
Integer partitions and perfect crystals

1) Background (lie algebras, characters , partitions

References : Kac
, Infinite dimensional lie algebras

Canter
,
lie algebras of finite and affine type

1) Lie algebras

dif: A Lealgebra & Over a field # is a vector

space
with a bilinear operation &xg-g

0.6 . i) [2] = 0 for all n +g(4(y) [hig)

ii) [x,[,z]] + Ly , [z,2)] + [2, Exy]] = 0 for allay,zeg

E: An (or sl (4) : Lie algebra of uxn matrices

of trace O
,

with bracket [X , Y) = XY- YX

n= 2 et generated by
-

h
= (5 -) ,

e = (88) , 8( % 8
[h

,e] = 2e
,
[h

, E] =
- 28,

[e , C] = h



If A representation (or module) of G is a rector

space
V together with a linear map e : g-g((v)

0 .
r

. e([ ,y]) = ecely) - ely) e()
(e(s) (v) can be written cr)
: adjoint representation ad : G-gl(g) s . t.

ad(x) (y) = En,y] for all by Eg.

def A eutspace W of a G-module V is a maldule off

if a.WCW reg.
A g-module V is incible if it has no other submodule

than 0 and V.

&Kae - Moody algebras
If: Let I be a finite set of indices. A

square matrix

A = (aij) ; jet with entres in TT is a Generalised Cartan

manix if · aii = 2 VieI

·dij so if itj
· aij = 0 if ai = 0



Let PV be a fee alian group of rank 2/F)-rankA
with -Lais <hi : iCI] U/do : 1 = 1, . .., IF-rankAl
and = #* PV be the #-linear space spanned by PV

PV is called thedualweight latrice and I the Castanzbalgebra
The weight lettice is P = [XEG*: <(P) <L].
Let Te Chili EI) and choose a linearly indep. mbeet

# = [x: /iEF) of b
*
s

. X(hi) = aij brijtI

[i(ds) = 0 a 1 for alle

theThe elements of I are simple roots-

- - Groots

(A
,
IT

,
TTY

,
P

,
PV) is called a Canadatur.

Fundamentalweights : Dit &* e . r
. Nihi) = Jij
Ni (d) = 0

positive

Q di Unotlattice

ri(x) = X - X(hi)<: simple reflection on b*

Weyl group : sbgroup of GL(G
*) generated by all ri lit



If The Kac-Roody Lie algeta G associated with a Contan

datum (* IT ,
ITV

,
P
, PV) is the Lie algetra generated

by li , fi (itI) and hEPV subject t the relations :

1) [h ,
h] =0 Fh

,
l't pu

2) [ei , fi] = Jij hi

3) [h ,ei) = <ith)e J Gall hept, itI
4) Eh , fi] = -Li(h) fi

5) Cade)1-arej = 0 for ij

6) Ladfi) -fi = -

E: Cartan matrix (2)

b =Ch b= 49 : b-4}
PV= Ch

I
P = (i + b

+ (X(2)[2]
π

= 4h) ,
= (x) 2.

r
. a(h) = 2

1) [h ,
h) = 0

2) [e,f] = h

3) [h ,
e] = 2e

4) [h ,
27 =

· 28



#AEQ
,

define & : =GuE/Thir] = ah) x forall heb)
If X 0 and 20

,
then a is a not of G and G is the

not
space

associated to a Let be the net of nots

Kac- Moody lie algetas are classified. From now on
,

me

me interested in affine type. .

In that case
,
the centerofg

is one-dimensional
, generated by c = cho +....+Cha

(F = 40, ..., n3) .
The will root is =do to +...+ dudh

,

where i ,
di - xo for all i

The affine weight lattice can be written

P = &10 ...#LMOL16
.

do

PT = [XtP/X(hi) t 10 Vi =I] affine dominant
integral weights

The la of 1 + p+: X(c)

Clascalweights : P = &.
0 ... An

30

3)characters
& A g-module V is called amagmodule if it
admits a machtspace decomposition V= Vu,

Meb



Vr = [vEV/h . v =uh) v h =b)
.

