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@ Stanley-Reisner ring ~~ Upper bound conjecture for spheres;
@ edge ideal and edge subring of a graph;

@ toric ideal of a graph, binomial edge ideals,...;

Reisner (1976). Adv. Math.
Stanley (1975). Studies in Applied Math.
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e G asimple graph, with Vg ={1,...,n}, and |Eg| > 2;

Definition
C C Eg is Eulerian < deg(v) = > |en{v}| is even, Vv € V.
ecC

o C C Eg is Eulerian < C is the edge-disjoint union of cycles.

C C
o Eulerian set < edge-disjoint union of cycles
|C| even with an even number of odd cycles.
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Eulerian ideal — Definition

o G a simple graph
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J, L - EG .
e JNL=0, |[J]=]L|, ~ ty—t; (Eulerian binomial).
J U L Eulerian,

Definition
The Eulerian ideal of G, denoted /(G), is the ideal generated by

{2—t7 | e,t € Eg}U{t,—t, | JUL Eulerian,JNL = 0,]J] = |L|}.

Neves, Vaz Pinto, Villarreal (2020). J. Algebra
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Eulerian ideal — (T, p)-joins

ettt ¢ /(G);
@ J U L even cardinality Eulerian set;
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Eulerian ideal — (T, p)-joins

o t)—t, €I(G);

@ J U L even cardinality Eulerian set;

e Vv € Vg, deg, ;(v) = deg,(v) + deg,(v) even.
@ deg,(v) odd < deg,;(v) odd, Vv € Vg;

° {v € Vi : deg (v) odd} = {v € Vi : deg,(v) odd};
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Eulerian ideal — (T, p)-joins

o t)—t, €I(G);

@ J U L even cardinality Eulerian set;

e Vv € Vg, deg, ;(v) = deg,(v) + deg,(v) even.
@ deg,(v) odd < deg,;(v) odd, Vv € Vg;

o T ={ve Vs:deg,(v)odd} = {v e Vi :deg;(v) odd};

Definition
For T C Vg, p€Zy={0,1}, and a set A C Eg,

Aisa (T,p)-join < T ={v e Vi :degy(v) odd} and p = |A|+2Z.
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(T, p)-joins — Examples

Definition
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(T, p)-joins — Examples

Definition
For T C Vg, p€Zy={0,1}, and a set A C Eg,

Aisa (T,p)-join = T ={v € Vi :degy(v) odd} and p = |A|+2Z.

4 3 6

® t1oto3 — t14t34;
o T={1,3}, p=0;

e J C Eg is a minimum cardinality (T, p)-join, for some (T, p),
<~
VC C Eg Eulerian with |C| even, [Jn C| < §I.

Gongalo Nuno Mota Varejdo March 24, 2025 7 /10



(T, p)-joins — Examples

Definition
For T C Vg, p€Zy={0,1}, and a set A C Eg,

Aisa (T,p)-join = T ={v € Vi :degy(v) odd} and p = |A|+2Z.

4 3 6
[
1 2 5

® t1oto3 — t14t34;
o T={1,3}, p=0;

e J C Eg is a minimum cardinality (T, p)-join, for some (T, p),
<~
VC C Eg Eulerian with |C| even, [Jn C| < §I.

Gongalo Nuno Mota Varejdo March 24, 2025 7 /10



(T, p)-joins — Examples

Definition
For T C Vg, p € Zp = {0,1}, and a set A C Eg,

Aisa (T,p)-join = T ={v € Vi :degy(v) odd} and p = |A|+2Z.

4 3 6
1 2 5

® t1oto3 — t14t34;
o T={1,3}, p=0;

e J C Eg is a minimum cardinality (T, p)-join, for some (T, p),
<~
VC C Eg Eulerian with |C| even, [Jn C| < §I.

Gongalo Nuno Mota Varejdo March 24, 2025 7 /10



(T, p)-joins — Examples

Definition
For T C Vg, p€Zy={0,1}, and a set A C Eg,

Aisa (T,p)-join = T ={v € Vi :degy(v) odd} and p = |A|+2Z.

4 3 6

® t1oto3 — t14t34;
o T={1,3}, p=0;

e J C Eg is a minimum cardinality (T, p)-join, for some (T, p),
<~
VC C Eg Eulerian with |C| even, [Jn C| < §I.

Gongalo Nuno Mota Varejdo March 24, 2025 7 /10



(T, p)-joins — Examples

Definition
For T C Vg, p€Zy={0,1}, and a set A C Eg,

Aisa (T,p)-join = T ={v € Vi :degy(v) odd} and p = |A|+2Z.

4 3 6

® t1oto3 — t14t34;
o T={1,3}, p=0;

e J C Eg is a minimum cardinality (T, p)-join, for some (T, p),
<~
VC C Eg Eulerian with |C| even, [Jn C| < §I.

