < 0 since E(t) is a future directed
timelike vector field (by definition) and ci(t) is a future directed causal curve. By Taylor's theorem,
uniformly in ¢ € [0,1] and for s small we get that ¢; ; is timelike. We define

o) = {0178(75), te[0,1]

Cea(t+s), te[l,2-s].

c(t) is piecewise C*° and timelike from p to r.
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Corollary 3.1.9.
LITA)=T"(I*(A)) = J"(I"(A)) =I*(J*(A)).
2. JH(J*(A)) = J*(A),VAcC M.

Proof.
1 I*(A) € I*(I* (A)) € J*(I*(A)) € I*(A).
p€It(A)
qeI™(A)

Analogously, I* (A) € I* (I*(A)) € I*(J*(A)) € I*(A).

2. Jt ¢ J(J*(A)) c J*(A), where the first inclusion holds since A ¢ J*(A) (by Definition 3.15) and
the second one by transitivity (see Remark 3.1.7).

O
Proposition 3.1.10 (Gauss Lemma). Let M be a SRMF and let p € M, 0 + x € D, € T,M. Then for
any vy, wy € Tp (T, M) with v, radial, we have
{(Tw exp,) (02), (T exp,) (v2)) = (v, w3)
Proof. See the proof of Theorem 2.1.21 in [3]. O

Lemma 3.1.11. Let (M, g) be a spacetime and p € M. Let y: [0,b] — T, M be a curve with y(0) =0
such that it is enfirely contained in the domain of exp,,. If ¢ := exp,, o : [0,b] > M is a future directed
timelike curve, then ~(t) € I* < T, M for all t € (0, b].
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Proof.

- Define a map ¢: T, M — R where ¢(z) = (z,z). Choose RNC in p. Then
g(x) = () + Y (a')”
i=1

Lef % be future directed. Now
n
dg=-22"d2" + 23 2'da’
i=1

and so grad(q) =2 Y1, x'0; = 2z, where 'gradient’ is referring to the constant scalar product (-,-) = 9p-
Using Gauss Lemma 3.1.10 we obtain

(T exp,(grad(q), T;; exp,, (grad(q))) = (grad(q(x)), grad(g(x))) = d¢(x),

since grad(q) is radial (cf [3] after 21.20). Set P(z) := T} exp,(grad(q)). Then x € I ¢ T, M implies
that P(z) is timelike and future directed. Indeed, P(x) is future directed since

3.1.10

(P(x),0.0) 7 = (grad(q),eo):2(x,eo)<0.

- Suppose that v € C* (without breaks). We have that ¢(7(0)) = ¢(0) = 0 and ¢(0) = (exp, ©y)'(0) =

. [3],(2.1.14)
Ty exp,((0)) "=
——
=id
such that (t) € I for all ¢t € (0,€). Indeed, suppose there exists ¢, ~ 0 such that v(t,) ¢ I*. Then
=0

4(0). Therefore, 4(0) is future directed and timelike and so there exists € > 0

—

1(t.)-7(0)
— ¢ I'* and so

v(tn) - 7(0)
t

n

4(0) = lim eIt 4

n—oo

To show that y(t) e I* c T, M for all 0 <t < b we first calculate

%q(v(t)) = (grad(@)], ) 3(0)

3.1.10

= (T exp,(grad(q)), Ty ) exp, (7(1)))
= (P(v(?)),¢e(t))

Indirectly, assume that there exists some ¢ € (0,b] such that ¢(v(¢1)) = 0. Without loss of generality
assume t; to be minimal. Then ¢(v(0)) = q(v(¢1)) and so, by the mean value theorem, there exists
to € (0,¢1) such that

d .

0=—1 q(v(#)) = (P(7(t0)),é(to)) <0

dt b=ty
since ¢(t) is future directed and timelike (by assumption) and P(v(to)) is (by the previous point) also
future directed and timelike (FDTL) for v(to) € I*. But, this is clearly a contradiction.

- Finally, assume that -y is piecewise C* and let 0 := by < by <--- < by := b be a partition with
C*. We proceed by induction.

[bi,biv1] €

1. If N =1, we are done (see the second point of this proof).
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2. Step from N-1 — N. By induction assumption y([0,bn-1]) € I'*. Then the previous point implies
that

LA 0)) = (POON 1)), by 1)) <0

since y(bn_1) € I by induction assumption and ¢(by—_1) is FDTL by assumption on c. Therefore,
A(bk_1) is FDTL. As in the previous point, it follows that y([bn-1,bn]) € I*(y(bn-1)) € I

O
Definition 3.1.12. Let 2 ¢ M be open and A c Q). Then the relative future of A in Q is
IE(A) :={qeQ:Ipe A such that p « ¢}
and the relative past
I (A) :=={qeQ:3pe Asuch that p> g},

where <« and > are referring o curves in Q. We define J&(A) and J;(A) analogously.

Corollary 3.1.13 (Local gausali‘ry). Let (M,g) be a spacetime, p € M, 2 a normal neighborhood of p
(with a starshaped set 2 € T, M such that exp,, : {2 - Q is a diffeomorphism, cf 2114 in [3]). Then

1 I§(p) = exp,(I*(0) n Q).

2. J(p) = exp,(J*(0) n ).

Proof.

1 (¢) Let g € I{,(p). Then by definition of I$(p), there exists a FDTL curve ¢ from p to ¢ in 2. Lemma
3111 now implies that ~ := exp," oc € I*(0) N and so (exp)," oc)(1) = exp,*(¢) € I*(0) N2 In other
words, g € exp,(I7(0) n(2).

(2) Let z e IT(0) n Q. Then ¢ — ¢tz is, for ¢ € (0,1] a segment in I*(0) N €. The Gauss Lemma 3.1.10
implies that ¢ = exp, (tz) is a FDTL geodesic from p fo exp, (=) in € and so exp,, () € I;(p).

2. (2) Let z e JH(0) N Q. Then by applying the Gauss Lemma 3.1.10 we conclude that ¢ exp,(tr) is a
future directed causal geodesic from p to exp, () in £, which implies that exp,, € J¢,(p).
() Let g € JE(p). Choose a sequence (g;);en such that g; > ¢ and g; — ¢ in Q, for every i.

p

Now p < ¢ < g;, where < and <« are relations in §2. Applying Proposition 3.1.8, we conclude that p < g;
and so ¢; € I (p). By 1., we get that exp;l(qi) eI*(0)nQ and so

S o 3
exp,'(q) = lim exp, (¢;) € 17(0)nQ =J"(0)nQ,

which clearly holds in a Minkowski case.
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One essential fact in causality theory is that I=(A) are always open. In order to prove this, we first show
the following proposition.

Proposition 3.1.14. < is an open relation i.e. if p < ¢q then there exist heighborhoods U of p and V'
of g such that p’ < ¢’ for all p’ e U and ¢’ € V.

Proof. If p «< g we know that there exists a FDTL ¢: [0,1] — M such that ¢(0) =p and ¢(1) = q. Let p = ¢(e),
where € is so small that there exists a hormal neighborhood € of p with p € Q (for example, take Q 1o be a
convex neighborhood of p and e so small that c(€) € Q). Let U := I5(p) S exp;(17(0) n Q). Then U is
open (since exp, is a diffeomorphism) and p € U. Therefore, U is an open neighborhood of p. Now choose

V analogously around ¢ := ¢(1 —¢).

Finally, if p’ € U and ¢’ € V then p' <« p « ¢ < ¢’ and so p’ < ¢’ and we are done. O
Corollary 3.1.15. For all Ac Q, I§(A) € Q is open.
Proof. From Proposition 3.1.14 we get that I (p) < Q are open.
I5(A) =UI5(p) <
P

is open as it is a union of open sets. O

In what follows, we'll delve into the properties and interrelationships of sets I* and J™.
Remark 3.1.16.

1. Even for Ac M closed =& I*(A) is closed. For example, consider I*(p) € R%.

2. Also, J*(A) need not be closed. For example, consider R?\ {1,1}.

J+((0,0))\t )
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Proposition 3.1.17. Let A c M, then
1. I*(A) = (J*)°(A), where ° denotes inferior of a set.

2. J*(A) c I*(A). with equality if and only if J*(A) is closed.

Proof. 1. Since I*(A) < J*(A) is open and so I*(A) c J*(A)°.
Conversely, let p € J*(A)°. Choose g € (J*)°(A) nI (p) + @ (because p € J*(A)° and p € I~(p)).
Therefore, there exists an r € A such that r < ¢ < p. Applying Proposition 3.1.8 we immediately get
that r «< p. In other words, p € I*(A).
2. (a) If Q is a hormal neighborhood of p then J¢,(p) = I{g(p)Q. This follows from Corollary 3.1.13 and
the causality in Minkowski space.

(b) It is sufficient fo prove the claim for a single point ie. fo prove that J*(p) € I (p) since then
J(A) = I (p)c U I*(p) cI*(4).

peA PEA —0—
cI*(A)

In order to prove that J*(p) < I'*(p) we first note that p € I*(p).
Suppose that p < g(e J*(p)) ie suppose that there exists a 0
future directed causal curve from p fo ¢q. Let Q be a normal
neighborhood of ¢g. Choose g~ on ¢ with ¢~ € J5(q). Then g €

— Q0
J&(q™), where J&(g7) @ I5(q7) . But, c

Ly(q) M (J*(p) =" I* (p) p

and so g € I*(p).

(c) The equality case: if J*(A) = I*(A) holds then J*(A) is clearly closed. Conversely, if J*(A) is
closed, then

T7(A) c J*(A) = J*(A) c T*(A).
O

In Riemannian geometry, compact manifolds are usually considered friendly objects. However, in
Lorentzian geometry, they often serve as useful counterexamples due to the following proposition.

Proposition 3.1.18. A compact spacefime contains a closed timelike curve.

Proof. {I*(p):pe M} is an open cover of M. Hence, there exist p1,...,pn such that

N
M = U I (pi)7

1=1

where without loss of generality we may assume that

I (pi) ¢ I* (pj). fori #j (31.3)

(otherwise remove I*(p;)). If p1 € I (p;) for some n > 2 then I*(p1) € I'*(p1), which is a contfradiction to
(3.1.3). Therefore, p; € I*(p1) and so there exists a FDTL curve from p; fo p;. O
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Now, we establish specific ‘causality conditions’ designed to prevent such instances.

Definition 3.1.19. A spaceftime M s called:
1. chronological, if there do not exist closed timelike curves.

2. causal, if there do no exist closed causal curves.
strongly causal, if for every p e M and for every neighborhood U of p there exists a heighborhood V
such that any causal curve starting and ending in V' has to remain in U.

N

v

3.

Remark 3.1.20.
== chronological

strongly causal = causal

however . N
strongly causal <= causal <~ chronological.
To see this lef
1L M={R%/Z-(1,0)}\(G1UGs), where Gy ={(4%,s):s>-%} and Go = {(-1,s) :s< L}

i
p identify

G-

2. M =R%/Z-(1,-1).

timelike curves
don’t close up “

closed null
|~ curve




66 Chapter 3.1. BASIC NOTATIONS

We now introduce the analog to the Riemannian distance function (see Section 2.3 in [3]).

Definition 3.1.21. The length of a curve ¢: [a,b] - M is

L(c) = f ’ (1), é()) |dt.

Remark 3.1.22. Observe that null curves satisfy L(c) = 0.

Definition 3.1.23. For p,q € M define time separation (or Lorentzian distance) by

sup{L(c) : ¢ FD causal from p fo g}, ifp<gq

Remark 3.1.24.
- Observe that 7(p, q) = oo is allowed here. For example, in Lorentz cylinder 7 = ooc.
« Moreover, note that 7 is not symmetric.

Example 3.1.25.

1. Minkowski space. For p<q 7(p,q) =/|{p—-¢,p - q))|. Indeed,
yiteqt+(1-t)p, (0<t<1)
is a causal future directed curve from p to ¢ and we have
1 1
T(p,q) 2 L(v) = fo [{a=p,q-p)>dt =/|{a-p,qa-D) |
Conversely, if p — q is timelike, then (using a Poincaré transformation), without loss of generality we

can assume that p = (0,...,0) and ¢ = (7,0,...,0). Let ¢ be any future directed causal curve from p
to q. Then ¢ > 0. After reparametrization, ¢(t) =t and so c(t) = (¢,é(t)), with ¢: [0, T] — R™.

L) = [ waN= [ V1-lipars [ 1a=7=Ta o)l

If case p - ¢ is null, without loss of generality let p =0 and g € C*(0). Then all causal curves from p fo

q are null and so
() =0=VI|{p-a,p- )|

2. In Lorentz cylinder R2\Z, we have
T(p.q) = o0

for all p,qe M.

closed lighlike q ; ;
identi
curve ~—7¢p hd
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Proposition 3.1.26 (Properties of 7). In a spacetime (M, g) we have
L 7(p,q) >0 if and only if p < g.

2. For p < q and q < r we have the reverse triangle inequality:
7(p,q) +7(q,7) <7(p,7).
3. 7: M x M - R is lower semicontinuous i.e.

Vp,qe MVe>03U(p),V(q):7(p'.q") > 7(p,q) —€,Vp' € UVq € V.

Proof.

1 («) If p < q then there exists a FDTL curve ¢ from p to ¢. But, L(¢) > 0 and so 7(p,q) > 0.
(=) If 7(p,q) > 0 Then, by definition, there exists a future directed causal curve ¢ from p fo ¢ with
L(c) > 0. ¢ contains a timelike segment ([ [é(¢)[[dt >0 == 3to (¢(t0),c(to)) <0 = (c(t),c(t)) <0
on some interval). Choose p1,q; on ¢ with p; < ¢q1. Then p < p; < ¢1 < g and so p < g, by Proposition
3.18.

2. - Let 7(p,q) < 0o and 7(q,r) < oo. Let also € > 0. Then there exists a future directed causal curve
¢y from p to g with L(cy) > 7(p,q) — € as well as a future directed causal curve ¢y from ¢ to r
with L(c2) 2 7(q,7) — €.

T(p,7) 2 L(crucz) = L(cr) + L(cz) 2 7(p, q) + 7(q,7) = 2€,

which proves the result since ¢ may be chosen arbitrarily small.

- Let 7(p,q) = o0 or 7(g,r) = co. Without loss of generality assume that there exists a future
directed causal curve from p to q of arbitrarily great length. Concatenation of this curve with any
FD causal curve from ¢ fo r results in a curve from p to r with 7(p,r) = cc.

3. - If 7(p,q) =0, there is nothing to show.

- Let 0<7(p,q) <00 and 0 < € < w Choose ¢ : [0,1] - M FD causal from p to g with
L(c)>7(p,q) - 5 (> 27(p.q)). Also choose 6; € (0,1) such that

e 7(p,q)
L(C|[o,51])<4(< 5

and dz € (0,1) such that

) but greater than 0

L(clis17) < i (< T(I;’q)) but greater than 0.
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Lef p1 = ¢(d1) and pz = ¢(1 - 02). Then we define U := I~ (p1) and V := I (p2). L(clfo,5,1) >0
and so 7(p,p1) > 0 ie. p < p; (by 1). Since I (p1) is open U is a neighborhood of p and,
analogously, V' is a neighborhood of ¢. Let p’ € U, ¢’ € V. Then we have

2.
(0'.q") = 7' p1) +7(p1,p2) + 7(p2,p")
> 0+ L(cls,1-6,7) +0
= L(c) - L(co,6,)) - L (clii-s,,17)
€ € €
2 T(paQ)_i_Z_Z:T(pMI)_G'

- Consider 7(p, q) = oo. This condition implies the existence of future-directed causal curves from p
to q of any length. Using a construction similar to the previous point, we establish neighborhoods
around p and q. Within these neighborhoods, all points have arbitrarily large tfime separations
from each other.

O
Remark 3.1.27. In general, 7 is not (upper semi-)continuous. To see this let M := R?\ {0 x [-1,1]}.

\p

All causal curves from p to ¢ have to pass through the ‘tunnel” and so they are almost null and 7(p, ¢) small.
But there are causal curves from p to ¢ which have greater length.

3.2 Variation of Curves

In this section, we'll explicitly delve into the relationship between geodesics and the largest curves. The
primary fool employed is the variation of a given curve using a two-parameter map, as previously intfroduced.

Definition 3.21. A curve c: [a,b] — M is called a pregodesic if there exists a (C*°-)function « : [a,b] - R
such that for all t € [a, ]

Vo
ﬁc(t) = ¢é(t) = a(t)e(t).

(Note that acceleration is colinear with velocity in the above equation.)

Remark 3.2.2 (On Pregeodesics).

1. Any geodesic is a pregeodesic with a = 0.
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2. Any reparametrization of a geodesic is a pregeodesic. Indeed, assume c is a geodesic. Then for
¢=co ¢ we have

Vi Voo . V.. _g
0= (00):9) =09+ & T 0o= 70
\,-/

¢=0

3. Conversely, any pregeodesic can be reparametrized as a geodesic. To this end, let ¢ be a pregeodesic
with
—¢=aé. (321)

Set
t T
o(t) ::f ela a(s)ds g

Then ¢ = efa ®()ds & = 4. a(t) and so

We show that ¢ = éo ¢! is a geodesic. First,

&(s)=(Eo¢™) (s)=cod ! (s) =t

e 1( )
and so
v, i
s ( d ()¢(¢1( )))
=a, by (3.2.2)
(67 ()
C(Tegr L ¢<¢1()>
()29 G O Gy
(321) a-é&)opt(s) ——m—— L ~(a-&) o (s) ———— L =
R P T ER AR PTP=T R

Remark 3.2.3. In the proof of Proposition 3.1.8 we saw that, if ¢: [a,b] — M is causal and ¢, : [a,b] - M is
a variation of ¢ with s € (—¢,¢€) and variation vector field X = a°s 4o With g(%X, c') < 0, then ¢ is timelike
for s small on t € [a, b]. Indeed, recall that

= (é(),¢(t)) <0,

s=0

<8cs 3cs>
ot’ ot

because ¢ is causal. Furthermore,

0 OJcg Ocg V| Ocs Ocg V Ocg

—_— :2 _— 22 - t X

830<6t’8t) <d508t’6t 0) (dt@s U) ( c) <0,
——

é(t)

Ocs  Ocs
ot ? 0t

which implies that < ) <0 for s € (—€g,€p) for all t € [a,b], where ey > 0 small enough.
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Lemma 3.2.4 (Deforming Causal Curves Info Timelike Curves). Letf ¢: [a,b] = M be causal but not a
null pregeodesic. Then arbitrarily close to ¢ (in the compact-open tfopology) there is a timelike curve
with the same endpoints.

Let K be a compact set in [a,b] and let U ¢ M be an open set. Then the compact-open topology on
{c:[a,b] = M | ¢ continuous} is generated by the subbase V(K,U) := {c¢:[a,b] > M | ¢(K) cU}. Since
M is metrizable this just amounts fo locally uniform convergence.

Proof. Without loss of generality let [a,b] = [0,1] (otherwise reparametrize the curve).

(a)

(b)

If there exists tg € [0, 1] such that ¢(tg) is fimelike then ¢ contains a timelike segment. By the proof
of Proposition 3.1.8 there exists a deformation of ¢ info a timelike curve with the same endpoints.
Therefore, it suffices to consider the case where c is null everywhere.

Let us first consider the case when c is null, C*°, unbroken and is not a pregeodesic. Then
9(6:6) =0 = 0= 29(é,¢) = 29(é. )

and so ¢(t)Le for all ¢ € [0,1]. Since ¢(t) is null, é(t)* = Re® E(t) in T,4)yM for E(t) spacelike.
Therefore, for all ¢ there exist a(t),b(t) € R and e(t) € E(t)such that

(1) = a(t)é(t) + b(t)e(t).

If b(t) = 0 for all t then é = a-¢ and so ¢ is a pregeodesic, which contradicts our assumption. Therefore,
there exists a tg such that b(tp) # 0 and so

<éa C) |to = a(tO)Q (év é) |t0 + b(tO)2 <€(t0), e(t0)> > 0.

N—— —_—
=0 >0
Therefore,
(¢,¢) >0 but not =0. (323)

Choose Yj € T, oy M timelike such that (Yp,¢(0)) < 0 (this is possible since ¢(0) is null). Let Y be the
parallel transport of Yy along ¢. Then Y is timelike and

(Y(t),¢(t)) <0 for all t. (324)

Now set X := aY + ¢ where a, 8 € C*° are to be determined so that a(0) = 8(0) = a(1) = 8(1) =0
and g(X’,¢) < 0. Once we get that, we are done because then at a variation ¢, of ¢ (as in Remark
32.3); just set c(t) := exp, ;) (sX (t)). Then

C()(t) = C(t)
cs(0) = ¢(0)
cs(1) = (1)

and
Oslocs(t) = X (¢).

We have that (¢, ¢) =0 and so

0=—(¢,¢) = (&¢)+ (E,6). (325)

_4d
T dt
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Now
(X7,6) Y20 a (Y, e) + B6,6)+B(6,e) V27 Y e) - B ). (326)

Let
(¢,¢) (:3.243)%(3.2.1)

7T
Then there exists a C*-function 5 :[0,1] — R such that 8(0) = 8(1) =0 and

[ swn =1
/\ﬁ
8\/3
Y

Finally, set a(t) := jot(ﬁfy +1)(s)dt. Then a(0) =0 = (1) and we also have from (3.2.6) that
7 - . . e (3'2'7) e e
(X',¢)=(By+1) (V&) -B(&E) < B(&E)-B(EE)=0.
—
<0, by (3.2.4)

0 but not =0. (3.27)

(c) Consider c fo be piecewise C* and null. If one of the segments of ¢ is not a pregeodesic then by
(b), it can be deformed into a timelike segment and then by (a), ¢ can be deformed into a timelike
curve. We can assume, without loss of generality, that all segments are pregeodesics, except for c itself,
which is not a null pregeodesic. According to (a), it suffices to consider the scenario where there is
just one breakpoint, i.e, there exists ¢ € (0,1) such that ¢ is C* on both [0,%9] and [¢g, 1], where ¢(t;)
and ¢(tf) are linearly independent (otherwise it wouldn't be a breakpoint). Denote by Y* the parallel

transport of ¢(t3) along c.

b

clfo,4o] is a pregeodesic == ¢ Y~ on [0,%o] and they have the same orientation
clito,17 is a pregeodesic == ¢ || Y™ on [to,1] and they have the same orientation.

Set Y :=Y*-Y". Then on [0, ]

(Y,é) = (Y+,é)—(Y™,é) <0, (328)
——
<0
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where (Y~,¢) =0 since Y™ || ¢ and ¢ is null. Analogously, on [, 1]

(Y,é) = (Y*,6) — (Y™, &) > 0.

(329)

Let o : [0,1] - R be contfinuous and smooth on [0,tg] and [tg, 1] with a(0) = a(1) =0, &/ > 0 on

[0,%0], &' <0 on [to,1]. Set X =Y. Then X(0)=0=X(1) and

’_ 3.2.8),(3.2.9
(X’,é) Y:70 ar (Y, c-) ( )é )

from this, as before, the claim follows.

O
Remark 3.2.5.
In general, a null pregeodesic
cannot be deformed info a fime- -
like curve with the same end-
points. For example, this holds
true in Minkowski space R3.
p
Lemma 3.2.6. Let ¢ be a null geodesic and let ¢s be a variation of ¢ with variation vector field
X (: %C; o) such that X L¢ in the endpoints. If there exists a sequence s; — 0 with ¢, timelike then
X 1¢ everywhere.
Proof. Without loss of generality, we can assume that either s; >0 or s; <0 for all s;. Then,
=0
—
lim g(cs,cs) = lim g(CSi7CSi) —g(qc) — 2 g(és>és)
71— 00 S; s;—0 S; 85 0
and so
g .. . g .. .
—g(¢és,¢5) <0 or —g(¢és,¢s) >0 forall te[0,1].
Js 520 Js 520
But by Remark 3.2.3,
0] vX vX vX
7-9(Cs, C5 =29 —,¢)] = g|l——,¢]200rg|——,¢)<0forall te[0,1]. 3210
959 e 0| g(dt c) g(dt C) g(dt C) [0.1] (3210
Now 1 X 1/ d 1
\Y . é=0 . .. .
va dt:f (7 X, &) - g(X, )dt: X&) =o,
[oa(Sre)ar™ [ ((Geeo)-g(x.o)d-g(x.0)
by assumption. Using (3.2.10), for all ¢ € [0, 1]
vX d
VA N2 ox e
g(5r )= Hocxo.
which implies that g(X, ¢) is constant on [0,1], hence equal to zero. O

Next, we infroduce the notion of a Jacobi field. These fields adhere fo a specific ordinary differential
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equation (ODE) and, simultaneously, they serve as variation vector fields for geodesic variations. More
precisely, we define a variation ¢, of ¢ as a geodesic variation if all curves of the form ¢ — ¢4(t) are
geodesics. We denote by J the corresponding variational vector field, i.e, let

Ocs(t)
J(t) = ——= .
t) ==, .
Then )
\Y, VvV V Ocs [31,2.1.20 V V Vg [3],3.1.6 V V Ocs .
—J === =7 = = ——= + R(J. =0
ve2" " otor os |, ot ds ot | _, dsat o |, TS OE=0.
where the term %%‘:; =0 because ¢, is a geodesic.