VE Un is called a marector of weightu
If VE O , r is a weight of V and Ve a weight space.

When dim Ur< for all weights ur ,
the hacher of f

is chV = Z dimV er where et is a formalCMes T

exponential with exem
=
extM.

: A weight In is h than
re if -u can he

written as a num of positive roots.

Given a highest weight X, there as an associated highest weight
module L(b).

TWeyl-Kac characte formula) :

ch(((x)) = w equ(n) ew(x
+e)-e

-

#
+
(1-ex) auga

where equin)= reflection

o set of positive roots

2 = Fe Ni , Wel rector



def :
For a sequence s = (00, ...,52) of non-negative intege,-

define the specialisation Fo : [[e, ..,et] ->L[9]
-

équi
Mencipalspecialisation for s = (1

, ..., 1) ,
denoted F.

Howsky'sproductformula (1978) :

F(e-* ch(L(N) = x(ho)+ 1
...., X(hi)+1) (D(pY)

,F (D(d))
where D(Q) =

p+ (1-e)dimga

E: A Kac-Roody Lie algebra with Contan matrix (2)
simple roots do

,
4

, fundamental weights No
,
M

null rootJ= 20+, untal element c = both

P = [do + [M + 15 offine weight lattice

6= (A + 15 : <= nord and n+2)
U4k5 : ke*3

= P = [kx +km = kToyu(kx +(k+1) m = 27,0}
U((k+1)2 +ka = 1303.

Here Q=# because (2) symmetric



And D(Q)= (1-eks
-ha) (1- e

( -1) -

km)(-e

ka-(-1)ar)

E (D(¢)= (1-p() (1-gu-1) (1 - qu
-1)

= (gi9)o (9i92)a
where (aighn= -agh) , non

For = No
,
F(21) (D($) = H-qh)(1 - ap

-2) (1-93
-1)

= (9:9)a

By Lepowsky's formula, Fr (e*ch(((10) = 99 Tato
4) Connection with partitions

def: Attion of a positive integr n is a sequenceof positive

integus ,
called ent ,

whose sum is n

Ummodor (n, 1) = # partitions of n with h parts all = m moda

dmmodi (n, k) =- distinctparts-

Propri dm mode (n,2) gik = (-xqm ; gN)a-

o Nm modn (n,
2) guik = Tign)



&ges-Ramanigan :Totoli
The number of partitions of n where parts differ by at

least 2 (and 1 is not a part) equals the number of
partitions of n into parts = 11 mod 5 #2 mod5.

RR-type identity : for all a
, partitions ofa ralielying come

congruence conditions are equinumous with partitions of n

salefying one conquence conditions.

Lepow-ritue(1978) :

# (erch((41)) = = ,

= Figto Tatoligo
E(etotzich(2(do+2) = attolgigho
Lepowdy-Wilson (1984) : interpretation of the run-side by
constructing a laris of LBMo) and L)Mo+I11) using ventex operators.

Idea : Find another expression of the character usingcystals ,
and

-

deduce partition identifies



II) Perfect crystals

Reference : Hong-Kang ,Introductionto quantummeset
df: A sytal B is a non-empty set with mape

wh : B- P

ei : Be BU <oh

fi : B - BU403

Si : B + I

gi : B + 2

et. o fi(t) = b' iff ei(b) = b

· if fi(t) - 0 Hen not (fi (f) = wh(e) - di

· if ei(e) = 0 ten wh(ei(e) = ur(e) + di

· gi(f) = Eile+wr(t) (hi)
· <(f) = max (130 :en (8) +0
· diff) = max 4120 : fil (e) +03

B will be represented by a graph with verhex set B

and an ede o st' if fi(t) = 8.

