
Multiple Rogers–Ramanujan type identities for torus
links

Shane Chern

Universität Wien
xiaohangc92@univie.ac.at

Séminaire Lotharingien de Combinatoire 93
Pocinho, Portugal

Mar 25, 2025

Supported by the Austrian Science Fund (No. 10.55776/F1002)

S. Chern (Wien) Rogers–Ramanujan Mar 25, 2025 1 / 23



Motivating Questions

(Elementary School “College Algebra”) Question. How many pairs of
numbers a, b among 0 and 1 are there such that a × b and b × a have the same
remainder if divided by 2?

TRIVIAL(!) Answer: 4: (0, 0), (0, 1), (1, 0) and (1, 1).

(“Abstract Algebra” Week 1(?)) Question. In F2, how many pairs
(A1,B1) ∈ F2

2 are there such that

A1B1 = B1A1.

Answer: 2 × 2 = 4.
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Motivating Questions

(More Challenging) Question. Over F2, how many pairs (A2,B2) ∈ Mat2(F2)2

of two-by-two matrices are there such that

A2B2 = B2A2.

NON(!)-Trivial Answer: 88.
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Motivating Questions

Theorem (Feit–Fine, 1960)

∑
n≥0

|{(A,B) ∈ Matn(Fq)2 : AB = BA}|
|GLn(Fq) |

tn =
∏
i,j≥1

1
1 − q2−jti .

Note. |GLn(Fq) | = qn2 ∏n
j=1(1 − q−j).
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Motivating Questions

Diophantine Equations: Solutions in F2
q:

B2 = A3.

Matrix Diophantine Equations: Solutions in Matn(Fq)2:

B2 = A3

and

AB = BA.
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Algebraic Geometry

Theorem (Huang, 2023)

∑
n≥0

|
{
(A,B) ∈ Matn(Fq)2 : AB = BA and f(A,B) = 0

}
|

|GLn(Fq)|
tn = ẐFq[x,y]/f(x,y)(t),

where f is a given polynomial over Fq.
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Algebraic Geometry
What is ẐFq[x,y]/f(x,y)(t)? Where does it come from?

Answer to Question 2: Algebraic Geometry!

(NOT MY) Answer to Question 1: Let R be the complete local ring of the
germ of a certain K-curve at a K-point with K a fixed field.
By denoting Cohn(R) the stack of R-modules of K-dimension n, the motivic
Cohen–Lenstra zeta function is defined by

ẐR(t) :=
∑
n≥0

[Cohn(R)]tn.

If we normalize R as R̃, then we may define the numerator part:

N̂ZR(t) :=
ẐR(t)
ẐR̃(t)

,

where (with L := [A1] the Lefschetz motive; for K = Fq, we have L = q)

ẐR̃(t) =
∏
j≥0

1
(1 − tL−j−1)s .
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Algebraic Geometry

Interesting Varieties f(x, y):
Torus knots R(2,2k+1): the germ of y2 = x2k+1;
Torus links R(2,2k): the germ of y(y − xk) = 0

(if K is not of characteristic
two, then R(2,2k) also admits the variety y2 = x2k).
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Algebraic Geometry

Andrews–Berndt Conference at Penn State, June 6–9, 2024

S. Chern (Wien) Rogers–Ramanujan Mar 25, 2025 9 / 23



Algebraic Geometry
Torus knots R(2,2k+1)?

Theorem (Huang–Jiang, 2023)

N̂ZR(2,2k+1)(t) =
∑

n1,...,nk≥0

t
∑k

i=1 2niL−
∑k

i=1 n2
i∏k

i=1
∏ni−ni−1

j=1 (1 − L−j)
.

In particular,

N̂ZR(2,2k+1)(±1)

=
∏
j≥0

(1 − L−(2k+3)j−(k+1))(1 − L−(2k+3)j−(k+2))(1 − L−(2k+3)j−(2k+3))

1 − L−j−1 .

Andrews’ multiple Roger–Ramanujan type identity:∑
n1,...,nk≥0

q
∑k

i=1 n2
i

(q; q)nk−nk−1 · · · (q; q)n2−n1(q; q)n1

=
(qk+1, qk+2, q2k+3; q2k+3)∞

(q; q)∞
.
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Algebraic Geometry
Torus links R(2,2k)?

BAD news: There is only an ugly 2k-fold sum-like expression for N̂ZR(2,2k)(t) in
terms of the Hall–Littlewood polynomials.
GOOD news: There is one proved Roger–Ramanujan type identity and another
conjectural one.

Theorem/Conjecture (Huang–Jiang, 2023)

N̂ZR(2,2k)(1) = 1

and

N̂ZR(2,2k)(−1) ?
=

∏
j≥1

(1 − L−2j)(1 − L−(k+1)j)2

(1 − L−j)2(1 − L−(2k+2)j)
.