Definition 3.2.7. A vector field along a geodesic c is called a Jacobi field (JF) if it satisfies the Jacobi equation
(JE)
v? N
@J‘FR(QJ)C =0.
Remark 3.2.8 (On the Jacobi Equation).

- The Jacobi equation is a linear ODE of 2" order. Hence, given J(0) and %J(O) there is a unique
global solution fo the Jacobi equation with these initial data J along all of c.

+ The vector space of Jacobi fields on ¢ has dimension 2n (= dim(M)).

« The Jacobi equation is sometimes also called equation of geodesic deviation.

Lemma 3.2.9 (Jacobi Fields and Geodesic Varitions). Let J be a C*-vector field along a geodesic c.
These facts are equivalent:

1. J is a Jacobi field.

2. There is a geodesic variation of ¢ with variation vector field J.

Proof.
(2. - 1.) See above Definition 3.2.7.

(1. - 2.) Choose any curve o such that ¢(0) = o(0), J(0) = ¢'(0). Choose also X € X(o) with
X (0) =¢(0) so that ¥X(0) = Z.J(0).

Such an X exists. Indeed, let A, B € X(o) be parallel with A(0) = ¢(0) and B(0) = J'(0) and set
X(s):= A(s) +sB(s). Then X(0) = A(0) =¢(0) and

%(0) _ A/(0)+B(0) +5-0= B(0) = J'(0). v
=0

Set ¢(t) = exp,(5)(tX (5)). We show that ¢, is a geodesic variation of .J.
(a) We have co(t) = exp,(g) (tX (0)) = exp, ) (t¢(0)) = ¢(t) and, clearly, all ¢, are geodesics.
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(b) Set J = 6C> Then by (2. - 1.) J is a Jacobi field along ¢ and we have fo show that J=J
Hence, by Remark 3.2.8 it suffices to show that J(0) = J(0) and J’(0) = J(0). Indeed, we have

J0) = 2| ooy = o],y = I

and

2.1.20,[3]

70)= T 2 ey (1X(5))] ., 5 57 Pt (X (D),

%TO €XPs(s) (X(S))|S:0

dt (’9
(2.1.14),[3]

Y /
= gX(S)L:o =.J'(0).

O
Example 3.2.10 (Jacobi Fields).
1. Trivial Jacobi fields. Let ¢ be a geodesic, then
J(t) == (at + b)c(t)
is a Jacobi field along c. Indeed,
dt2 J(t) = (ac+ (at+b)c) ac=0
and
R(¢,J)e=(at+b)R(¢,¢)é=0
——
=0
Corresponding geodesic variations are:
cs(t) =c(bs+t) = 0Oslocs(t) =b-c(t)
cs(t) =c((1+as)t) = 0Oslocs(t) =at-c(t)
2. In M =TR"u (i.e. flat space with index v) we have R = 0. Hence, the Jacobi equation is thZJ = ;:2,] 0

and so the general solution is
J(t)=tX({)+Y (1)

with XY parallel ie. X,Y constant. The corresponding geodesic variation is given by
cs(t) =c(t) +s(tX (1) + Y (1)).

3. Let M have constant curvature ie. let R(X,Y) " =2 k({Z,X)Y —{Z,Y) X). Let also ¢ be a geodesic

with n:= g(¢,¢) and X,Y € X(c¢) be parallel vector fields along ¢ which are normal to ¢. Let
J(t) = spe(£) X () + cnu(t)Y (1)

with
sin(V/0t), 5>0

S5 i=1t, 0=

sinh(\/Wt), 5<0
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and
cos(V/dt), >0
es(t) =41, 0=0

cosh(~y/|d|(t)), <0

for 0 e R. Then s§ = —dss and ¢§ = —dcs. Therefore,

V2
@J =-MNK- J.

On the other hand,
R(Ca J)C = H(Q(Q C)J - g(Ja C)C) = K‘T]Ja

since g(¢,¢) =n and g(J,¢) = 0 since Jle. Therefore, the Jacobi equation holds. We can sketch the
three cases:

N\

;mw T < NS S nmpnes

k<0

Next, our focus will be on variations of geodesics that are perpendicular to a SRMF.

Remark 3.2.11 (Reminder on SRSMFs). Let P be a SRSMF of a SRMF M, then for X,Y € X(P), we have

1.3.7
vy (p) "L vEY (p) + I(X (1), Y (p))
—_—— —,—,———
eT,P € N,P=T,P*

where the second fundamental form I, : T, P x T}, P — N, P is bilinear, symmetric and given by

I(X,Y) = nor(V¥Y).



76 Chapter 3.2. VARIATION OF CURVES

Similarly, we have T, : T, P x N,P - T,,P (see (16.2)) defined via
I(X,v) :=tan(V¥v).

Then by Remark 1.6.9, 3, ~
(HP(Xv V)’ Y> == <HP(X7 Y)v V) )

for v e X(P)*. Hence, for X fixed we have
I,(X.) = ~(I,(X,))" : N,P > T, N.
Lemma 3.2.12. Let P ¢ M be a SRSMF. Let ¢ be a geodesic in M with ¢(0) = p € P and ¢(0)LP.
Finally, let J be a Jacobi field along c. These facts are equivalent:

1. J is the variational vector field of a geodesic variation ¢, of c with ¢,(0) € P and ¢,(0) € N, (o) P
for all s.

2. We have J(0) € T, P and tan (%J(O)) =1(J(0),¢(0)).

We call any such J a P-Jacobi field.

Proof.

1. > 2.) We have o(s) :=cs(0) € P and so J(0 =2 cs =0’ (0) eT,P. Let X € X(P). Then,
Bso p

(X(0(5)).¢:(0)) =0
€Tes)p T;—/

for all s. Therefore,

0 = 2 XE).a0)
s=0
vM ) vV Vv
- <ds S_OX“’(S”’C(O)) ' (X“”’ 95 01 )
1.6.9,4. vP . . vV V
SR +Hp<o<o>,X(p)>,%> (x5l )

eT,P

= LEOLXE). A0+ (X ). 5 I(0)

3.2.11,(3.2.11 = ) \Y
o —(Hpu(o»c(o»—atJ(O), X(p>)
—— ——
tangential tangential

_ <Tcm(%J(0))—ﬁp(J(O)yé(O))»X(P)>

since X was arbitrary,
tan (%J(O)) ~1,(7(0), &(0)).

As in Example 3.2.10 define ¢, by
Cs (t) = €XPo(s) (tX(S))
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with
0(0) = ¢(0)=peP
5(0) = J(0)
X(0) = &0)

v %
£X(0) = ﬁJ(O)

where, in addition, we need o : [0,1] - P, X(s) € N, (4P for all s. Once we have this we are done
because then ¢4(0) = o(s) € P, ¢5(0) = X(s) € N,(5)P and %|063(t) = J(t) exactly as in Example
3.2.10.

- To begin with we note that o(s) € P can be achieved since, by assumption, T,,P > J(0) = 6(0).

- In order to construct X-transport ¢(0) normal-parallel along o (ie. nor‘% = (, see Remark
169, 5) to obtain U(0) = ¢(0) and U(s) € Ny (5P for all s. Let V(s) € N, (4P be the normal-
parallel fransport along o of nor (%2(0)), so that V(s) € N, (4 p for all s. Set

X(5):=U(s)+8V(s) € Nyis) P.
Then
- X(0)=U(0) = ¢(0).
- we have to verify that
Voo Y
£X(O) = dtJ(O)'

We start with normal components:
vX vU vJ
—(0) ] = —+V(0) )= —(0
nor( as ¢ )) nor( a5 VL )) nor( it ))’
yu

where nor( P ) =0 because U is normal-parallel. Finally, in order to show that
tan (%(O)) =tan (%(0))
we calculate
TGH(E) =Tan(E+V(O)) = E(O), (32.11)
ds ds ds
since V(0)LP and nor (¥Z(0)) = 0 because U is normal parallel. For Y € X(P), we have

<Ton(%(0)),Y(O)> @:2:11) (%(0),}/(0))

PP LP
-] eeve-fre. Fo)

=0

-{U(0),1,(6(0), Y (0)))

N~ =

1ot

é(0) J(0)
- ~(¢(0),1,(J(0),Y(0)))

normal

3.2.11,(3.2.11)

(I,(7(0),¢(0)),Y(0)) = Tan%J(O),Y(O) ,

where the last equality holds by assumption. Since Y was arbitrary, we are done.
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]
Definition 3.2.13.

1. Let ¢ be a geodesic with ¢(0) = p. We say that ¢ = ¢(¢) is conjugate fo p of order p if
w :=dim {nontrivial Jacobi fields J along ¢ with J(0) =0=J(¢)} >0,
where by 'nontrivial’ we mean 'not tfangential to ¢.

2. Let P be a SRSMF, ¢ a geodesic of M with ¢(0) = p € P and ¢(0) € N,P. We say that P has a
focal point along c at ¢ of order p if

w = dim {P-Jacobi fields along ¢ with J(t) =0} > 0.

Recall here the definition of P-Jacobi field from Lemma 3.2.12.

Remark 3.2.14. If J is a JF along a geodesic ¢, J(0)1¢(0) and J(tg)Lé(to) then J(t) Lé(t) for all ¢ Indeed,
(J,¢) =(J',¢) +0, where J' = YL Therefore, (J,¢)" = (J",¢)+0 E (R ¢) =0 and so there exist a,b ¢ R
such that (J(t),¢(t)) = a + th. If this function vanishes at two different ¢-values, it must be identically zero.
In particular; if ¢(0)LP and J is a P-JF along ¢, then J(t)L1é(t) for all ¢ (J(0) € T, P and so J(0)L¢é(0) also,
if J(to) where to is a focal point, is equal to zero then J(to)Lé(to)).

Remark 3.2.15 (The Size of ). Let dim(M) =n and dim(P) = m. We know that dim {.J : JF along c} = 2n.
If J is a P-JF then J(0) € T,,P and this reduces the dimension by n —m. Also, tan(J'(0)) = L,(J(0),¢(0))
reduces further m dimensions. Therefore,

dim {P-Jacobi fields along ¢} = 2n — (n—-m) -m =n.

Since the frivial Jacobi field J(t) = té(t) is a P-JF (J(0) =0 € T, P, J'(t) = ¢(t) = J'(0) = ¢(0) and
tan(.J'(0)) = 0 = 1,(J(0),¢(0))).
pw<n—1.
Example 3.2.16 (Focal Points).
1. Conjugate points can be viewed as focal points for P = {p}.

2. Let M = 8™ and P = {p}. Lef ¢ be a geodesic parametrized by unit speed. Then ¢ has a conjugate
point at ¢t = k- (k € N) of order u = n— 1. Indeed, let E be parallel along ¢. Then from Example
3210 (3., we know that J(t) = sin(t) - E(t) is a JF along ¢ and J(0) =0, J(kw) = 0. Since there are
n —1 linearly independent E which are perpendicular to ¢, it follows that p=n - 1.

3. Let P = S" cR™ = M. Letalso p e S™ and ¢(t) = (1 —t)p. Then &(t) = —p and so ¢ is a unit

——

RMF
speed geodesic emanating orthogonally from P. Let E € T,,S™ and E(t) parallel vector field along ¢

with E(0) = E. By 3.2.10 (2), we have that J(t) = (1 -t)E(¢) is a JF along c. In fact, J is a P-JF
(J(0) = E€T,P) and

fan (%(0)) =tan(-F) = -E.
By Example 13.16, I(X,Y") = (X,Y) ¢(0) (¢ points inward) and so
(I(X,6(0)). ¥) = = (I(X, ), &(0)) = = (X, V) (e(0),(0)) "2 ~(x, 7).

Hence, I(X,¢(0)) = =X and so I(.J(0),¢(0)) = —E. We have that J(1) = 0 = ¢(1) is a focal point of

——

=F
P = S" The order of ¢(1) is n since there exist n linearly independent E’s as above.
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4. Cylinder. Let P = Sk xR"F c RF+1 x Rk = R™*! = M. Similarly to 3. ¢(t) = ((1-t)p1, p2) has a focal
point at ¢t = 0 of order k.

5. De Sitter or hyperbolic space. Similarly, one sees that zero is a focal point for geodesics ¢(t) = (1-¢)p.
Take E(t) and J(t) as above.

Proposition 3.2.17 (Null Geodesics Are Not Maximizing After Their First Focal Point). Let P be a
spacelike SMF of a spacetime M. Let ¢ : [0,b] — M be a null geodesic with ¢(0) = p € P and
¢(0) € N,P. Set g := ¢(b). If P has a focal point along ¢ before q ie. if there exists some ¢ € (0,b)
such that ¢(tg) is a focal point then there exists a TL curve from P to ¢ arbitrarily close fo ¢ (in the
compact-open topology).

Example 3.218. Let M = R} and P = {1} x S' ¢ RxR? = R® = M. Consider p := (1,1,0). Let
1-t¢
c(t)=(1-t)p=|1-t] Then ¢(t) is a null geodesic since {p,p) =0 and ¢(0)LP.
0
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Indeed, write P as
{(1,cos(t),sin(t)) : te[0,2m]}.

Then T,P = {(0,0,1))" and so
p € N,P. Let b>1 and set

q:=c(b) = (1-b,1-0,0) = (8, 5,0).

Then B < 0. As before, we
have that (0,0,0)" is a focal
point of P. Let also p. :=
(1,cos(e),sin(e)). Then,

(g-pesa-pe) = ((B-1,8-cos(e),—sin(e))", (8- 1,8~ cos(e), —sin(e))")
= —(ﬁ—1)2+(6—cos(e))2+sin2(e):2 B (1-cos(e)) <0

<0 >0

and so the connecting line

¢ 1-1¢
elt) = pet H(a-po) = (cos(e> TR cos(e»)
sin(e) (1 - %)

is a timelike geodesic from p. to ¢ which for e - 0 converges to ¢ uniformly on [0, b].

In preparation for proving Proposition 3.2.17, we require the following lemma.

Lemma 3.219. Let M be a SRMF, c¢: [a,b] — M smooth, Z € X(c) and let Pf  : TopyM — Tos)M
be parallel transport along c. Then

d vZ

TP (Z2(1) = P, (E) ’

with ¢ = Pf (Z(t)) being a C*-curve in the finite-dimensional vector space T,y M where we take

d
dt’

Proof. Let E; € X(c), for i = 1,...,n be a paradllel frame along c¢. Then we can write Z(t) = Z'(t)E;(t),
where Z'(t) are C*™-functions and so
P{(Z(1) = Z'(t) Ei(s).
Indeed, 7 = Z'(t)E;(7) is parallel and has value Z(t) at 7 = t and so its value at 7 = s is

Pg,(Z(1)). Therefore, L Pe (Z(t)) = (2°) (1) Es(s). Also, ZZ(t) P2 (20)(1)Es(t) and so PE, (SZ)
(Z') (1) Ei(t).

[T

Lemma 3.2.20. Let P ¢ M be a SRSMF of a spacefime, c¢: [0,b] >~ M a geodesic with ¢(0) =p € P,
¢(0) € N, P. Then
T :={t €(0,b] : P has focal point along c in t}

is compact.
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Corollary 3.2.21. In the situation of Lemma 3.2.20 we have the following:

If T # @ then there exists a minimum of T i.e. there is a first focal point.

Proof. See 3.2.20.

a)

b)

c)

Set V := {P-Jacobi fields along ¢}, choose any Riemannian metric h on M and define for J eV

|1 = supyeqo,p)| (D)1n + sup

vJ
—(t)| .
dt ( )‘h

Then (V, | - |) is an n-dimensional (=dim(M)) normed vector space (see Remark 3.2.15) and |- | is a
normon V (|J| =0 = J =0).

Claim: T is closed in (0,b]. Indeed, let t; € T, t; > t € (0,b]. We want fo show that t € T. There exists
Ji €V, J; # 0 with J;(¢;) = 0 and without loss of generality |.J;| = 1 (otherwise normalize, if needed).
Then the unit sphere in V is compact and so there exists a convergent subsequence, called J; where
Ji > JeVand J;(t;) =0. Then |J|| =1 and so J # 0 is a P-JF. Consider parallel fransport w.rt. g,
where g is the original metric, along c:

P;t : TC(S)M — Tc(t)M'

Then,
=0
—
J(B)n = |J(t) - Ptci,t‘](ti) + Ptc,;,tJ(ti) - Ptci,,t Ji(ti) |n
—>J(tl)
—
< |J(@) =Py, J(t) |+C| () = Ji(ti) [|n = 0,
\ , | ——

i—oo -0

where in the last inequality we used continuous dependence on initial conditions of parallel transport.
Therefore, J(t) =0 and so t e T.

Claim: There exists € > 0 such that T ¢ [e,b]. Assume that there exist ¢; € T such that t; — 0. Then as
in b), there exist J; € V such that J; - J in V with J;(¢;) =0, | J;| =1 =|J], J(0) = lim; e J;(t;) = 0.
Since J is a P-JF,
vJ = :
tan (7(0)) ~ (J(0),(0)) = 0.
dt
=0
We show that also nor (¥Z£(0)) = 0 because then ¥ (0) = 0. Since J(0) = 0, we would get that .J = 0,
which would be a contradiction fo ||.J| = 1.
vJ
- [nor|{ —(0
rer (G @),

‘ (Pti,oJ(ti)—J(O))
nor
converges to | Pfo(J(t)) P2 peg (BL(1)) l._y = P50(J'(0)) = J'(0). Fur-

ti-0 .
Pf. 47 (4:)=7(0)

where -
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thermore,
P o J(ti) = J(0) 1 c
‘”0'"( : -0 . = t:'nor‘(Pti,O(J(ti)_Ji(ti)))|h
1 Z
_ vmrL[ ffo( J T)dT+Jm)—Lan]
t 0 h
v(J-J;
o k(M o, >)
h
< —1[1HJ—LWh:CWJ—%H+O
ti 0

(for some constant C' > 0), so nor (%£(0)) =
O

Proof. See 3.217. Let ty € (0,b) be the first focal point of P along ¢. Let J # 0 be a P-JF along ¢ with

J(to) =
a) Claim: There exists a 6 € (0,b - t) such that J on [0,to + §] can be written as J = f - U, where U

0. Since t is the first focal point, J(t) # 0 for all ¢ € (0, ).

is a spacelike unit vector field along ¢ and f : [0,tg + 6] = R is C* and f > 0 on (0,%y), f <0 on
(to,to + 0). Indeed, by Remark 3.2.14, since J is a P-JF, J1¢ on [0,b]. Since ¢ is null, there could be
points where J is proportional fo ¢. We show this is not the case. Suppose there exists t1 € (0,%y) and
that there exists some 3 € R such that J(t1) = B¢(t1). Set

J(t) = J(t) - f—fé(t).

Then .J is a trivial Jacobi field (see Example 3.2.10 (1)). In fact, J is even a P-JF:
- J(0)=J(0)+0eT,P. v
7 é=0,¢(0)LP
-mn@#m) D 4an (T2(0)) = 1,(1(0),&(0)) = L,(J(0),¢(0)). v

But, J(t1) = 0 and so ¢(t1) is a focal point and ¢, < to. # Therefore, J is nowhere proportional to ¢
on (0,to) and so J is spacelike on (0,tp). Let {E;},_; , be a parallel frame field along c and write

J(t) = JH(t)E;(t). J(to) =0 and so Ji(ty) = 0 for all i, implying that

ﬂ@ﬁJ%@+f——fm+dtmD%—Ut@f
=0

=Y'(t)
Then setting Y (t) := Yi(t)E;(t) € X(c) yield
J(t) = (to - )Y (1)
By the same argument, if J(0) = 0 then Y (0) = 0 and so Y (t) = t- Y (t) Altogether, we can write
J(t) = ()Y (1),

where
o -t), ifJ(0)=0
()= {(to ~1), if J(0) % 0.
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b)

This holds on [0,to+d] and Y € X(c¢) implies that Y is spacelike on (0, ). If J(0) # 0 then Y'(0) 0.
If J(0) = 0 then ¥2(0) # 0 (otherwise J = 0 since J is a Jacobi field).

J' @)= (y()Y () = (tg - 2t)Y +t(tg - )Y’ (3212)

and so 0 # J'(0) =Y (0) implies that Y'(0) # 0. Similarly, 0 # J'(t9) = —toY (to) implies Y (¢o) # 0.
Claim: Y'(0) and Y (t¢) are spacelike. If J(0) # 0 then Y (0) = —=J(0) € T, P is spacelike. If J(0) = 0

7(0)
then (J,¢) =0 and so
0= % (J,e) = (S ¢) = Z—tjié.

We now show that YTZ] is hot proportional fo ¢ at ¢ = 0. Suppose Y (0) = 3¢(0). Then,
vJ 3.2.12 .
220) “E 1Y (0) = toBE(0)

and so J(t) = t-toBe(t). But then J(tg) = t2B¢(to) # 0. 4 (to is a focal point.) Therefore, Y (0) and
hence also J'(0) is spacelike. We now show that also J'(tg) is spacelike: J'L¢é and if we suppose that
Y (to) is proportional to é(tg), Y (to) = B¢é(to). Then

’ B to—Qt t(to—t) ’ <—|f<](0):0
J(t)_{ -1 }'Y(m{ to—t }'Y(t) —if J(0) #0

and

1 —to
J'(to) = { 1 }'Y(to) = {_1 }'5é(t0)~

Just like before, we obtain
to )
J(t) = (to—1t)- {_1} - Beé(to)

but this contradicts, in the first case, J(0) = 0 and, in the second, J(0) being spacelike if J(0) # 0
(since the vector we get is null). Therefore, Y (4q) is spacelike. Finally, Y is spacelike on [0,t] and,

Y
by continuity, Y is spacelike even on [0,tg] for some small § > 0. Set U := m (since Y is a spacelike
———
(U, U)=1
vector field, [Y| is hever zero) and
f=r-Y]
f-U=y-Y=Jandso fisC® and f >0 on (0,ty) and f <0 on (tg,to +9).

Claim: There exists a § € (0,b-tp) and V € X(¢) such that V(0) = J(0), V(to+6) =0, VLé on [0, t0+6]

and (Vdi;/ + R(¢, V)c',V) >0 on (0,tg+4d). To this end, let § > 0 as in a) and take the following ansatz

Vi=(f+9)-U=J+g-U (3213)
with g to be determined. Then V' = J' + g'U + gU’' and V" = J" + ¢"U + 2¢'U’ + gU". Therefore,

vV
dt?

2
FR(EVYE = %+ §'U +24'U" + gU" + R(e-F)E + gR(¢, U)é

) 2
Jis a JF

U +20U +g ( thQU + R(¢, U)é)
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and so
vV . . (3.2.13) " P " . .
+R(¢,U)e,V = (f+9)(¢"(U,U)+2¢"(U",U) +g(U" + R(¢,U)¢,U))
dt? — —_—
=1 -0 =1

 (Fea)g" gD,

Choose a > 0 such that [ > —a? on [0,ty + ] and set

g(t) :=b(e - 1)
with b > 0 such that g(to +6) = —f(to +6). This is possible since f(to+8) <0. Then V (to+4) (3:2.13)

and V(0) 9(Q=0 J(0). (f+g) >0 on (0,ty] (since g > 0 everywhere and f > 0 on (0,%)) and
(f +9)(to+) =0. Without loss of generality, tg + 4 is the first zero of f +g. Then on (0,to + ),

vV N "
W‘FR(QV)QV =(f+9)(g" +g-1),

since V1é (J = f-U, ULé where f # 0 ie on (0,tg) U (to,to + d) and, by continuity, on [0,to + d]).
Moreover, (f +g)(g" +gl) >0 on (0,ty +J) because g’ + gl = a®>g +a?b+ gl > a*b > 0.