(if filt) = 0
,

we do not aw an edge



⑪A Be : a
-

b Sa, e-
O

go(a) = 0
, an(a) = 1

9 (et = 1 / 91(b) =0

wt(f) = wh(a) - 2

wh(a) = wh(e) - 2

wh(a) = crt(a) -

20 -

E
E= Lot h vanishes

defrop : The dual B of a cystal B, obtained by

evering the edges , is alo a crystal, with wh(e) =
-wher)

1

⑫ Bi av fr
-

O

deop. If B1 and B2 are cuptals, then BrQB2 is also

a cuptal , with out (* b) = wh(b) +wh(f)

· fi (h@b) = [Lilh)hz if Mile) Ei(e)
b filtz) if pi(e) Si (22)

: Al) Be Bi

a j
T

a aa->afV

140 to ↓
b bar fer



2) Perfect cptals
(Partial) def: For a positive integer I ,

a finite mystal B

is a refectrptal of level b if :

· some properties omitted here

· B& B connected

· Si(t) () & FleB

·
-x- P : = [u- P(u() = 1) ,

there exist unique

Ex and ex in B et [/f*) = X and ((tx) =X

where <(0) = Sit) : and p(e)= (2) :

1

E An" By : a
->

b Eo(a)= 1
, En(a)=0

- 50 (f) =0
,
S (2) =1O

· BiQ Be connected

a b
8

a ad ab

1 To ↓ To
o bubb

· E(a) No(c) + E
, (a)M(c) = 1

5 (t) No(c) + & (e) N. (c) =
1



· [(a) = No
, S(f) = M

, c(a) =M
, p(f) = No

=> br = a
,
bro = b

,
ba = b

, bm = a

Br Bu is also a perfect cystal of level 1.

Counter-ex : (")⑪
&

not perfect because p(1) = M = p()

dif For E Pet
,
let To = X

, go : Ex
,

and for all 140, Xn+1 = E(fia) , gite = exeth

The ground state path of weight i is
x:

= -@g20 --go.

It is always periodic of period at most (B).
A X-path is a path p =.. p*-expo s .

V.

pe = ga for b large enough. Let P(X) be the set of

X-paths .

1

E An"
,
Be

,

X = do : a
->

b
-

O

Xo= No
,
b = b

,
M = E(b) =M

, g
= En = a

S

x = E(a) = No
, g= ba =baQb)



· A)
,
BrB

,
X = No : aa--aer

to ↓
fa-fer

1

do = No, go : tro = aav

m = Elaav) = No
, g

= No = aav

#Q al

For some applications, it is easier to consider mystals with

constant ground state paths.
We will une perfect hytals to obtain other character formulas.

3) Energy functions and character formula
def : Let B be a perfect cystal .

An
y function on B

is a mar 4 : BQB-11 .

t
. for all itI and br

,
brfB :

H(ei (b0bz) = ↓ (b) fi = 0

&H (b @b2) + 1 fi= 0 and po (fr) 50 (2)

(H(GQb) - 1 if i=0 and po (b) < So the



: B1QB, aa->afV

to ↓
bar
- hei

A 1
- -

abv aaV egu bav
-- r

O
&

afv 2 1 0 0
&

&
al a le ba

ab 2 1 0 O

dav H= au 1! To

↓
⑨

2
! : I 95 Sfr 2

je↳ ba 2 1 22

bat 2 22
⑤ ⑳

--

(KTN) character formula (Kang-Karhiwara - Misa-Miwa-
Nakashima Nakayachiki) :

let - P
,
B perfect cytal of level I , 4 energy

function on B
, g = ...@ghQ ... go ground-state path.

For all
p=... ①phx ...xpo - P(X) define

wtp = <+ ((wt-wHh)- H (expe) -H(gge)
Then ch(L(x) = [ente

htP(x)



Cor: If the ground state path is constant -

--go-@g

and H(g0g) = 0
,
then whg = 0 and

&

wty = 1+ (w+ (a)- H(ve m)

Prmc (1998) computed F (e-Moch((no)) using the KMN2

character formula for BrQPY in A!) and deduced a

Rogers-Ramanijan type partition identity ,
which we will

move in the next section using a more general method.

#I) Connection with partitions and applications
D

.

- Konan (2022) :combinatorial version of the KMN2 character
- formula

dif E et of colours
, G-C

> linary relation on coloured integers Le: = [kc : kX
,

c+2Y
A grounded partition with ground G and relation > is a finite

sequence (To, ..., to) of coloured integers et

1) Fie 90, ..., 5-1), : >Hit



2) Is = Org

3) Ton Org
Let Ps demote the set of such grounded partitions.

