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Abstract

An existence result for the quasi-static evolution of incomplete damage in
elastic materials is presented. The absence of gradient terms in the damage var-
iable causes a critical lack of compactness. Therefore, the analysis is developed
in the framework of Young measures, where a notion of solution is defined, pre-
senting some improvements with respect to previous contributions. The main new
feature in the proof of the existence result regards a delicate construction of the
joint-recovery sequence.

1. Introduction

Damage processes are recurrent in Solid Mechanics. By undergoing loading
cycles, real materials experience to a variable extent a deterioration of their respec-
tive elastic properties. This can be generally interpreted as the effect of the occur-
rence and growth of cracks and voids at the level of the microscopic material struc-
ture and it has a dramatic impact upon the performance of structures and materials.
As such, damage modeling has been a remarkably active trend in the engineer-
ing community since the 50s, so that it is largely beyond our scope even to try to
review the huge existing literature on this subject. The reader is, however, referred
to [5,15,21-23] for some recent contributions.

The usual approach to damage in Continuum Mechanics is that of directly
incorporating an internal variable descriptor of the state of the material into the
constitutive relations. In particular, in the case of isotropic damage (that is, by
assuming that deterioration has no preferential orientation), one is led to introduce
a scalar damage variable z taking the value z = 1 at undamaged points and z = 0
at maximally damaged points. Hence, moving within the small-strain realm, one is
generally concerned with an elastic energy functional of the form

W(z, e(v)) :=/ W(z(x), e(v)(x)) dx,
Q
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where e(v) := (Vv 4+ VuT)/2 is the symmetrized strain tensor and v: Q — R¢
denotes the displacement from the reference configuration 2. Damage evolution
is governed by the interplay of energy minimization and dissipation. In particular,
damage is often very well assimilable to a quasi-static evolution process and, in
this regard, the first possible choice for a dissipation mechanism from the damage
state zo1q to updated state zpew may be assumed to be

D(Zolds Znew) = /Qd(zold(x), Znew (x)) dx,

where d: R? — [0, 0o] is the non-symmetric (pseudo-)distance defined by

0 — 6 if6; =6
46y, 6) = {P(l h) if 6 =26
(0, ¢]

else

for some p > 0. The asymmetry of the dissipation distance d encodes the quite
natural ansatz of irreversibility of damage. Moreover, the 1-homogeneity of D is
the trademark of the rate-independent nature of the damage process.

This very frame for a variational theory of rate-independent damage has
attracted a good deal of attention in recent years and rigorous mathematical results
are to be found, for instance, in [2,3,14,16,28,30]. The analysis of this paper
resides exactly within the setting of the result by THOMAS and MIELKE [35] where
the authors develop an existence theory for incomplete damage by directly includ-
ing a gradient term of the internal variable z into the energy. By including such
a gradient term, one obtains a clear compactifying effect along with the possible
description of nonlocal interactions of damage in the material. On the other hand,
the occurrence of damage localization often seems to be clear experimental evi-
dence. In this respect, one is motivated in considering possibly non-regularized
damage models instead.

The novelty of our contribution with respect to [35] resides, specifically, in
dropping the gradient term in the damage variable from the energy, thus excluding
nonlocal damage interaction. Correspondingly, we are lacking the above mentioned
compact frame and we resort to considering Young measures as plausible objects for
describing damage evolution. Young measures are, indeed, quite naturally suited to
the treatment of non-compact problems. In particular, for rate-independent models,
analyses of mechanical phenomena within the framework of Young measures have
been devised in [12,20,24,26,27,29] for phase transitions, DAL Maso et al. [6,8]
for plasticity with softening, and CAGNETTI and TOADER [4] for fracture mechanics.
To our knowledge, no Young measure formulation has yet been proposed in the
context of rate-independent damage (in the case of a gradient-flow damage model,
a Young-measure analysis at the time-discrete level is reported in [33]).

The focus of this paper is on providing an existence theory for a suitable Young-
measure quasi-static evolution of the damage model in the frame of so-called ener-
getic solutions a la MIELKE and THEIL [31]. Our evolution will be represented
by a family v = (v;); of time-parametrized Young measures which replace the
pair (z, e(v)). According to the expected unidirectionality of the damage process,
the energetic solution is required to satisfy a suitable irreversibility property. To
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formulate this monotonicity condition in our generalized setting, we tailor a partial
order relation between Young measures (see Section 3.1), in the same spirit as in
[4]. Then, the validity of a specific global stability condition and of the energy
balance will be achieved by passing to the limit argument with respect to time-dis-
cretizations.

As already commented in [35], the discontinuity of the dissipation distance
makes the proof of the stability condition more complicated by requiring the con-
struction of a so-called mutual recovery sequence. This is exactly the point where
the compactifying effect of the gradient of damage in [35] has proved to be use-
ful in order to ensure a stronger convergence of the recovery sequence. Here, we
overcome this point employing by two tools: a regularity result and a measure-
reconstruction lemma. At first, we exploit the fact that some higher integrability
of the approximating sequences can be achieved by exploiting the theory of quasi-
minima [17]. We believe this observation (already done in [12]) to be an interesting
feature of our proof which could also possibly be of some use elsewhere. Then, we
provide a constructive technique to build a recovery sequence satisfying both the
order constraint and the required convergence property.

The technical difficulties related to the Young measure approach force us to
consider some reduced global stability conditions. In particular, as is quite usual
in these situations, we obtain global stability for two classes of competitors: trans-
lations of v; by functions (Z, i) in L'($2; R) x HO1 (2:; RY), and Young measures
with disintegration of the form ¥ ® 8,(5)(x), for any Young measure fi on  x
[0, 1]. Minimality with respect to translations by functions coincides with the sta-
bility condition considered in [8] and [11]. Here, nevertheless, we allow milder
assumptions on the energy density. The second class of tests represents, instead,
a quite remarkable enlargement of the set of competitors with respect to previ-
ous contributions. These competitors, in particular, do not depend on the evolution
v; and permit the comparison of the evolution with all other possible damage
states.

A further interesting feature of our result is that the specific form of the dam-
age model allows us to prove the existence result without the help of the technical
tool of compatible systems of Young measures developed in [7] (see also [11]).
In particular, this entails a rather straightforward formulation of our notion of the
solution.

Our damage model is non-brittle in the sense that partially damaged situations
z € (0, 1) are actually to be expected (see Section 2.1). We shall refer to FRANC-
FORT and GARRONI [14], GARRONI and LARSEN [16], and BABADIJIAN [2] for recent
contributions on damage models for brittle materials, namely assuming z € {0, 1}.
Besides brittleness, we have to remark that the mechanical stand of the latter papers
is quite different from ours. In particular, their starting point is a z-mixture of a line-
arly elastic strong and weak material with elasticity tensors Ay and A,,, respectively.
This is to say that their energy density is assumed to be of the form

Asp(e) ifz=1
W(z,e) = yAud(e) ifz=0 (1.1)
+00 otherwise,
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with ¢ (e) = €% /2 (in the one-dimensional case) in [14,16] and a more general con-
vex function ¢ in [2]. As no gradient terms in the damage variable are considered,
evolution via time-discretization immediately calls for quasi-convexification and
the passage to the limit is performed by determining the limiting materials via its
elasticity tensor by homogenization tools. To this end, the convexity of the energy
density with respect to the strain variable is needed [2, Section 1], and a price to
pay is the replacement of the damage variable z by the elasticity tensor or by the
damage set in the limit.

Our approach here is somewhat different as we start from an (essentially) quasi-
convex energy in the first place so that no quasi-convexification is needed for the
incremental step. On the one hand, this prevents us from considering linear mixture
energies of the form of (1.1) in our frame. In particular, the relaxed models from
[2,14,16] seem not to be directly recoverable in the present setting. On the other
hand, this gives us the advantage of tracing the damage variable z into the evolution.

The paper is organized as follows. In Section 2 we present the mechanical
model, and in Section 3 we recall some mathematical preliminaries. In particular,
Section 3.1 presents a partial order relation between Young measures. Section 4 is
devoted to the formulation of the quasi-static evolution and our main result. The
existence proof is detailed in Section 5. Some technical lemmas are then collected
in the Appendix.

2. The Mechanical Model

Let us specify here some notation and our general assumptions. The reference
configuration of the body is a bounded, connected, and open set @ C R¢ with
Lipschitz boundary d€2. We indicate the displacement field by v and the linearized
strain tensor by e(v) = %(Vv + VuT). The damage variable is z: @ — R and
will actually take values solely in [0, 1] as an effect of our general assumptions
below.

The stored energy density of the material is a function W: R x R&xd —
[0, 4-00) satisfying the following hypotheses:

(W.1) W is continuous and S-cross-quasiconvex, that is satisfies property (3.4)
below;

(W.2) there exist two positive constants cyy < Cy suchthatcy|e]?> < W (0, &) <

Cw|e|? for every € € Rfyxnfl and every 6 € (—o0, 2];

(W.3) forevery @ € R, W(0,-)is C' and ’%—?(9, s)’ < Cw(le| + 1), for every
(6, ¢) € (—00,2] x REXY,

(W.4) 6 +— W(8, ¢) is non-decreasing for every ¢ €

(W.5) W(@0,¢e) =W(0,¢) forevery 0 < 0.

Hence, the stored energy of the material reads

dxd.
Rsym >

W(z, e(v)) :=/ W(z(x), e(v)(x))dx.
Q

Though the most natural assumption for the stored energy density in linearized
elasticity is to be quadratic with respect to the strain variable, for sake of generality
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we assume here that W satisfies the weaker condition (W.1). Indeed, our analysis
could be retraced in the case of nonlinear elasticity as well, and in this case the
quasi-convexity assumption is more desirable than the quadratic one.