¢) Claim: There exists A € X(c) with A(0) =T(V(0),V(0)), A(to+4) =0 and
(V" =Ry, V) + ((V,V') +(A,é) <0
on [0,tp + 0]. We have
(1(J(0),J(0)),e(0)) =" —(1(J(0),¢(0)), J(0))
TEF _tan(J'(0)), J(0) ) =(J'(0),J(0)) (32.14)

N——
tangential

and (V, V') = (J +b(e® = 1)U, J" + ab- e™U +b(e® - 1)U"). Now, (J,U’) = f(U,U’) = 0 and so
——
=0
(J+b(e™ =1)U,J" +ab-e™U +b(e™ - 1)U') = (J, J') + (V,ab- e™U) + b(e"* - 1) (U, J').
For t =0,

(V, V') (0) = (J,J") (0) + ab(V(0),U(0)) = (J, J') (0) + ab- £(0) = (J,J') (0) +ab-|J(0)]. (3215)

2.7(0)
We distinguish the following three cases:
i) Case: (I(J(0),J(0)),c(0)) # 0. Write
1(J(0), J(0)) = aXo,
where X € N, P with (X, ¢(0)) = -1. Then

(32.14)

—a = (aXo,¢(0)) = (I(J(0), 7(0)), ¢(0)) (J'(0),7(0))
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i)

iii)

and so a = (J'(0),J(0)). Let X € X(c) be parallel with X(0) = X. Then (X (¢),¢(t)) = -1 for
all ¢ (since (X, ¢(0)) = =1 and parallel transport is an isometry). Set

A= (o) = Py x,

Then
A@0) U= ((7(0), T(0)) +abAFOT] - abAFHTN) - X (0) = aXo = 1(J(0), J(0))  (3216)
=« V(0)

and

A(to + (5) = ((V(to + 5), V,(to + (5)) + O)X(t() + (5) = 07
since V (tp +9d) = 0. Also,

a0 ey SOl gy
_ ab|J(0)|
to +0
on [0, + &]. This proves c) since, by b), = (V" = Ry.¢, V) <0 on [0, +d].
Case: (I(J(0),J(0)),¢(0)) =0 and J(0) # 0. Choose X € X(c) parallel such that (X, ¢) = -1 and
choose X € X(c¢) parallel such that Z(0) =1(J(0), J(0)). Then by assumption, (Z,¢) = 0. Set
a0 = (oo 2 -)xw (1= 520,
Then,
A@) Y ((0),7/(0) X (0) + 2(0)
G- (1(0),7(0)),(0)) X (0) +1(J(0), 7 (0))
=0, by assumption of ii)
= 1(J(0),7(0)),
A(to +0) = 0+0-Z(tg+9)=0
and
vy 4,y POl
which proves the claim.
J(0) =0. Let ug :=tg + ¢ and pick f e C®([0,tp +0]).
in """"""""""""""""" 1 f/
0 7 %o 5 Uo 7 1o Uuop Uy ’iuo %UO %‘io uo
—in """""""""""""""" —11
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Pick u; and ug in (0t + &) such that f = -1 on [0,u;] and on [ug,ty + 8] Let € > 0 such that
——
—uo
€ < MiNgefyy un] (V" = Ryet, V) (1),
which is possible by b). Now set
f=—ef

and define X as in ii) and set

A(t) = (V. V') + f(£) X (1)

Then R
A(0) = ((J(0) J'(0)) +ab- [ J(0)| + £(0)) =0 =1( V(0) ,V(0)),
=0 =0 =0 =J(0)=0
A(to+6)=(0+ f(to+0))X(to+0)=0
=0
and '
(V) + () e
Therefore,
< f: —€, on [0,’LL1]

€
0, on [u1,us], by definition of e

€'f:—6, on [U,Q,U,()].

(V" =Ry, VY+((V. V') +(A,¢)) =

IN A

>0 on [to,to + 4] —e-f'

Hence, — (V" = Ry, VY + ((V, V') + (A, ¢)) <0 on [0, + 4.

d) We now construct a variation ¢, of ¢|[o.4,+s] Such that ¢ is fimelike for 0 < |s| small. Set o(s) :=

expl(5J(0)) where o : (=¢,€) - P is smooth, o(0) = 0, 6(0) = J(0 2 v(0), ¥25(0) = 0 (in fact,
p ds
Vd—za = 0 since o is a P-geodesic). Choose a variation c, of ¢ with ¢4(0) = (s), cs(to+9) = c(tg+5) =: q,

%C;' 0= V (V is a transversal velocity) and % %C; 0 = A (A is a transversal acceleration). Why is this
possible? As in the proof of Proposition 3.1.8, pick Fermi-coordinates z!,...,z™ along ¢ and find for

each i=1,...,n a surface (depending on (t,s)) z'(t,s) = 2% o cs(1).

prescribe first and second

derivative via V and A . )
. z'(t,0) = " (to +9)

50 =Vi(©0) ]

M i . Uz(s) :xi(()’s)
(%2l,) =470
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By Proposition 1.5.1,

oM,
ds

vPes
== | +1(5(0),6(0)) =1(J(0),.7(0)) = A(0).
—= = J(0)

0

Let f:[0,¢0 +J] x [—€0,€0] = R such that

f(t,8) :={¢s(t),és(t)).

By Taylor expansion in the s-variable we get

of 1 ,0°f
f(t,S):f(t,0)+Sg(t,O)+§S @(taes)a
where 0 = 0(t,s) € (0,1). Here f(£,0) = (¢(0),¢(0)) = 0 (because c is null), 3£| = 2(F| %=, ¢) =
oc
oA X == gV =24 (v &V -2(V, ¢ ) and
(Ot s |s:0 ) dt< ) < >
S~—— =0
-V 2o
102 ol [v. . | |V dcs .
S A t =5 5 CsyCs = a_ A, o 0 Cs
295,70 aso<asc C) aso<8tas C>
L () (el
B ot ot \osotos|_,
(1316 [VV ﬂ) V V ¢ ) .
- <8t’ ar |\ ot 25 s |, G VIV
—_——
-A
vV vV \%
_ YWV AV AN e vy
< dt ' dt )+(dt ’C) (REVIEY)
—
EO(A,é),

= ((WV)+(4,8) - (V" -R(V,é)é,V)) <0,

on [0,tg + 4], by ¢). Since [0,ty + §] is compact, there exists ¢y > 0 such that g%f(t,& -8) <0 on
[0,t0 + 8] x [—€0, €0] and so for s € [—€g, 0]\ {0}, cs is timelike. Finally,

Cs|[0,t0+6] U C|[t0+5,b]
—_——— — —
timelike null

can be ‘pushed up’ to a fimelike curve from P to ¢ arbitrarily near fo ¢ U c. Hence, altogether, there
exists a timelike curve from P to q arbitrarily near c.

O

Lemma 3.2.22. Let P € M be a spacelike SMF, ¢: [0,b] = M a null geodesic with p := ¢(0) € P but
¢(0) ¢ N, P. Then arbitrarily close to ¢ there exists a timelike curve from P to ¢ = ¢(b).
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Proof. Since ¢(0) ¢ N, P, there exists an X € T,,P such that (X,¢(0)) # 0, without loss of generality let
(X,¢(0)) > 0. Let X € X(c) be the parallel transport of X = X (0) along ¢ and set

V() = (1— %)X(t).

Then, V(0) = X and V (b) = 0. Now construct a variation ¢s of ¢ with %C; o =V.cs(0) € Pand cs(b) = q for

all s. (fo see that this is possible use Fermi coordinates). (¢, ¢s)|s=0 = {¢,¢) = 0 (c is null) and

Taylor of 1" order
pa—

(), oo =2 T 60) = -2 (X0, 6(0)) = =2 (X, (0) (64(0). (1)) <0

0s
>0

for 0 < s small and so ¢, is timelike for such s. L]

Combining Lemma 3.2.4, Lemma 3.2.20 and Lemma 3.2.22 yields the following theorem.

Theorem 3.2.23. Let M be a spacetime, P ¢ M spacelike SMF, ¢ : [0,b] = M a causal curve with
p =¢(0) € P. Then arbitrarily close to ¢ there is a fimelike curve from P to ¢ := ¢(b) unless ¢ is (up
fo reparametrization) a null geodesic with ¢(0) € N, P without a focal point before b.

3.3 Convex Sets

Definition 3.3.1 (Cf [3] 2.2.4). An open subset U c M is called convex if it is a normal nelghborhood of each
of its points i.e. for every p € U there exists Uc T, M starshaped and open such that exp,, : U-Uisa
diffeomorphism.

Remark 3.3.2. If U is convex and p, g € U then there exists a unique geodesic in U from p 1o ¢ (cf [3], 2.1.15).

Proposition 3.3.3 (Existence of Convex Sets). Every point p in a SRMF M possesses a basis of
neighborhoods consisting of convex sets.

Proof. Cf [3] 227. O
Remark 3.3.4. If U,V < M are convex, then U nV need not be convex.
U
— p”

Lemma 3.3.5 (Intersection of Convex Sets). Let C1,Cy ¢ M be convex and suppose C; and Cs are
contained in a convex set D ¢ M. Then the infersection Cy n Cy is convex.

Proof, Proof Cf [3], 2.2.11. O
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Definition 3.3.6. An open covering U = {U,}, of a SRMF M is called a convex cover if
Uy, n---nU,, is convex Yaj,Vn e N.

Remark 3.3.7. If (X, d) is a metric space and U is an open cover of X then there exists the Lebesgue number
of U i.e. there exists § > 0 such that for any A € X with d(A) < 6, where d denotes the diameter of A, there
exists some U €Y such that AcU.

Lemma 3.3.8. Let M be a C>-manifold (T2 and second-countable) and let ¥ be an open cover of
M. Then there exists an open cover U of M such that, if Uy, Us € U with Uy n Uy #+ @, there exists a
V eV such that Uy uUs € V. In particular, U is a refinement of V.

Proof. Let d be a metric on M inducing the manifold topology (e.g. d = d, for some Riemannian metric g
on M). Let (K,,) be a sequence of compact subsets of M such that M =U,, K,, and K,,, € K, ,, for all
m. For any m set

Vi ={VnK,,:VeV}.

Then V,, is an open covering of the compact metric space K,,. hence there is a Lebesgue number §,, and,
without loss of generality, §,,+1 < 0., for all m. Set K_; = Ko = @.

For any m > 1 cover K,,\K3,_, by finitely many (K,,\K:,_, is compact) open sets U,,, that lie in
K51\ Km-2 and for which d(Up, ) < dmzs, 1 < i <. Then

U:={Up, :1<i<iy,,meN}

has the claimed property. Indeed, let U,,,, nUy; # @ and, without loss of generality, m < k. Since Uy, € K, .,
and Uy; € M\K}j_o, we must have k-2 <m+ 1. In particular, k-2 <m < k. Now, d(Uy,,) < 5T*3 < 5’%1 and
d(Uy;) < 5’62”’ < ‘S’CT“‘ Since Up,,nUy; # @, d(Upn,UUy;) < d(Up, )+d(Uyg;j) < dg41 and, since Uy, UU; € Kpi1,
by the definition of Lebesgue number, there exists a V € V such that U,,, WU, SV N Kp1 € V. O]

Proposition 3.3.9. Let M be a SRMF, V an open cover. Then there exists a convex cover U of M
that is a refinement of V (i.e. for all U €U there is a V € V such that U c V).

Proof. Let
U ={Uc M:U is convex and 3V € V such that U c V' } .

Then, by Proposition 3.3.3, U; is a cover of M and a refinement of V. By Lemma 3.3.8, there exists an open
cover Uy of M such that, if Uy,Us e Uy and Uy nUs # @, there exists U € Uy with Uy uUs € U. Now set

U:={UcM:Uis convex and IW e Uy with U c W} .
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Again, by Proposition 3.3.3, U is an open cover of M and U is a refinement of Us, hence of U; and, hence,
of V. Finally, let Uy,..., U, eld and Uy n---nU, + @ Uy € Wy and Uy € W5, where W1, Wy € Us, and
Wi nWy # @. By construction, there exists U € Uy such that Uy uU; € Wi uWy cU. By Lemma 3.3.5, Uy nUs
is convex. Moreover, ~

(UynU)uUscUyuUscU el

implies that Uy n Uy n Us is convex. Continuing in this way we get that Uy n---n Uy, is convex. O

Definition 3.3.10. Let U be a convex subset of a spacetime M. For any p,q € U lef g,, be the unique
geodesic in U from p to ¢ with o(0) = p and o(1) = ¢. Then we call

A(p,q) =D = 5pq(0) = exp, ' (q) € T,M
the displacement vector of p and gq.
Remark 3.3.11.
- Recall from [3] 229 that exp;,'(q) = E™'(p, q).

- Clearly, o(t) = exp,,(t-exp,'(q)) = exp,(t-pq) for t € [0,1].
Lemma 3.3.12. Let M be a convex spacetime (e.g. a convex set in a given spacetime) and let p,q € M
such that p # q. Then:

1L geJ (p) — A(p,q) = exp;l(q) =pg € T,M is FD causal.

2. qe I"(p) < A(p,q) is FD timelike.

3. I*(p) = J*(p).

4. The relation < is closed (i.e. p, = p, ¢, — q and p,, < g, for all n implies p < q).

5. Every causal curve c: [0,b) - M with its image contained in a compact set can be contfinuously

extended 1o b.

Proof By Corollary 3.1.13 we have for starshaped 2 ¢ T, M a diffeomorphism exp,, : Q - Q such that

J*(p)
I"(p)

This immediately gives 1, 2. and 3. because those propertfies hold in Minkowski space.

exp,(J7(0) N Q)
exp,(I7(0)n Q).

4. p = q is trivial so let p # q. Without loss of generality assume p,, # ¢,. By [3]1 229, (p,q) = pg = A(p, q)
is continuous. Since (prgn.Pran) < 0 for all n, (pg,pg) < 0 and so pg is causal. Moreover, if X is a

timelike vector field on M then (pnqn,X> < 0 for all n. By continuity, (ﬁi,X) <0 If <]&},X> were
equal o zero then pg would be spacelike. 7 Therefore, pg is FD causal if all p,q, are FD causal.

5. Let t; - b. Then, by compactness, (¢(t;)); has at least one cluster point. We need to show that there
is only one such point (because then we have a continuous extension). Suppose p and ¢ are cluster
points. Then there exists t; ~ b such that c(t2;) - p and c(t2;+1) = ¢ for j — co. Without loss of
generality assume c is future directed. Then

4.
c(ta;) < c(taje1) < ctojsa) = p<q<p.

1. now implies that A(p, q) is both past and future directed, that is A(p, q) = 0. which yields p = q.
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3.4 Quasi-Limits

The exploration of causality involves understanding the limits of causal curves. However, assuming these
curves 1o be only pointwise C* leads to challenges. The limit of a sequence of pointwise C*-curves may not
itself be pointwise C*. To address this, we infroduce the concept of a quasi-limit of a sequence of causal
curves—these are imperfect approximations, akin to broken geodesics, where closeness is determined by a
convex covering. Employing this concept allows us to simplify complex global causality problems into more
manageable local ones.

Definition 3.4.1. Let K be a convex covering of a spacetime M and let (¢, ), be a sequence of FD causal
curves. A limit sequence of (¢, ), with respect fo K is a finife or infinite sequence of points pp < p; <ps < ...
such that there exists a subsequence (c,,, ), and parameter values t,, o < tp;1 < tm2 < ... such that

1. 1a) for every j

lim Crm (tm,j) =pj. C”lm(tmyj*'l)
m—00

2b) pj. pj+1 and ¢y, ([tm,jstm,j+1]) lie in some Cnp (tm. )
K e K for all m > m(j).

2. If (p;); is infinite, then (p;); does not converge.
If (p;); is finite so that pg < p1 < --- < py then
N > 1 and no strictly longer sequence satisfies
1.

Chm,

Remark 3.4.2. For each j as above, since K (j) is convex, there exists a unique causal radial geodesic «; in
K(j) from p; fo pj.1. The causal geodesic polygon v :=p U~y Uz U... is called a quasi-limit of (¢, ).

Example 3.4.3.

1. Consider R% and C,,, where C,, is a straight line segment from (0,0) to (n + %,n) Every limit sequence

lies on the null geodesic v(s) = (s,s). Up to reparametrization, ~ is hence the unique quasi-limit of

(Cn)n~

(0,0)

2. Consider R?\{(1,1)} and C,, as above. Every accumulation point of (c,(t)) for t ¢ R must be on
{(s,s) : s> 0}. However, for any limit sequence p; = (s;,5s;) we can never have s; <1, s;,1 > 1. Such
points cannot both lie in a convex set (because there doesn't exist a geodesic connecting them). For
example, p; = (1 - %, 1- %) is a limit sequence and s — (s, s) for s €[0,1] is a quasi-limit.

3. Consider now R? and C,, a straight line segment from 0 to (n+1,(-1)"n). Both s — (s,s) and
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s (s,—s) for s >0 are quasi-limits.

(0,0)

4. Lastly, consider R? and let C,, be the straight line segment from 0 to (1,1-1). Then py := (0,0) <
p1:=(1,1) is a limit sequence.

(0,0

Proposition 3.4.4. Let K be a convex covering of M, let ¢,, : [0,b,) = M (for b, < 00) or ¢, : [0,b,,] —
M (for b, < oo0) be FD causal curves with lim,, ., ¢,(0) = p € M. Then the following facts are
equivalent:

Proof.

1. The sequence (¢y,), possesses a quasi-limit with respect to K.

2. There exists a neighborhood U of p such that infinitely-many ¢,, are not entirely contained in
U.

(1. > 2.) Let p:=po <p1 < ... be a limit sequence. Choose disjoint neighborhoods Uy, U; of pg,p:.
Since ¢y, (tm,1) = p1 almost all ¢, (tm,1) € Uy and, hence, not in Uy. Therefore, Uy is the required
neighborhood.

(2.-1.)
a) Let U be a locally finite refinement of K such that for all U € U there exists a K € K such that

U c K and U is compact. (For example, let (xa)aeca be a partition of unity subordinate to K
and let U := {supp(xa)°: @€ A}) By 2, we may assume that there exists Uy € U, where Uy is
a neighborhood of p, and that infinitely many c¢,, leave Uy. Let (c%l))n be the subsequence of
curves which leave Uy and set

tn1 = inf{t >0: c,(f)(t) ¢ UO}-

Then csll)(tml) € OUy. Due to compactness, there exists a subsequence, denoted again by
cfll)(tml), and we define p; to be the corresponding limit. Now since cS’(O) < c%l)(tml), by
Lemma 3312 (4), po < p1. But, p; € Uy while py € Uy and so py # p1 (in particular, the limit
sequence contains more than one point).) Now choose U; € U, a neighborhood of p;. If infinitely
many cff) leave Uy, go on with the construction. When repeating obey the following selection
criterion for U;: If more than one U € U contains p; then select as U; one which has been used
the least times before p;. (%)
This construction yields 1. in Definition 3.4.1. Therefore, it remains to verify 2. from Definition 3.4.1.
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b)

c)

If po < p1 < ... isinfinite, it is not converging. Suppose to the contrary i.e. suppose p; — q € M.
Let g € V eU. Now almost every p; lies in V. V is compact by assumption and U is locally finite.
Thus, only finitely many U € U meet V while almost all U; meet V (because p; € U; nV for
almost every j) and so one of the U's has been selected infinitely often. However, V' was always
was a candidate for for these p; but has only been selected finitely many times since only finitely
many of the p; lie in V. £

Suppose the construction terminates affer finitely many steps pg < p1 < --- < pi i.e. assume that

only finitely many (c{),, leave Uy, and so there exists a subsequence (¢, c Uy (ie. tail

ends remain in Uy). Uy is compact and so, by Lemma 3312 (5.), cﬁlk”) can be continuously
extended to their endpoints b,, (if not anyways defined on [0,00) - in this case, reparametrize
so that ¢, is defined on [0,b,) for b, < o). Since Uy is compact, without loss of generality,
(k+1) =

en ' (bp) = qeUy.

- Case 1: Assume q = pi, and that the finite sequence is extendible by some pg.1 > pr such
that po < p1--- < pr < prs1 has property 1. Then on Uy we would have

D (4, k1) < (b)) = pr < Pra1 <= pr,
—_—— ————

— Pk+1 -4q

which, by Lemma 3312 (4., implies pi = prs+1 since Uy, € K (k) for some K(k) € K. But
this is a contradiction to Lemma 3.3.12 (1.). Therefore, p;,.1 does not yield an extension and
Po < p1--- < pg is the limit sequence.

. Case 2: Let q # pi. Set pri1 := q. Then pii1 > pr (g > pr, by Lemma 3.3.12 and g # py) and
Po < p1 < -+ < pr < pre1 Satisfies 1. (from Definition 3.4.1) by construction and 2. (from the
same definition) by Case 1, so it yields a limit sequence.

O

Remark 3.4.5. If (p;); is infinite, then the quasi-limit v = vy Uy, U... is future-inextendible i.e. if y is defined
on [0,b) then it can't be extended continuously to b. Indeed, let p; := v(¢;), p; < pi+1. Then t; < t;41. If v could
be extended fo [0,b] contfinuously then t; ~ ¢ < b. But then p; = y(t;) converges, which is a contradiction fo
Definition 3.4.1 (2.).

3.5 Cauchy Surfaces

Cauchy surfaces function as a sort of shapshot, offering a comprehensive view of how causality is
organized within the spacetime framework.

Definition 3.5.1. A subset A ¢ M of a spacefime is called achronal if there are no p,q € A such that p < q.
Hence, A is achronal if and only if any timelike curve meets A at most once ie. if and only if AnI*(A) = @.

Example 3.5.2. Let M = RYT. Then the following three sets are all achronal:

1. Spacelike hyperplane Aj.

2. The (n - 1)-dimensional hyperbolic
space As.

3. Future cone As.
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Remark 3.5.3. We note the following facts on achronal sets:
1. If A< B and B is achronal, then A is achronal as well.

2. If Ais achronal, then A is also achronal. To this end, suppose there exists p << g € A. Then there exist
Dn,>qn € A such that p, — p and ¢, = ¢. Since « is open, by Proposition 3.1.14, p, < g, for n large,
which is a contradiction to A being achronal.

3. If A is a hypersurface, then A being spacelike does not imply that A is achronal. An example of this
would be the Lorentz cylinder. On the contrary, if A is a hypersurface, A being achronal does not
imply that it is spacelike. For example, consider the null cone in R?.

Definition 3.5.4. The edge of an anchoral subset A is defined as the following set:

edge(A) = {p €A

for all open neighborhoods U of p there is a timelike
curve v in U from I;(p) to If;(p) such that yn A =g’

15 (p)

I5(p)
Example 3.5.5. Let M be an n-dimensional Minkowski space.
1. All Als from Example 3.5.2 have edge(A;) = @.

2. Let Ay := {0} x B with B < R"!. Then edge(A,) = {0} x OB. Indeed, let A4 > p=(0,b) for be B°. Let
Up := B, € B, for € > 0 suitable and let

U=(I"(Up) ulUpu I (Ug)) n{(t,z):]t| <e}.

Every timelike curve v : I;;(p) — I};(p) intersects Ay, so p ¢ edge(Ay).

Let now p = (0,b) € {0} x 9B. Then for any neighborhood V of b € R™!, V\B # @ with respect
to R™"1. Hence, for every open neighborhood U of p (with respect o R™) there exists p’ = (0,b) €
({0}xR"M\B)nU 2 V\B and atimelike curve v connecting I;;(p) and I};(p) which meets {0} xR™
only in p’ and, hence, it does not infersect Ay.

U

4
N 7’
\\ 7
\>1’Y
/P\
7
p

p

A~
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Remark 3.5.6. If A is achronal, then A\ A c edge(A). Indeed, let p € A\A. Then for every open neighborhood
U of p there exisfs a fimelike curve « from Iy (p) to If;(p) passing through p. A is achronal (see Remark
353 (2)) and so ~ contains no further points on A and none on A. Therefore, p ¢ edge(A).

Lemma 3.5.7. If A c M is achronal, then edge(A) is closed.

