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Motivation
e Stanley introduced the notion of differential posets, as a generalization
of Young's lattice of integer partitions.

e Young's lattice Y and the Young—Fibonacci lattice YT are the extreme
examples of differential posets.

e Young's lattice Y is associated with
— symmetric groups,
— ring of symmetric functions,

— character rings of symmetric groups.

Are there similar algebraic structures associated with the
Young—Fibonacci lattice YIF?
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Notations
Let (P, <) be a partially ordered set (poset for short).

o let r, y € P. We say that x is covered by vy, denoted by = < v, if
x < y and thereisno z € P suchthat z < z < y.

e For x € P, we put
CT(z)={yec P:x<y}, C(x)={ye P y<uxz}.



Differential posets

(Stanley) A poset P is called differential if it satisfies the
following three conditions:
(1) P is a graded poset with #P,, < co for n = 0,1,2,..., and has
the minimum element 0.

(2) If x #y in P, then #(CT(z) NCH(y)) = #(C~ () N C~ (y)).
(3) If x € P, then #C T (z) = 1 + #C (x).

Let P be a graded poset satisfying Condition (1) above. Let CP
be the complex vector space with a basis P and define linear maps

UD:CP—CP by
Z y, Dx = Z Z.
yeCt(x zeC'~(x)

(Stanley)
P is differential <= DU — UD = 1.



Young’s lattice Y
We define a partital ordering > on the set Y of all partitions by

A> <= \N>pu(t=12,...) < D\ D D(u).
The resulting poset Y, called Young's lattice, is a differential poset.
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Young—Fibonacci lattice YF

The Young—Fibonacci lattice is the set YIF of all finite words of 1 and
2, with the partial order given by the following covering relations:

C(lv) ={v}, C (20)=C"(v).

Then YIF is a differential poset.
#YIF,, is the nth Fibonacci number.
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Representation theory of symmetric groups

Let S,, be the symmetric group of n letters {1,2,...,n}. It is classi-
cally known that

e The irreducible representations of G,, over C are indexed by partitions

of n:
[rr(&y) «— Yo, (S +— A,

where Ir1(Sy,) is the set of isomorphism classes of irrducible repsen-
tations of &,,, and Y, is the set of partitions of n.

o dim S = f>‘ = number of standard tableaux of shape A.

e The restriction of S* to the subgroup &,,_; = {0 € &, : o(n) = n}
Is decomposed as
S A~ u
Resgz_1 S7 = @ S”.
<<



Ring of symmetric functions
Let R(S,,) be the Grothendieck group of representations of G,
R(&,) = P Z[SY.
AEY ),
The direct sum of the Grothendieck groups
R(G.) = (P R(&,)
n>0
has a structure of commutative, associative, graded ring with respect to

Vo W] = [ndg" s, (VEW)].

mXGn
where V' and W are representations of G,,, and G,, respectively. More-
over, the graded ring R(G,) is isomorphic to the ring A of symmetric
functions via the correspondence [S*] — sy (Schur function).

R(Ge) = A,  [SY +— s).



Character table of symmetric groups

The character table (Xa)Oé,)\EYn is the transition matrix between Schur
functions {s)} \cy, and power-sum functions {pa }qey,:

Pa = Z Xézs)\'

€Y,
If we define U and D : A — A by

Us) = ZSW Dsy = Zsy,

(3> V<A
and m(«) denotes the multiplicity of 1 in a partition «, then
Upa = pau(1):  DPpa =mi(a)pg 1)-
Moreover, we have

<3)\a SM> — 5)\,,ua <pomp5> — 5a,ﬁzom

where zo = | [;>1¢""m;! for a = 17122 . .



Properties of character table of symmetric groups

We have
I A A
D T XaXa =0 D XaX3 = o570
and ' '
n! n!
— € N, Z — =nl,
2o 2oy
acY),

where N is the set of nonnegative integers.

1
Gu= D —Xaxaxs €N,
IS “a
and the degree n part A\, has a structure of fusion algebra at alge-
braic level with structure constants gK)M with respect to Schur functions

{sAfaey, -



Fusion algebra at algebraic level (1/2)

(Bannai) Let A be an commutative associative algebra over
C with basis aq, ..., a, and structure constants Afj defined by

r
k
aﬂl'a/j = Z Al,jak
k=1

We call A a fusion algebra at algebraic level if the following four condi-
tions are satisfied:

(a) Afj e R;

(b) There exists an involutive bijection [r] 3 i — i € [r] such that

Eo Ak E A
Al = AF o AF = A

1,7 1,77 7]7

(c) aj is the identity element of A;
(d) There exists a linear representation A : A — C such that A(a;)

are positive real number for all 7 € [r].



Fusion algebra at algebraic level (2/2)
A fusion algebra A is called strictly integral if

Aj €N, Ala;) €N.

Let A = (aj,...,a,) and B = (by,...,bs) be two fusion algebras.
An algebra homomorphism F' : A — B is called a homomorphism of
fusion algebras if

oIfF(a]) ZZ | i jbi, then F ; ERandF = I ;;
e Ao F'=Ay.

We say that F'is integral if A and B are strictly integral and F; ; € N
for all 2 and j.



Character rings of finite groups

For a finite group G, let Rc(G) be the (complexified) Grothendieck
group of finite-dimensional representations of G. Then R¢(G) is a
strictly integral fusion algebra with respect to

e the product given by [V] x [W] = [V ®c W];
e the basis consisting of the classes of irreducible representations of G;
e the homomorphism A given by A([V]) = dim V.