BAD news AGAIN: N̂ZR(2,2k)(1) = 1 can ONLY be proved by hardcore techniques
in algebraic geometry.
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Algebraic Geometry

Torus links R(2,2k)?

NOT BAD news (to me): There is only an ugly still a 2k-fold sum-like
expression for N̂ZR(2,2k)(t) in terms of the Hall–Littlewood polynomials.

N̂ZR(2,2k)(t)|L 7→q−1 = (tq; q)2
∞Zk(t, q),

where

Zk(t, q) :=
∑

rk≥···≥r1≥0
sk≥···≥s1≥0

t
∑k

i=1(2ri−si)q
∑k

i=1(r
2
i −risi+s2

i )

(q; q)rk−rk−1 · · · (q; q)r2−r1(tq; q)2
r1(q; q)s1

×
[
rk − sk−1
rk − sk

]
q

[
rk−1 − sk−2
rk−1 − sk−1

]
q
· · ·

[
r2 − s1
r2 − s2

]
q

[
r1

r1 − s1

]
q
.
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Rogers–Ramanujan

Theorem (C., 2024, reproving H–J’s N̂ZR(2,2k)(1) = 1)

Zk(1, q) =
1

(q; q)2
∞
.

Opening the q-binomial coefficients and making the substitutions

di :=

{
s1, i = 1,
si − si−1, i ≥ 2.,

and nj := rj − sj,

we find that Zk(1, q) equals∑
s1,...,sk≥0

q
∑k

i=1 s2
i

(q; q)s2−s1 · · · (q; q)sk−sk−1(q; q)2
s1

×
∑

n1,...,nk≥0

q
∑k

i=1 n2
i +

∑k
i=1(d1+···+di)ni(q; q)nk+dk · · · (q; q)n2+d2

(q; q)nk−nk−1+dk · · · (q; q)n2−n1+d2(q; q)nk · · · (q; q)n1(q; q)n1+d1

.
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Rogers–Ramanujan

Believe it or not — But at least trust W. N. Bailey — the d1 = · · · = dk = 0
specialization is an instance of Bailey pairs:

1
(q; q)N(aq; q)N+d1+···+dk

=
∑

n1,...,nk≥0

a
∑k

i=1 niq
∑k

i=1 n2
i +

∑k
i=1(d1+···+di)ni(q; q)nk+dk · · · (q; q)n2+d2

(q; q)N−nk(q; q)nk−nk−1+dk · · · (q; q)n2−n1+d2(q; q)nk · · · (q; q)n1(aq; q)n1+d1

.

What does the above imply?

Zk(1, q) =
∑

s1,...,sk≥0

q
∑k

i=1 s2
i

(q; q)s2−s1 · · · (q; q)sk−sk−1(q; q)2
s1

× 1
(q; q)∞

=
1

(q; q)∞
× 1

(q; q)∞
!
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Rogers–Ramanujan
Iterate the basic hypergeometric transform:

∑
n≥0

anqn2+Mn

(q; q)N−n(q; q)n(aq; q)M+n
=

1
(q; q)N(aq; q)M+N

.

Step 1. Make the reformulation

1
(q; q)N(aq; q)(M′+M′′)+N

=
∑
L≥0

aLqL2+(M′+M′′)L(q; q)L+M′

(q; q)N−L(q; q)L

× 1
(q; q)L+M′(aq; q)M′′+(L+M′)

.

Step 2. Apply the same transform to
1

(q; q)L+M′(aq; q)M′′+(L+M′)

in the summand.
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Rogers–Ramanujan
Iterate the basic hypergeometric transform:

∑
n≥0

anqn2+Mn

(q; q)N−n(q; q)n(aq; q)M+n
=

1
(q; q)N(aq; q)M+N

.

Step 1. Make the reformulation
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Rogers–Ramanujan

BAD news AGAIN: This strategy does NOT work for the evaluation of
N̂ZR(2,2k)(−1)...

Recall that

N̂ZR(2,2k+1)(t)|L 7→q−1 =
∑

n1,...,nk≥0

t
∑k

i=1 2niq
∑k

i=1 n2
i

(q; q)nk−nk−1 · · · (q; q)n2−n1(q; q)n1

.
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Rogers–Ramanujan

Theorem (C., 2024)

Zk(t, q) =
1

(tq; q)∞
∑

n1,...,nk≥0

t
∑k

i=1 2niq
∑k

i=1 n2
i

(q; q)nk−nk−1 · · · (q; q)n2−n1(q; q)n1(tq; q)n1

.