The dissipation distance between two damage states zo1g and zpew 1S given by

D(zold> Znew) = / d(Zold (X)), Znew (X)) dx,
Q
where the density d is given by

0, — 06 ifo; =6
d(61.6) = [,OI 1— 6] if0 26,
+00

else,

for every 01, 0, € R and for a suitable p > 0.
Given two times s < t, the global dissipation of a possibly discontinuous-in-
time damage evolution z: [0, T] — L'(€) in the interval [s, ] is given by

k
Diss(z; s, 1) 1= SupZD(Z(Ti—l)» (z(zi)),
i=1

where the supremum is taken among all finite partitions s =719 <71 <...< T =1.
Note that, if z(t) = z(t’) almost everywhere in 2, whenever T < 7/, then

Diss(z; s, t) = ,0/ (z(s) — z(1)) dx.
Q

For the sake of simplicity, the boundary displacement is prescribed at time ¢ on
the whole boundary 92 as u = ¢, where the given function ¢(¢) fulfills

@ € AC([0, T]; WP (©; RY)), with2 < p < 0.

Let us, however, note that other choices of the boundary conditions are indeed
possible. More precisely, boundary conditions of mixed type can be considered,
provided the gradient of the quasi-minima of the functional v fQ le(v)]? dx,
with the chosen mixed boundary condition, can be shown to be higher integrable,
in the spirit of Theorem 1, proved by Giaquinta and Giusti for the fully Dirichlet
boundary condition case.

2.1. A Zero-Dimensional Example

We focus here on a zero-dimensional case, that is, the case in which damage and
strain are independent of x. Our aim is to show that the materials we are considering
are not necessarily brittle, in the sense that the damage variable z can be expected
to take intermediate values between O and 1.

We consider a stored energy defined by

2

W(Z, e) = %,
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for g(z) := /2 — z*+ forevery z € [0, 2). We observe that the function g is C2(0,2)
with g’ < 0and g” < 0in (0, 2) and g is constant on (—o0, 0]; it is now easy to see
that the Hessian matrix of W is positive definite and hence W is a convex function
on [0, 2) x R (see [35, Lemma 5.1]).

The dissipation distance is given by

_ [|z1 — 2l ifz1 22
d(z1,z22) = .
~+00 otherwise,
for every z1,z2 € R.

In this example we analyze an evolution driven by time-dependent external
forces instead of time-varying boundary data; the external forces are given by
I(t) :=1.

In particular, a quasi-static evolution in the time interval [0, 34/2] with ini-
tial datum (zg, eg) := (1, 0) is defined energetically (see [31]) as a pair of time-
dependent functions (z(z), e(t)) with z(t) = 0, such that the following conditions
are satisfied for every Z, & € R and every ¢ € [0, 3/+/2]:

initial condition: (z(0), e(0)) = (1, 0); 2.1)
irreversibility : z(s) = z(¢) if s <15 (2.2)
2( ) ~2
Tty - _ < _ 45 2.
stability : 22G0) te(t) = 220 te+d(z(1),2); 2.3)
e o
energy equality : 220 —te(t)+z(0) —z(t) = _/0 e(s)ds. (2.4)

Condition (2.3) implies that e(t) = rg(z(t)). Indeed, if we choose z = z(t)
in (2.3), we obtain that e(#) is the unique minimizer of the convex function e
e’ /(2g(z(t))) — te. Therefore, it is enough to choose z(¢) satisfying the initial con-
dition and the irreversibility condition, such that the energy equality (2.4) holds
true for (z(¢), tg(z(¢))), and satisfying for every ¢ € [0, 3V2]

2 g
@ - ?g(z(1) = @ — %80 +2() - .

for every 7 < z(1), that is,

2
%[g@ e S 20 — 5, 2.5)

for every Z < z(1).

Let us first consider z(¢) = 1 for every ¢ € [0, 2]. This choice may be easily
proved to fulfill (2.1)—(2.4) and hence is a quasi-static evolution for 7 € [0, 2]. We
want to show that, for r > 2, z(¢) = 1 does not satisfy the stability condition (2.5)
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and hence z(¢) has to be strictly smaller than 1. We rephrase this by saying that
there exists z € [0, 1] such that f(z) > 0 where f is given by

l‘2
f@) = E[g(Z)— 11-1+7%.

Indeed, let us consider Z, := 12 — t*/4 + 1 = (8 — (12> — 2)?) /4. We observe that
Z,€(0,1) and f(Z,) = 0ift € (2,3/+/2). Moreover,

f/(zz)=—L~+1=_ - 1 +1
W2Z-o 42— (2 -5 +1)
2 2
t t-—4
Y-S v e
A7 - 1)

since t > 2. Therefore, there exists z € (Z;, 1) such that f(z) > 0. Hence, z(t) = 1
does not fulfill the stability condition (2.5) for 7 € (2, 3/+/2) and we will necessarily
have z(t) € (—o0, 1).

On the other hand, we cannot have z(t) = 1 for ¢ € [0, 2] and z(¢) < O for
t € (2,3/+/2), because in this case the energy balance for s € (2, 3/+/2) would
not be fulfilled as

2 s
il gz(o) _ 2g(0)+1—z(t)+/ 1g(z(t)) dt
0
2 2 K
——Sf+1—z(t)+/ tdt+/ 1+/2dt
2 2
= ‘/—+1—z(z)+2+ ;_—2x/—_1—z(t)—2(x/§—1)>0

Eventually, we have proved that there exists ¢ € (2, 3/ \/5) with z(¢) € (0, 1).

3. Mathematical Preliminaries

Let £¢ denote the Lebesgue measure on R?, d > 1. We sometimes use the
notation | E| for the Lebesgue measure of the measurable subset £ C R as well.
Throughout the paper €2 will be a bounded, connected, open subset of RY with
Lipschitz boundary. The Borel o-algebra on €2 is denoted by B(2). For 1 < p <
00, || - || » stands for the usual norm on L?, W'7(Q; R?) denotes the usual Sobo-
lev space, H'(Q; Rd) = WI’Z(Q; ]Rd), and the symbol (-, -) is the scalar product
in H', if not otherwise specified. Given a function f € L'(Q) and a measurable
0 C Q, the mean value of f over Q is denoted by (f), that is,

1
= — dx.
(o |Q|/Qf(X) x

We indicate the positive part of a function f with f* := f v 0.
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We recall the notion of quasi-minima of integral functionals. Given ¢ €
H'(Q;RY), let G be the functional defined by

Gw) =G, Q) ::/ G(x,Vv(x)) dx
Q

for every v € ¢ + Hj (2 RY), where G: Q x R*¢ — R is a Carathéodory
function satisfying

Gx,F) S L(FP+1)
G(x,F)=G(F)—1

for suitable positive constants L, [/, for every (x, F) € Q X RY%4 where
G: R4 — R satisfies the following estimate:

3K >0 / G(Vo(x)) dx = K||Vo|3 forevery ¢ € H} (Q2; RY).
Q

Definition 1. (Quasi-minimum, [17]) Let V. € Wh?(€; R?) and A > 0. A func-
tionv eV + H& (22; RY) is said to be a cubic A-quasi-minimum for the functional
G if for every cube of side R, Qg C R4, and every w € H 1(Q; Rd) such that
vV—w e HOI(Q N Q) we have

/ G(x,Vv(x)) dx < k/ G(x, Vw(x)) dx.

(QrNS) OrNL

Theorem 1. (Higher integrability, [18, Ch. 6]) Ler V € WLP(Q; RY), for2 < p,
andletv € V + HO1 (€2; R4 ) be a A-cubic quasi-minimum of the functional G. Then,
there exist constants y > 0 and r > 1, depending only on A and V, such that

/le|2r dx§y[(/|Vv|2 dx) +1].
Q Q

We recall the statement of the Korn—Poincaré inequality (see [34]): for every
open, bounded, Lipschitz set D C R?, there exists a positive constant C (D) such
that

IVl g1y S C(D)lle)l2(pys (3.1
for every v € HO1 (D).
We recall the definition of cross-quasiconvexity in the form used in [13] and

a related semicontinuity result [13, Theorem 4.4]. A continuous function G: R x
R¥*4 s R is cross-quasiconvex if for every 6 € [0, 1], F € R?*¢ we have

GO, F) < %'/ G +m(x), F + Vu(x)) dx, (3.2)
Q

for every u € H(}(Q; R?) and every m € L%(), with 6 + m(x) € [0, 1] for
almost every x € Q and [ m(x) dx = 0.
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Lemma 1. (Lower semicontinuity) If G: R x R¥*? — R is cross-quasi-convex
and fulfills

0SGO,F) <g®)(1+]|FP) (3.3)

forevery® € R, F € R¥™“ and some g € Ly (R), we have that

/ G(z(x), Vv(x)) dx < limkinf/ G(zr(x), Vur(x)) dx,
Q Q

whenever z; — z L°°-weakly*, z;(x) € [0, 1] for almost every x € Q, and vy — v
weakly in H! (2; Rd).

Note that if H: R x RE¢ — R is a continuous function satisfying

0SS H®, ) < gO)(1+s”) forg e Lis.(R);

H@©,¢) < ﬁ/ H®O +mx), & + ew)(x)) dx, (3.4)
Q

for every u € H} (2 R?), m € L>®(Q; R) with Jom(x) dx =0and 6 4+ m(x) €
[0, 1] for almost every x € €2, then the function G(0, F) := H(S(0, F)), with
SO, F) = (9, FJFZFT), satisfies properties (3.2) and (3.3). We will say that a
function satisfying (3.4) is S-cross-quasiconvex.

We define M, (2 x RV) as the space of bounded Radon measures on 2 x RN,
This space can be identified with the dual of the Banach space Co(2 x RY) of all
continuous functions ¢: Q x RY — R such that |¢| > ¢ is compact for every
e > 0. We will consider on M (22 x RY) the weak* topology deriving from this
duality.