Gongalo Nuno Mota Varejdo March 24, 2025 7 /10



Eulerian ideal — equivalent (T, p)-joins

@ J, L minimum cardinality (T, p)-joins, with (T, p) € Vg X Zo;

Gongalo Nuno Mota Varejdo March 24, 2025 8 /10



Eulerian ideal — equivalent (T, p)-joins

@ J, L minimum cardinality (T, p)-joins, with (T, p) € Vg X Zo;

Definition
If 3 Jo,...,Jr minimum cardinality (T, p)-joins:
Jo=J, Jy=~Land JiNnJi1 #0, Vi,

we say J and L are equivalent and write J ~ L.

Gongalo Nuno Mota Varejdo March 24, 2025 8 /10



Eulerian ideal — equivalent (T, p)-joins

@ J, L minimum cardinality (T, p)-joins, with (T, p) € Vg X Zo;

Definition
If 3 Jo,...,Jr minimum cardinality (T, p)-joins:
Jo=J, Jy=~Land JiNnJi1 #0, Vi,

we say J and L are equivalent and write J ~ L.

Gongalo Nuno Mota Varejdo March 24, 2025 8 /10



Eulerian ideal — equivalent (T, p)-joins

@ J, L minimum cardinality (T, p)-joins, with (T, p) € Vg X Zo;

Definition
If 3 Jo,...,Jr minimum cardinality (T, p)-joins:
Jo=J, Jy=~Land JiNnJi1 #0, Vi,

we say J and L are equivalent and write J ~ L.

o T={1,4} and p =1,

Gongalo Nuno Mota Varejdo March 24, 2025 8 /10



Eulerian ideal — equivalent (T, p)-joins

@ J, L minimum cardinality (T, p)-joins, with (T, p) € Vg X Zo;

Definition
If 3 Jo,...,Jr minimum cardinality (T, p)-joins:
Jo=J, Jy=~Land JiNnJi1 #0, Vi,

we say J and L are equivalent and write J ~ L.

o T={1,4} and p =1,

{1,2},{2,3},{3,4} ~ {1,2},{2,5},{4,5} ~ {1,6},{5,6}, {4,5}

Gongalo Nuno Mota Varejdo March 24, 2025 8 /10



Eulerian ideal — equivalent (T, p)-joins

@ J, L minimum cardinality (T, p)-joins, with (T, p) € Vg X Zo;

Definition
If 3 Jo,...,Jr minimum cardinality (T, p)-joins:
Jo=J, Jy=~Land JiNnJi1 #0, Vi,

we say J and L are equivalent and write J ~ L.

o T={1,4} and p =1,

{1,2},{2,3},{3,4} ~ {1,2},{2,5},{4,5} ~ {1,6},{5,6}, {4,5}

Gongalo Nuno Mota Varejdo March 24, 2025 8 /10



Eulerian ideal — equivalent (T, p)-joins

@ J, L minimum cardinality (T, p)-joins, with (T, p) € Vg X Zo;

Definition
If 3 Jo,...,Jr minimum cardinality (T, p)-joins:
Jo=J, Jy=~Land JiNnJi1 #0, Vi,

we say J and L are equivalent and write J ~ L.

o T={1,4} and p =1,

{1,2},{2,3},{3,4} ~ {1,2},{2,5},{4,5} ~ {1,6},{5,6}, {4,5}

Gongalo Nuno Mota Varejdo March 24, 2025 8 /10



Eulerian ideal — equivalent (T, p)-joins

@ J, L minimum cardinality (T, p)-joins, with (T, p) € Vg X Zo;

Definition
If 3 Jo,...,Jr minimum cardinality (T, p)-joins:
Jo=J, Jy=~Land JiNnJi1 #0, Vi,

we say J and L are equivalent and write J ~ L.

o T={1,4} and p =1,

{1,2},{2,3},{3,4} ~ {1,2},{2,5},{4,5} ~ {1,6},{5,6},{4,5}

Gongalo Nuno Mota Varejdo March 24, 2025 8 /10



Eulerian ideal — equivalent (T, p)-joins

Definition
If 3 Jo,...,Jr minimum cardinality (T, p)-joins:
Jo=J, Jy=~Land JinJi1 #0, Vi,

we say J and L are equivalent and write J ~ L.

e T ={1,4} and p=1;
{1,2},{2,3},{3,4} ~ {1,2},{2,5},{4,5} ~ {1,6},{5,6},{4,5}

® tiotr3tas — tistsptas = tio(t23t3a — tostas) + tas(tiotos — tistse)

Gongalo Nuno Mota Varejdo March 24, 2025 8 /10



Eulerian ideal — equivalent (T, p)-joins

Definition
If 3 Jo,...,Jr minimum cardinality (T, p)-joins:
Jo=J, Jy=~Land JinJi1 #0, Vi,

we say J and L are equivalent and write J ~ L.

e T ={1,4} and p=1;
{1,2},{2,3},{3,4} ~ {1,2},{2,5},{4,5} ~ {1,6},{5,6},{4,5}

® tiotratss — tistsptas = tio(to3t3s — tostas) + tas(tiotos — tistse)

Gongalo Nuno Mota Varejdo March 24, 2025 8 /10



Eulerian ideal — Maximal generating degree

e d(G) greatest deg of a minimal homogeneous generator of /(G);

Gongalo Nuno Mota Varejdo March 24, 2025 9 /10



Eulerian ideal — Maximal generating degree

e d(G) greatest deg of a minimal homogeneous generator of /(G);

e if C C Eg is the only even cardinality Eulerian set, d(G) = %

Gongalo Nuno Mota Varejdo March 24, 2025 9 /10



Eulerian ideal — Maximal generating degree

e d(G) greatest deg of a minimal homogeneous generator of /(G);

e if C C Eg is the only even cardinality Eulerian set, d(G) = %

d(G) = max{2, |J| : J minimum cardinality (T, p)-join : 3 L » J}.