Case t = 1:

Zk(1, q) =
1

(q; q)∞
∑

n1,...,nk≥0

q
∑k

i=1 n2
i

(q; q)nk−nk−1 · · · (q; q)n2−n1(q; q)2
n1

=
1

(q; q)2
∞
.

Case t = −1 (Thanks to David Bressoud’s discovery in 1980!):

Zk(−1, q) = 1
(q; q)∞

∑
n1,...,nk≥0

q
∑k

i=1 n2
i

(q; q)nk−nk−1 · · · (q; q)n2−n1(q2; q2)n1

=
(qk+1; qk+1)2

∞
(q2; q2)∞(q2k+2; q2k+2)∞

.

So Huang–Jiang’s Conjectural evaluation of N̂ZR(2,2k+1)(−1) is CORRECT!
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Rogers–Ramanujan

Ole Warnaar made an exposition of David Bressoud’s identity and other similar
Rogers–Ramanujan type identities at this SLC ’42 — The Andrews Festschrift!
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How to achieve that k-fold sum for Zk(t, q)?

Step 1. Prove the reformulation:

Zk(N; t, q) = (q; q)∞(t2q; q)∞
(tq; q)2

∞

×
∑

m1,...,mk≥0
n1,...,nk≥0

t−2n1+
∑k

i=1(mi+2ni)q−n2
1+n1+

∑k
i=1(m

2
i +mini+n2

i )(t; q)2
n1

(q; q)N−mk(t2q; q)N+nk(q; q)mk(q; q)m1(q; q)n1

×
[

mk
mk−1

]
q

[
mk−1
mk−2

]
q
· · ·

[
m2
m1

]
q

[
n1
n2

]
q
· · ·

[
nk−2
nk−1

]
q

[
nk−1
nk

]
q
.
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How to achieve that k-fold sum for Zk(t, q)?
Step 1 (BONUS!) — A Fake A2 Rogers–Ramanujan type identity:

(q2; q2)∞(qk+1; qk+1)2
∞

(q; q)3
∞(q2k+2; q2k+2)∞

=
∑

m1,...,mk≥0
n1,...,nk≥0

(−1)
∑k

i=1 mi q−n2
1+n1+

∑k
i=1(m

2
i +mini+n2

i )(−1; q)2
n1

(q; q)mk(q; q)m1(q; q)n1

×

[
mk

mk−1

]
q

[
mk−1
mk−2

]
q

· · ·

[
m2
m1

]
q

[
n1
n2

]
q

· · ·

[
nk−2
nk−1

]
q

[
nk−1
nk

]
q

.

Andrews–Schilling–Warnaar’s Authentic A2 type identity:

(qk+1, qk+1, qk+2, q2k+2, q2k+3, q2k+3, q3k+4, q3k+4; q3k+4)∞
(q; q)3

∞

=
∑

m1,...,mk≥0
n1,...,nk≥0

q
∑k

i=1(m
2
i −mini+n2

i )(1 − qm1+n1+1)

(q; q)mk(q; q)nk(q; q)m1+n1+1

×

[
mk

mk−1

]
q

[
mk−1
mk−2

]
q

· · ·

[
m2
m1

]
q

[
nk

nk−1

]
q

[
nk−1
nk−2

]
q

· · ·

[
n2
n1

]
q

.
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How to achieve that k-fold sum for Zk(t, q)?

Step 2. Evaluate the semi-truncation (as a k-fold sum):

Vk(N; t, q) :=
∑

m1,...,mk≥0
n1,...,nk≥0

t−2n1+
∑k

i=1(mi+2ni)q−n2
1+n1+

∑k
i=1(m

2
i +mini+n2

i )(t; q)2
n1

(q; q)N−mk(q; q)mk(q; q)m1(q; q)n1

×
[

mk
mk−1

]
q

[
mk−1
mk−2

]
q
· · ·

[
m2
m1

]
q

[
n1
n2

]
q
· · ·

[
nk−2
nk−1

]
q

[
nk−1
nk

]
q
.

Step 3. Use the relation and reduce Zk(N; t, q) to the desired k-fold sum:

Zk(N; t, q) = (q; q)∞(t2q; q)∞
(tq; q)2

∞

∑
m,n≥0

tm+2(k−1)nqm2+(m+1)n+(k−1)n2

× (t; q)2
n

(q; q)N−m(t2q; q)N+n(q; q)n
Vk−1(m; tqn, q).
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Finitization

All results in this talk can be finitized — and their finitizations, from the view of
Algebraic Geometry, align with the Quot zeta functions.

S. Chern, Multiple Rogers–Ramanujan type identities for torus links, preprint,
https://arxiv.org/abs/2411.07198.

(Taken from https://knotplot.com/knot-theory/torus_xing.html)
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Obrigado!
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