Let us refer to [36] for a general introduction to Young measures, and recall
some definitions and fix notation. A Young measure p € Y (€2; R") is a nonnega-
tive measure in M, (§2 x RY), such that wq (n) = L2, where 7o (x, &) := x. By the
Disintegration Theorem, one can associate to © a measurable family of probability
measures () eq on RY in such a way that

[ reoanes=[ ([ reoawe)a
QxRN Q “JRN

for every bounded Borel function f: Q x RV — R. We define the barycentre of
w as the function

bar (1) (x) :=/ & du*E) forae. x € Q,
RN

and the p-moment of u, for 1 < p < oo, as the quantity

/ 17 dp(x, &).
QxRN



424 ALICE FiascHI, DOROTHEE KNEES & ULISSE STEFANELLI

We denote by Y7 (2; RY) the set of measures in Y (2; R") with finite p-moments.
Given a sequence (uy)x in Y (2; RY), we say that up — pu p-weakly*, for 1 <
p S oo, if

wr — [ in the weak* topology of M, (Q x RY),

/ |17 duy(x, &) are equibounded in k.
QxR®

Let (D, F) be a measure space and . € Y(Q; RY). For every B(Q x RV)-
F-measurable function f: Q x RY — D, the image measure, defined by
u(f —~1(B)) for every measurable set B € D, will be denoted by f(u). In particular,
if we define the translation map Trg associated to a function G € L'(€; RY) by

Trg(x,&) == (x,&§ + G(x)), forae.x € Qandeveryé € RV,

for every measure u € Y (£2; RY) we can consider the translated measure Trg (w),
defined by

/ ¢(x, ) dTrg(u)(x,§) ;:/ ¢(x.&§ +G(x)) du(x, §),
QxRN QxRN

for every bounded Borel function ¢: Q x RY — R.
Given & € R", the measure 8, € My, (RM) is classically defined by

/RN J (&) dég, (§) = f (o),

for every bounded Borel function f: RY — R.
For a fixed B(2)-B(R")-measurable functionu: & — R", the Young measure
8, € Y(; RYN) is defined by

/ g(x, &) dd,(x,8) =/ g(x, u(x)) dx,
QxRN Q

for every bounded Borel function g: Q x RY — R.
The following lemma is a slight modification of [32, Proposition 6.5, p. 103].

Lemma 2. (Continuity) Let 1 < p < 00, and let (i) € YP(Q; RM) converge p-
weakly*to € YP(Q:; RN). Then, for every Carathéodory function f: QxRN —
R, with | f(x, £)| £ a(x) + b(x)|E|4, foreveryx e Q, E e RN, 1< g <p, be
LP/P=0(Q), and a € LY (), it holds

/ f(X,E)de(X,g)H/ fx,8)du(x, §).
QxRN QxRN

Finally, we recall that a measure v € Y7 (; RdXd) isawhp -gradient Young
measure (see, for example, [19]) for p > 1 if there exists a bounded sequence
(v € WP (2 R?) such that dvy, — v p-weakly* as n — oo. For the charac-
terization and the properties of such measures we refer to [32].
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Thanks to Lemma 2, given a bounded sequence (v,), in wbhp(Q: RY) with
dvy, — v p-weakly*, for p > 1, we have that §.(,,,) — S(v) p-weakly*, where
S: QxRIX 5 Q@ x Rfyxnfl is defined by S(x, F) := (x, F+2FT), for every x € Q
and F € R9*4,

Henceforth C will stand for any positive constant, possibly depending on data
and varying from line to line.

3.1. An Order Relation Between Young Measures

In this section we want to define an order relation on the set Y (£2; [0, 1]) of the
Young measures on 2 with values in R and support contained in €2 x [0, 1].

Definition 2. (Order) Given u1, up € Y (2; [0, 1]), we write 1 > uo if
w1y (or, 00) 2 w3 (o, 00) fora.e. x € Q and for every o € R. (3.5)

Itis easy to see that > is an order and that, in the case of i1 = 8,1 and up = 4§,
for some measurable functions z!, z2: @ — [0, 1], we have .1 > &> if and only
if z! > z2 almost everywhere in Q.

Now we give an equivalent characterization of this order relation.

Theorem 2. (Order characterization) Given two Young measures (L1, L2 €
Y (2; [0, 1]), we have 1 > uy if and only if there exists w12 € Y (2; [0, 1]2)
such that

mi(i2) = m1, m(n12) = 1o, (3.6)
1, ({01 < 62}) =0 fora.e x € , (3.7)

where w1 (x, 01, 02) = (x,601), ma(x,01,602) := (x,602), for every (x,61,62) €
Q x R2,

Proof. Let us first prove necessity. If ;| # w2, then there exists a measurable
set E C Q with positive measure, such that, for x € E, u’l‘((—oo, o) >
w5 ((—00, ay]), for a suitable o,y € [0, 1]. This implies that, for every j12 sat-
isfying the projection properties (3.6), we have uj,({0; < 62}) > 0 forx € E.
Indeed, for every x € E we have

112 ([0, 1% [0, e ) = 3 ((—00, o 1) < py ((—00, ax]) =i, ([0, o 1x [0, 11),

and this implies

0 = iy ((ax, 11 % [0, o ]) = i, ([0, 17 x [0, ot 1) — ([0, et ] X [0, i ])
< w10, e ] % [0, 11) — 5 ([0, ot ] X [0, ) = ([0, ot ] X (aty, 1)
< uh {01 < 62)),

forevery x € E.
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Now we prove the sufficiency of inequality (3.5). We fix n € N and consider
the measures (1 ,, 12, whose disintegration is defined by

n
1y, = ui0. 108 + > ui((=E L),
noi=2 n

n
13, = w30, 2081 + D 3 (5L L)s; .
n i=2 n

Since (1] n)xand (M)zc,n)x are measurable families of probability measures on [0, 1],
we have that y ,, n2., € Y(€2; [0, 1]).

Moreover, p1, — p1 and pa, — p2 weakly*, as n — oo. Indeed, let
f € Co(R2 x R); since f is uniformly continuous, there exists a modulus of conti-
nuity wy: R — R such that for every (x1, 61, 1), (x2,02,8) € Q x R2

[f(x1,61,&) — f(x2,02,62)] = wp(|(x1,01,&1) — (x2, 602, E2))),
lim o (8) = 0.

Therefore, we have forh = 1,2

F0.0) dpnnx,0) = [ £.6) dpatr.0)
R QxR

[ ([ reoru,o- [ reo wo) o
Q “JR R

i

—(/Rf(x,m A )] dx
</ (/[07%] £ )~ 0] duf®) dx

+/Q (;/(_1] F G D) = F.0)] duj(©)) dx

< a)f(l/n)/ wy, ([0, 11) dx = wr(1/n)|R2] = 0 asn — oo.
Q

‘QX

(10 D F @)+ D (5 20) f (6. 7)
=2

For almost every x € €2, we set
A7 = i, ([0, %]), A} = :u)f,n((;,"’ %]) foreveryi =2,...,n,

By = u3 ([0, %]), ij = “’E,n((%’ jnil]) forevery j =2,...,n.

Since @1 > w2, we deduce that

k
ZA? < ZB; foreveryk =1,...,n,
i=1 j=1
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ZAX— (10, 1) = 1= p3((0. 1) = > Bj.

j=1
O§A§‘§l, 0= Bj=1, foreveryiandj,

for almost every x € €. Hence (A7); and (Bx) j satisfy the hypotheses of
Theorem 5 in Appendix A, and we can find a matrlx (C" )ij with measurable
entries in [0, 1] such that

n

> ¢y =B, (3.8)

i=1

n

>cl= 47, (3.9)
ClL=0 ifi < j. (3.10)

Let us define

Ko = Z Cid(i i

i,j=1 n
for almost every x € 2. We have, therefore, that IU’JICZ,n([O’ 1% = Zij Cixj =
2 A7 =2; B} =l,and x — uj, ,(E) is measurable for every Borel set E.
Hence, (117, ,)x represents the disintegration of a Young measure on €2 with values

in [0, 1]2. Thanks to conditions (3.8), (3.9), and (3.10), we have

Wi, (01 < 02) = > Cij =0, (.11)

i<j

(1 (i) I* ZC => (ch;)si =D AT =uf,. (.12)
i i n i n
(2 (12,1 ZC;;S; => (ch‘j)sl => Bs; = ui,. (3.13)

for almost every x € Q2. Since (i412.,), are Young measures with compact support
and hence have equibounded moments of every order, we can always find a subse-
quence (12,5, )k and a Young measure i112 € Y (2; [0, 1]2) suchthat 12, — 12
weakly*. Since @1, — w1 and p2,, — w2 weakly*, thanks to the projections
properties (3.12) and (3.13), we deduce that

: |~

T (pni2) = w1 ma(ni2) = ua,

and hence 17 satisfies the projection property (3.6). Eventually, we observe that
for every open subset E of Q, E x {#; < 6>} is open, and hence p12(E x {61 <
6:}) < liminfy 12,0, (E x {01 < 62}) = 0, thanks to identity (3.11). This implies
that 7, ({61 < 62}) = 0 for almost every x € Q, thatis, (3.7). O
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Remark 1. (Order of the barycentres) Note that ©; > o implies bar(u;) =
bar(u,) almost everywhere in €2, whereas the opposite implication is false. Indeed,
if w1 > up, by Lemma 2 there exists p12 € Y (€2; [0, 1]2) with 7w; (n12) = wi, i =
1,2 and uy,({61 < 62}) = 0, for almost every x € ; in particular we have

/ [bar(11) — bar(u2)] dx = / 01 dui (x, 0)) — / 6 du(x, 62)
E Ex[0,1] E x[0,1]

=/ (01—02) du1a(x, 01, 62) =/ (61—62) dura(x, 61,62) 20,
Ex[0,17? Ex {6126}

for every measurable subset E of 2. This implies bar(jt1) = bar(u;) almost every-
where in Q2. On the other hand, let us consider

1 1
wy = 581/4 + 553/4 fora.e. x € Q

N 1 1
My = 580 + 581 forae. x € Q.

We have bar(t1) = bar(us) = % almost everywhere in €, but u7(0,1] = 1 >
(0,11 =1/2 and uy(3/4, 11 =0 < u3(3/4, 1] = 1/2, for almost every x € L,
therefore 1 % pa 7 1.

3.2. Sequences of Functions Generating a Young Measure

Let us recall (see [32, Theorem 7.7]) that any Young measure u € Y7 (2; RM)
can be generated by a suitable sequence of functions (z,), C L”(; RY), in the
sense that 6, — u p-weakly*, as n — oo.

