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Combinatorial Commutative Algebra — Introduction

Combinatorial objects
(e.g., simplicial complexes, graphs
hypergraphs,convex polytopes,...).

←→
Subrings, ideals, and

quotient rings of polynomial
rings K[t1, . . . , ts ].

Stanley-Reisner ring

 Upper bound conjecture for spheres;

edge ideal and edge subring of a graph;

toric ideal of a graph, binomial edge ideals,...;

Reisner (1976). Adv. Math.

Stanley (1975). Studies in Applied Math.

Simis, Vasconcelos, Villarreal (1994). J. Algebra.
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Gonçalo Nuno Mota Varejão March 24, 2025 2 / 10



Combinatorial Commutative Algebra — Introduction

Combinatorial objects
(e.g., simplicial complexes, graphs
hypergraphs,convex polytopes,...).

←→
Subrings, ideals, and

quotient rings of polynomial
rings K[t1, . . . , ts ].

Stanley-Reisner ring  Upper bound conjecture for spheres;

edge ideal and edge subring of a graph;

toric ideal of a graph, binomial edge ideals,...;

Reisner (1976). Adv. Math.

Stanley (1975). Studies in Applied Math.

Simis, Vasconcelos, Villarreal (1994). J. Algebra.
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Eulerian ideal — Eulerian set

G a simple graph, with VG = {1, . . . , n}, and |EG | ≥ 2;

Definition

C ⊆ EG is Eulerian ⇔ degC (v) =
∑
e∈C
|e ∩ {v}| is even, ∀v ∈ VG .

C ⊆ EG is Eulerian ⇔ C is the edge-disjoint union of cycles.

C C
Eulerian set ⇔ edge-disjoint union of cycles
|C | even with an even number of odd cycles.
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Eulerian ideal — Definition

G a simple graph

 K[te : e ∈ EG ];

Notation: J ⊆ EG  tJ =
∏
e∈J

te ;

C ⊆ EG Eulerian set with |C | even

⇒ C = J t L, with |J| = |L|;

J, L ⊆ EG :
J ∩ L = ∅, |J| = |L|,  tJ − tL

J t L Eulerian,

(Eulerian binomial).

Definition

The Eulerian ideal of G , denoted I (G ), is the ideal generated by{
t2
e − t2

` | e, ` ∈ EG

}
∪
{
tJ − tL | J tL Eulerian, J ∩L = ∅, |J| = |L|

}
.
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Eulerian ideal — Examples

K[te : e ∈ EG ]

Definition

The Eulerian ideal of G , denoted I (G ), is the ideal generated by{
t2
e − t2

` | e, ` ∈ EG

}
∪
{
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}
.

tJ − tL ∈ I (G )⇒ J t L Eulerian set and |J t L| even.
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Gonçalo Nuno Mota Varejão March 24, 2025 5 / 10



Eulerian ideal — Examples

K[te : e ∈ EG ]

Definition

The Eulerian ideal of G , denoted I (G ), is the ideal generated by{
t2
e − t2

` | e, ` ∈ EG

}
∪
{
tJ − tL | J tL Eulerian, J ∩L = ∅, |J| = |L|

}
.

tJ − tL ∈ I (G )⇒ J t L Eulerian set and |J t L| even.

1

43

52
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Gonçalo Nuno Mota Varejão March 24, 2025 5 / 10



Eulerian ideal — Examples

K[te : e ∈ EG ]

Definition

The Eulerian ideal of G , denoted I (G ), is the ideal generated by{
t2
e − t2

` | e, ` ∈ EG

}
∪
{
tJ − tL | J tL Eulerian, J ∩L = ∅, |J| = |L|

}
.

tJ − tL ∈ I (G )⇒ J t L Eulerian set and |J t L| even.

1 2

34

5

6
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Eulerian ideal — Examples

K[te : e ∈ EG ] = K[t12, t14, t23, t34];
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Eulerian ideal — Examples
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Eulerian ideal — Examples
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Eulerian ideal — (T , p)-joins

tJ − tL ∈ I (G );

J t L even cardinality Eulerian set;

∀v ∈ VG , degJtL(v) = degJ(v) + degL(v) even.

degJ(v) odd ⇔ degL(v) odd, ∀v ∈ VG ;

T =

{v ∈ VG : degJ(v) odd} = {v ∈ VG : degL(v) odd};

Definition

For T ⊆ VG , p ∈ Z2 = {0, 1}, and a set A ⊆ EG ,

A is a (T , p)-join⇔ T = {v ∈ VG : degA(v) odd} and p = |A|+2Z.
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(T , p)-joins — Examples

Definition

For T ⊆ VG , p ∈ Z2 = {0, 1}, and a set A ⊆ EG ,

A is a (T , p)-join⇔ T = {v ∈ VG : degA(v) odd} and p = |A|+2Z.

1 2

34

5

6

T = {1, 3}, p = 0;

J ⊆ EG is a minimum cardinality (T , p)-join, for some (T , p),
⇐⇒

∀C ⊆ EG Eulerian with |C | even, |J ∩ C | ≤ |C |
2 .
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Eulerian ideal — equivalent (T , p)-joins

J, L minimum cardinality (T , p)-joins, with (T , p) ∈ VG × Z2;

Definition

If ∃ J0, . . . , Jr minimum cardinality (T , p)-joins:

J0 = J, Jr = L and Ji ∩ Ji+1 6= ∅, ∀i ,

we say J and L are equivalent and write J ∼ L.

1 2 3

456

T = {1, 4} and p = 1;
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Eulerian ideal — Maximal generating degree

d(G ) greatest deg of a minimal homogeneous generator of I (G );

Theorem

d(G ) = max{2, |J| : J minimum cardinality (T , p)-join : ∃ L � J}.
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34

5

6

T = ∅ and p = 1

⇒ minimum c. (T , p)-joins ⇔ odd cycles;

{{2, 5}, {2, 6}, {5, 6}} � to any other odd cycle;

t25t26t56 − t12t23t13

⇒ d(G ) = 3.
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The end!

Thank you for your attention !
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