Proof. Let p € edge(A). We show that p € edge(A). Let U be a neighborhood of p in M and let V ¢ U
be an open neighborhood of p contained in I}, (I;(p)) n I; (I (p)). Since p € edge(A), there is some
p’ € V nedge(A). It follows that there is a timelike curve ¢: [-1,1] — V with

psi=c(+1) e I (p)

such that cn A = @. Note that p, € V ¢ I} (I;;(p)) n I (I;(p)) implies that we can extend ¢ to some timelike
and future directed curve
C1: [—2,—1] -U

such that ¢i1(-2) € I;(p) and ¢1(-1) = .
p_. Similarly, we can also extend c¢ fo I (p)
co : [1,2] = U so that c2(2) € I (p)
and c3(1) = py. Define ¢ := ¢ UcU ca.
Now, if ¢n A = @, then p € edge(A). To
see that this is the case, indirectly sup- 4
pose that there exists some p* € ¢; N A
Since p_ € I, (p"), p’ € I:(p-) and so (as
I, (p-) is open) I3 (p-) is a neighborhood U—"
of p'. p’ € edge(A) ¢ A and so there ex-
ists a p” € An I} (p) and so there exists
a TLFD curve ~ from p_ to p". cpu~ is
FDTL and it infersects A in two points; in [;,(p)
p* and p”, which is a contradiction to A
being achronal.

I (p)
O

Our next aim is to see under which hypotheses (on the edge(A)) an achronal set is a C°-hypersurface.
Definition 3.5.8. A subset S of an n-dimensional differentiable manifold M is called topological hypersurface

if for every p € S there is an open neighborhood U of p in M and a homeomorphism ¢ : U — V, with some
V cR"™ open, such that

o(UNS)=Vn ({0} xR™M).
- R x {0} -

W ©(p)

UO} x R

Example 3.5.9. The subset S := C,(0) € R? is a C°-hypersurface with, for example, ¢ : R™ — R™, where

(2°,2) = (2" - 2], ).



96 Chapter 3.5. CAUCHY SURFACES

Theorem 3.5.10 (Brouwer). Let U € R™ be open and ¢ : U — R™ continuous and injective. Then
o(U) is open in R™ and ¢ : U — ¢(U) is a homeomorphism.

Proposition 3.5.11 (Achronal Hypersurfaces). Let A ¢ M be achronal. Then the following facts are
equivalent:

1. Anedge(4)=0.
2. Ais a topological hypersurface (i.e. a C°-hypersurface).

Proof. (1. - 2.) Let A be a fopological hypersurface with U, V, ¢ as in Definition 3.5.8 for some p € A.
Then p ¢ edge(A) (by assumption) and so there exists U, an open nheighborhood of p such that any
TLFD curve in U from I (p) to I} (p) intersects A. Without loss of generality, U is a chart domain
for a chart ¢ : U > (U) ¢ R", where ¢ = (2°,...,2"™") and 32 is FD on U (for example, take
Y= expp). By shrinking U further, we obtain an open neighborhood of p, V' c U, such that:

D (V)= (a-8b+0d)x N "R x R™! for some a,beR, § >0 and N ¢ R* open.
i) {zeV:a®=a}cIy(p) and {x eV :2®=b} c I/ (p).

e (h(y),y)

Let y € N c R""L. Then the curve a : [a,b] - V such that s = " !(s,y) is timelike from I;(p) to
I} (p) and, hence, it meets A. Since A is achronal, it does so precisely once. Let h(y) € [a,b] be such
that o™ (h(y),y) € A.

We claim that the map h : N - (a,b) is continuous. Indeed, let (y.,)m be a sequence in N such
that ym — y € N. Suppose h(ym) + h(y). Since h(N) c is confained in the compact interval [a,b],
without loss of generality, h(ym) — 7 # h(y). Let ¢ == ¢ 1 (h(y),y) € A. The curve s = ¢ (s,y)

is TL and both ¢ and ¢ !(r,y) # q are contained in it and so ¢ 1(r,y) € I;;(q) uI-(g). Since
| —
open

oV (h(Ym), ym) = ¢ 1 (r,y), there exists mg with

80_1(h'(ymo)aymo)61\_/( q )uly(q),
——

€A €A
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which is a contradiction fo A being achronal. Vn A = o ({(h(y),y) :y € N}) ie. in terms of p A is
the graph of h. Write = (¢°,¢') and let ¢ : V — R™, where

¥(p) = ("(p) - h(¢' (), ¢ (p))- (351)

Then ) is continuous (since ¢ is) and bijective with the inverse
(20, 2") = o (2 + h(x), z"). (35.2)

In fact,
bopT (V) = (V)
—— ——
open in R™ cR"
is continuous and injective. Therefore, by Theorem 3.5.10, o™t ((V)) = ¢(V) is a homeomorphism.
Finally,

Yo ({(h(w),y) :ye N}) 2V {(0,9) iy e N}

0 x NP2 oo ((a-8,b+8) x N)n ({0} x N)

—_——
= (V)

P(VnA)

P(V)n ({0} xR"™)
and so A is a CY-hypersurface.

(2. > 1.) Let p € A. Since 1. is local, we may suppose, by Corollary 3113, that M = R}. Let
(p,U) be as in Example 359 with U connected and ¢ : U - V a homeomorphism such that
o(UnA) =V ({0} xR*"™) = Vi. In particular, we have that ¢ := ¢|paa : UN A - V; is a
homeomorphism.

/\

V

(U n A) ! T 7

Let 7 : R™® - R™! be the projection (2°,2") = z’. Then any vertical line ¢t = (t,2") is TL and, since

A is achronal, it meets A at most once. Therefore, m|yn4 is injective and 7o 7! : Vi —» 7(U n A)

is continuous and bijective. Applying Theorem 3.5.10, we get that 7 o 7! is a homeomorphism and

(U n A) is open. Let now f: 7(Un A) - R where f(z') := pr, or~'(z’). f is continuous and
——

ZD—’IO

UnA=graph(f) ={(f(a"),2"): 2" em(Un A)}. U\A decomposes into two connected components:
Ut = {@ ) el fa)),
U = {(=°2)eU:2" < f(a")}.
I;(p) and I};(p) are open and connected (cf Corollary 3.1.13). Since A is achronal, they lie in U\A.
The vertical line through p meets I};(p) and I;(p) as well as U~ and U™ (in the right order). Therefore,
I;(p) cU™ and I (p) U™ and so any TLFD curve «y from Ij;(p) fo I;(p) goes from U~ to U* and

S0, since the image of v is connected, v must meet U~ =0U* =Un A< A and so p ¢ edge(A).
O
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Corollary 3.5.12 (Closed Achronal Hypersurfaces). Let A ¢ M be achronal. Then the following are
equivalent:

1. edge(A) =@.

2. A is a closed topological hypersurface.

Proof.

(1. - 2.) Anedge(A) = @ and so A is a C%-hypersurface by Proposition 3511. By Remark 356,
A\A cedge(A) =@ and so A = A, implying that A is closed.

(2. - 1.) By Proposition 3511, Anedge(A) = @. Since edge(A) ¢ A = A, edge(A) = @.

Definition 3.5.13. B c M is called a future set (or past set) if [*(B) c B (or I"(B) c B).
Example 3.5.14. For M =R} B :={z = (2°,&) e Rx R"' : 20 - [2] > 0} is a future set in RY.
Remark 3.5.15. B is a future set if and only if M\B is a past set.

Corollary 3.5.16. Let @ + B # M be a future set. Then 0B is an achronal closed C°-hypersurface.

Proof. We heed to show that B is achronal and edge(dB) = @.

- Llet pe B and g € I*(p). Then I~ (q) is an open neighborhood of p € 9B. Therefore, I (¢)Nn B + @
and so ¢ € I"(B) ¢ B. I"(0B) is therefore contained in B°. Analogously, I~(0B) ¢ (M\B)°.
I*(0B) n 0B = @ and so 9B is achronal.

- According the first point, any TL v from I~ (p) fo I*(p) has to meet 9B and so edge(dB) = @.

Definition 3.5.17. B ¢ M is acausal if for all p,qe B p £ q.

Remark 3.5.18.
- B is acausal if and only if every causal curve meets B at most once.

« B being acausal implies that B is achronal but the other direction is not tfrue. For example, consider
C* cRY.

Definition 3.5.19. A Cauchy hypersurface (or Cauchy surface) is a subset S ¢ M that is met by any inex-
tendible fimelike curve precisely once.

Example 3.5.20. Consider A; from Example 3.5.2 for i =1,2,3.
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Lemma 3.5.21. Let A< M be closed and c: [0,b) — M\A be PD, causal and past inextendible with
¢(0) := p. Then,

1 forallge IIT/[\A(Z’) there exists a curve ¢: [0,b) - M\ A with ¢(0) = ¢ such that ¢ is PDTL and
past inextendible.

2. unless ¢ is a null pregeodesic without conjugate points, there will exist ¢ : [0,b) — M\A PDTL
with ¢(0) = p = ¢(0).

Proof. Without loss of generality assume b = co and (¢(n))pen is Non-convergent. Now choose a metric on
M that induces the manifold topology (for example let d = dj, where h is the Riemannian metric).

1. Set po := ¢ >papna p. (1) < ¢(0) < po and so, by Proposition 3.1.8, ¢(1) <« po and there exists a TL
curve 1 from pg to ¢(1). Now pick p; on ~; such that 0 < d(p1,¢(1)) < 1. ¢(2) < p1 and so there
exists a PD TL curve ~y; from p; to ¢(2). Pick a point py on 72 so that 0 < d(ps, ¢(2)) < 3.

Tterate this and get ¢(k) < pr < pr—1 and d(c(k),px) < % Finally, obtain a PDTL curve ¢ starting in
po and containing all py. (All constructions are within M\A.)

It only remains fo show that ¢ is past inextendible. To this end, assume ¢ could be confinuously
extended to some endpoint p. Then p; - p and

d(c(k),p) < d(c(k), pi) +d(pr, p) > 0,

< -0

=

which contradicts the assumption that (c¢(k))x does not converge.

2. Suppose that ¢ is a null pregeodesic without conjugate points. Then there exists some a > 0 such that
c is a null pregeodesic without conjugate points on [0,a]. By Theorem 3.2.23 (with P = {¢(0)} and
M\A instead of M), there exists a PDTL curve from ¢(0) fo c¢(a) in M\A. Since p = ¢(0) > c(a),

p € Iyp a(c(a)). Now apply 1. with ¢ = ¢(0).
O

Remark 3.5.22.

The condition in 2. cannot be
dropped. Let ¢ be an inex-
tendible null geodesic without
conjugate points like in the pic-
ture below. Then no TLPD curve
¢ from 0 = ¢(0) avoids A.
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Proposition 3.5.23 (Properties of Cauchy Surfaces). Let S be a Cauchy surface (CS) for M. Then,
1. S is achronal.
2. Sis a closed C°-hypersurface.

3. every inextendible causal curve meets S (non-uniquely, in general).

null curves meet CS
in infintely-many
points

Proof.

1. If there were a TL curve ¢ meetfing S twice, then we could just extend it to the past and future i.e.
obtain an inextendible TL curve 7 infersecting S twice. Z

2. a) We show that M = I~ (S)uSUI*(S). In
particular, S = M\(I*(S)ul~(S)) is closed
since I*(S) and I7(S) are open. S n Cs
I*(S)=@andalso I"(S)nI(S) = @ since
through any p € M we find an inextendible

timelike curve which has to intersect S. p

b) We now claim that S = 9I*(S) = 9I(.S). To this end, note that I*(S)u S ¥ (IF(S))¢ is closed
(since I7(S) is open) and so I*(S) = I*(S) n M\I*(S) c (I*"(S)uS)n (I (S)uS) =S
Conversely, S € I (S) holds for any subset .S of a Lorentzian manifold. Analogously, we obtain
oI~ (S)=285.

c) We now show that edge(S) = @ since then, by Corollary 35.12, S is a closed C°-hypersurface. By
b), every TL curve from I~(S) fo I*(S) must meet S (since a curve is always a connected set).
Therefore, edge(S) = @.

3. Suppose there exists a causal and inextendible curve ¢ not meeting S. By a), without loss of generality
let ¢ € I*(S). Now choose p € c and g ¢ I]’(/[\S(p), By Lemma 3.5.21, there exists a PDTL curve ¢ in
M\S which is past inextendible. Maximally extend ¢ fo the future in order to obtain a TL inexfendible
curve in M\S. This lead us to a contradiction with Definition 3.5.19.

O

Theorem 3.5.24 (The Projection p). Let X be a TL C*-vector field on a spacetime M and S a Cauchy
surface in M. Define p: M — S where

p = p(p)
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so that p(p) is the unique point where the infegral curve of X through p infersects S.

X

p

S p(p)

p is well-defined, continuous, o open and pl|g = idg. In particular, S is connected (since M is).

Proof.
a) Maximal integral curves are inextendible (and TL, since X is TL) by definition and so p is well-defined.

b) Let FI* : D ¢ M xR — M be the flow of X with maximal domain D (which is open). S ¢ M
is a C°-hypersurface (by Proposition 3.5.23) and so S x R is a C°-hypersurface in M x R. Then
D(S) = (SxR)n D is a C°-hypersurface. ) := FIX|D(S) : D(S) - M is now continuous and bijective.
If pe M, then t » FltX(p) intersects S (by definition of CS) and so there exists a to such that
FIX(p)=qeSie

p= Fli(to (q) = FlX (_t07Q)7
— —
e D(S)

which shows that v is surjective. Suppose now that FI* (t1,q1) = FI* (t2,q2), where (t;,q;) € D(S)

for i =1,2. Then ¢ = FIX(tl —t9,q1) and so the flow line through ¢; meets S also in ¢o. Since S is
achronal, q; = go. But then Flff(ql) = Flfg(ql) (by uniqueness of integral curves) implies that ¢ = t5
and so v is also injective.

D(S) and M are both C°-manifolds and so, by Theorem 3.5.10, 1/ is a homeomorphism and therefore
open. Let m: M xR — R so that (p,t) + t. Then 7 is open and continuous. p = m o1~ and so p is
open and continuous.

c) If p € S then p is the unique infersection of FIX (p) with S and so p(p) = p.

Corollary 3.5.25. Any two Cauchy surfaces S, 52 are homeomorphic.

Proof Let X € X(M) be TL

and define p1,p2 as in Theo- ]
rem 3.5.24 with respect o 57, So. . — S1
Then p1|5'2 152 - Sl and p2|51 : )
S1 — S are inverses of one L
another and hence homeomor- integral < 5
phisms. curves of X

A M
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3.6 Global Hyperbolicity

Global hyperbolicity stands as the most stringent among the causality criteria (refer to Definition 3.1.19),
tightly linked to the presence of a Cauchy surface. In a way, globally hyperbolic spacetimes are counterparts
of complete RMFs since a remnant of the Hopf-Rinow theorem holds. Within a globally hyperbolic set, for
any p < q, there exists a causal geodesic that maximizes between p and q. Additionally, time separation is
continuous on globally hyperbolic sets.

Definition 3.6.1. X ¢ M (where M is a spacetime) is called globally hyperbolic (GH) if

1. the strong causality condition holds on X i.e. for all pe X and all U neighborhoods of p there exists
V' c U such that for all causal v starting and ending in V, y c U.

2. for every p,qe X,

J(p,q)=J"(p)nJ (q)

is compact and a subset of
X. J(p,q) is somefimes called J(p,q)
causal diamond. p

Remark 3.6.2. In 1. it would suffice to suppose that X is causal (Bernal/Sanchez, 2007. .

Lemma 3.6.3 (Non-imprisonment). Let K ¢ M be compact and let strong causality hold on K.
Furthermore let ¢ : [0,b) -~ M (b < o0) be a future-inextendible causal curve starting in K i.e. with
¢(0) € K. Then there exists tg € (0,b) such that for all ¢ > tg, c(t) ¢ K.

Proof. Indirectly assume that there exist s; € (0,b) such that s; < s;+1, $; # b and ¢(s;) € K for all 4. K is
compact and so, without loss of generality, ¢(s;) — p € K. ¢ is future inextendible and therefore there exist
t; € (0,b), t; ~ b and c(t;) + p. Choosing subsequences we can get that there exists U, a neighborhood of
p, such that ¢(t;) ¢ U and s1 <t1 < so <ty <.... Forany pe V c U, where U and V are neighborhoods
of p and for i large enough c(s;),c(si+1) € V while ¢([s;, si+1]) ¢ U, which is a contradiction fo strong
causality. O

Remark 3.6.4. Let p e M, U a normal neighborhood of p, exp,, : U — U diffeomorphism for U star-shaped

and P e X(U) the position vector field v ~ v,,. Then P := (expp)J5 € X(U) is called the position vector field
onU. Let §:T,M — R, where §(v) = (v,v) = g,(v,v) be the quadratic form corresponding fo g, and set
q:=qo exp;1 :U — R Both p and p are radial and, by the proof of Lemma 3.1.11,

grad(q) = 2P. (36.1)

Let py € U and wy, € T, U = T, M and sef x1 := exp,'(p1) € U. exp, is a diffeomorphism and so there
exists a unique wy, € Ty, (T, M) = T, M with T, exp,,(wx, ) = w,,. Then

[3],(3.2.16)

(grad(q)lp,,wp, ) wy, (q) = Ty, exp,(wz, )(q) = wa, (g 0 exp,,)

~ ~ 3.6.1 ~
= wll(q) =(gr0d(q),ww1) ( = )2<P(x1)awm1>'
Since P(x) is radial, by Proposition 3.1.10,
2 (p(zl)awzl) =2 (T$1 expp(P(wl)),Txl expp(wﬂﬂl» = (QP(pl)awpl)

!Check https://arxiv.org/abs/gr-qc/0611138 for more information.
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and so
grad(q) = 2P. (3.6.2)

Moreover,

(P, P)oexp,(x) = (T, expp(ﬁ(m)), T, expp(ls(m))) 10 (15(96), P(m)) for z e U. (36.3)

Proposition 3.6.5. Let M be a LMF, U a normal neighborhood of pe M and p € U. If there exists a
TL curve from p to p then the radial geodesic o from p to P is the unique (up to reparametrization)
longest causal curve in U from p to p.

Proof. We have o(t) = exp,(t - exp,'(p)) for t € [0,1]. Let 7(p") = |exp," (p")| be the radius function on U.
P

Then for r #0, Uy := = is a unit vector field since
) 1 363)

~ 1
- (|1P)? oe><p;,1)—2 o exp;1 =1.

||
Let a2 [0,b] - U be FDTL from p to p. By Lemma 3.111, 3 := exp)," o remains in I*(0) ¢ T, M (for ¢ > 0).
Therefore, a(t) € exp,,(I*(0)) for all ¢ > 0. In particular, exp;'(p) € I*(0) and so o is FDTL. Now write

o/ (1) = ~{o/ (). Ui (a(®)Va (a(®)) + N (2).

(U1, Ur)| = (P, P)

Hence N (t) is spacelike (as it is orthogonal to Uy).
o/ (#)] = =({’ (1), &/ ()% = [{o/ (£), Ur(a(t)))” = (N (£), N())*]% < [{o' (1), Ur(a(t)))|.  (3.64)

For any z € I*(0) and p' = exp, z, r(p') = |exp,' (p')| = |z = \/-4(z) = \/=q(p’). Therefore, r = \/=¢ and so

1 (3.6.1) 1 1
d(r)=- d =’ ' —-——=-2P=-—-P=-U;. 3.65
grod(r) = =5 =grad() "= -3 2P == P = Uy (365)
o/(t) and Uy («a(t)) are TL and so
, , (3.6.5) , d(roa)
(' (®), Ur(a(t))) | = = (e (2), Ur(a(®))) = 7 {grad(r), o/ (1)) = ———. (3.6.6)
All of this holds wherever « is smooth, hence except for break points.
=p
b (3.6.4),(3.6.6) b d(roa — _
L= [Tlla Y T g aw)) r(a(0) = () = L(o).
0 0 dt
-0
Equality holds if and only if for all ¢
, (3.6.6) ,
&' (t)] =" —(a'(t),Ur(a(t))) <= N(t)=0. (36.7)

Then o/(t) = - {a/(t), Uy (a(t))) Uy (a(t)) and so

P(5(t))

B(t) = = (' (1), Ur(a(t))) - B
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Indeed, a = exp, o and so o' = T'exp,, of". Finally,

B’ ~ 4 _(exp)" P P(B(1))
—— alhoa) (Texp,)” oUpoexp,off = oo exp, off= B

B’ is proportional to 8(t) and so, from ODE theory we know that there exists a C*°-function h : (0,b) — (0, c0)
and gy € T, M where |y| = 1, such that 3(t) = h(t) - §. This holds for t > 0 but, since j is C™, it even holds on

[0,1]. Let T := A(p,P) = eXpZ_)l(ﬁ). Since B(p) =T we gef that 7 = igz; = h(b) and so B(t) = 2837 [l=1 héf\)
Therefore,
h(t h(t , B (+
T R B
implying
iyt O

o' is TL and so |a/(t)| # 0 for all t and so A'(t) > 0 for all t or R'(t) < 0 for all t. Now by (3.6.5),
h'(t) = (roa)(t). Since h(0) = 0, h(t) = (r o a)(t) implies that «a(t) = U(Ti?ff)t)) ie. «a is indeed a
reparametrization of o. o is the unique longest TL curve from p to p.
Finally, suppose there exists some causal curve ¢ from p to p with L(c) > L(r). L(¢) > 0 and so ¢ is not
a null pregeodesic. According fo Lemma 3.2.4, there exists a variation ¢s of ¢ with ¢; TL for 0 < |s| small.
Then ¢y — ¢ as s — 0 in C, implying that L(c,) - L(c) > L(o). Therefore, there exists s small such that
L( ¢cs )>L(o). ¢ O
——
TL

Lemma 3.6.6. Let K ¢ M compact such that strong causality holds on K. Let ¢, : [0,1] — M be FD
causal, ¢, (0) = p, ¢, (1) = g # p and ¢,([0,1]) € K. Then there exists a FD causal geodesic polygon
~ from p to ¢ and a subsequence (¢, )m such that lim,, e L(c,) < L(7).

Proof. By Proposition 3.4.4, since all ¢, have to leave a neighborhood of p there exists a limit sequence
Po=p<p1 <....

a) We sow that the limit sequence is finite. Assume it was infinite. Then by Remark 3.4.5 there exists a
FD and inextendible quasi-limit. By Definition 3.6.1, ¢,([0,1]) € J(p,q) for all n € N. Therefore, by
Lemma 3.6.3 v leaves K and never refurns and so p; ¢ K for i large. However, ¢, (tm.:) = p; and so
Cn,, (tm,i) ¢ K for i,m large, which is a contraction to ¢, ([0,1]) ¢ K.

b) By a), from Remark 345, there exists quasi-limit 7. a FD causal geodesic polygon from p = pg to
q = pnN. By definition, p;, pis1, cn,, ([tm,istm,i+1]) € K for K convex. Then by Proposition 3.6.5

L(Cnm|[tm’i,tm,i+1]) < |A(pm,iapm,i+1) |
—_—

1
exp,,, (Pm,i+1)

and so
N-1 N-1

L(cn,,) < Z IAPm,is Pmi+1)] — Z |A(pi, piv1)| = L(v),
i=0 i=0
since A is continuous on K's. Therefore, 0 < L(c,, ) < 2L(7) for m large and so there exists a
subsequence, without loss of generality, ¢, itself such that there exists lim L(c,,,) and lim L(c,,, ) <

L().



CHAPTER 3. CAUSALITY 105

Theorem 3.6.7 (Avez-Seifert Theorem). Let p < ¢ in (a spacetime) M with J(p,q) compact and such
that strong causality holds in each point of J(p,q) (e.g. M globally hyperbolic). Then there exists a
causal geodesic v from p to g with

L(v)=7(p,q)

i.e. of maximal length.

Proof. By definition of 7, there exists a FD causal ¢, : [0,1] — M such that ¢, (0) = p, ¢,(1) = ¢ and such
that L(c,) — 7(p,q). By Definition 3.6.1 ¢,([0,1]) € J(p,q) for all n € N. By Lemma 3.6.6, there exists
FD causal geodesic polygon ~ from p fo ¢ such that 7(p,q) = lim,, L(c,,, ) < L(7y) < 7(p,q). Therefore,
L(v) =7(p,q). If v had any break points then by Proposition 3.6.5 we could find a strictly longer curve.

