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Isomonodromic deformations

We start off with an ODE on
]P)l\{ao, di,ad, ..., ap}.

J <
ZY(2) = A2)Y () '
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Riemann-Hilbert-Birkhoff Problem

Suppose Y(z) € GL(N,C)

dy u Vv .
E(z) ( + > Y(z), U =diag(ui,un,...,un),

72z

and V is off-diagonal and holomorphic.

Rlemann-Hilbert-Birkhoff Problem:

| Stokes Factors S, I Matrix V

Assumption: (Isomonodromy)

dVa = Y [V Vyldlog U(7).
B+y=a
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Power Series

For each Stokes ray I, the Stokes factor is given by,

Si=In+2mi Y > Mm(U(a), ..., U(m))Vay - - - Van,

le U(al),A..,U(am)#o
U(a1+'“+06m)el

a1 =rn—n :>U(a1) =uy — up and Voé1 = V12
ar=r —r =U(as +a2) = w1 — u3 and Vi, 44, = Vis.
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Number of terms and paths on graphs

m

S

10

number of terms

(6;]

42

85

170

341
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Higher dimensions




Multiple Polylogarithms

Definition

Set M;1(z) =1 and, for n > 2, define the function M, : (C*)" — C by the iterated integral

/ dt dt
o PR o 7’
ct—s1 t—sS,_1

where s; = 21 + -+ -+ z;, 1 <7 < n and the path of integration C is the line segment
10, sp[ perturbed if necessary to avoid any point s; € [0, s,] by clockwise arcs.

Mu(z1, ..., zn)

1 dt dt dt dt dr ot
0 t_(Xll..Xm)_lOTO-.-o—o...oioio...o

t t—x bt t
n-times Nm-times
ky km
ni - o Xi " e Xm
('1) Lln17n27---7nm(X17 X2y .- 7Xm) - Zo<k1<v--<k,ﬂ k{’lmkr':qm'
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Example: N = 2 case

0 wvio Lodt dt dt  dt m—1y -
V= Moy 1= | —— 02 T & (Cqym-1 1,....1).
[ ], 1= | T T 0 (-1) i2,...2( )

(m—1)-times

1 7.[.2m—2

Lig, . 2(L.... ) =¢({2}"") = > PR 2. (2m-1)l
O<h<bh<-<lm_1 172 m—1 :

(m—1)-times

We obtain,

1 0 1 2riys, SN/ Vizvaim)
Str = [ oy, SMO/T2T) g |5 She = 127 v
2Tivay N 1 0 ;
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Inverting the power series

The inverse power series is given in the variables s, by

Vo=Y_ Y Fn(U(a1),..., U(am))Sa;Sas - - - Sams

m>1 U(Ot,');éo
a1t tam=a
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Special function

The function L, : (C*)" — C is given by L; = 27/ and, for n > 2,

k—1

—1)k-
Ln Zl; Z Z (Z 27TI kH Mlj+l U(Z’j+17 . 7Zij+1)’

k=1 0=ip<---<ix=n j=0
S,'J.—S,'jilER>o.Sn

where s; = z; + - -+ + Z;.
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The F functions

For each m, the function F,, will be a sum over trees with m leaves.

For m = 3:
U(aq) U(an) U(an) U(as)
N S N S
U(Oél) U(OQ) U(a3) L2 U(a3) U(al) L2
~_1 _ N/ N/
L3 L Ly
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o —L3(U(n) + U(a2), U(as), U(aa) + U(as) + U(as)) L2(U(ar), U(az))L3(U(aa), U(as), U(as))
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U(Oq) U(OQ) U(O¢3) U(Oé4) U(Oé5) U(Oéﬁ) U(Oé7)

~A L N

x —La(U(aq) + U(an) + U(as) + U(aa), U(as) + U(as) + U(az))-

La(U(cu), U(a2), U(es), U(as)) Ls(U(as), U(as), U(ar))
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Example: N = 2 case

We have two Stokes factors:

sin sin(+/vio Vo1
o1 = 2mivp oMW V2vnm) o L sinVvizvnT)
vV ViaVvo1T \ Viavo1m

Recall that since M does not depend on u; nor us, both the L and F functions also do
not depend on w1 and uy. The equation becomes:

1
V12=§ Fom—1(s21512)" " s12.

m>1
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The F functions

Since the functions do not depend on the variables u; and up, we only need to look at
trees up to permutations of their subtrees.

For m = 3:

\/ \/ \/
C N N e Y e

N
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The F functions

Ly, = 2wiM,,. Hence, in particular, we only need to look at trees with even valency
greater than 2.

For m = 3:

NI/ Y NI/
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The F functions

2
(ri3F = —M; = %;
4 4 4
(2mi)oF = —Ms + 3(Ms)? = —-~ + 35 = Sy

There is an identity,

22 (2m — 2)!
2i)2m=122m=2((m — 1)1)2(2m — 1)’

Fom—1 = (
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Fom—1 = > kL )* M H v

k l
kai—1€EN 2m=3
k1+3k3+---+(2m73)k2m,3:2m71

Plugging in the values of My and the induction hypothesis. And after some algebra...

ZH[J_zllz{Q_Jz)_l)rf—l 1 —0

kaj_1!

But these are the odd coefficients of the Taylor series of the exponential function:

SN eiarcsin 2t 1
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Inverted power series

(2m — 2)!
2 = Vvivaim © Z 22m— 2 ) ) (2m— 1)

Sin2m_1(\/ V12 V217T).

Now, we have,

. B (2m —2)! m—
arcsin(x) = Z 2 2((m — 1)1)2(2m — 1)x2 1

m>1
so that,
Vip = 2 arcsin(sin(y/vi2vo1m)).
VVviavarm

We conclude as desired
_ 10 vi2
V= [ . ] |
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Conclusion

—

[Stokes Phenomenon] [Number Theory]

\
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HIGHER DIMENSIONS!!



THANK YOU!