In particular, given a measure 12 € Y (2; [a, b] X [c, d]),for —oo <a < b <
00, —00 < ¢ < d < o0, there exists a sequence (z}l, z,zl)n of pairs of functions
in L'(€2: [a, b] x [c, d]), such that a(z)l(x),z,%(x)) — 12 weakly*. The question we
want to consider in this section is the following: assume that we have already fixed
a sequence (Z)), generating the projection of 115 over Q x [a, b]. Is it possible
to construct a sequence (Z%)n such that 8(2’11 2) = K12 weakly* as n — 00? An
affirmative answer to this question is given by the following.

Theorem 3. (Measure reconstruction) Let Q be a bounded open subset of R4,

and u a measure in Y (L2; R2) with support contained in Q X [a, b] X [c, d], for

—00<a<b<oo, —00 <c<d < oo Wewrite uy for mi () and o for mo (i),

wherem(x,0,&) := (x,0)andmy(x,0,§) = (x,&), forevery (x,0,&) € QxR2.
Given a sequence (z,ll)n in L*°(2; [a, b]) such that

61}, — u1 weakly*, (3.14)
there exists a sequence (z,%)n in L°(; [c, d]) such that

8.1 2y = ;o weakly*.
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Proof. For every m, we consider a finite partition of measurable sets (") lI i"f) of

2, and two finite partitions of intervals (H J’”)]JL":) of[a—1,b+ 1] and (K ,’Z’)fz(']")
of [c, d]. We choose these three partitions in such a way that the diameter of each
Q' H j’.", and K" is less than 1/m. Since the support of i is strictly contained
in [a — 1, b + 1], it is not difficult to see that we can always choose (H }”) ;j such
that g1 (2" x BHJ’.”) =O0foreveryi =1,...,I(m)and j = 1, ... J(m). Hence,
1 (9(2" x H }")) = 0 for every i and j, thanks to the projection property on
satisfied by the Young measure /1.

Wenow fixn € Nand, foreveryi = 1, ..., I (m), we define a family of subsets
of Q", which we term (Q?}‘")JJ.L"}), by setting

Q" = {x € Q' 17,(x) € H'),

foreveryj =1, ..., J(m).Since (HJ’.”) ; are pairwise disjoint, (QZ’.’") j are pairwise
disjoint, too, and U]’L”}) Q" = Q. We observe that SR x HP'xK]") =
n(Upl? @ s H' x Ky = (@ x H' x [c, d), hence, if p(Q" x H" x
[c,d]) > 0 we have
w(R7 x HJ’.” x K"
n(Q7 x H]’.” x [c, d])

<1 foreveryk=1,...,K(m),

Ko pqm x HI" x K}")

) @ B xed])
k:l'u i J ?

Letusset A := {(i, j) : u(S2" XHJ'.” x [¢, d]) = 0}. Therefore, forevery (i, j) ¢ A,
it is possible to find a family of pairwise disjoint subsets of Q;'Jl.’", which we denote

by (251", such that U @ = @%", and satisfying

R X HY KD

Q| = "
Y (82" x Hj’." x [e,d]) Y

Let us define 2% (x) := g, for some &" € K", whenever x € Q:'}k” for (i, j) ¢

A, and 7% (x) := ¢ whenever x € QZ” for (i, j) € A.
Since 61711 — 1, thanks to assumption (3.14), and g1 (3 (2" x H]’.”)) = 0 for
every i, j, we have

|Q?;-’n| =08.1(" x H}") — w1 (" x H}") = n(Q" x H}" x [c, d]),

as n — o00. Therefore, for every m, there exists n,, such that

[QU"
ij
—1
‘M(sz;" x H' x [c,d]) '

2 195"

(i,j)eA

A

forevery (i, j) ¢ A, (3.15)

[IA
S

(3.16)
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whenever n 2 n,,. Without loss of generality we can assume that (7,,), is an
increasing sequence of integers. We are now ready to define z% by setting z% (x) =

22 (x) whenever ny < n < 1.
We now have to show that for every f € Co(S2 x R?) and for every ¢ > 0 there
exists N such that

‘ | f00.9 80000 - [ [@0.0d400.6)] < 617
QxR2 QxR2

whenevern > N.
Given n, let m be such that n,, < n < n,,1. Then we have

| F00.0 600 = [ 0.0 88 56,600
QxR?2 QxR ’

Z Z Qo f('x Zn(x) Ek ) dx+ Z / f(x Zn(x) C)dx.

i, )¢EA k $ijk (i,))eA

1 m m m m
In particular, for every x;" € Q" and 0 7€ Hj" we have

’/Q F0,8) dd1 2)(x,0.6) — D Z/ 07 & dx
xR z]k

@, )¢gA k
_ Z/ f(xim,ej'.",c)dx‘

(.j)eA” )
< > Z/ |f e, 2y (), &) — f (07, &) dx
(i, ))gA k
+ > / |f (24 (0, 0) = f @&, 07, )] dx
@i,j)eA
<ore/m| X DI+ DI = erem Y I
(i, )¢gA k (i,j)eA ij
= wf(Z/m)Z|Q§"| =wr(2/m)|L|, (3.18)

where w ¢ is a modulus of continuity of f (f is uniformly continuous). Using the
construction of Q:']’.’k", and the estimates (3.15) and (3.16), we get

Z Z/ f& ,9;"7§k)dx+ z / fi, /,c)dx

@, )HgA k (i.j)eA
- > Zf(xj"ﬁj’ﬂs,;")u(sz;" X H x K"
(i, ))¢gA k

— > ST Ou@ x HY x e, d])‘
(i,j)eA
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<| > > rarergmieny

i, )NgA k
= D D R < HY x K|
i, )gA k
+ > raper oy -of
(i,))eA
fle > @ x H < K| ;7 1]
o0 m m -
i w(Q x HY' x [e, d])
Hiflloo D 12057
(i,j)eA
||f||oo[z @ x HP x e.ap +1] = ||f||oo[|m+1] G19)
ij
Finally, we have
‘ Z Zf(x,, 07, & Q" x Hi' x Ki")
i, )NgA k
+ D S8 @ < H x[e D)~ | f(x.0.8) du(x.6.8)
i,j)eA QxR
Z Z/m m m |f(xl ’ j ’Ek f(x,9,§)| d,U«(X,Q,f)
AR X Hx K
+ 2 / 8.9 dulx. 6.6)
(i, j)eA 194 ><Hj x[c,d]
SwpG/m) DL D u@ x H' x K
i, )gA k
Hflloo D w(Q x HI' x [¢,d))
(i,j)eA
=wr(3/m)|Q. (3.20)

Therefore, putting together the estimates (3.18), (3.19), and (3.20) we obtain

‘/ f(x,@,.‘;:) d8 1 ,m?2 (xvevg)_/ f(x797€) d/.L(.x,@,E)
QxR2 sz QxR2

< 19 ws (= )+%+ f(m)] IIfn|1|oo

In particular, for fixed ¢ > 0, condition (3.17) is satisfied for m sufficiently large,
m = M. Hence it is enough to choose N such that nyy < N < nyyoq. In this way,
for every n = N, we have n,, < n < nyy for some m = M and hence (3.17)
holds true foreveryn = N. 0O
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Corollary 1. (Measure reconstruction with order) In addition to the hypotheses of
Theorem 3, ifa = ¢, b = d, and u satisfies the condition

w ({,¢&) e R?: 0 < EN =0 forae x €, (3.21)
we can construct the sequence (z,%)n with the property
z,l,(x) > zﬁ(x) fora.e. x € Q.

Proof. Forevery m, we can assume that (H }") j is ordered in the sense that 01 >
0; whenever 6; € Hj’.”, Ojtr1 € Hij. Since [c, d] = [a, b], we can choose K" :=

H" N[a, b] for every k. If (i, j) € A, 2"y =a < z) (x) for almost every x €
Q:jn So let us consider from now on (i, j) ¢ A. Since u* ({6 < &}) = 0 for almost
every x € 2, duetoassumption (3.21), we have that 1 (7" x H]’.” x (H"Nla, b)) =
0 for every i and every k > j. In particular, |Q;’;;{"| = 0 whenever k > j. Nothing
changes in the proof of Theorem 3 if we take & in the closure of K;" N [a, b].
In this way, for k = j we are able to choose EJ’." with the property é}" < z}l (x)

whenever x € Q:’J’n (notice that z! (x) € [a, b)), so that 2M(x) < z) (x) whenever

X e Q?;]" Finally, if k < j, then for every &" € H}" N [a, b] we have & < 2 (x0)
whenever x € Qf’/’" and hence 72" (x) < z) (x) whenever x € Qf’/’k" In conclu-
sion, z,zz’m(x) < z,% (x) for almost every x € €2, and hence z% (x) < z,ll (x) for almost
every x € ,too. O

3.3. Admissible Set in Terms of Young Measures

We now introduce the admissible set for the generalized notion of evolution
we will consider. We recall that u € ¥2(2; R?*?) is an H'-gradient Young mea-
sure (H'-GYM), if there exists a bounded sequence (v,,), € H 1(Q; R?) such that
dvy, — p 2-weakly* as n — oo.

Definition 3. (Admissible set) Given a time interval [0, 7] and ¢: [0, T] —
Wl’P(Q;Rd), for p > 2, we define AY([0,T], ¢) as the set of all v €
Y2 R x ROHOT] such that for every 1 € [0, T] there exists a measure

U, € Y2(: R x R?*4) with

v = S(y), (3.22)
supp 71 (V;) = supp 71 (v;) € Q x [0, 1], (3.23)
7o (V) is a H'-GYM, (3.24)
bar(mz (7)) = Vo withv € ¢(1) + Ha (2 RY), (3.25)

where S(x, 0, F) := (x, 0, FJFZFT) for every (x,0, F) € @ x R x R4 and

and 7 are projections, 71: @ x R x R4 - Q@ x Rand mp:  — R x R4 —
Q x R4 respectively.
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From [13, Theorem 3.1], v, satisfies properties (3.23) and (3.24), (3.25) if
and only if there exist a bounded sequence (z,), in L°°(£2; [0, 1]) and a bounded
sequence (vy), in H'(K; R4*d) such that 8(z,, Vv, — Vr 2-weakly* as n — o0.
Moreover, by using, for instance, [1, Lemma 11.4.1], it is possible to choose (v, ),
in ¢(r) + Hi (Q; R9*). Note that eventually 8,, vu,) — U 2-weakly* implies
S(Zn,e(vn)) — S(f);) 2—weak1y*.