» radial geodesic

U

Indeed, let p be a break point, U a convex neighborhood around p, p a point before the break point and p
a point affer the break. Then we can replace -y between p and p by radial geodesic of greater length. [

Proposition 3.6.8. Let X ¢ M be open and globally hyperbolic. Then 7: X x X — R (where 7 is a
time separation function in X) is finite and continuous.

Proof. By Theorem 2, 7 < o0 on X x X and, by Proposition 3.1.26, 7 is lower semicontinuous. Suppose that
T is hot upper semicontinuous. Then there exist § > 0, p,, = p, ¢, = ¢ such that

T(Pn,qn) 2 7(p,q) + 6. (36.8)
Choose ¢, : [O, ]_] - X, Cn(o) = P, Cn(]-) =qp and
1
L(Cn) 2 T(pnv qn) - g (369)

X is open and therefore there exist p_,q, € X such that p_ < p,q+ > q. pn € I*(p-), qn € I"(g4) forn
large. ¢, ([0,1]) € I'*(p-) n I (gq+) € J(p-,q+) =: K, where K is compact in X by assumption.
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By assumption, strong causality holds on K (see Definition 3.6.1). Therefore, by Lemma 3.6.6, there exists a
FD causal geodesic polygon ~ from p fo ¢ and a subsequence (¢, ) such that

lim L(ecy,, ) < L(v) <7(p,q). (3.6.10)

m—00

(3.6.8)
But, by (3.6.9), L[cn,. ] 2 7(Pn,, s qn,,) — ni > 7(p,q)+0-— % and so (3.6.10) implies that 7(p,q) >

lim L[c,, ] > 7(p,q) + d, which is a contradiction. O
Proposition 3.6.9. Let X ¢ M be open and globally hyperbolic. Then < is closed on X.

Proof. Let p,, < qn, Pn = P. G = q in X. If p = ¢, we are done. Let p # q. Then there exists subsequences,
without loss of generality the same ones, such that p,, # g, ie. p, < ¢,. Choose FD causal ¢, : [0,1] > X
such that ¢,,(0) = p, and ¢, (1) = ¢,. As in Proposition 3.6.8, pick p_,p, € X so that ¢,([0,1]) € J(p-,q.).
Then by Lemma 3.6.6 there exists a FD causal geodesic polygon from p to q. In particular, p < q. O]

3.7 Index Forms and Lengths of Curves

In this section we infroduce tools on calculus of variations fo study the length of curves in a variation
[aab]x (_6?6)<9‘A[
(t,s) = cs(t) = c(t, 5)
of base curve ¢(t) = co(t) = ¢(¢,0). Then V € X(c), V(t) = Oslocs(t) is the variation vector field of ¢ and
for any s € (=6,9) let
b
Lo() = [ les(®lat
denote the length of c,.
Definition 3.7.1. If L = L. is twice differentiable, we call

d’L
d L'(0):=—=
an (0) 1o

dL
L'(0):= =
(0) =

s=0 s=0

first and second variation of arclength, respectively.

Remark 3.7.2. If |c'| > 0 everywhere, then either ¢ is spacelike or fimelike everywhere. We call
e:=sgn{c,c')=+1

the signum of c.

Lemma 3.7.3. If ¢ has signum € then

L'(0) = efab<|28|,v'(t)>dt.

Proof. Since |(9;c(t,0), 0re(t,0)) | =|(c(t),¢(t)) | > 0, there exists § > 0 such that | (Dec(t, s), Oee(t,s))| >0
for all (t, ) € [a,b] x [<80,80] and so |8yc(t, s), Opc(t, s)|2 = |0pc(t, s)| is C. Therefore,

b
L) = [ ololdnes(t)t
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For s small, sgn (9;c(t, s), rc(t, s)) = € and so |dyc(t,0)] = (e (Bpe(t, s), 4 (t, 5)))?.

1
Bulhea(t)] = Z(e(&c(t,s)&c(t,s)));Ze<8tcs,dvatcs>
S
— —
= %8505
. . _1 . / C(t) /
OslolOees ()] = (e{e(t),c(t))) 2 e(e(t), VI(t)) = € |é(t)|7V ))-
O
Definition 3.7.4.
Let ¢ : [a,b] = M be a piecewise smooth curve. A variation c;
of ¢ is called piecewise smooth variation if ¢ : (t,s) — cs(¢) is
continuous and there exist break points
a =ty <t1<"'<tk+1:b
such that c|f;,_, +,1%(=0,0) is smooth for all i € N. Then V' = d;]ocs
is piecewise smooth as well. ¢ has breaks at ¢; (for 1 <i < k). Let
Ac(ty) = c(t]) = (t;) € Togrym-
Proposition 3.7.5. Let ¢ : [a,b] — M be a piecewise smooth curve with constant velocity v = |&(t)|
for all ¢ € [1,b] and signum e. Let ¢s(t) be a piecewise smooth variation of ¢ with break points
t1 <---<tp. Then
/ € b e X . € . b
L) =5 [T(@®).V©)dt- < Y (At V(E) + < (€0, V)] -
a =il a
Proof. From Lemma 3.7.3 we know that
/ k / k € titl . /
PO=3 L, 0= [ @@
Here (¢(¢t), V'(¢)) = 0: (¢, V) — (¢,V) and so
ti+1 tiv1
[ @ v ena= vy - [ Eva
ti ’ ti
Summing over ¢ we get the claim. [

In addition fo the transversal velocity vector field V, we also consider the fransversal acceleration vector
field:

Ocg
o Ot

€ X(c).

_V
s

If |¢| > 0, then any Y € X(c) can be uniquely decomposed as Y = YT + Y+, where Y7 = <é1é) (Y,¢) ¢ is the
parallel part of c and Y* =Y - Y the orthogonal one. If ¢ is a geodesic ie. if ¢ = 0, then 9, (ﬁ) =0
yielding (YT) = ﬁ (Yéeye=(Y)" Y = (YT +(Y")* now so (YY)t =(Y -YT) = (Y'). Hence we
’ ——
= (YT)I
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express Y’ as a shorthand for (Y')* = (Y*)".

Theorem 3.7.6 (Synge Formula). Let o : [a,b] — M be a geodesic with velocity v and signum e. If
(t,s) = o(t,s) is a variation of o (so a(t) = o(¢,0)) with velocity-vector field V' and acceleration-

vector field A4, then

€ [ 1 € b
L(0)= < [TUV'(). V() - (BvaV ) (D]dt+ < (6(0), A®) | -

[V n(t,s)dt and L"(s) = [ Z2dt. The proof of Lemma 373

Proof. Let h(t s) = |0 (t, s)| Then L(s) = e

implies that 2 85 <5’th7 Bs 3t ) Now

9%h VvV o V 0o\ Oh
R A O R PR b
L [T ey o T T o0y e (9 Do
T~ n\\asatasacl \atasas ol n2\" s ot
€|V 0o V 0o oo 0o 0o\ 0o do V 0 Jo € vV 9o \?
S (B ) e )
h |\0t 0s” Ot Os ot ot’ s ) Os Ot Ot s Os h2 Ot Js
where
0o 0o\ 0o

VVOs V VJIo V 0 0o

%%E‘ s 0L Ds 0t ds Os (Bt as) ds’
Now set s = 0. Then h(¢,0) = v, 3f 2(t,0) =0o(t), g‘: (t,0) =V (¢),

Vv 0o V do vV 0 0o ,

585 =V (s 5o (8,0)= AD), 555 (8,0) = A'(2)
and so )

= - f{<v:v’>—<Rw,v7d> (6,40 - 506,77

0s? |, v 02

We have (5, A") °=° 4 (5. A). & is a unit vector field and so (V') = ¢ (V", %) ¢, implying that

/ € s ll ’ ’ ("vaﬂ:evz € I - / J'/
V:72<V70-)+V > (VaV) = 7<V70>+<V?V>
v v

o

Let P be a SRSMF of M, g ¢ P and set
Q(P,q) ={«a:[0,b] > M | a pointwise C=, a(0) € P, a(b) =¢}.

Acurve’ in Q(P, q) with initial value « is a piecewise C*-variation of a such that each longitudinal curve lies
in Q(P,q). Hence the first fransversal curve lies in P and the last is equal fo ¢. Such variations are called
(P, q)-variations. The corresponding variation-vector fields can be viewed as the tfangent space’ of Q(P, q)

at «

To2 = To(UP,q)) = {V : V pointwise C* vector field along o, V(0) € T, (o) P, V(b) =0} .
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Set
T :={VeT,Q|Via}.

By Lemma 3.2.12, any P-JF lies in T,,(Q2(P,q)) and, by Remark 3.2.14, if such a J has a zero focal point (i.e.
J(r) =0 at some r > 0), then J € T,,(2(P,q))*.

Lemma 3.77. Let 0 € Q(P,q) be a geodesic and suppose that L'(0) = 0 for any (P, q)-variation
of . Then ¢ is perpendicular to P ie. d(0) € NyoyP = Ty P*. In particular, this holds if
L(o) =max{L(«a):aecQ(P,q)}.

Proof. Let y € T, )P and pick V € T,Q with V' (0) = y and let (¢,s) = o(t,s) be a (P, q)-variation of o with
variation vector field V' (use Fermi-coordinates). Then since o has no break points,

bvp-o € .

0=L'(0)"2" ~(6.V)| (6(0),y) = 0(0) € Noo) P

€ <
v v
Finally, if L(c) = max{L(«) : a € Q(P,q)} then L(o) is a local maximum of s = L(s) for any (P, q)-variation
of o and so L’(0) = 0 for any such variation. O

Now let o € Q(P,q) be a geodesic with o1 P and (¢,s) = o(t, s) a variation. By Theorem 3.7.6 we have

€ b 1 1 € b
L(0) == [TUV/(0, V(1) - (RysVio)de + S (60, A®)

Now (b, s) = q implies that A(t) = 3~
A(0) =5(0) (" in M) and

(6(0), A(0)) = (#(0),5(0)) " {5(0), nor(5(0))) "2 (5:(0), 1(5(0),7(0))) = {&(0),1(V(0), V(0))) .

Therefore,

do(b,s)
0s

= 0. Let v be the first tfransversal curve, v(s) = o(0, s). Then
0

L"(0) = g fob[(x?'(t), V() = (Rys V. 6)]dt - 5 (5(0),1(V(0), V(0))). (371)

Definition 3.7.8. Let o € Q(P,q) be a non-null geodesic with o1 P. The index form I, of o is the unique
bilinear form
I, T, OxT,Q—-R

such that I,(V, V) = L”(0) for any P-variation of & with variation vector field V € T,Q.

Remark 3.7.9. Existence and uniqueness of I, follow from (3.7.1) by polarization. Explicitly,
€ b J_, 1 , ) € .
L(V,W) =~ fo [(VI(®), W'(1)) = (Bvs W, )]dt - —{5(0), 1(V(0), W(0))).

I, serves as a kind of 'Hessian’ in this context.

Remark 3.7.10. Tangential parts can be disregarded,

I(V,W) = L,(V*, WH).
1
Indeed, ((V4)")t = (V) = (V) =V’ V(0) = V*(0) since V(0) is tangential to P and o1 P. Finally,

(RysW,6) "2 (RyigW,6) ™" 2™ (Riys V4, 6) = (Rwss V4, 6) = (RyegWH,6).
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Proposition 3.7.11. Let 0 € Q(P,q) be a non-null geodesic. If o and V e T,Q have breaks at
t1 <--- <ty then for all T,Q

€ b L € k 1
_7f (V"' = R(VE,6)6, Whdt - < SIAV, W) (t)
0 v

v i=1

(V'(0), W (0)) - = (6(0),1(V(0), W(0)))-

I (V,W)

€ €
v v

Proof. Away from the break points we have
1 1 d 1 1
(V,, W/) — *(V/, WJ_) _ <V//, WJ.) .
dt
—_—
()
Moreover, A
(RysW.6) = ~(Rvs6,W) "2 —(Ryus6,WH).
| S —
(++)
(%) and (**) give the integrand. We integrate the remaining term over [t;,;41]:

tin g L n
f SV W= (VW
tq

ti+1
ty
W (b) =0 and for 1 <i < k, we get

(V/(67), W () — (V/ (1), W (8:)) = —(AV W) (2,),

Summing over i yields the claim. O

Theorem 3.7.12. Let 0 € Q(P,q) be a TL geodesic, o1 P and suppose that there exists a focal point
o(r) of P along o with 0 < < b. Then there exists a TL curve v in (P, qg) with L(y) > L(0o).
Proof.

a) There exists z € T, such that I,(z,z) > 0. According to Definition 3.2.13, there exists P-JF 0 # J1o
on [0,b] with J(r) = 0. Let Y be the vector field along o with

1
Then Y = Y* (implying that Y’ = Y') and Y'(r~) = J'(r) # 0 (since J # 0). Since Y'(r*) = 0,
(AY")(r) #0. Choose a W € T,Q with W (r) = (AY")(r) and W 1o (implying that W = W*). We now
show that, setting Z :=Y + kW we have 1,(Z,Z) >0 for x> 0 small. We have
L(Y + kWY + W) = I (Y,Y) + 261,(Y,W) + k21, (W, W).

By definition, Y is a JF (on [0,7] and on [r,b]). Also, Y (r) = 0 i.e. Y vanishes at its only breakpoint
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(without loss of generality v = 1). Proposition now 3.7.11 reduces to:

1(Y,Y)

(Y7(0),Y/(0)) +(6(0),1(Y(0),Y(0)))
(7'(0), J(0) )+ (5(0),1(J(0),7(0)))

——
fangentalie £ 128 {i((0),6(0)), 7 (0))

{tan(J(0)) = 1(J(0),5(0)), 7(0)) =0,

since J is a P-JF. Moreover, by definition of W we have (as in the equation above):

1(Y, W) (AY(r), AY'(r)) + (tan(J'(0)) = 1(J(0),5(0)), W(0))

=0

(AY'(r),AY"(r)) > 0,

since AY'(r)16(r) (6(r) is timelike and, therefore, AY”(r) spacelike). Finally,
I(Y + 6W,Y + kW) = 26 (AY' (), AY' () + 21, (W, W) > 0

for k>0 small.

b) There exists a TL curve v € Q(P,q) with L(v) > L(c). Let o(t,s) be a variation of o with variation-
vector field Z, 0(0,s) € P and o(b,s) = ¢q for all s (use Fermi-coordinates). By Proposition 37.5,
L'(0) = 0 and, by Definition 3.7.8, L"(0) = I,(Z, Z) > 0. Hence, by Taylor:

L(og) = L(s) = L(0) + 0 + S—;IU(Z, Z)+0(s%) > L(o)

for 0 <|s| small.

3.8 Cauchy Developments and Cauchy Horizons

The Cauchy development of an achronal set A refers to the portion of spacetime that is causally in-
fluenced by A—in other words, it comprises the events complefely determined by A. An infriguing aspect
lies in exploring the boundaries of this set, known as the Cauchy horizon, which marks the region where
predictability stemming from A ceases. This section delves into examining the characteristics of these sets.

Definition 3.8.1. Let A € M be achronal.

1. The future Cauchy development of A is defined as

D*(A) :={pe M | every past-inextendible causal curve through p intersects A} .

D*(A)
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2. The past Cauchy development is defined analogously;

D™ (A) :={pe M | every future-inextendible causal curve through p intersects A} .

3. The Cauchy development of A is defined as
D(A) = D*(A)u D™ (A).

Remark 3.8.2.

1 Ac D*(A) c AuTI*(A) c J*(A). To see this, note that for p € D*(A) and ~ PDTL curve from p,
vNn A =@. Therefore, pe I*(A) unless p € A to begin with.

2. D*(A)nI¥(A) = @. Suppose that p e D*(A)n e I"(A). Then, since p € I"(A), there exists a PDTL
curve ¢ from a € A to p. Extend ¢ beyond p to the past via «. Since p € D*(A), cu~ has to intersect
A, which is in contradiction fo the assumption that A is achronal.

3. A=D*(A)n D (A) since
Ac D' (A)nD (A)cD*(A)n (AUl (A)ED"(A)nA=A.
4. D(A) nI*(A) = D*(A)\A since
D(A) = D*(A)uD™(A) = D(A)nI*(A) % D*(A)nI*(A) = D*(A)\A.
Example 3.8.3.
1. Let M =R} and A:= {0} x R"". Then D*(A) = J*(A) = AUT*(A).

2. Let M be any Lorentzian manifold with a Cauchy hypersurface S. By Proposition 3.5.23 (3.) every
inextendible causal curve meets S. By the proof of Proposition 3.5.23 (1), M = I-(S)USUI*(S) and
so D*(S) = I*(S)u S and D(S) = M ie. the Cauchy development of a Cauchy surface is all of
spacetime. Conversely, if S is achronal and D(S) = M then S is a Cauchy surface in M.

3. Let M =R}, A={0} x B and B<R"!. Then D(A) is the double cone over B.

D(A)
/>( {0} xR
W )

4. For (M,g) = (R x S*,—dt?> + d0?) and A = {0} x S*
we have that D*(A) = J*(A). For p € I"(A) and J*(p)
M := M\p we still have that D*(A) = J (A) but

D*(A) is given by the union of A and the shaded \\]/

region between A and future directed null geodesics DY (4 [N T
emanating from p ie. D*(A) = J*(A)\J*(p). Q A
1 p(4)

- ~
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Lemma 3.8.4. Let A c M be achronal. Then:

Proof.

1

1. Every PD causal curve starting in D*(A) and leaving it intersects A.
2. Every past (future) inextendible causal curve through p € D(A)° infersects I=(A) (I (A)).

Let ¢: [0,b] = M be a causal PD curve, ¢(0) € D*(A) and ¢(b) ¢ D*(A). Then there exists some
past inextendible causal curve v, which starts in ¢(b) but does not hit A. Then the concatenation cu -~y
yields a past inextendible causal curve through ¢(0) € D*(0) which, by Definition 3.8.1, infersects A.
Therefore, ¢ intersects A.

. By Remark 3.8.2 (1) we have that D(A) c AuTI*(A)ul~(A). Let ¢ be a PD causal inextendible curve

starting in p € D(A)°. For p € I"(A) the claim is trivial. Let, therefore, p € AuI*(A) and choose
q € I"(p)n D(A). The proof of Lemma 35.21 (1) with A = @ shows that there is a past inextendible
timelike curve ¢ starting in g as constructed there. Then every point é(s) has I7(é(s)) nc + @.
g€ D*(A) and so ¢ infersects A. Therefore, I~ (A)nc+ @.

O

Theorem 3.8.5. Let A € M be achronal. Then D(A)° is globally hyperbolic.

Proof.

a)

b)

The causality condition holds at any p e D(A)°.
Suppose there exists a causal loop ¢ through zx €
D(A)°. Due fo Lemma 384 (2) we find points
gz € I*(A) on c. Hence, there are ¢, € A such that
@ € I*(q.), that is,

¢, <qr<q <q..

By Proposition 3.1.8, ¢, « ¢’, which is a contradiction
to A being achronal. Therefore, there cannot exist
such causal loops.

Strong causality holds at any p € D(A)°. Suppose strong causality fails at some p € D(A)° ie.
suppose that there is a sequence of causal FD curves ¢, : [0,1] —» M, n € N with lim, 0, ¢(0) = p =
lim,,, e ¢, (1) and a neighborhood U of p such that for all n, ¢, is not entirely contained in U. By
Proposition 3.4.4 there exists a limit sequence p =: pg < p1 < ... of (¢p)nen. If it is finite, then py =p
(because ¢, (1) — p), that is p < p and hence we obtain a contradiction to a). Therefore, suppose the
limit sequence is infinite and the corresponding quasi-limit v future inextendible. According to Lemma
384 (2), it meets I*(A) and does not leave it. That is, there exists some p;, € I"(A). Possibly passing
on to some subsequence and affer a reparametrization, there exists s € (0, 1) such that ¢, (s) - p;. In
particular, we have ¢, (s) € I*(A) for n large enough. Let ¢, : [s,1] = M such that ¢, (¢) := ¢, (s+1-t)
(ie. ¢, = —Cn|[s,1] in the homotopy sense). Then ¢, is causal and PD. Now apply Proposition 3.4.4 to
¢, and obfain a limit sequence p := qo > q1 > ... (if starts at p because ¢(s) = ¢, (1) = p). That limit
sequence is infinite since, otherwise, p = go > -+ > qn' = pi, = limé&,(1) > p, which confradicts a).
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Cn|[s,1]

c)

By Remark 3.4.5, there exists a past inextendible quasi-limit %
\C”(S) that starts at p € D(A)°. From Lemma 384 (2)) it follows that 4
j infersects 1=(A) and so there exists t € (s,1] such that &, () €
a2 I7(A). Now &, () = ¢, (s+1-t). Let (s,1] 5 := s+1~t. Then there
/ A exists t € (s,1] such that ¢, (t) € I"(A). But, IT(A) 5 ¢, (s) <
g en(t) € I7(A) and so there exist aj,as € A such that a1 «
n(t) cn(8) € cp(t) < ag, implying a; < ag, which is a contraction fo

achronality of A.

For all p,q € D(A)° J(p,q) is compact. If p £ g then J(p,q) is empty, which is compact and so we

are done. If p=q then J(p,q) = {p} since if there were some r # p, r € J(p,q) then p < r < p
be a contfradiction o a). Therefore, we consider the case when p < ¢ and show that every sequence
(zn)nen € J(p,q) has a subsequence which converges in J(p,q). Let ¢, : [0,1] > M be causal FD
curves from p to ¢ through x,. Furthermore, Let IC be a cover of M by open convex subsets U
such that the closures U are compact and contained in some open and convex set V. Then due fo
Proposition 3.4.4 we find a limit sequence p =: pg < p1 < ... of (¢y)nen relative to K. We show that we
can always find a finite one.

cl)

c?)

There exists a finite limit sequence ie. p=:py < -+ < py = g. By the pigeonhole principle, there
exists a subsequence (again denoted by) (¢;,)nen such that z,, € ¢, ([Sn,is Sn.i+1]) for all n € N
and p; = limey,(s;). In particular, z,, € U cV and so z,, — z, up to choosing a subsequence.
Cn(sn,i) < Ty < Cn(sn,i-%—l)f where Cn(sn,i) - Di and Cn(s'rb,’i+1) = Di+1- BY Lemma 3312 (4).
p<pi<x<pip1 <qgand so p<a<g, implying that x € J(p, q).

Every limit sequence is infinite. As in b), there exists some s with ¢, (s) — p; € IT(A). q is the
endpoint of each ¢, and pg < p1 < ... does not ferminate. Therefore, p; # q. Let ¢, = (cnls,17)-
Then ¢, is PD, é,(s) = ¢n(1) - g and &,(1) = ¢, (s) = pi, # q. Therefore, by Proposition 3.4.4,
there exists a limit sequence q = qg > q1 > . ... If this sequence were finite, then ¢ would be equal
to p;, and we would get a finite limit sequence p =pg < p1 <+ < Pi, = qn < -+ < go = ¢, Which
would be a contradiction to the assumption that every limit sequence is infinite. In other words,
(g:)ien does not terminate and so the corresponding quasi-limit is past inextendible. Therefore,
by Lemma 3.84, it reaches I~ (A). This leads us to a contradiction as in b).

d) For all p,q € D(A)°, J(p,q) € D(A)°. As in c), without loss of generality, assume p < g. By Remark
3.8.2, the only possible cases are p,qe I*(A) or p,qe I (A) orpe J (A), ge J*(A).

d1)

d2)

Letp,q e I*(A). Choose g, € I*(¢)nD(A) and define U := I*(A)nI~ (g, ). an open neighborhood
of J(p,q). Indeed, J(p,q) € JH(I*(A)) nJ~(I"(A)) “£° I*(A) nI~(A) = U. We show that
Uc D(A).

To this end, for x € U let ¢ be a timelike FD curve from
x fo g, which fails to intersect A due fo achronal-
ity. Hence, for any past inextendible causal curve v
starting in z, the concatenation cu+~ yields a past in-
extendible causal curve, which starts in ¢, and, there-
fore, intersects A. It follows that v intersects A and so

x e DY(A).

Consider p € J-(A) and g € J*(A). Choose ¢, € I*(q) n D(A) and p_ € I"(p) n D(A) so that
U :=1 (p-)nI(gs) is again a neighborhood of J(p,q). We show that U € D(A). Let z € U.
Since for x € A the claim directly follows from A ¢ D(A), we assume z ¢ A. Let c_ and ¢, be
FDTL curves from p_ fo x and from x fo p,, respectively. Due fo achronality of A at least one of
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those curves does not intersect A.