Gongalo Nuno Mota Varejdo March 24, 2025 9 /10



Eulerian ideal — Maximal generating degree

e d(G) greatest deg of a minimal homogeneous generator of /(G);

e if C C Eg is the only even cardinality Eulerian set, d(G) = %

d(G) = max{2, |J| : J minimum cardinality (T, p)-join : 3 L » J}.

4 3 6

Gongalo Nuno Mota Varejdo March 24, 2025 9 /10



Eulerian ideal — Maximal generating degree

e d(G) greatest deg of a minimal homogeneous generator of /(G);

e if C C Eg is the only even cardinality Eulerian set, d(G) = %

d(G) = max{2, |J| : J minimum cardinality (T, p)-join : 3 L » J}.

4 3 6

e T=0andp=1

Gongalo Nuno Mota Varejdo March 24, 2025 9 /10



Eulerian ideal — Maximal generating degree

e d(G) greatest deg of a minimal homogeneous generator of /(G);

e if C C Eg is the only even cardinality Eulerian set, d(G) = %

d(G) = max{2, |J| : J minimum cardinality (T, p)-join : 3 L » J}.

4 3 6

1 2 5

@ T =( and p=1= minimum c. (T, p)-joins < odd cycles;

Gongalo Nuno Mota Varejdo March 24, 2025 9 /10



Eulerian ideal — Maximal generating degree

e d(G) greatest deg of a minimal homogeneous generator of /(G);
|

e if C C Eg is the only even cardinality Eulerian set, d(G) = |7

d(G) = max{2, |J| : J minimum cardinality (T, p)-join : 3 L » J}.

4 3 6
[
1 2 5

@ T =( and p=1= minimum c. (T, p)-joins < odd cycles;

March 24, 2025 9 /10

Gongalo Nuno Mota Varejdo



Eulerian ideal — Maximal generating degree

e d(G) greatest deg of a minimal homogeneous generator of /(G);

e if C C Eg is the only even cardinality Eulerian set, d(G) = %

d(G) = max{2, |J| : J minimum cardinality (T, p)-join : 3 L » J}.

4 3 6
1 2 5

@ T =( and p=1= minimum c. (T, p)-joins < odd cycles;

Gongalo Nuno Mota Varejdo March 24, 2025 9 /10



Eulerian ideal — Maximal generating degree

e d(G) greatest deg of a minimal homogeneous generator of /(G);

e if C C Eg is the only even cardinality Eulerian set, d(G) = %

d(G) = max{2, |J| : J minimum cardinality (T, p)-join : 3 L » J}.

4 3 6
1 2 5

@ T =( and p=1= minimum c. (T, p)-joins < odd cycles;

Gongalo Nuno Mota Varejdo March 24, 2025 9 /10



Eulerian ideal — Maximal generating degree

e d(G) greatest deg of a minimal homogeneous generator of /(G);
|

e if C C Eg is the only even cardinality Eulerian set, d(G) = |7

d(G) = max{2, |J| : J minimum cardinality (T, p)-join : 3 L » J}.

4 3 6
[
1 2 5

@ T =( and p=1= minimum c. (T, p)-joins < odd cycles;

March 24, 2025 9 /10

Gongalo Nuno Mota Varejdo



Eulerian ideal — Maximal generating degree

e d(G) greatest deg of a minimal homogeneous generator of /(G);
|

e if C C Eg is the only even cardinality Eulerian set, d(G) = %l

d(G) = max{2, |J| : J minimum cardinality (T, p)-join : 3 L » J}.

4 3 6
[
1 2 5

@ T =( and p=1= minimum c. (T, p)-joins < odd cycles;

o {{2,5},{2,6},{5,6}} ~ to any other odd cycle;

Gongalo Nuno Mota Varejdo March 24, 2025 9 /10



Eulerian ideal — Maximal generating degree

e d(G) greatest deg of a minimal homogeneous generator of /(G);

e if C C Eg is the only even cardinality Eulerian set, d(G) = %

d(G) = max{2, |J| : J minimum cardinality (T, p)-join : 3 L » J}.

@ T =( and p=1= minimum c. (T, p)-joins < odd cycles;
o {{2,5},{2,6},{5,6}} ~ to any other odd cycle;

@ tosirgtse — t12t23113

Gongalo Nuno Mota Varejdo March 24, 2025 9 /10
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|

e if C C Eg is the only even cardinality Eulerian set, d(G) = %l
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