4. Main Result

We shall now aim at introducing the existence result for quasi-static damage
evolution.

Before giving the definition of quasi-static damage evolution and stating the
main result, we need to establish some extra notation.

Given v € Y2(2; R x R4X?) and 1o € Y1(Q; [0, 117), we set

sym

(W, v) :=/ W@, e) dv(x,0,¢),
QXRXR‘S%?

(d, n12) I=/ d(01,62) duia(x, 01, 62).
QxR2

Given u1, na € Y1(€2; [0, 1]), we define

e |:/ 0 duy(x, 0) —/ 0 sz(X,e)} if oy = po
D1, p2) == QxR QxR

o) otherwise.

The distance D (w1, o) coincides with the infimum of (d, t12) for @17 varying in
the set of measures in YI(Q; [0, 1]2) such that w1 (®12) = w1 and mo(12) = Ko,
where 1 (x, 61, 82) := (x, 01) and w2 (x, 01, 62) := (x, 6>) for every (x, 01, 6>) €
Q x R?. Indeed, this is true if 1 # M2, because, thanks to Theorem 2 and to the def-
inition of d, in this case we have (d, (12) = oo for every w17 satisfying the required
projection properties. On the other hand, if 1 > w2, by Theorem 2 there exists a
measure /412 satisfying the projection properties and with w1, ({61 < 62}) = 0 for
almostevery x € Q. Therefore, for every such measure (12, we have (d, p12) < oo
and

(d, n12) =/ d(61,62) dpra(x, 01, 62)
Qx[0,12

— ([ . don0au,01.60)ax
Q NJ{61262)

- / ( / pO1 — ) Ay 6.6 da
Q N {01202}

= ,0/ (01 — 62) dp12(x, 61, 62)
Qx[0,112

=p[/ eldm(x,eo—/ 92dM2(x,92)]-
QxR QxR
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Therefore, (d, w12) is independent of the choice of 1112, provided it has the required
order property and coincides with D(u1, u2). In other words, D(u1, o) cor-
responds to a Wasserstein-like distance associated with d between i and wy
(see for example [25]). Note that we may have D(u, na) = o0 even in cases
where D(bar(u), bar(uz)) < 0o, because (11 > w» is a stronger condition than
bar(u;) = bar(uy) almost everywhere in €2, as explained in Remark 1.

Given a measure v € Y2(; [0, 1] x R?*?), we will denote the projection of
von 2 x [0, 1] by 7r1(v). We are now ready to define our solution notion for the
quasi-static problem.

Definition 4. (Quasi-static evolution) Given ¢: [0,T] x Q — R 70: @ —
[0,1], vo: @ — R4, and T > 0, a quasi-static damage evolution with bound-
ary datum ¢ and initial condition (zp, vo), in the time interval [0, T], is v €
AY ([0, T], @), satisfying the following conditions:

(EO) initial condition: vo = 8(z,e(vy))>
(E1) irreversibility: w1 (vg) > w1 (v,), whenever 0 < s <1 < T,
(E2) translational stability: for every t € [0, T], we have
(W, vp) S (W, Trz ey (01)) + D@y (vr), Trz (w1 (v))),

for every Z € L(Q) and every i € H} (Q; RY),
(E3) global-stability for the internal variable: for every t € [0, T'], we have

(W, v) = (W, (" ® Se(iy(x))xeq) + D(wi(vr), i), 4.1

forevery v € (1) + HOI(SZ; R?), and every i € Y(2; R),
(E4) energy equality: for every t € [0, T'] the map

1> (0(1), e(@(1))) (4.2)

is measurable on [0, T'], where o (¢) is the function defined by

o(t)(x) :=/ 8—W(é?, e)dv(0,¢e) forae.x € Q.
R

«RYxd oe

sym

Moreover, for every t € [0, T] we have
t
(W, v) + Diss(v; 0, 1) = W(zo, vo) +/ (o(s), e(@(s))) ds,
0

with Diss(v; 0, t) := sup ZLI D(m1(vy,_,), m1(vy,)), where the supremum
is taken among all finite partitions 0 =ty < --- <ty = 1.

Remark 2. Due to irreversibility property (E1), the total dissipation Diss(v; 0, 1)
of the quasi-static evolution v in a time interval [0, 7] reduces to D(sry (vp), 71 (vy)),
therefore we have

Diss(v; 0,¢) = ,o|:/ z0 dx —/ 6 dmy(ve)(x, 0)].
Q QxR



Young-Measure Quasi-Static Damage Evolution 435

The main result of this paper reads as follows.

Theorem 4. (Existence of a quasi-static evolution) Let T > 0, p > 2, ¢ €
AC([0, T); WhP (2 RY)), 29 € LY(Q:[0,11), and vo € ¢(0) + Hy (Q: RY) be
such that

W(zo, vo) < W(Z, 1) + D(z0, 2), (4.3)

foreveryz € LY(Q) and every v € p(0) + H& (2; Rd). Then there exists a quasi-
static evolution with boundary datum ¢ and initial condition (zg, vo) in the time
interval [0, T].

The proof is obtained via time discretization, incremental minimization, and pas-
sage to the limit and is detailed in Section 5.

5. Proof of the Existence Theorem 4

5.1. The Incremental Minimum Problem

Let us fix a time step t := T'/n, and let ti =it and ¢! := @(t}), for every
i=0,...,n. We Will define (z}, vl) iteratively: set (z?, v?) := (zp, Vo), and, for
i > 0, define (z%, v%) as a minimizer (see Lemma 3 below) of the functional

Fi(z.v) := W(z, e(v)) + D71, 2), (5.1)
among all 7 € Ll(Q) andv € <pi + H(} (2; Rd).

Lemma 3. (Incremental minimization) Let (z9, vo) be as in Theqrem 4. Then, for
every i the functional F| has a minimizer (z, v) in LY(Q) x (ph + HOI(Q; R%)).
Moreover; (z, v) satisfies the following properties:

- )
0<Sz=5z07 aein, (5.2)
visa f—x-cubic quasi-minimum of the functional v — /Q |e(v)|2. (5.3)

Remark 3. In particular, for every i and 7, we have that 0 < zi(x) Szox) =1
for almost every x € €2, since zo(x) € [0, 1] for almost every x € Q.

Proof. Let us first observe that whenever z:~! > 0 almost everywhere in 2, we
have

}'i(z, v) = fi((z A zi;])Jr, v), (5.4)

for every (z,v) € L' (Q) x H'(Q; R?). Indeed, .’F;'(z, v) < oo if and only if
z < zi_l almost everywhere in , hence Fi(z,v) = Fi(z A z.71,v). On the
other hand, W(#, ¢) = W(0, ¢) if 8 < 0 (see hypothesis (W.5)). Hence, W(z A
771 e(v)) = W((z A Z271)F, e(v)). Finally, since z:~! > 0 almost everywhere
in Q, DL (2 A D) £ DEE 2 A Zi7Y) (with the strict inequality if
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z(x) ¢ [0, 1] for almostevery x € £2). In conclusion, Fi(z,v) = Fiznzi=t v) =
Fi((z AZi71)T, v). This implies that if z% exists, it satisfies

0<zi(x) Sz (x) forae x € Q, (5.5)

whenever zé’l 2 0 almost everywhe_re in Q. Since zo(x) € [0, 1] for almost every
x € Q, by induction we get that, if z} exists, it fulfills (5.5). .
Now fixi =1, ..., n, and let (zx, vx) be a minimizing sequence for F,. Then

fi(Zk, vk) =/ W (zk, e(vr)) dx —l—D(z"r_l, ) < C,
Q

for a suitable positive constant C. In particular, thanks to (W.2) and the Korn—
Poincaré inequality (3.1), the sequence (vi)x is bounded in (p."[ + H(} (2; ]Rd). Since
zi‘l e L'(Q; [0, 1]), we can apply (5.4) in order to deduce that ((zx A zi‘1)+, Uk)
is still a minimizing sequence. Since zfl <1, (kA ziﬁl)Jr is bounded in L*°(2).
Up to a subsequence, we can assume that vx converges weakly in H' to a function
v E (p.’; + HOI(Q; R, and (zx A z"T_I)Jr converges weakly* in L™ to a function
z with values in [0, 1] almost everywhere in 2. Since W is S-cross-quasiconvex,
thanks to Lemma 1, the functional in (5.1) is sequentially lower semicontinuous
with respect to the product of the weak* topology of L* and the weak topology of
H'. This proves that (z, v) is a minimum of functional (5.1) and satisfies condition
(5.2).

Hence, it remains to show that v is a f—v"v"-cubic quasi-minimum of the func-
tional v — fQ le(v)|2. Let w be a function such that v — w € H(}(Q N Qgr). We
extend it to a function in H!(Q; RY) by setting w := v on 2\ Qg. Then (z, w) is
a competitor for the minimum problem solved by (z, v). Hence,

/ W (), e)(x)) dx < / W (), e(w)(x) dx.

Q Q

By construction of w, this implies
/ W(z(x), e()(x)) dx < / W (z(x), e(w)(x) dx.
QNOR QNQOR

Hence, by hypothesis (W.2) on W, we get

cw / le) ()P dx < Cyy / le(w) (¥ dx,
QNOg QNOR

which proves that v satisfies condition (5.3). O

Let (z¢, vy) and ¢, be the functions in L ([0, T]; L' (Q) x H'(2; RY)) and
L([0, T]; H'(22; RY)), respectively, defined by

(2o (1), v (1)) = (2L, vl) if 1l <r < i

(1) =9l ifrl <t <t i=0,1,...,n
We define o € L([0, T1; L*(2; REXY)) (thanks to (W.3)) by
AW
or () 1= = @ (1), e(ve (1)), (5.6)

for every ¢t € [0, T].
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5.2. Improved Integrability
Since vi is a S—W—cubic quasi-minimum of the functional v +— fQ le(v)|? dx,

we use Theorem 1 (VsVee also [12, Appendix]) to obtain the existence of two constants
y > 0 and r > 1, depending only on cy, Cy, and ¢, such that

/ le())|*" dx g/ Vo> dx < y”(/ Vol |*dx + l)r
Q Q Q
. r
< C(Q)Z’yzr(/ le(v))|? dx + 1) , (5.7)
Q

where C(£2) is the Korn—Poincaré constant. In particular, all the above constants
are independent of 7 and i.