Lemma 3.8.6. If M has a Cauchy surface, then M is globally hyperbolic.

Proof. Let S be a Cauchy surface in M. Then, by Proposition 3.5.23 (1.), S is achronal and, by Example 3.8.3,
D(S) = M. Therefore, D(S) = D(.S)°. Finally, D(.S)° is globally hyperbolic by Theorem 3.8.5. O

Lemma 3.8.7. Every spacelike achronal C*°-hypersurface S is acausal.

Proof. Suppose there exists some FD causal curve ¢ : [0,1] - M such that ¢(0),¢(1) € S. By Theorem
3.2.23, there exists FDTL curve from S to S unless ¢ is a null geodesic without focal point before ¢(1)
such that ¢(0)LS. But S is spacelike and so N,(g)S' is timelike, which contradicts the fact that ¢(0) is null
(dimNc(O)S = 1). O

Proposition 3.8.8. Let S ¢ M be a closed acausal fopological hypersurface. Then D(S) is open and
globally hyperbolic (by Theorem 3.8.5).

Proof. Recall that due fo acausality of S, the union I := I~(S)uSul*(S) is disjoint, since if I~ (S)n S or
I*(S)nI~(S) were not empty we would find timelike curves hitting .S at least twice.

a) We show that I(S) € M is open in M. Since I*(S) is open, it suffices to show that any p € S lies in the
inferior of I(S). By Proposition 3.5.11, we know that S nedge(S) = @ and so p ¢ edge(S). Therefore,
there exists a neighborhood U of p such that for all v timelike in U from I;(p) to If;(p) v must
intersect S. Without loss of generality, (U, 2°,...,2"1) is a chart for RNCs 20, ..., 2" around p with
timelike 2° and |z¢| < €; for some fixed ¢; > 0. Choosing the ¢;'s suitably small ensures {zo = :!:60} cU.
Then the x°-coordinate lines meet S and therefore run entirely in I(.9), so ﬂ?;ol {|;z:i\ < ei} yields an
open neighborhood of p in I(S).

b) We now show that S ¢ D(S)°. Suppose there exists some p € S\D(S)°. Then by a) there exists
U, an open neighborhood of p, such that U € V ¢ I(S) for V open and convex. Now p ¢ D(S)°
and so there exists a sequence (xy )nen in M\D(S) with x,, — p. Without loss of generality, x,, € U.
zn ¢ D(S) and so x, ¢ D*(S). Therefore, there exists a past inextendible causal curve ¢, starting in
x, and not intersecting S.
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U By Lemma 33.12 (5.), every ¢, intersects the boundary OU and we
call the first intersection point y,,. Then we have y,, < x, and, due
to compactness of QU, we find a subsequence converging fo some
y€dU. y, <z, so Lemma 3.3.12 (4.) implies that y <p and even y <p

) since y € U while p € U®. In particular, y € U € I(S).

b1) If y € I*(S), then there exists some ¢ € S such that ¢ < y <« p and so q < p (by Proposition
3.1.8). But, p,q € S so we get contradiction to acausality of S.

b2) If y € S, then y < p, which is again a contradiction to acausality of S.
b3) If y € I7(S), then (since I=(S) is open) there exists some n such that ¢, (¢,) =y, € I7(S). But,

en([0,t,) €T CI(S)=I(S) U ST I'(S).

Recall that ¢,, does not meet S, so ¢, ([0,¢,]) has fo be contained in I~(S) (¢, is connected),
which contradicts the assumption ¢, (0) = x,, € I'*(.9).

c) We show that D(S) is open if S ¢ M is closed. For S closed, it suffices to show that D*(S)\S =
I*(S)n D(S) (see Remark 3.8.2 (4.) is open because then also D~(S)\S is open and

D(S) = (D*(S)\S) U S U (D ($)\8) 2 (D ($)\8) U D(S)" U (D™ (S)\S) € D(S),

implying that D(S) is open. Assume there exists some p € D*(S)\S that is not an interior point.
Then there exists a sequence (2, )nen ¢ D(S)\S converging fo p. For every n there exists a past
inextendible causal curve ¢, : [0,b,) — M stfarting in x, not meeting S (except maybe in x, € S).
Due to b) and since S is closed {M\S, D(S)°} yields an open cover of M. By Proposition 3.3.9, there
exists a refinement K by open and convex sets such that for all V' € K there exists

V convex such that Ve V and V ¢ M\S or V c D(S)°. (381)

Choose W € K such that pe W and W e W ¢ M\S. Lemma 3.3.12 (5.) now implies that all ¢, must
leave W, otherwise they would be extendible. By Proposition 3.4.4 there exists v, a quasi-limit of ¢,, with
respect to K, and every limit sequence is infinite (otherwise some subsequence would be extendible).
This means that v is past inextendible, PD causal and starting in p. p € D*(S) so v intersects S in
precisely one point y(s). For the limit sequence p = po > p1 > ... let p; > y(s) > pi+1. By our choice
of W we have that 7 > 1. Hence, the element of K which contains the corresponding segment of ~
meets S (in v(s)) and is therefore contained in D(S)° by (3.8.1). Acausality of S implies p; ¢ S, that
is, p; € D*(S)\S =I*(S)n D(S). It is even contained in the open set I*(S) n D(S)° ¢ D*(S) so for
n large enough, ¢, has to meet D*(S). /

O

Lemma 3.8.9. For each achronal subset A ¢ M and p € D(A)°\I~(A), the intersection J~(p)nD*(A)
is compact.

Proof. Let (x,)neny be a sequence in J~(p) n D*(A). Furthermore, let ¢, be a PD causal curve from p to
Zn. If a subsequence of (x,,)neny cOnverges fo p we are done. Otherwise, by Proposition 3.4.4 there exists a
limit sequence p :=pg > p1 > .... Assume that the limit sequence is finite i.e. p > p1 > --- > py. Assume also
that we can find a subsequence of (2, )neny cOnverging to py, so it remains fo show py € D*(A). To that
end, let p, € I"(p) n D*(A), that is p, > p > py and thus p, > py so there is a TLPD curve ~ from p, to
pn. If v does not meet A, we directly have py € D*(A). If v meets A, then py € AnI~(A). Buf, py € I7(A)
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would imply that also x,, € I (A) for n large enough, which contradicts x,, € D*(A). If the limit sequence is
infinite, the quasi-limit v is a past-inextendible causal curve, which starts at p and meets I~(A) by Lemma
384 (2). Therefore, p; € I~ (A) for i large enough and, consequently, for n large enough, z,, € I7(A). As
before, this contradicts x,, € D*(A).

P
D*(A)

A

D (A)

Definition 3.8.10. For all pe M and A c M,

T(Aap) = SupquT(pa Q)

Theorem 3.8.11. Let S € M be a closed, achronal, spacelike (C*-)hypersurface. For any p € D(S)
there exists a geodesic ¢ from S fo p of length 7(.S,p). ¢ is normal to S, timelike and does not have
a focal point before p unless p e S.

Proof. Due to Lemma 3.87 S is acausal and, by Proposition 3.8.8, D(.S) is open and globally hyperbolic and
SO T|D(S)XD(S) is finite and continuous (see Proposition 3.6.8). If p € S then 7(.S, p) = 0 since S is acausal
(the only viable option is ¢ = p). Without loss of generality, we only consider p € D*(.S). From Lemma 3.89
we know that J~(p) n D*(.S) is compact and, hence

J (p)nS=J(p)nD(S)nS

is compact as well since S is closed. Proposition 3.6.8 ensures continuity of 7 on J~(p)n.S, so the maximum
of 7(-,p) on J~(p) n S is aftained at some ¢q. By Theorem 2 there is a causal geodesic ¢ of length 7(q,p)
connecting ¢ and p. If ¢ was not orthogonal to S or if ¢ had a focal point before p, this curve could be
deformed into a longer timelike curve from S to p (see Theorem 3.7.12), which contradicts the maximality
of the length of c. O

Definition 3.8.12. Let A ¢ M be achronal. Then we call
H*(4) = D (AN (D*(A)) = {pe D*(A): I' () n D*(4) = 2}

future Cauchy horizon of A. Analogously, one defines H~(A), the past Cauchy horizon of A. The Cauchy
horizon of A is given by

H(A):=H"(A)uH (A).
Example 3.8.13. Lef M := RT.
1. For Ay := {0} x R""!, we obtain D*(A;) = J*(A;) and, consequently, H(A) = @.

2. For Ay := H"! the (n—1)-dimensional hyperbolic space (see Example 3.5.2), we have D(Ay) = I7(0)
and so H*(As) =@ and H™(As) = D~ (A2)\ I (D™ (A42)) = C*(0).
—_————
=17(0)

3. For As = C*(0), we have D(A3) = D*(As) = J*(0) and H*(A3) = H*(Ay).
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4

For dim(M) = 2 we consider A, := {0} x (-1,1) and
obtain H*(A4) as in the picture. Nofe that H*(A4) ¢
J*(Ay) since (0,£1) € H(Ag)\J*(Ay).

Lemma 3.8.14 (Basic Properties of H). For all achronal A ¢ M, we have

Proof.

1

2.

4.

1. H*(A) is closed.
2. H*(A) is achronal.
3. If A is closed, then

D*(A) = {p e M : every past-inextendible TL curve through p meets A} := X.

4. If A is closed, then
OD*(A) = Au H*(A).

H*(A) = D=(A)\I7(D*(A)).
—_—— —
closed open
Since IT(H*(A)) is open and I*(H*(A)) n D*(A) empty by definition, we obtain I*(H*(A)) n
D+(A) =@ and therefore I*(H*(A))n H*(A) = @ (since H*(A) c D*(A)). This implies achronality
of H*(A).

. We first show that D+(A) ¢ X. If there was a p € D+(A)\X, we would find a past-inextendible TL

curve ¢ : [0,b) - M which starts in p but does not intersect A. In particular, p ¢ A and, since A is
closed (by assumption), there is an open and convex neighborhood U of p such that Un A = @.
Choose ¢ > 0 such that g := ¢(¢) € U and
thus p € I} (g). Since If;(q) is an open
neighborhood of p and p € D*(A), there is
some r € If;(q) n D*(A) with ~y the corre-
sponding TL curve from r 1o ¢q. Due fo con-
vexity, v runs entirely in U, so it does not
meet A. On the other hand, the concatena-
tion yu c|[5,b) yields a past-inextendible TL
curve which sfarts in r € D*(A), so it has
to intersect A. #

We proceed with X ¢ D*(A). Let p ¢ D*(A) and choose q € III/I\DTA)(p) so in particular g ¢ D*(A).
Therefore, we find a past-inextendible causal curve in M, which starts in p but does not intersect A.
Lemma 3.5.21 now implies the existence of a past-inextendible TL curve 4 from p not meeting A.
Then p ¢ X.

a) We start with A ¢ 9D*(A). By Remark 382 (1) we already know that A ¢ D*(A) c D*(A).
If there was some p € An D*(A)° we could choose g € D*(A)° nI~(p). which would imply the
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existence of a past-inextendible timelike curve ¢ starting in ¢. Since g € D*(A), ¢ must intersect
Ain some r € A ie. r < p. On the other hand, p,r € A, which yields a contradiction fo A being
achronal.

b) Without loss of generality, we now prove H*(A) ¢ dD*(A). By definition, we have H*(A) ¢
D+(A). If there was any p € H*(A) n D*(A)°, the intersection I*(p) n D*(A) would not be
empty, which would contradict p e H*(A).

c) It remains to show that 9D*(A) ¢ Au H*(A). Suppose there was a p e dD*(A)\(Au H*(A)).
Then, in particular, p € D+*(A)\A so 3. implies p € I*(A). On the other hand, p e D*(A)\H"(A)
and so there exists a g € I"(p) n D*(A) and IT(A)nI~(q) is an open neighborhood of p. We
now complete the proof by showing that this neighborhood is contained in D*(A). Then p would
need to be an inner point, which contradicts p € 9D*(A). To this end let I"(A)n 1 (¢q) and ¢
a past-inextendible causal curve starting in r. Furthermore, let 4+ be a TLPD curve from ¢ to r,
which necessarily stays in I*(A) dueto r € I*(A) and, therefore, fails fo meet A since achronality
of A demands that AnI*(A) =@. On the other hand, g € D*(A) implies that v u ¢ intersects A,
S0 ¢ has tfo infersect A and hence r € D*(A).

O

Proposition 3.8.15. Let S c M be closed, acausal C°-hypersurface. Then

L H*(S)=1"(S)noD*(S)=D+(S)\D*(S) and H*(S)n S = @.
2. H*(S) is an achronal closed C°-hypersurface.

3. In every point of H*(\S) starts a past-inextendible null geodesic without conjugate points, which
is entirely contained in H*(.9).

Proof.

1. By definition,

H*(S)c D*(S)cSuT*(S)
(for the last inclusion see 3.8.14, 3.). If there was a p € H*(S) n D*(S), I (p) would hit D(S) since,
according to Proposition 3.8.8 D(.S) is open, due fo achronality of S, we have I*(p) n D~ (S) = @.
Therefore, I*(p) has to meet D*(.S), which contradicts p € H*(S) and thus H*(S)n D*(S) = @, that
is H*(S) € 9D*(S). Moreover, from S ¢ D*(S) follows that also H*(S) n S = @, so the inclusion we
started with implies H*(S) € I'*(S). Conversely, Lemma 3.8.14 (4.) provides

I*(S)ndD*(S) = I*(S) n (SUH*(S)) = H*(S) n I*(S) = H*(S).

It remains fo show D+ (S)\D*(S) ¢ H*(S). Hence, for all p € D*(S)\D*(.S), we show I*(p)nD*(S) =
@. Let ¢ € I"(p) and ~y a PD curve from g to p. p ¢ SUI~(S) since S < D*(S) and D*(S)nD~(S) =
by Remark 3.8.2 (2.), implying D*(S)nI~(S) = @ (since I~(.9) is open). Therefore, v does not meet S
and there is a past-inextendible curve c starting in p which does not meet S either (since p ¢ D*(S)).
~vUc is a past-inextendible causal curve which starts in ¢ but does not meet S, that is ¢ ¢ D*(S).

2. Let B:= D*(S)uI~(S).

- Bis a past set (cf Definition 3.5.13). Indeed, let g € I"(D*(S)) and let v be PDTL from p € D*(.S)
to ¢. If ¢ € D*(S), we are done. Otherwise, there exists some « PD causal from ¢ not meeting
S. p e D*(S) so yua meets S but a does not so v meets S in some r. If r = ¢ then
geScD*(S)c B. Otherwise, ge I (r)c 1 (S)cB.



120 Chapter 3.8. CAUCHY DEVELOPMENTS AND CAUCHY HORIZONS

- We can now apply Corollary 1 (I*(S) ¢ B and S # @) and get that 9B is an achronal C°-
hypersurface.

- Also, H*(S) L OD*(S)nI*(S)=0BnI*(S). I"(S)nI*(S)=@ and so 91~ (S)nI*(S) =w.
Therefore, 9D*(S) n I*(S) = (dD*(S)udI~(S))nI*(S)20BnI*(S) (where we have used
O(A1UAy) € DA UDAs). Conversely, dD*(S)nI*(S) c I*(S), where dD*(S)nI*(S)=H"(S5)
(by 1) so it remains to show that H*(S) c dB. H*(S) ¢ D*(S) ¢ D*(S)uI-(S) = B. On the
other hand, H*(S) ¢ B¢ c (B°). To see this let pe H*(S). Thenp ¢ D*(S) by 1. and p ¢ I"(S)
since otherwise (again by 1.) we would have that p e I7(S) nI*(S) = @. Therefore, p ¢ B and we
are done since we showed that H*(S) ¢ B\B° = 0B.

- H*(S) =0BnI*(S) is a relatively open subset of B (which is a C°-hypersurface), making it a
C°-hypersurface. Moreover, H*(S) is achronal and closed by Lemma 3.8.14.

3. Letpe H*(S) c D*(S)\D*(S). As p ¢ D*(S) there exists a past-inextendible causal curve ¢ from p
not meeting S. By Lemma 3.8.14 (3)), since p € D*(S), such ¢ cannot be TL so ¢ cannot be deformed
info a TL curve from p avoiding S. Therefore, by Lemma 3521 (2), c is a null geodesic without
conjugate points. Finally, ¢ remains in H*(.S); if ¢ were fo intersect D*(.S) it would also intersect .S,

which is a contradiction. If ¢ were o leave D*(S) ie. if there existed some ¢(s) ¢ D*(S) then, by
Lemma 3.8.14, there would exist a past-inextendible TL ~ from ¢(s) such that vn.S = @. Apply Lemma

3521 (2) to clfg,s) U~y and obtain a PDTL curve from p not intersecting S. This contfradicts p € D*(.S).

O
Corollary 3.8.16. Let S # @ be a closed acausal C°-hypersurface. Then
1. S is a Cauchy hypersurface if and only if H(S) = @.
2. S is a Cauchy hypersurface if every inextendible null geodesic intersects S.
Proof.
1. By Proposition 3.8.8, we know that D(S) is open and globally hyperbolic. We show that
S=D*(S)nD(S). (382)

(by symmetry, S = D=(S)n D*(S)). S D*(S)n D (S) is clear. Conversely, suppose p € (D*(S)n
D=(S5))\S. Then every non-inextendible TL curve through p intersects S in the past and the future of p,
which is a contradiction fo .S being acausal. Hence, dD(S) = D(S)\D(S) = (D*(S)uD~(S)\D(S) =
(DT (SN\D($) u (D (ND(S)) =7 (DT (SN\D*($) u (D (HN\D(8)) "= H*(S) v H(S) =
H(S). Therefore, H(S) = @ if and only if 9D(S) = @. Since M is a spacetime, M is connected and
so 0D(S) =@. 0D(S) = @ if and only if D(S) = M. The last statement is obviously equivalent fo S
being a Cauchy hypersurface.

2. Regarding 1, without loss of generality suppose that there exists some p € H*(.S). Then, according
to Proposition 3.8.15 (3.) there is a past-inextendible null geodesic starting in p entirely contained in
H*(S). By Proposition 3.815 (L), H*(S)n S =@ and so ¢n S = @. If the maximal extension of ¢ fo a
future-inextendible geodesic met S in some ¢ € S, then ¢ > p. On the other hand, p € H*(S) ¢ I*(5)
implies g € I*(S) NS, which contradicts achronality of S. Therefore, if H(.S) # @, then there exists an
inextendible null geodesic not infersecting S.

O
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Example 3.8.17. Let M = S7(r) be de Sitter space and S := M n X, where X ¢ R?"! a spacelike hypersurface.
Moreover, due to Section 2.2 every lightlike geodesic is of the form M n E for some degenerate hyperplane
E. The infersection is therefore a spacelike straight line hitting S. It now follows from Corollary 3.8.16 that
S is a Cauchy hypersurface and, from Lemma 3.8.6, that it is globally hyperbolic.

3.9 Hawking's Singularity Theorem

Theorem 3.9.1 (Hawking, 1967.). Let M be n-dimensional spacetime and assume that
1 Ric(X,X)>0forall X eTM TL.

2. There exists S ¢ M spacelike Cauchy surface and there exists 5 > 0 such that (H,v) > 8 where

1 n—1
H=——)> ¢€l(ej,ej
n_]. = J ( J ])
is the mean curvature of S and v is a future directed unit hormal vector field on S.

Then every FDTL curve starting in .S has length less or equal fo % In particular, M is future directed,
timelike and geodesically incomplete.

Remark 3.9.2.

- The Hawking theorem models a ‘cosmological’ situation. Applied fo the past direction it gives a strong
evidence for a big bang. In the theorem, M corresponds 1o the spacetime (i.e. the universe) and S is
a time-slice of our universe (i.e. of the current spatial universe).

« Condition of Theorem 3.9.1. The Einstein field equations are of the form
.1
8T = Ric - §g~S,

where T is energy-momentum tensor and S is the scalar curvature (1). For n = 4 this implies 87-tr(T') =
S - 145 =-S, hence

87T = Ric+ g- 4w -1r(T).
Now for all X TL,
1
Ric(X,X)>0 «— T(X,X) > §Tr(T)(X,X).
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This inequality is known as the strong energy condition (SEC). Here, T'(X, X)) is interpreted as the
energy density measured by an observer whose world line has the tfangent vector X. The condition
(H,v) > B stands for a spacelike universe which contracts at a rate at least 8 and so Hawking's
theorem states that the time such universe exists is at most % which then stands for the tfime a big
crunch singularity would occur at the latest.

Proposition 3.9.3 (15" and 2"¢ Variation of Arc Length). Let ¢, be the variation of TL geodesic ¢ :
[a,b] — M with variational vector field V := % Vv ¢,

and acceleration vector field A := X~ <& |
s 1s=0 9s 9s |;_g

Then we have

1 £L(e)|_ = (V(e) i) - (Vo) ey}

= {A0), 22) - (A0). 2B ) - [ & (<R<c V)V,é)+ (ZY, TY) 4 (TV, %)Q)dt‘

2. L 1(es) »

Proof. Let ¢: [a,b] >~ M be a fimelike geodesic and ¢ a smooth variation of ¢ with variational vector field
V' and accelerdtion field A.

1. For Vi, = acs , We obtain
d b -2 (Y% ¢,
—L(cs) = / —(¢s, ¢ dt—/ Mdt
ds ds a 2/ (¢, ¢s)

V Ccs Cs bV Ocs ¢ bIVV, ¢
- S5 V= — - =SV dt = - =Vt
/a <8 ot’ |cs|) / <8t Bs’|c's|> f ( ot ’|és|> ’

which for s = 0 provides the claim:

d
—L(c,
ds (es)

b

LA b

——
=0

a

2. This claim follows from direct calculation of the second variation:

d? d rb :
_7-[ VVS7 C \ o
ds Ja '\ Ot "¢ <20
))dt
o= 0|CS|

_/ab(gsva‘fs_ )(

L(CS)

s=0

B b v vV,| ¢ w1 (. ve|  ald,] .

- _L (( V.ev+ 315 0Os |C|>+< dt’ |c|2(|| ©9s Oc)))dt
g._\,_._/
=A

vV

b o e\ odf, e vel [vwo1 (e
-, ((R(“”V*w)wt(A’w)‘(A’dtw)*<dtwcﬁd|c~|3 ))‘“

e

=0

‘ff(( Vv |> |c|<vd‘t/’vd‘t/>dt+1| <thV ')th'

b

a
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Proof. See 39.1. Let v be a FDTL curve from S ending in p € M. Then,

pelI*(S)=I*(S)nD(S) "Z° D*(9)\S.
ig:‘»M

From Theorem 3.8.11 we know that there exists a TL geodesic ¢: [0,b] - M with ¢(0) € S, ¢(0)LS, ¢(b) = p,
L(c) = 7(S, p). Without loss of generality we may assume |¢| = 1 so that L(c) = b. Therefore, it remains to
show b < % Let e € T (0)S be a unit vector and let E be its parallel transport along ¢ given by E(0) = e.
Furthermore, let ¢, be a variation of ¢ with variation vector field

v - (1- ) B,

cs(0) € S and c,(b) = p (Fermi coordinates allow such a choice).

Since ¢ is the maximum of the length of TL curves from S fo p, by Proposition 3.9.3, we have

Ozj;L(cs)s_O — (A(0), &(0)) - i—[ob[(l—ZY(R(c',E)E,é)
A(b) =0
+<—%E,—%E> (-2]5,&)2 ]dt
s
= (220,00 ) - [(1-1 2<R(é,E)E,é)+i2 it = (+).
0s Os 0 b b

s~ ¢(0,s) is a curve in S, Z(S) := %6(0,8) € X(¢(0,-)) and so, by Proposition 1.5.1

(l@)(qo):Z(O): Z'(0) +H(8 6(0,8)72(0))
88 as —_—— 88 0 ———
fan. to S, 1&(0) —— =V(0)

=V(0)
Therefore,
ds ds
where ¢(0) = v is a unit normal to S.