The structure constants are given by

1
A%[W] = %0 > xvigxwlgxolg™):

gelG
Moreover, if H is a subgroup of (&, then the restriction map

Res: Rp(G) — Re(H), [V]w— [RGS]CSI V]

is an integral homomorphism of fusion algebras.



Young—Fibonacci algebra

(Okada) Let F;, be the associative algebra over C defined by
the following presentation:

generators : Fy, Fo, ..., B, _1,
relations : EZ2 =z, B (t=1,...,n—1),
Eiv1EiEi1=FEiq (i=1,...,n—2),
EiE; = E;E; (if |i — j| > 2).
where x = (x1, 29, ... ) are complex parameters. If the parameters x are
generic, then we have
(1) The algebra F;, is a semisimple algebra of dimension n!, and its
irreducible representations are indexed by words in YI¥,,:

rr(Fp) <— YF,
Vo] +— v

(2) For the inclusion F,_1 = (Eq, ..., E,_9) C Fp, we have
Res;_-:”_1 Vi, = @ V.

n
U<V



Direct sum of Grothendieck groups for YI[F-algebras
Let R(F;,) be the Grothendieck group of representations of Fj:

Then the direct sum of the Grothendieck groups
— @ R<~Fn)
n>0

has a structure of associative graded ring with respect to

Vo [Vi] = | Indm i, (Vu R V)|,

where V,, and V), are irreducible representations of F,, and F,, respec-
tively, and V), is the corresponding irreducible representation of F) =

<E%n+1w--aﬁkn+n—1)



YF-analogue of Schur functions

Let R = Z(X,Y) be the noncommutative polynomial ring in two

variables X and Y, which is equipped with a graded ring structure R =
D.,,>0 LB given by deg X =1 and deg Y = 2.
We define YIF-Schur functions s, € R inductively as follows:

sp=1, S1p =8 X — (Z SZ)Y, S9y = SpY .

Z<]U
Then {sy : v € YF} is a Z-basis of Z(X,Y),
(Okada) The correspondence [V,] — sy (v € YTF) gives a
graded ring isomorphism ¢ : R(Fe) =& R =7Z(X,Y):
R(Fe) = Z(X,Y)
Vo] — sy

Note that p([V1]) = X and ¢(|V5]) =Y.



YF-analogue of power-sum functions
We define YF-power-sum functions p,, € R inductively as follows:
pp=1, pro=puX, D2 =pu(X*— (mv)+2)Y),
where m(v) is the number of 1's at the head of v.
We have

Upv = p1v,  Dpro = m(lv)py,  Dpay =0,
where U, D : R — R are linear maps defined by
Usy = Z Sw, Dsy= Z Sy
w>v U<V
If we define a bilinear form ( , ) on R by (s),s,) =
5%#’ then we have

<pozap5> — 5a,ﬁzaa
where
o = myl(mo + 2)mal - (mypoq 4+ 2)myoq!
for @ = 1712122 .. 211



YF-analogue of the character table

" i 1 . v
We define a “Y[F-character table” X, = (X&)a,veYFn by
Pa= Y  Xasu
veYF,
If n =5, then
221 212 2111 122 1211 1121 1112 11111
221 ( I -1 -1 0 0 —1 1 1 \
212 0 1 -1 -1 1 0 —1 1
2111 -2 -1 -1 3 3 2 1 1
122 0 0 0 1 —1 0 —1 1
12111 O 0 0 -1 -1 2 1 1
11211 -1 1 1 0 0 —1 1 1
nzy o -2 2 —1 1 0 —1 1
i\ s 4 4 03 3 2 1 1 )

Note that this “character table” does not come from any finite groups.



Properties of Y[-character table

The YIF-character table X, satisfies the orthogonality
relations:

1
DIV I D DA R N

acYF, ~¢ vEYT,,
Moreover we have
n! n!
— € Z, E — =nl.
2 2
@ aceYF, @

We define F'(0) € YF,, (0 € &) inductively as follows. Let
F(e)=10fore e &, F(e)=1fore € &y, and

P > F(oy...opn)l if o1 < 09,
0109 ...0p) =
172 " F(o3...0p)2 if o1 > 09.

Then we have
n!

#{o €S, : Flo)=a}l=— (aeYFy,).

2oy



YIF-fusion ring (YF-analogue of the character ring)

Using the YIF-charcter table, we define YIF-Kronecker coefficients g, ,,
by

|
Giv= D, —XaXaXa-
aceYF, @

(Okada) The degree n part R, of Rp = C(X,Y) admits a
structure of strictly integral fusion algebra with product

w
Sy ¥ Sy = E GuvSw-
weYF,

In particular, YIF-Kronecker coefficients g;‘fm are nonnegative integers.
Moreover,
D:Ry,— R,_1, sy ZS“
U<<v
Is a surjective integral homomorphism of fusion algebras.



Reflection-extension of fusion algebras

(Okada) Let A = (ay,...,a,) and B = (by,...,bs) be
fusion algebras, and F' : A — B be a surjective homomorphism of
fusion algebras. Then the direct sum

C=A®B
admits a structure of fusion algebra with product defined by

(av O) ' (alv O) — (CLCL,, O)v (CL, O> ' (07 b) — (07 F(CL)b)v
(0,0) - (0,0') = (E™(bb'), (FF™ — I)(b)),

where F* : B — A is the linear map given by [*(b;) = =1 Li ja;
with F(a;) = > 71 F; jb;. Moreover, the map

G:C— A Glab)=a+ F*b)

Is a surjective homomorphism of fusion algebras.