5.3. A Priori Estimates

Next, we obtain an a priori estimate for the piecewise constant interpolations
(27, V). ) ) ) ) )

Since (251, vi™! — @i~ 4 ¢l) € L1(Q) x (¢} + Hy (22; RY)), the minimality
of (z1, vl) implies that

Wizp, W) + D 2) SWET e, =o' + 1)
=W eiTh)
AWEET e — it o)) = W e(viTh). (5.8)

The last two terms of the right-hand side above may be controlled as follows

WEE ei™h — @it 4 oly) — Wi eiTh)

-/ [ /| —aW(z’—l,ew;“—cp;“w(s))):e@(s))dx} ds
1

f
:/_ |:/ Of(s):e(¢(s))dxi| ds
P Q
f . . .
] (G eat oo
d-lLJe\ o€

_ %(Zi{_l’ e(Ui—l))> e(¢(s)) dxj|ds'

Taking the sum in (5.8) for t € [0, T1, () := max{r. : . < t}, we have

Wiz (1), e(ve (1)) + Diss(z¢; 0, 1)
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(1)
= W(zo, vo) +/ [/ 0:(S)ié(¢($))dX} ds
0 Q
(1) oW
+/ [/(B—(ZT(S),e(vr(S) — ¢ (s) +¢(s))

0 Q\ 0¢

aWw .

- E(ZT(S), e(vr (S)))):E(fp(S)) dX}d& (5.9
We observe that, thanks to (W.3), we have

(@) aW
/ [/ (a_m(s), e(Vr($) = ¢c(s) +¢(5))
0 Q\ 0¢

ow
g &), e(vr(S))))ie(¢(S)) dX}dS

T
§2C( sup |le(v¢(#))ll2 + sup ||€(<.0(t))||2+1) /|I€(¢>(S))||2dS-
tel0,T] 1€[0,T] 0

Now,

T
/ lle(@(s)ll2ds 4+ sup [le(p@®))]l2 < oo,
0 1€[0,T]

since ¢ € AC([0, T, H (Q; RY). Hence, also owing to definition (5.6) and
hypothesis (W.2), we get

cw sup ller ()3 £ sup Wiz (1), e(ve (1)) + Diss(zr; 0, T)
tel0,T] 1€[0,T]

< Wi(zo, vo) + C( sup |le(vz (M) l2 + 1),
1€[0,T]

for every ¢t € [0, T] and a positive constant C. Therefore, we deduce that there
exists a positive constant K, independent of the choice of the time step 7, such that

sup [le(vz ()2 = K.

1€[0,7T)
In particular, we get
sup [|[Vu()]l2 = C(Q)K (5.10)
tel0,T]
sup [loz (D)2 = Cw (K + 1). (5.11)
t€l0,T]

Thanks to the improved regularity estimate (5.7), we get

sup [Vor()]l2r £ C(QQyVK? + 1. (5.12)

1e[0,T]
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5.4. Passage to the Limit

Let us now consider a sequence of time steps (t,), converging to 0, and the
associated interpolations (z4,, vy, ),. We want to define a family of measures v €
AY ([0, T]; ¢). We will do this by passing to the limit in the sequence of approx-
imate solutions (z, (), v, (¢)),. For technical reasons, which will appear patent
in the proof, we need to proceed by defining v; on larger and larger time sets. In
particular, we will first define v; for ¢ € [0, T] N Q and then in the rest of [0, T'].

Thanks to the uniform bound (5.10) and to the higher integrability estimate
(5.12), and by using a diagonalization argument, we can find a not-relabeled sub-
sequence (Zr,, vg,) and b € Y7 (R x RdXd)[O’T]mQ, such that

5(21” (1), Vg, (1)) — ljl ZF—WCakly*,
foreveryr € [0, T]1N Q.
For every t € [0, T]\ Q, let us choose an increasing sequence of integers 1}

possibly depending on ¢, such that

lim sup(ow, (1), e(¢(1))) = lim{o,, (1), e(@(1))). (5.13)

n

Again, we are allowed to extract a further subsequence, still denoted by (z; , , vz , )i,
Vlk 71k

satisfying (5.13) and such that there exists 7, € Y2 (Q2; R x R?*4) with

8z, L.V, (1) v, 2r-weakly*, as k — oo
"k "k
forevery r € [0, T]\ Q. Note that, for every ¢ € [0, T] \ Q,
lim sup({o, (1), e(¢(1))) = lilgn(ffrni (1), e(@(1)))
n
i ow . .
=lim [ ——(z¢, (1), e(vr, (1))):e(@(1)) dx = (o(1), e(@(1)),

k Jo de % L

where o is defined by

oW ~
o(t, x) :=/ ——(0,)dS); (0, ¢),
RxRdxd de

for SO, F) := (0, F+2FT), for every (0, F) € R x R4*d Moreover, for every
t € [0, T]1 N Q we have

lim sup{o, (1), e(¢(1))) = lim(oz, (1), e(9(1))) = {0 (1), e(p(1)).

This implies that the map in (4.2) is measurable on [0, T'].

In this way, we have defined ¥ in Y (Q; R x R?*4)[0.T] satisfying by con-
struction properties (3.23) and (3.24), (3.25) in Definition 3. Therefore, by letting
v; := S(v;) for every t € [0, T'], we get that v also satisfies condition (3.22), and
hence v € AY ([0, T1, ¢).
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In particular we have:

8(ZT}1 ().e(vg, (1)) —Vr 2r-weakly*, fort € [0, T] N Q,

5.14
3(& . (D.e(ve , (1) — 2r—weak1y*, fort € [O, T] \ Q ( )
nk nk

Since (z¢,(0), v, (0)) = (2o, vo) for every n, the initial condition (E0) is auto-
matically satisfied.

5.5. Irreversibility

Letus consider0 < s <t < T andfixg € [s, 1] N Q.
Up to not-relabeled subsequences, we have that there exist gy, hgr €
Y (2; [0, 11%) with

8z, (90,20, (g)) = Msq Weakly™,
k k

8z , (@20, (1) = Mqr  Weakly™.
rlk nk

Thanks to the construction of v, we have that u, has projections 1 (vy) and
71(vy), respectively, and 14, has projections 71 (v,;) and 71 (v;), respectively.
Now, we have zq, (1) < z7,(q) < zq,(s) almost everywhere in €, for every n.
This implies that 3(21” ().22, (@) (E X {0) < 62}) = 0and 8(21,, (@).z0, (1) (E X {01 <
0>}) = 0 for E € Q open, for every n.
Since 8z, | (s).z¢ , (9)) — Msqg Weakly* asn — oo, and E x {0 < 6,} is open,
s "k

we have

Usq(E x {61 < 6r}) = limkinf 820, )ze s (@ (E x {01 < 02}) =0;
Ilk nk

therefore ,ufq({é’l < 62}) = O for almost every x € Q2. The same holds for pg;:
ué,({@l < 63}) = 0 for almost every x € Q.

This implies, by Theorem 2, that 71 (vy) > m1(vy) and 71 (vy) > w1 (v;). By
transitivity, this implies 71 (vy) > 71 (v;), namely the irreversibility condition (E'1).

5.6. Stability

Let? € LY(Q) and i € Hol(Q; R9). Let us observe thatif Z > 0 on ' C
with |Q'| > 0, then D(u, Trz(u)) = oo, for every u € Y(2; [0, 1]). Indeed, if
w1 > Trz(w), then for every o € R we would have p* (o, 00) = Trz ()" (e, 00) =
w* (o — Z(x), 00). Therefore, for x € ', we would have u* (o« — Z(x), a] = 0, for
every o € R. This would imply u* ([0, 1]) = 0, for x € €/, which is a contradic-
tion with the fact that u* is a probability measure on [0, 1], for almost every x. In
conclusion, if Z > 0 on a subset of 2 with positive measure, (E2) is automatically
satisfied.

Hence, we reduce to the case Z < 0 almost everywhere in Q. For every n and
every i = 1,...,n, the function (z"rn +z, vin + i) is an admissible competitor for
the minimum problem defining (zin, vin ). Therefore, we have

i i—1 i IR i—1 i =
Wiz, vy ) + D2y, s zp,) S W2y, + 2, vy + i) + Dz, 2y, +2).
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Since Z < 0 almost everywhere in €, we have that zi + 7 < zZ < zi~!. This

implies that D(zi!, 2 —2) = p [o(zi~! — 2L 4 Z) dx and hence

D+ —DEs ) =D, +7) =D, 3).
Hence, we get
WL vl ) S WL +Z,vh + i) + D, 2).
This means that, for every ¢ € [0, T'], we have
W(zz, (@), vr, (1) £ W(ze,(t) + Z, vg, () + i) + D(0, 2). (5.15)

We observe that 0 + Z(x) < 1 for almost every x € €, forevery 0 € [0,1]1(Z £ 0
almost everywhere in €2). Hence, thanks to (W.2), we have

(WO +2(x), & + e(@)] < C(le@@)]* + e[

Therefore, by using the convergence (5.14) and Lemma 2 we get

/W(Zr,(t),e(vr,(t)))dx—>/ W, e)dv(x,0, ¢),
Q "k "k Q

XRXR@#
/ W(Zrn,k () +z(x), e(vrni (1) +e()(x)) dx
Q

— WO + 2(x), & + e()(x)) dv; (x, 0, &)
QxRngﬁ

= (W, Tr¢ ey (),

forevery t € (0, T'], as n — oo. Therefore, we can deduce the translational stabil-
ity (E2) passing to the limit in inequality (5.15). For # = 0, relation (E2) comes
immediately from the hypothesis on the initial datum (4.3).