((5:55) 0.00.600)) = KV (), V()00

2

(*):<H( V(0) ,V(O)),é(0)>+f0b(1—2) (R(c',E)c',E)dt—%.
=E(0)=e¢
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124
Now for an ONB {ey,...,e,_1} Of T¢(0)S we obtain corresponding Et, ..., E,_1 as above. By summation,
- - n-1
Z (I(e;,e;),v f (1—7) Z (R(e, By, By di - "
= 0 =
128 Ric(¢,¢) 20, by 1.
Therefore,
n—-1
0 > (n_1)<H’y>_T
Y p-T e %.
O
Example 3.9.4.
1 - Let M be an (n + 1)-dimensional Robertson-Walker spacetime.

S:i={to} x N
-—-‘&‘%0

1

to

By infroduction to Section 2.4.2 (7), Ric(v,v) = —nfTH for v := %. For the proof of Theorem 39.1
we used Ric(X,X) > 0 for X = ¢(¢), where ¢ was a geodesic such that ¢1.S. Here, we actually
have ¢ = X = v = 2, so the assumption Ric(r,v) > is equivalent to f” < 0 (since f is always
positive by Definition 2.4.1) ie. to f being concave.

. From Section 2.4.1 (1.) it follows that S(X) = —fX ie S= —*Id and so

(I(V,W),v) =" (S(V)7W>=;(V>W>-(V,V> = L(V,W)=(S(V),W)= ;(VW}
Now,
~ 1 n-1 1 n-1 f ~ f
H—M;H(Qaey)—n_ljzl(ejaey)f’/—(f) v,
implying _ ) _
(Ho)= o) =25 —ﬂ»(to) (S = {to} x V),

=-1

2. Let M be n-dimensional Minkowski space.

- Ric=0.
- Consider S := -H" 1(r) where

H" Y r)={zeM:(z,z)=-r* 2°>0}.
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By Proposition 2.3.2 (4.)

(VW) = —% (V,W)v.

ei,eq)=1

ForanypeS,v=-1.pso H(p):ﬁz}l(ei,ei)< =" L .p. Therefore,

(H(p),v) = —%3 (p,p) = 1. B.

= —7r

On the other hand, we know that the maximal fimelike geodesics that start in S have infinite
length. The reason for this is that S is not a Cauchy hypersurface in M, but it is in D(S) = I_(0),
where the maximal timelike geodesics that start in S indeed have the maximal length r = %

3.10 Penrose’s Singularity Theorem

While Hawking's theorem models a cosmological scenario, providing evidence for the occurrence of a
big bang or crunch, Penrose’s theorem is tailored for a gravitational collapse situation. We begin by exam-
ining the 'inifial condition,” specifically the concept of a trapped surface, a fundamental idea introduced in
Penrose’s 1965 paper. which initiated the study of singularity theorems. Unlike Hawking's case, we will now
focus on spacelike, codimension 2 submanifolds. Our aim is to demonstrate that when both incoming and
outgoing perpendicular null geodesics converge, gravity becomes very strong, to the extent that even light
cannot escape.

Lemma 3.10.1. We call a spacelike submanifold P ¢ M a future trapped surface if one of the following
equivalent conditions holds:

1. H is PDTL on P.
2. k(X):=(H,X)>0for all X e TP FD null. We call k(X) the convergence of X.
3. k(X)=(H,X)>0forall X eTP FD causal.

Proof. We work pointwise. Let p € P, choose coordinates so that g(p) = {:,-) and apply L-transformation
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such that H = —ceq (for ¢ > 0).

(1.-3.)
~—— (X:(H.X)>0}
(X :(H,X)=0)
-~ {X:(HX)<0}
(3. > 2.) Clear.
(2.>1)

{H:(H,X) <0}

(H: (H,X)=0)

{H:{(H,X) >0}

— N {H:{(H,X)>0}=11(0).
XeC,(0)\{0}

Definition 3.10.2. A closed and achronal set A € M is called future-trapped if its future horismos
ET(A):=J" (AN (A)

is compact. Analogously, A is called past-trapped E~(A) := J-(A)\I(A).

Example 3.10.3.
For
t
(M, g) = (Rx S* ~dt* + d6?),
J* (PN (p) 0
the subset A := {p} is both future- and
past-tfrapped. D
\_/
identify

Remark 3.10.4.

1. If A is future-trapped, then A is compact. Indeed, A € J*(A) and AnI*(A) = @ (since A is achronal).
Therefore, A c J*(A)\I*(A) is compact (since it is closed and J*(A) compact).
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2. E*(A) is achronal. To see this, let p e I*(E*(A)) = I* (J*(A\*(A)) € I*(J*(A)) *=° I*(A). Then
p¢ E*(A) and I (E*(A))nE*(A) =@ ie. E*(A) is achronal.

Lemma 3.10.5. Let M be an n-dimensional Lorentzian manifold, p € M, I € T,M null, e1,...,e,-2 €
T,M spacelike and orthonormal with e; Ll for all 5. Then

Ric(l,1) = Z_: (R(ej,lej, 1)

Proof. Extend eq,...,e,—2 o an ONB eq,...,e, so that e,_1 is spacelike, e,, TL and e,,_1 + e, o< . Then,
Ric(1,1) "2° Z R(ej,Dej,l)+ €, (R(en,len,l).
'= N——
=+1 =-1

We need fo show that
(R(eny,en-1,1) = (R(en,1)en, 1) =0.

Since e,,_1 + e, is a multiple of [,
(R(en-1 +en,l)en-1,1) =0 and (R(en-1 +en,l)en,l) =0.
Subtracting the second equation from the first one we get
(R(en-1+en,)(en-1-€n),l) =

which proves the claim since (R(en-1+epn,l)(en-1—¢en),l) = (R(en-1,0)en-1,1) + (R(en,l)en-1,1) -
(R(en-1,0)en, 1) = (R(en,)en,l) = 0, where (R(en,l)en-1,1) = (R(en-1,1)en,l) = 0 by pair symmetry (cf
introduction fo Section 1.1). O

Proposition 3.10.6. Let M be a Lorentzian manifold, P ¢ M a spacelike submanifold of codimension
2 and ¢:[0,b] — M a null geodesic starting in p € P with ¢(0) LP. If

- Ric(é(t),e(t)) =0 for all t € [0,b] and

+ (Hy,é(0)) 2 &,

then ¢ has a focal point in (0, b].

Proof. Suppose that ¢ has no focal point.

1 Lefey,...,en—g be an ONB of T}, P and consider Jacobi fields J; (1 <i < n—-2) along ¢ determined by
the IHITIG| values J;(0) = e; and -J;(0) = I(e;, ¢(0)). (according fo Lemma 3.2.12, .J; is even a P-JF).
In addition, let Jo(t) :=t-¢(t) be the Jacobi field given by Jo(0) = 0 and J;(0) = ¢(0) (cf Example
3.2.10).

2. We show that Jo(t),. .., Jn—2(t) are a basis of ¢(¢)* for all ¢ € (0, b].

- ¢(t) being null implies that Jy(t)1é(t) for all ¢.
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« Ji(t)Le(t) forall t and forall 1 <i<n—2:

<Jzac> |t=0 = <€Z7C(O)> 207
tangential fo P

d
ol ear = (e = (T(e,¢(0)), &(0)) =0,
0 ——
LP
d? 0o Ji JF
ﬁ<J170> = (Jz aé> = (R(J“C)C,C>=O7 vi.
Therefore,
(Jiye) = (Ji,&) |+t (Ji,6) =0+0=0.
- Jo,J1,...,Jn_o are linearly independent for all t € (0,b]. In order to see this, assume there
exists to € (0,b] where they are linearly dependent. Then there exist some ay, ..., a,-2 € R not

all equal to zero, such that
n—2

Z CkiJi(t()) =0.
i=1

This provides a non-frivial Jacobi field J := Z?;OQ «;J; satisfying:

J(O) = gaiei € TVPP7
I = 0,
tan(J'(0)) = fan (gaiﬁ(ei,c’(O)) N aoé(O)) = 1an(1(J(0), (0))).

Therefore, by Lemma 3.2.12, J is a P-JF and J(tg) = 0. tg is thus a focal point, contradicting the
initial assumption.

3. We now claim (J/(t), J;(t)) = <Ji(t),J§(t)) for all 4,5 and for all ¢.

d . o
%((Jiﬂjj)_(‘]i

Fort=0and i,j>1
(J(0), J;(0)) = {4:(0), J5(0)) & (I(es,&(0)),e;) - (I(e,&(0)), e:)
TR (e ), 0)) + (e ), (0)) 2T,

TN = (I Ty = (T, TV P2 TR )6, Jp) = (T, R(J;,6)6) P2 0.

L]

and moreover,
=0
—

(J5(0), J;(0)) = (Jo(0), J5(0)) = (¢(0),e;) ~ 0= 0.
4. Let Ve X(c), V(t)Lé(t) for all ¢, V(0) e T,P, V(b) = 0. Then,

fob((V’,V’) —(R(¢,V)e, V))dt - (¢(0),I(V(0),V(0))) 20

with equality if and only if V' is parallel to ¢. By 2., there exist unique smooth functions f; : (0,b] - R
with )
V(t) = Z fz(t)‘]z(t)a Vit e (Ovb]

=0
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Set X := Y10 fiJ; and Y = Y17 fiJ!. Then V' = X +Y and

W) = (VYY)
= <X,Y> + (Y,Y) + <V7Y,>
_ muwuxm+§?ﬁ%ﬁﬂwbﬁiﬁML@§
T o(XxY)+ +2ﬁf( Ji) + (V. R(V,é)é)
= (X,Y)+ Qﬁ FITS, Ti) = (R(V, &)V, é)

=(X,Y)
= 2(X)Y)+(Y.Y) - (R(V, &)V, ¢)
= (X+Y,X+Y)- (X, X)-(R(V,&)V,¢)
= <V,a Vl) - <X7X> - <R(V70)V7 é)

for e > 0 implies
b d
f (X, X)dt = f (V! V') = (R(V.&)V.é) = = (V.Y )t
v f (V' V') = (R(V, &)V, &))dt +{V (), Y (¢))
Note that in addition to basis of ¢(¢)* for ¢ € (0,0]
Jo(t), Ji(t),. .., Jn-a(t),
we can find a further basis, hamely
1 i
;JO(t) = C(t), Jl(t)a Ty Jn—?(t)

This is a basis of ¢(¢)* also for ¢ = 0 (at ¢ = 0 this is equal to ¢(0),e1,...,en_1,..., which is ONB by
assumption). Hence, tfo(t), f1(t),. .., fa_2(t) extends continuously to ¢ = 0. Now

t—0

V(t) = Z fi(®)Ji(t) =t- fo(t)e(t) + Z fi(®)Ji(t) — V(0),

since V € X(c¢). V(0) € T,P so it has no ¢(0)-component, implying ¢ - fo(t) — 0 (as t — 0), which
yields

V@=2ﬁ@£@=2ﬁ@q

(V(e),Y (o) = (V(E),fo(é)é(e) +nZ_: fi(E)J£(6)>

Wﬁ@(v)zﬁgj@ywhmﬁfmmmm)

n—2

szﬁ@wm@ﬁ%wwﬂwwmm>
—(I(V(0),V(0)),é(0)),

W%Eﬁ@ﬂ@) L

1l
—
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hence, , ,
LAV V) = (RO OV et - (2(0). 1V (0),V(0))) = lim [ (X, X) at

X is a linear combination of the .J/s, which implies that X 1¢ and so X cannot be TL. Therefore,
(X,X) >0 for all £ >0, which proves the inequality in 4. Equality holds if and only if (X, X) (¢) = 0 for
all t. In other words, if X is null for all t—that is, if X is proportional to ¢—then equality holds if and
only if fy == fu_o = 0. Moreover, V(b) = 0 implies f1(b) = --- = fn_2(b) = 0, where equality holds
if and only if f1 =--- = f,_2 = 0. This equivalence occurs if and only if V(¢) = t- fo(t)¢(t), in other
words, if and only if V' is parallel to ¢.

5. Let e € T),P be a unit vector and E its parallel transport along c. Set V (t) := (1- %)E(t). Then V
satisfies the assumptions of 4. but is not tangential on ¢, hence

0 < fob((v" V') =(R(V,¢)V,é))dt - (¢(0),1(V(0),V(0)))
b

h ((‘zl)E"iE)‘(l‘2)2<R(E76>E’é>)dt—<é<0),ﬂ<e,e>>

2
% - Ob (1 - g) (R(E,¢)E,¢)dt - (¢(0),1(e, €)) .

Now set e =¢; (1 <i<mn—2) and sum over i

05— b 2
.10 L?_/ (1_E) Ric(é,¢) dt — (n - 2) {¢(0), H (p)) <0,
b 0 b N— —
>0 >3

which is a contradiction.

Proposition 3.10.7 (Trapped Sets from Trapped Surfaces). Let P ¢ M be a compact achronal space-
like sub-manifold of codimension 2 which is a future-trapped surface (H is past pointing TL). Let M
be future null complete with Ric(X,X) > 0 for all X e TM null. Then P is a future trapped set.

Proof.

a) Pick some Riemannian metric h on M and set
P:={XeNP : X isnul FD and h(X,X)=1}.

Then 7: NP — P turns P info a two-fold covering of P and so Pis compact.

PN N,P—=
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More directly, both h(X, X) =1 and X null are closed conditions. Let Z is a TL vector field inducing
the time orientation of M. Then X is FD if and only if (X, Z) < 0, which is the case if and only if
(X,Z) <0. Thus, FD is a closed condition, implying P is compact, as P is compact.

b) Let X ¢ P. Then, by Lemma 3101, (H(m(X)),X) > 0 and so there exists b > 0 such that
(H(m(X)),X) > ¢ for all X € P. M is future null complete, so ¢ = cx(t) := exp(tX) is defined
for all t > 0. In particular, cx is defined on [0,b] and, by Proposition 3.10.6, cx has a focal point in
(0,0].

c) E*(P) is relatively compact. To see this, let ¢ € E*(P) = J*(P)\I*(P). Since g € J*(P) there
exists a causal curve ¢ from P fo ¢ and since g ¢ I"(P), ¢ is a null geodesic without a focal point
before ¢ and ¢(0)LP. Therefore, ¢ = cx for some X € P and so q = cx () for some t € (0,b], hence
E*(P)cexp({tX:0<t<b,X e P}) =K is compact.

d) E*(P)is closed. Indeed, let (g, )ney be a sequence in E*(P), g, — q. Therefore, g ¢ K ¢ J*(K). Sup-
pose q € I'*(p), then ¢, € I*(P) for n large but ¢, € E*(P) = J*(P)\I*(P), which is a contradiction.
Therefore, g € J*(P)\I*(P) = E*(P) and so E*(P) is compact.

O

Lemma 3.10.8. Let K € M be compact and M globally hyperbolic. Then J*(K) is closed.

Proof. Let (py) € J*(K). pp, = p in M. We need fo show that p € J*(K). There exist g, € K such that
qn < pn, and so, since K is compact, without loss of generality ¢, — q € K. < is closed by Proposition 3.6.9,
S0 q < p, implying pe J*(q) ¢ J*(K). O
Theorem 3.10.9 (Penrose 1965.). Let M be a spacetime with:
1. Ric(X,X) >0 forall X e TM null.
2. There exists a non-compact Cauchy surface S ¢ M.

3. There exists future trapped spacelike submanifold P of codimension 2 (by definition, P is
compact, spacelike and achronal submanifold with H past pointing TL).

Then M is not future null complete.

Proof. Assume indirectly that M is future null complete.

1. E*(P) is an achronal compact C°-hypersurface. Indeed, S is a Cauchy surface and, therefore ac-
cording to Lemma 3.8.6, M is globally hyperbolic. As P is compact, Lemma implies J*(P) is closed.
Therefore,

E*(P) = J"(P)\I"(P) = J*(P)\J"(P)° = 0J*(P).

J*(P) is a future set, J*(P) + @ and J*(P) + M. If J*(P) = mthen let ¢ € I"(P). Now, p; > q > py
and so py >> po, Which is a contradiction with P being achronal. Corollary now yields that 9J*(P) is
a closed achronal C°-hypersurface and Proposition 3.10.7 that E*(P) = 0J*(P) is compact.

2. E*(P) + @. To this end, suppose E*(P) = @. Then, @ = dJ*(P) and so I*(P) = J*(P)° = J*(P) =
J*(P) is open, closed honempty (since P # @). Thus, I*(P) = M 2 P, which is a contfradiction to P
being achronal.

3. Let p: 9J*(P) - S be the map defined by the flow of a TL vector field, as in Theorem 3.5.24. Then
p is well-defined and 9J*(P) is achronal so p is injective, implying that p is a continuous injective
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map between C°-hypersurfaces. Since both 9.J*(P) and S are fopological manifolds of dimension
n — 1, Theorem 3.5.10 implies that p is open and so p(dJ*(P)) is open in S. As &J*(P) is compact,
p(0J*(P)) is compact as well and, therefore, closed in S. M is connected and, by Theorem 3.5.24,
S is connected as well so, p(8J*(P)) = S. Therefore, S is compact, which is a contradiction fo our
assumption from the beginning.

O

3.11 Characterization of Global Hyperbolicity
Theorem 3.11.1 (Nomizu/Ozeki). On any connected C*>°-manifold M there exists a complete Rieman-
nian metric.

Proof. Let h be any Riemannian metric on M. We construct a proper C* -function p: M — R (so, p~*(K)
compact for all K ¢ R compact). Let (x;):en be a partition of unity such that supp(x) € M for all i and set

pi= Q1 Xi

8

Il
[

Then p e C= (M) and, if p(x) € [-i,i], then x;(z) # 0 at most for j =1,...,4, implying that
p ([=ii]) € U supp(y;) € M
j=1

i.e. that p is proper. Now set
g:=h+dpe&dp.

g is then a Riemannian metric and, by Hopf-Rinow Theorem (cf Theorem 2.4.2 in [3]), in order to show that
g is complete, it suffices to show that any d,-bounded and closed subset of M is compact. To this end, let
v:[a,b] > M be C*. Then,

L= [ (160 + (Bwen) ) > [ | Eeniz] [ & o] b0 - (@)

and so
Vp,q € M, [p(p) - p(a)| < dg(p,q). (3111)
Let C'c M be closed and bounded. Then C ¢ p~( p(C) ) is compact in M (p proper!) and so C
——
c KeR by (3.11.1)
is compact. O

Proposition 3.11.2. Let (M, g) be a spacetime with a smooth spacelike Cauchy hypersurface S. Then
M is diffeomorphic to R x S.

. If S" is another C* spacelike Cauchy hypersurface, then S and S’ are diffeomorphic.

- If S is merely a Cauchy hypersurface, then M is homeomorphic to R x S.
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Proof.

« SisC™. Let Ty € X(M) be TL, h a complete Riemannian metric on M (see Theorem 3.11.1). Set
T = Tl/ ”T1 Hh .

Then T is complete. Indeed, let v be an integral curve of T' with maximal domain (¢_,¢,) and suppose,
for example, t, < co. Then 7|jg .,y has length

ty
fo | 4(t) |ndt = t, < oo

——
T(v(t))

and so, since h is complete, v remains in a compact set (see Theorem 2.4.2 in [3]). But, for t — t,, v
has fo leave any compact set, which is a contradiction. Therefore, ¢, = co. FIT : Rx M — M and FI” is
C> and, similarly, t_ = —oco. Thus, FIT : Rx M — M and FIT is C*. Let now f := Fllrxs, f:RxS > M.
Then f e C* and f is bijective by Theorem 3.5.24. We show that f is a diffeomorphism. In order to do
that, it suffices to show T{y, ., is surjective for all (to,z0) € R x S (which, at the same time, proves

bijectivity). Let ¢ : M — M, where ¢(p) := FIF:FtO(p). Then ¢ is a diffeomorphism and so is enough o
show that T4, 2,y (¢ o f) is surjective. Now,

(¢o f)(t,x) = FIL, (FIf (2)) = FIL;, (2). (3112)

LetveT,,S and letc:I— S C= ¢(0) =z ' (0) =v. Then, v:=t ~ (to,c(t)) is C*, v(0) = (to,x0).
~'(0) = (0,v). Therefore,

(3.11.2)

(60 F o)1) = (90 (1o, (1)) 27 B (e() = (1)
and
0= = Gl (007090 = Ty (62 NE'O) m(T 0 (62 ),
implying 7%, S € im(T{4y,24) (¢ © f)). For
c(t) = (to + t,20)
c'(0) € Tty,20) (R x S) and

(3.11.2)

(60 )(e() = (60 )(to+t.x0) =" Fif (a0), (3113)
implying
T (@0 NEO) = 2] @0 N(e) 2 TR (20)) = T(wo)
0 [
Therefore, _

iM(T(t,00) (¢ 0 f)) 2span({T' (o) } U T2, ) = Ty M
50 T{14,20)(@ 0 f) is indeed surjective and f : R x S - M a diffeomorphism. If S’ is another C*
spacelike Cauchy hypersurface, then, as in Theorem 3.5.24, consider the mappings 7 : R x S — R,
where 7(t,z) = x, and p: S" - S, where p(z) = (o f~1)(z). It follows that p is C*, and, by symmetry,
p~Lisalso C®. Thus, p: S’ — S is a diffeomorphism.
. S is only a Cauchy surface. Again, let f: R x S — M, where f(t,z) = FI' (). Then, according fo
Theorem 3.5.24, f is a homeomorphism.

O
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Lemma 3.11.3. Let M be globally hyperbolic and Ky, Ky € M compact. Then J*(K;) nJ (K3) is
compact.

Proof. Let g, € K* (K1) nJ (K3). Then there exist p,, ; € K; such that p,, 1 < gy, < py 2. K; are compact so,
without loss of generality, we can assume p,,; - p; € K; (i =1,2). Let r; € M (i = 1,2) be such that r; < p;
and pa < ra. Then r1 < ¢, < ro for n large, implying g, € J*(r1) n J~(r2), which is compact. Thus, there
exists a convergent sequence, without loss of generality ¢, — ¢q. ‘<’ is closed and so p; < g < pa, implying
qeJ (K1) nJ (K2). O

Remark 3.11.4 (Integration on M). Recall from analysis surface integral of a function f, where S: Q - R"

for Q c R™
[ 1@asw) = [ F(Su)VEDSwm)dy

(see Forster; Analysis, Vol. 3).
Here G(DS) = G(9,,5,...,0,,5) = det((,,5,9,,5))7",_, is Gramian determinant. Since (y1,...,ym)

Yj
S(y1,--.,Ym) is a parametrization of S, G(DS) = det(d,,,d,, ) = detg; ;.
If (M,g) is a SRMF and (z',...,2™, U) a chart with gl = g(0,, 0, )dx’ ® dx?, we set

d~volg =/|det g; 5]
Then, if ((y*,...,y™),V) is another chart,

1
2

d-voI}; |dety (0yi,0yi)| =

oy? Oy

oxk -1 U

det S VIdet(Oyx, 0pt]) = [det D(¢y o by )| - d - vol]
y’L

k l
det (ax@xk, ax_aﬂ)

Therefore, if we set for f e C(U)
. U -1 1 n
/Mf'd'VOlg - /lbu(U)(f'd'Vo'g)“/’U d(a,....2")

this gives a well-defined integral. We can extend it, via partitions of unity, to f € C°(M) as in [2]. If
{(4y,U)} is oriented, d - vol, can be viewed as an n-form:

d-voly|i = \/dety(Dyi, Ops yda' A+ A dx™.

Otherwise, d - vol, is still well-defined, a so-called 1-density.

Theorem 3.115. Let (M, g) be globally hyperbolic and oriented. Then there exists 7 : M — R
continuous and surjective such that 7 is strictly increasing along all causal curves. If v : (t_,t,) - M
is causal and inextendible, then 7(v(t)) — oo as ¢t — t.F. Analogous statements hold for v only
future/past inextendible. In particular, 7-(a) (for a € R) is an acausal Cauchy hypersurface.

Proof. Fix some Riemannian metric h on M. Let (x;) be a partition of unity on M with supp(x) compactly
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contained in a chart domain. For a fixed i, let (U, z) be such a chart and set

m; :in'duh,>
where p, =+/det(h; ;)da' A--- A dz™ Now set
and let A : C.(M) - R, where A(f) := fo'w‘ Then A is a positive linear functional (i.e. if f > 0, then
A(f) 2 0) and so, by Riesz Theorem (see in Elstrod, for example), there exists a positive Borel measure p

with A(f) = [, fdp for all f e Co(M). Let h; = Z§=1 X;j. Then, h; ~ 1 and so, by monotone convergence
from measure theory,

e Q" (M)

US|
1d —l hd—l hi-w=1 —
fM = lm ©=lim ‘W 1mg:2

1—00 M 1—00 =
H(M) =1
Thus, p is probability measure on M.

1. If U is open and nonempty, then p(U) > 0. To see this, let ¢ € C2°(U) such that ¢ = 1 on some
compact KcU and 0< ¢ <1. Then, 0< [, ¢-w = [, ddp < [, dp = p(U).

2. Let pe M, then for C == J*(p)\I"(p) we have that u(C;) = 0. Indeed, if g € C; then by Avez-Seifert
Theorem , there exists a causal geodesic v from p to ¢. If v were not null, then ¢ € I*(p), which is
a contradiction. Therefore, there exists v e C* € T),M such that ¢ = exp,(v) and so C} < exp,(C™).
But, C* is a null set in T, M and exp,, is C* so Lipschitz now implies that u(C;;) < pu(exp,(C*)) = 0.
Analogously, ;(C,) = 0. Set f_(p) := u(J~(p)). or f+(p) = u(J*(p)).

3. f. is continuous. First let p; - p so that p; << p. Then J~(p;) € J™(p) implies that f_(p;) < f-(p). By
2, f-(p) = []y[ X1-(p)dit and so
Jn Xr- ) = X1 )

If g € I"(p), then g € I (p;) for j large (I*(q) is a neighborhood of p, implying that for all j > jo
p; € I*(q)). By dominated convergence, f_(p;) - f-(p). Next let p; — p and p; > p. Then, be any
sequence with p; — p and let € > 0. Then

T X)) = X0 )

Indeed, in order fo see this it suffices fo to show that if ¢ ¢ J~(p), then ¢ ¢ J~(p;) for j large. Assume
there exists a subsequence p;, with ¢ € J™(p;k). ¢ < pjr. Then, as ‘<" is closed, ¢ < p, which is a
contradiction. Therefore, by dominated convergence, f_(p;) — f-(p). Finally, let p; be any sequence
with p; — p and let € > 0. Then there exist exist q1, g2 such that q; < p « gz with

f-(p) < f-(q2) < f-(p) +¢€
and

f-(p) —e< f-(q) < f-(p).
For large j, q1 << p; < qa, SO

f-(p) —e< f-(q1) < f-(p;) < f-(q2) < f-(p) +e.

Thus, f- is continuous. Analogously, f. is continuous. Also, fi(p) > 0 for all p by 1, since J*(p)
contains open sets different from the empty set.
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4. f_ is strictly increasing, while f, strictly decreasing along causal curves. Indeed, let p < ¢ then, since

M is causal, g £ p and so q ¢ J~(p). Therefore, there exists a neighborhood U of g with UnJ™(p) =@
The set J~(q) nU contains a non-empty open set I~ (q) nU, implying that f_(p) < f-(q). Analogously,

f+(q) < f+(p).

. Let v:[0,a) —» M be causal and future inextendible. Then, f.(~(t)) ~ 0 as ¢ » a. In order to see

this, let K ¢ M be compact. We show that K; := J*(v(t)) nJ (K) = @ for ¢ large. By Lemma 3.11.3,
K, is compact. Let now C := Kou{v(0)}. Then Ky compact and + starts in C. By Lemma 3.6.3, there
exists a to such that v(t) ¢ C for all ¢ > ty. Therefore, y(t) ¢ J(K) for all t > g, as v(¢t) € J*(v(0))
for all t > 0. K; = @ for t > to. Indeed, if ¢ € K;, then there exists k € K such that k > ¢ > v(t) and so
~v(t e J-(K)), which is a contradiction. For any 4 > 1, set

= U suppx:.

By construction, u(M\C;) < 27% Since J*(y(t)) nC; € J*(y(t) nJ(C;)) = @ for t large,

16O = [ dn=p( () < (M) <27

Therefore, f, oy(t) — 0 for t — b~. Analogously, if v : (a,0] » M is causal and past inextendible,
f-(v(t)) > 0 for t — a*. Finally, let 7: M - R, 7(p) = |n%' f is continuous and strictly increasing
along any FD causal curve. If v : (a,b) > M causal and inextendible, then

t—a*

(Tom)(®) - {;‘”’

oo, t—>b.
Indeed, fix tg € (a,b). Then:

(@) zto fr ()
(@) far®)
f-(v(®)
(v

— o0 (ast—b"),

f-(r(@) e foy(2)
f+(v(1)) f+(t)

— 0 (ast—a").

. Since any inextendible causal curve meets 77!(a) exactly once 77!(a) is an acausal Cauchy hyper-

surface.

O

Lemma 3.11.6. Let V c U < R” be open. Let f € C(U), f(x) >0 for all z € V, f(x) = 0 for all
xedV nU. Set

1

iC)
h(z) = e , er.
0, ¢V

Then h e C*=(U).

Proof. If x € V or x e U\V, then h is C* in a neighborhood of x. If x € 9V nU and z; —» x, then f(z;) =0
and h(z;) - 0 = h(x). Therefore, h € C°(U). For x € V, any derivative of h can be expressed as a sum of
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terms, each taking the form of a smooth factor multiplied by

1 1
r@) = iy P (_f(x) )

which goes to 0 as x tends to 9V. We can thus extend r continuously to U\V by setting it 0 there. We now
need fo show that this extension is differentiable at any = € 9V and has derivative 0 i.e. that

Ve edV, VoeR™ lim w:

0. (3.11.4)
t—0,t+0 t

r(x)=0,s0 (3.11.4) is equal to 0, unless z +tv e V. Y, ﬁ =et and so

1 1 _1 1 1
mﬁef,Vk:efSk!tk:>tk+26f£(/€+2)!.
Therefore,
2
r(z +tv) < (k+2)!f (:TJ tv) 0

since f isC* and f(x) = 0. r is differentiable at every x € 9V and, therefore, on all of U. Thus, h e C=(U). O

Remark 3.117. As in the Remark 3.6.4, let exp,, U - U bea diffeomorphism, U a normal neighborhood,

G:T,M » R (v) = (v,v), and g =Goexp,':U » R We have that V := I;(p) =" exp(I*(0) nT) is
open in U and that ¢(z) < 0 for all z € V. Now set
1
e, yeV
= ’ (3.115)
f(y) {o, yeU\V.

By Lemma 3.116, f € C*(U). Moreover,

grad(f) = - f - grad(q)
q —_—
=2P

when f #0 (see Remark 3.6.4). Therefore, grad(f) is PDTL on V and 0 on U\V.

Lemma 3.11.8. Let (M,g) be globally hyperbolic and let S be an acausal Cauchy hypersurface.
Moreover, let p € S and let U be a convex neighborhood of p € M. Then there exists a function
hy : M — [0, 00), which is C** and has the following properties:

1 hy(p) = 1

2. supp(hy) is compact and contfained in U.

3. If re J(s) and hy(r) # 0, then grad(h,)|, is PDTL.

Proof. Let v : (—€,€) —» M be FDTL with 4(0) = p and set K; : J*(v(t)) n J~(S). By Lemma 3.8.9, since
D=(S) =J(S), K, is compact. Moreover, K; ¢ K for t > s.

1. There exists a ty such that for all ¢t € (t0,0), K; ¢ U. Indeed, otherwise there exist s; ~ 0 and
p; € K, \U. p; € Ky, so for all j, so without loss of generdlity p; — 7 in K, \U. Now ~(s;) < p; and
v(s;) = p. Since ‘<" is closed on a globally hyperbolic manifold, p < r. But, pe S and r € J~(.S), which
is a contradiction (to S being acausal).
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2. Let t e (tp,0) and let x := v(t). Let f € C=(U) be the function from (3.11.5) with x instead of p. Then
grad(f) is PDTL whenever f # 0. Choose K compact with K; ¢ K° ¢ K ¢ U and pick ¢ € C(U),
¢ : U — [0,1] such that ¢ = 1 in a neighborhood of K. Let H := ¢ f. Then H € C(U) € C*(M).
If re J°(s) and H(r) # 0, then f(r) # 0 and so, by 1, r e I*v(t) ¢ K; < K. Hence, r € K and so
¢-f = f in a neighborhood of r. Also, z < p, so H(p) = ¢(p)-f(p) >0, by 1. from above. Now the
——
=1

function
H

hy = ———
" H(p)
has the desired properties. It is evident that 1. and 2. hold. Regarding 3, if r € J~(S) then H = f near
r, implying (gradH)(r) = (gradf)(r).

O

Proposition 3.11.9. Let (M, g) be globally hyperbolic and S an acausal Cauchy hypersurface. If W is
a nheighborhood of S then there exists a function h: M — [0, c0), C* with the following properties:

1. supp(h) c W.
2. h(p)> 3 forallpes.
3. grad(h) is PDTL on h™1((0,00)) n J=(S).

Proof. Let d be the Riemannian distance induced by some complete Riemannian metric on M (cf Theorem
3.111). By Hopf-Rinow Theorem (Theorem 2.4.2 in [3]), for any p < oo, B,(p) is compact. Now set By(p) := @.
Fix any pg € M and for [ =1,2,... let K; := B;(po)\Bi-1(po) and R, := K;nS. K; and R; are both compact
(S is closed). For any r € S, let U, be a convex neighborhood of r with diam(U,.) < 1 and U, ¢ W. Let
h, € C*(U,) be as in Lemma and set
e ()
2

V. is then a neighborhood of r and V,. € U,.. For any [ there exist finitely many 7,1 ...,r 1 € R such that
the corresponding V,; :=V,, , cover R, (compact). Also, set Ui=U, . If |l =m| >3 then U;; n Un,j=2
for all 7,5 as both have diameter less than 1 and by definition of R; and R,,, d(rl}hrm’j) > 2. Consequently,

k
Zl:hm eC®(M)

I=11=1

Nk

h:=

since (supph,“)l’i is locally finite (h = 0 outside U < W). If x € S, there exist [ and i such that x € Vi
Then h(x) > % Moreover, since (U; ;)1 is locally finite,

supp(h) ¢ (Usupp(hs, ) € W.

1,7

Finally, let z € h™'((0,00)) n J~(S). Then, grad(h,, ) is PDTL if A, (x) # 0. If h,, () = 0, then z is
a minimum of h,,, and grad(h,,,(x)) = 0. Since there exist some 1,i with h,, () > 0, grad(h(z)) is
PDTL. O

Definition 3.11.10. A time function on a Lorentzian manifold M is a function 7 : M — R that is strictly
increasing along any FD causal curve. A temporal function is a function 7 : M — R such that grad(7) is
everywhere PDTL.
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Remark 3.11.11.
« Any temporal function is a time function.

« Let v be FD causal. Then,
d
2 (Te (@) = {grad(7)]). 7" (1)) > 0

—_———
PDTL

and so 7 o« is strictly increasing.

- We will show that on any globally hyperbolic spacetime (M, g) there exists a temporal function all of
whose level sets are Cauchy hypersurfaces.

Moving forward, we will operate under the general assumption that (M, g) is globally hyperbolic and
oriented, and T denotes the function from Theorem 3.115. Furtehrmore, define S; = 771(¢).

Definition 3.11.12. Fixt_ <t, <t <ty <t, andset S, := S;.. Theno : M — Ris called a temporal step function
around t compatible with t+ and t,, t; if:

1. grad(o) is PDTL on

oc=+1 g
Vi={peM:grad(c)(p) +0}. /\/St+
/\/ V b
2 o<t oty L
~— S Ot
3. 0(p) = -1 for pe J(S-), a(p) =1 for p € g
J+(5+)‘ — T~ -

4. Sy cV forall t' € (to,tn).

Lemma 3.11.13. Let ¢t_ <t < t,. Then there exists an open set U such that J=(S;) €U ¢ I~(S;,) and
a function h* : M — R with h* > 0 and supp(h*) € I"(S;-) such that:

1 ifpeU and h*(p) >0, then grad(h,)(p) is PDTL.
2. h*(p) > 1 forall pe J*(S;) nU.

Proof. Let h™ be the function from Proposition 3119 with S := S, and W = I7 (S, ) nI7(Ss-). If z € S,
then h*(z) > % and grad(h*)(z) is PDTL. Therefore, there exists an open neighborhood V,, of 2 where both
conditions hold. Now set U := I7(S;) UUg4es, Va- O

Lemma 3.11.14. Fix ¢,t, € R with ¢ < t; and let U € I7(S;,) be an open neighborhood of J~(S;).
Then there exists a function h™ e C*°(M,R), -1 < h™ < 0 such that:

1 supp(h™) c U.
2. if grad(h™)(p) # 0 at p € U, then it is PDTL.
3. h(p)=-1forall pe J(S).

Proof. Reverse time orientation and construct h as in Proposition 3119 with S = .S, and W = U. Then
h:M — [0,00) is C* and supp(h) ¢ U. If h(p) > 0 and p € J*(S;) then grad(h)(p) is FDTL and h(p) > 1
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for all p € S;. Next set hy := —h and let ¢ : R - R be C* such that:

o(t) = -1, t<-1
() >0, -1<t<0
o(t) =0, t>0

¢(t) € [_171]7 Vi
Let

e, t>0
t) = T
1) {0, t<0.

Set(t) = f(t+1) f(~t). Then e C™, 1 >0, ¢(t) >0 for te (-1,0) and ¢(t) =0 for t ¢ (-3,0). Also set:

o= [ o] [ voa] -1

1,y J#ohi(p), peJ(S),
h (p)_{—l, peJ(S).

and

h™ now has the required properties. Indeed, h™ is C* since J*(S;)nJ~(S;) = S; and hy|s, < —1. Moreover,
grad(h™)(p) = ¢'(h1(p)) - grad(hi(p)). with grad(hi(p)) PDTL where it is not equal to zero. O

Proposition 3.11.15. Let t_ < t < t,. Then there exists a function o € C*°(M,R) with properties 1.,2.
and 3. from Definition 3.11.12, such that S; ¢ {p € M : grad(o)(p) # 0}.

Proof. Let h* and U be as in Lemma 3.11.13 and h~ for this U as in Lemma 3.11.14. Then h* > 1 on UnJ*(S;)
and b~ =-1on J (S;) and so h* —h™ > % on U. We can set:

oo Q-Mh—jh_—l, onU
1, on M\supp(h~)

to get o0 € C*(M,R). o(p) € [-1,1] for all p € M. For p € J(S;_), we have that h*(p) = 0, since
supph* € I"(S;_). Therefore, o(p) = -1. For pe J*(S,). p ¢ U implying h™(p) = 0. Thus, o(p) = 1, proving
2. and 3. from Definition 3.11.12. Finally, note that for any F : R? - R smooth,

grad(F)(h*,h™) =0, F -grad(h*) + 92 F - grad(h™).
Applying this to F(z,y) = ﬁ we obtain that
h*-grad(h™) - h™ - grad(h™)
(h* = h7)?

grad(o) =2-
is PDTL whenever it is different from 0, implying that 1. from Definition 3.11.12 also holds. O

Corollary 3.11.16. Lett e R, t, =t + 1. Also, let t_ <t, <t, <t, and let K be a compact subset of
7 ([ta,ts])- Then there exists a function o : M — R with properties 1.-3. from Definition 3.11.12 and
K c{peM :grad(c)(p) +0}.
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Proof. For each s € [t,,tp] let o5 be the function from Proposition 3.11 with t_ < ¢ < ¢, replaced by t_ < s < ¢,
and let

Vs :={p:grad(os)(p) # 0} .
Then {V; : s € [tq,1p]} is an open covering of K (if p € K then there exists s € [t4,t,] : p € Ss and Proposition
implies grad(o,)(p) # 0). Thus, there exist s1,..., s, such that (Vsl.)f:1 covers K. Define ¢ := %Zle Os;i
this choice successfully accomplishes the task. O

Lemma 3.11.17. Let (v;) be a sequence of TL vectors; all FD or all PD. If v = 372, v; exists then it is
also TL.

Proof. Set w := ¥:2, v;. Then, by continuity, w is causal and FD (or PD) and so

v= v +w
——
TL

is fimelike. ]

Theorem 3.11.18. Let t e R, t, =t + 1. Then for any t,,t, such that t_ < t, < t, < t, there exist a
compatible femporal step function.

Proof. Let G; (for j =1,2,...) be open sefs such that CTJ is compact, G73 € Gy forall j and M = U5 Gy
Set K :=G;nJ*(S;,)nJ (S:,). Kjis compact and K; € 77([t4,%]), hence Corollary 3.11.16 implies that
there exists o; for K;. Let (v;);>1 be a locally finite covering of M such that each v; is contained in a chart
domain and let U; be open, U; eV, U; open covering of M. Let x%,...,x? be coordinates on V; and let
Aj > 1 be constants such that for all 1 <4 < j and for all 0 <m < j,

o;. (3116)

That series converges absolutely, implying that o is continuous, in fact, it is even C*. Indeed, let p € M. Then

there exists i such that p € U;. To show that o € C* (I > 1, arbitrary) choose a j > i,l. Then ﬁ and all its
) J

derivatives of order less or equal to I (with respect fo z;) are bounded by 277. o € C! for all I, implies that

o € C*. By construction, o is constant and negative. Say e =o_ <0 on J~(S;_) and o = o, on J*(S,). Let

P eC®(R), Y(t)=-1fort<o_, Y(t)=+1forall t >0y, ' (t) >0 forte(o-,0.) and ¢(t) € [-1,1] for all

t. Then v o o has all the claimed properties:

1 grad(ypoo) = (¢'00)-grad(c) and grad(o) = X724 si-grad(o;) is PDTL where it is different from
J
zero, by Lemma 3.11.17.

2., 3. Clear.

4. Let t' € (tq,t5) and p € Sy. Then there exists j such that p € K, implying grad(c;)(p) # 0 and so
grad(o)|, # 0.

O
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Theorem 3.11.19. Let (M, g) be (connected and oriented) globally hyperbolic spacetime. Then there
exists T € C*°(M,R) such that grad(7)(p) is PDTL for all p € M and for any FD causal inextendible
v (to,ty) = M, T(y(t)) - +oo (as t — t.F). In particular, each level set T1(¢) is a smooth
spacelike Cauchy surface.

Proof. Letty, =% t, .=ty 1ty =ty — % and typ =t + 3. Let oy be the function from Theorem 31118
With ¢ < tg, ty < tge and ty b < tha, kb Then for all p e M there exists a k such that 7(p) € (tka,tib)
Now set -
T =09+ Z(U_k +0g). (3117)
k=1
For k > 3 we have that (o_i +0,)(p) =0 if - + 1 < 7(p) < £ -1 (since then oy, (p) = -1 and o_x(p) = +1
by Definition 31112, 3.). Now any p € M has a neighborhood where the sum in 3.117 is finite and so
T eC®(M,R). (%)
ok has PDTL gradient for 7(p) € (tk.q,tr,p) by Definition 3.11.12 (4.), so grad(T) is PDTL for all pe M. (%)
Let v: (t_,ty) > M be FD causal and inextendible. By (xx), we know that T o~ is strictly monotonically
increasing. Since every S; is a Cauchy hypersurface according fo Theorem 3.11.5, for any m > 1 there exists
some s, € (t_,ty) such that 7(v(sn)) = m. Let [ :=2(m + 1), then by (x*) with p = y(s,,) we get that
(0_k +0k)(v(8m)) =0 for k > 1. Indeed,

_2(m2+ 1) < r(y(sm)) = m < 2(m2+ 1) Y

Hence, T(v(sm)) = (00 + i (ok +0-1)) (7(sm)). Since m > 1, 0o(7(sm)) = 1 (cf Definition 3.11.12, 3).
Also, (o +0_)(7(sm)) 20 for all k > 1 because o_x(y(sm)) =1 and o (v(sm)) > -1 (cf Definition 3.11.12,

2) for k> 1. Moreover, for 1 <k <2(m-1), 3 <5 <m-1ie m>%+1 implying ox(v(sm)) =1

and o_(¥(sm)) =1 (m > -£ +1). Therefore, (o), + o_;)(¥(sm)) = 2 (cf Definition 31112, 3). Alfogether,
T(v(sm))21+2-2(m—-1) =4(m—-1) + 1. Now, T(v(s)) = +oo(s = t4) > T (v(sm)) 24(m-1) + 1 for
S €[Sm,t+) and so T(y(s)) = +o0 as (s — ¢, ) and, analogously, T (y(s)) = —oo as (s — t_). O

Theorem 3.11.20 (Bernal/Sanchez, 2004./2005.). Let (M,g) be a connected, oriented spacetime.
TFAE:

1. M is globally hyperbolic.
2. M has a Cauchy surface.
3. M has a smooth spacelike Cauchy hypersurface (CH).
4. M is isometric to (R x S, -Bdr? + g7), where 3 : Rx S — (0,00) is C* and g, is a smooth
family of Riemannian metrics on S. Then {7y} x .S is a C* spacelike CH for all 75 € R.
Proof.
(4. > 3. > 2. > 1.) Clear. The last implication follows from Lemma 3.8.6.

(1. > 4.) Let 7 be what we called T in Theorem 3.11.19. Set S := Sy = 771(0) and X := grad(7) = V.
Let @ : M — Rx Sy, where ¢ = (7(q),T1(q)) for II(q) the unique intersection of FI.* (q) with Sy. From
the proof of Proposition 3.11.2 we know that

U= (t,q) > FI (q) : Rx S > M
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is a diffeomorphism, implying that I = pry o U1 is C* and so ® is C*°. Moreover, U1 is given by

TR x Sy - M, where (t,p) — F@((t,p)’

;vhdereds(t,p) is The unique number such that ¢ = T(F|§(t,p) (p)) ie t=7(27'(¢,p)). (%)
ndeed,

(@71 (t,p)) = P(FIX, 1) (0)) = (T(FIZ(, 1y (), TL(FIX, ) (9))) = (¢,p)
and
o7 (2(q)) = 27 (7(9), 11(q)) = FI (4110 1(2)) = ¢. (3.11.8)
Note that FI.” : (II(q)) is the flow line through I1(q), hence through ¢. This curve meets S,y precisely
once, namely where 7(FIZ (II(q))) = 7(q) To verify (3.11.8), it suffices to see that

T(Fli((r(q),n(q)))(H(Q)) = T(q)a

which is clear by (). To see that ®~! is C*, it suffices to show that s is C* in (¢,p). We have

0s((FIX (p))) = dr(X(FIX () “ =7 (X, X)|px ) # 0 (3119)

and so the claim follows from the implicit function theorem. Using ® as a ‘chart’ (® goes to R x Sy
and not o R x R™1), we have that

% = 0:0® ™ (®(q) + (1,0)) = Irlo®" (7(q) + 7, 11(q))- (31110)

q

Here, (I)71(T(q) +7, H(Q)) = Fli((‘r(q)Jrr,H(q))(H(q)) and so

B0 (7(0) + 7, T10)) 2" X (Flro o (@) - | (@) + 7. T1(a)) (31111)

0

> (®(a)) =4q

Thus, a%|q o X (q). Moreover,

o

0 0
(5 77) = (57)
dr(0:o® " (7(q) +r,7(q)))
OloT(@ 7 (7(q) +7,7(q))) = 1.

D r(g)+r
Thus,
9 __[9 X 1__<2 X)i__ﬂ
or  \or' x|l x| \or’ X2 |vr)2
——
=1
Now pick local coordinates in the spacelike (and, hence, Riemannian) hypersurface S7(g) confaining

g. Then a% oc V710; (grad is always 1 to level sets) and

(2 2>— L (Vr,VT)=- 1 = -8
or'orl |vrP U fwr T
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In those coordinates g = —/3’72 +4|

0
D,
(87’

Sr(a)- Moreover,

) (3.11.10) T®(9,0® " (r(q) +7,11(q)))

0027 (7(q) + 7, 7(q)))

(1,0) £ ﬁ on RXS@.

or
Also, ®,(0;) are coordinate vector fields on Sy because ®|y(-(q)) : 57(q) = S0 is a diffeomorphism.
Consequently, ®,g = —f o ®71dt? + g, since ®,(dr) = d(®,7) = d(7 0 ®71) = dt (note that g, is a
Riemannian metric on Sy, depending smoothly on 7). Finally, ® ({70} x s0) = 7-(79) is a Cauchy

hypersurface in M by Theorem 3.11.19 and so {to} x s is a Cauchy hypersurface in (Rx S, -Bdr2+g,)
since ® is an isometry.

O
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