Now we want to prove global stability for the internal variable (E3). Let us
denote 1 (v;) by u,, for every ¢t € [0, T'].

Let us start by proving (E3) for i € Y(€2; [0, 1]). From the minimality of
(%, vl ), we get that for every (Z, 1) € L'() x (¢] + H} (2 RY),

W@, vi )+ D 2h) S WE, D) + Dl 9).
Hence, using the triangle inequality for D, we get
WL b)) SWE D) + DG L 7).

Therefore, we deduce that for every n, t € [0, T], and (Z, D) € L'(Q) x (p(t) +
HO1 (€2: RY)), we have

W(zg, (1), e(vr, (1)) = W(Z, eV — ¢(t) + ¢, (1)) + D(zq, (1), 2)
=W(Z, e(V)) + D(zy, (1), 2) + Ru (1), (5.16)
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where
Ry (1) == W(Z, e(0 — ¢(1) + ¢, (1)) — W(Z, e(V)).
Arguing as in Section 5.3, it is not difficult to show that

t
RuD] £2C( sup le(eOla + ez + 1) | te@oniaas.
tell, t

—Tn
Since ¢ € L' ([0, T]; H'(2; RY)), we have that, for every 7 € [0, T]
R,(t) — 0, asn — oo. (5.17)

Let us now fix ¢ € [0, T] and a competitor i € Y (2; [0, 1]). If u, # 1, we
have D(u;, it) = oo and hence (4.1) holds true, so we can assume that ; > [i.
Thanks to Theorem 2, there exists a measure 1¢12; such that

mi(12,) = pe, (1) = i,
i, ({01 <62})) =0 forae. x € Q.

Let us consider the sequence (z¢ , (1), vz , (1))k such that 8¢z, , ().ev,, (1)) — Vr
ny ny nl nf,

2r-weakly*. This implies, by Lemma 2, that
W(Zrni (1), e(v,, (1)) = (W, 5(&";( 0.elv, on) =~ (W,v),  (5.18)
as k — o0. Moreover 8Zrnf @ — m1(p12,:) weakly*, so we can apply Theorem 3
and Corollary 1 to construckt asequence (Zx ) in LY(2; [0, 1]) such that, as k — oo,
Zk S Zey (t) ae.in,
8., (.20 = iz weakly*,
s, k—\ i weakly*.

We can apply Lemma 2 to obtain

WGy e(5) = / W, e(5(x)) ds, (x, 0)
QxR

. W@, e(v(x)) dfi(x, 0) = (W, (1" ® 8¢(5)(x))xen)s  (5.19)

as k — 00. As Z; < z¢, (¢) almost everywhere in €2, we have that
)lk
Diaay 0.5 = [ dlzay 0. 5w) dr = [ p(zg, (o) = 500)
k Q k Q "k

= / p(O1 — 62)dd,,  (0).21)
QxR2 "k

- pO1 —02)dpi2,:(x, 01, 62)
QxR2

= p[/ O dpe (x, 01) —/ 92d/1(x792)]
QxR QxR

= D(us, @) = D1 (vy), 1), (5.20)
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as k — oo.

Therefore, putting together inequality (5.16) for z = Zi, and the convergence
properties (5.17), (5.18), (5.19), and (5.20), we get (4.1).

Let us now consider a general i € Y (; R). If supp(it) € Q x (—o0, 1],
then pu, % . Therefore, D(u,, i) = oo and (E3) is proved, so let us assume that
supp(1) € @ x (—o0, 1]. We define 1 € Y(2; [0, 1]), by setting:

/ Fx.0) dii(x, 9):=/ F(x.6) dmx,e>+/ F(x.0) A, 6),
QxR Qx(0,1] Qx(—00,0]

for every bounded Borel function f: 2 xR — R.It can be seen immediately that if
ur = [, then ;> fi.Indeed, leta € [0, 1], then 2* (v, 11 = 2" (o, 1] < i (e, 11,
and, if @ < 0, " (e, 1] = *[0, 1] = 1 = u;[0, 1] = u} (@, 1], for almost every
x € Q.

We claim that

(W, (1" ® 8e(5)(x))xe) —/ 0 du(x, 0)
QxR

S (W, (0 ® 8eiy(x))xeq) —/ 0 dji(x, 0).
QxR

Indeed, we have

/ 6 d;l(x,e):/ 6 dﬁ(x,9)+/ 0 di(x. 6)
QxR Qx(0,1] Qx (—00,0]

3/ 0 d;l(x,@)—}-/ 0 di(x, 0) :/ 0 dji(x,6).
Qx(0,1] Qx(—00,0] QxR

On the other hand, thanks to (W.5) we have

W, e(v)(x)) du(x, 0)
QxR

-, on " & e dit. 6) + [ woemw) diw.o)

Qx (—00,0]

= /Q o] W@, e(®)(x)) dx(x, 0) —|—/ W, e(d)(x)) dir(x, 0)

Qx (—00,0]

= W0, e(®)(x)) dii(x, 0).
QxR

The claim is hence proved, and we have that
(W, (1" ® 8eiyx)xeq) + D(us, 1) = (W, (15 ® 8eiy(x))xeq + D(1s, f1)).

We have checked that the global stability for the internal variable (E3) holds for
€ Y(2; R) as well.
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5.7. Upper Energy Estimate

First of all we observe that, thanks to the irreversibility property (E1) and
Theorem 2, we have, for every t € [0, T,

Diss(v; 0, 1) =/ p(zo(x) — 0) dmy(ve)(x, 0).
QxR
Since z, (s) 2 z¢, (f) almost everywhere in 2, whenever s < ¢, we have

Diss(zy,: 0, 1) = /Q (o) = 0) B, 0 (x.6)

We have that 821 (,) — m1(v;) weakly*, and hence we get DISS(ZT 5 ;0,1) —
Diss(v; 0, t) as k —> oo. Letus fix ¢t € [0, T]. We have

(W, v;) + Diss(v; 0, 1) = limkinf [W(z-, (1), e(ve, (1)) + Diss(z¢ 5 0,1)].
e e Mk

By using estimate (5.9), we deduce that
(W, vs) + Diss(v; 0, £)

Tt (1)
< lim inf |:W(zo, e(vo)) +/ . (o, (5), e(@(s))) ds + Pn;(:|
0
Tn (1)
< Wi(zo, e(vo)) + lim SUP/ (0n(s), e(@(s))) ds + lim sup py,
n 0 n

where

(1) oW
o= [T [ G900, 6) = 0,00+ 960
0 Q" 0¢

ow
~ g Gu(9), ey, (S)))) e(@(s)) dX} ds.

Since sup, ,, ||z, (1) |12 is finite thanks to estimate (5.11), by Fatou’s Lemma we
get

n

(1) T
limsup/o (0a(s), e(@(s))) ds 2/0 lim sup 1jo,,1)1{0n (5), e(@(s))) ds

t
_ /O (0(5).e(p(5))) ds

Finally we apply the following lemma with X = Q, H = 38 ,q=2,9,=
(27, (5), e(v, (), Wy := (0, e(@r, (s) — ¢(5))), and = e(p(s)).
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Lemma 4. [10, Lemma 4.9] Let (X, A, ) be a finite measure space, let g > 1,
let m,n > 1, and let H: X x RN — R™ be a Carathéodory function. Assume
that there exist a constant a 2 0 and a nonnegative function b € Lq/(X), with
q' = q/(q — 1), such that

|H(x, 6| < als|™" + b(x)
forevery (x, &) € X xRN, Let ®, and ¥, be two sequences in LY (X; RN). Assume
that ®,, is bounded in LY(X; RN) and ¥, converges to 0 strongly in L1(X; RV).
Then
/[H(x, Dy (x) + Wy (x)) — H(x, $p(x)]P(x) du(x) — 0
X
for every ® € L1(X; R™).
We obtain

oW
/ (_8 (21, (5), e(vr, (5) = ¢r, (5) + 9(5)))
Q &

oW
- g(zm (s), e(vy, (S)))):e(fb(S)) dx — 0,

as n — oo, for almost every s € [0, T']. Moreover, we have

ow ow
‘/ (a_(zr,, (5), e(vg, () — @, () + 0(5))) — ——(21,(5), e(vy, (S))))
Q & de

re(@(s)) dx

t
= E(Su? lle(uz, (2 + Sltlp/ le(@(s)ll2ds + 1) lle(@ ()2
n, =1,

< Clle(g(s)l2 € L'([0, T1),

for almost every s € [0, T]. Therefore, by Dominated Convergence we get
lim,, p, = 0, and we can deduce that

t
(W, v;) + Diss(v; 0,1) = W(zo,e(vo))+/ (0(s), e(@(s)))ds.  (5.21)
0

5.8. Lower Energy Estimate

To prove the lower energy estimate, we proceed in the same way as in [12,
Subsection 7.6]. We recall the main passages for the reader’s convenience. Let us
denote 71 (v;) by u; for every r € [0, T]. Lets < ¢, with s € [0,T] N Q and
t € [0, T]. Thanks to the minimality property satisfied by (z;,, vy,), the fact that
27, (8) 2 z4,(t) almost everywhere in €2, and the triangle inequality for D, we get

W(zg,(s), e(vy, (5)))
S W2y, (1), e(vy, (1) — (1) + ¢(5))) + D(z4,(5), 24, (1))
+Ry (s, 1), (5.22)
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where now
Ry(s, 1) := W(zy, (1), e(ve, (1) + ¢, () — @, (1))
~W(z24, (1), e(vy, (1) — (1) + @(s))).

As in Section 5.3, it is easy to see that R, (s, 1) — 0 asn — oo.
Since s € [0, T]1 N Q, we have
820, (5).e(vr, () — Vs 2r-weakly* asn — oo,

é — v 2r-weakly* as k — oo,
(zrn, (1).eve, (r)))
k k

where n;( is the subsequence chosen in Section 5.4, if r ¢ [0, T] N Q.

Hence, passing to the limit in inequality (5.22) we get

(5.23)

t
(W, vg) = (W, vr) + D(us, 1) —/ (0(1), e(p(r)))dTr + R(s,1), (5.24)

where

! ow ow
R(s, 1) 1=/ / — (0. eF+elp(t) —o@) + —(0.¢)
s QxR xRdxd de ae

:e(o(t)) dv(x, 6, 8)] dr.

By changing the choice of the subsequence in (5.23), we obtain inequality (5.24)

fors € [0, T]and t € [0, T]NQ.

Now we use a measure theoretic result (see [10], or [9, Lemma 4.12] for a
detailed proof), which allows us to approximate a Lebesgue integral by Riemann
sums. For the reader’s convenience we recall the statement of this result in the

formulation of [12].

Lemma 5. Let X be a Banach space, and let F: [0,t] — X be a Bochner inte-
grable function. Then, there exists a sequence of partitions S; = {s;, 0si <

nj}, j € Nofthe interval [0, t], with

0 nj—1 nj
=5 < <s; <s; =1,
I <

i t—sy <y,

0

Sj

i i—1 _ . s A
i —5; =1/j for i=2,...,n; —1,

such that

nj st
lim / "] IF(s) — F(o)|| dr =0,
J = s X
i=1""j

(5.25)
(5.26)
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We apply this Lemma to the functional defined by
F (0,113 T = (e(¢(D)), (0(0), e(@(x))) € L* (2 RT) x R

in order to find a sequence of partitions S; of [0, ¢] satisfying requirements (5.25)
and (5.26), and such that

nj

li;nZ / 7 le@sh) — (@)l dr =0, (5:27)
i=1"%j

lim > / o). e ) — (o (@), e@@)] dr =0, (528)
i=1"%j

' and v; belong to [0, 7] \ Q, we consider /i~ €

Whenever both s;_ ;
i—1

(s;_1 , s;_l +1/j%) N Q, so that the estimate (5.24) holds true for s;_l, t; " and
t;'.*l , s; Hence we get

(W, in_—1> < (W, Vi) + D(/Lyi_—l , ,bL[i_—l) + ]D)(,bbli_—l s i)
S J 5 j j j
i i-1

s’ ) g ) )
- / Cosh, e @) dr - / J @@ = a(sh, e @) dr
S/- S/-

i—1 -1 i-1 i
+R(Sj 7tj )+R(tj ,Sj)~
Summing up with respect to i and using (EQ), we get

W(zo, e(v0)) — (W, vr) — Diss(v; 0, 1)

ij s;‘. ' ij t;—l ' -
< - Z/Fl(o(s;), e(¢(1)))dr — Z/H ((a(t}‘l) —o(s)), e(g(r))) dr
i=1"5j i=1"5]
+ D IRGT LT + RG],
i=1

By arguing as in [11, Lemma 7.5], we deduce that

ij
DIRGT LAY + RET s> 0 as j — oo

i=1

We now use Holder’s inequality and the fact that sup, ||o(¢)[|2 is bounded by esti-
mate (5.11) in order to deduce that

Z/ (0 —a(s)), e(@(x))) dr| —> 0 as j — oo.
i=1"5;
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‘We have

ij s’/ ] t
> / o (s, e(@(en) dr — /O (0(7). e(¢(1))) dT
i=17%j

=

> [ ethegamer =3 [ wh G
i=1"% =175

+ (5.29)

ij Y; ) ) t
> / o), e@(siy) dr — /0 (0(1), e(@(v)) dr .
i=1"5j

Using properties (5.27) and (5.28) it is now possible to show that the two last lines
of (5.29) converge to 0 as j — oo, and hence we get

t
W(Zo,e(vo))+/ (0(1), e(¢(r))) dT = (W, v;) + Diss(v; 0, 1),
0

which, together with inequality (5.21), gives (E4).

Remark 4. (Properties of the barycentre of the evolution) Let W be a convex func-
tion, ¢ € AC([0, T]; W-P(Q;RY)), p > 2, 29 € LY (Q; [0, 1]), vo € ¢(0) +
HO1 (€2 RY), and (vi)tefo, 71 be a damage quasi-static evolution. Let (z5(¢), e(vy (1))
be the barycentre of v, for every ¢. A natural question is whether (z,(2), e(vp(2))
can be seen as a quasi-static evolution, too. Let us focus on the stability condition.
Thanks to Jensen’s inequality, the global stability for the internal variable (E3),
satisfied by v;, gives

W(zp(t), e(vp(1))) = (W, vy)

S (W, (1" ® beiiry)) + ,0[/

QxR

o dmx,e)—/

0 dii(x. e>],
QxR

for every 1 with u, > [t and every v € ¢(t) + Hé (Q; RY). In particular, let us
consider i := §;, for z € L'(Q); we get

Wz (1), e(wp(1))) < WE, e(D)) + /Q Pt — 3) dr,

whenever u; > 8;. Since u, > §; implies z;(¢) = Z almost everywhere in Q2 (see

Remark 1), we get
W(zp (1), e(vp(1))) = W(Z, e(¥)) + D(zp(1), 2). (5.30)

Unfortunately, as observed in Remark 1, it may happen that 7 < z,(r) almost every-
where in €2, but 7% d;. Therefore, the minimality condition (5.30) is true, again,
only for a restricted class of competitors z (specifically, for those with u; > 83),

and is not the desired complete stability property.
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Appendix

In this appendix, we prove a result which has been used in the proof of Theorem 2 in
order to construct a discrete version of a Young measure coupling two other given
measures.

Theorem 5. (Matrix reconstruction) Given fixed n € N, let (A;)}_,, (Bj)’}=1 be
two vectors in [0, 11" satisfying the following conditions:

k k
ZAi éZBf for every k < n, 6.1)

i=1 j=1
n n

> Ai=> B (6.2)

i=1 j=1

Then there exist a matrix (C;;)} j=1 with entries in [0, 1] such that

n
> Cij = B, (6.3)
i=1
n
> ¢y = A (6.4)
j=I

Cl-j=0 ifl'<j. (6.5)

The following lemma will be used to prove Theorem 5, by induction.

Lemma 6. (Iteration) Given two vectors (A;)*_, and (B j)’j’.: y in [0, 11" satisfying

i=1
assumptions (6.1) and (6.2), there exists a vector (Ci1)i_, in [0, 11" such that

Ci1=Ay, (6.6)
Ci1 S A; foreveryi, (6.7)
n
D Cii=Bi, (6.8)
i=1

k k

Z(Ai —Ci1) éZBJ" forevery2 <k <n, (6.9)
i=2 =2

n n

>4 = Ci) =D B (6.10)
=2 j=2

Proof. According to (6.6), let us recursively define

i—1
+
C11 = A], C,‘] = Ai_[Ai_(Bl_zCkl):I s fori > 1.
k=1
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We observe that By — Cj; = B — A1 = 0 by assumption (6.1), and that for i > 2
i—1
By — ZCkl
k=1
i—2
=B — chl —Ci—11
k=1
i—2 i—2 +
=B — ch] - [Ail - |:Ai1 - (Bl - chl)] ]
k=1 k=1
i—2 i— +
= —[Ail - (31 - chl) + |:Ai1 - (Bl - Ckl)]
k=1 k=1
i—
o foee (o £
k=1

In particular, we have A; — (B — 22;21 Ci) S A and0 S Cjp = A — [A; —
(B1 — >3 Gl £ A; < 1.Hence, C;; € [0, 1] for every i, and condition (6.7)
holds true. _

Now, we show that there exists i such that C;; = By — Z}(_:ll Ck1. By contra-
diction, let us suppose that for every i = 1,...,n we have C;; = A; and hence
A; < B; — Z;;ll Ck1. In particular, thanks to assumption (6.2), we have

1\

0.

n—1 n—1 n n
Ay < By _chl :Bl_zAk:Bl_ZBk+An Z—ZBkvLAn,
k=1 k=1 k=1 k=2

which is a contradiction since B; = 0 for every j. Hence, there exists i such
that A;; = By — ;(_:11 Ck1- This implies that C;; = 0 for every i > i and that
S Cii=Y_, Ci =21 i+ B — 312! Cit = By, so condition (6.8) is
satisfied.

Using C11 = A1 and (6.8), we obtain condition (6.10). Indeed, we have

n n n n n n
DAi=Ci)=D Ai=D> Ci=> Ai—Bi=Y Bj—Bi =Y B
i=2 i=1 i=1 i=1 j=1 j=2

It remains only to show inequality (6.9). We prove it by induction on k. For k = 2,
wehave Ay —Cy1 = [A2—(B1—A)]T = [A1+A2—B1]" =0V[A|+A,—B1] £
0V B, = B», thanks to assumption (6.1). Let us now assume that inequality (6.9)
holds for k — 1. Thanks to condition (6.7) and assumption (6.1), we have

k

k—1
D (Ai = Cin) = D (Ai = Ci) + Ax — Cu
i=2

i=2
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k—1 k—1 4
= (Ai—Ci1)+[Ak—(Bl —ZCil)]

i=2 i=1
=§(Ai —c+[ov (A - B +kilcn)]

i=1

~
[
LR

k

k-1 k
= (Ai—Cil)V(ZAi—Bl)§Z(Ai—Ci1)VZBj;
i=2 =

i i=1

the inductive hypothesis implies that Zf:zl (A; — Cip) £ Z];;% B; < 21;22 Bj,
and hence we can conclude that (6.9) holds true for every k =2 2. O

We are now able to prove Theorem 5.

Proof of Theorem 5. For j = 1 we define C;; as in Lemma 6. For 2 < j < n,
we repeat the construction of Lemma 6, with (Ai)?zl, (B j);le substituted by the

vectors (A; — lec;} Cik)?:j and (Bk)Z:j. Thanks to properties (6.9) and (6.10) we

can prove by induction that the vectors (A; — Zi;]l Cir)i_ j and (By)j_ j satisfy
the assumption of the lemma. For i < j, we define C;; := 0, so that condi-
tion (6.5) is satisfied. Due to identity (6.8), condition (6.3) holds true for every j.
Thanks to this construction, we have C;; = A; — Zj;ll Cijy for every i. In partic-

ular, Z?:l Cij = z;zl Cij = Ci; + 23;11 Cij = A, for every i, and therefore
property (6.4) is fulfilled. O
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