For - P
,
let (() = 3 ... 6 where c is the colour of ti Vi

Edef: B perfect cuptal of level I ,
DEPE s.

%
. ground

date path is...@gQ - - ·@g ,
H
energy function st . H(gQg)=0

Define E := (Cf : beBY and the to binary relations -and

· kek if k-k' = 4(b'xb)

· ke kg iff k-k' H(f'b) .

ex: A!" BrQB, No
↓ &

constant ground state path -① a Q --Da

al a le ba
ab 2 1 O O

energy H : a 1 01 1
Afi I 2 10 ⑧ S
ba 2122

Here
,
Per ,Daa) E P

(2ee, Ear, Ona) -> PC



Th (D .

-Konan 2022) :

let - Pet
,
B perfect cytal of level C ,

4 energy

function on B
,

.... g Q ...Qg ground-state path.

let
q

= e-%do, ce = er) for all be B ,
then

ech(((x)) = [(() gi
+P lit = num of parts ofit

= (i90)
By taking the principal specialisation and equating with the

Lepowsky product formula ,
we obtain RR-type partition identities.

- No DA

* A ,
BoBi

,
X= do Oaa--aev

40
O

↓< weights

ech(2(1) = 191970E bar fer
-M O

2

Principal specialisation : q =
éo

= e
*-

9

car = cer = 1 +> 1

In -1

Caf = e 1- 9
-21

Clav = R +> al



Spousky
En (e-roch(L(0) = Fiat

IlDK

21) +#Cra-#Caer
(9297 [

i+49
21) ↓#Cra-#Cabr

=> Prime : I 9 -#-4

ala le al a Delaab 2 O 4 2

H = a 1 011 3 = 41I S Ecee SAfi 2 10 ⑧ 320 1

ba 21 22 3 4

Th: The number of partitions of n into parts colowed

at
,
aa

,
bl" and bat s.

t.

· parts coloured aat and for ore even

· parts coloured at" and bat one odd

· the minimal difference between parts coloured a and a

is given by the entry (C, an) in the matrix H/(stating
from the smallest part)

equals the number of partitions of n.



D
.

- Hardiman-Konan (2023) : At all levels 131

Benedet Dombos (2024 +) : G. level 1

Other approach : Study grounded partitions combinatorially
(keeping back of the colours if possible) to obtain nice

expressions for characters.

Often ,
we obtain infinite products or rums of infinite

products without having to perform the principal specialisation.
This was done in a series of papers D .

- Konan (2022-2024+)

It includes a version of the combinatorial character formula for
non-constant ground state paths too

, uning muloundedpartitions.

Characters for all level 1 imeducible highest weight modules of:

·
An" (recovers Kac-Peterson character formula

· () (moves the Capparelli-Mewman-Primc-Primc conjecture)
· Ar and Du (recover character formula of Wakimoto)
· Bi

,
Dr" (new

- j

setting q = el
, c = editant (where J = xotan+ 2x2 +...+2 -+4),

ench(((1)) = 4 giat giga (cgi9ta)



The case of non-constant ground-state path
If: E set of colours, 7 linary relation on Le

Support there exist colours (go. ..., Eg+
in 2 and unique

voloured integers U , ...,Ut
· u +... + u( 1)

= 0

· un... Tu
them a multigrounded partition with ground ((o ,

--

> <gr·) and
relation- is a finite requence T= (No, ...,ToyU , ...,u
of coloured integers st .. Ti] Tim Vi

· (ite-+,...,Ton * (U ...,u
The set of multigrounded partitions is devoted (PEgo...., EtX

with number of parts
diviste tyt

ex C= (92,33, M= (222(00 2

-02

k
,
Jk's ff h-k' Ma

ground (go, g) = (1
, 3)

Then (nu") = (1
,
-1) is the unique pain et u+u= 0

U

(34 ,
34

, 341-1 / 11ty) multigrounded partition



B perfect crystal of level I , XEPE , ground state par

Mx = - -.QgQgQ ... go of period t , Heragyon B.

Set Hx (02) : = H(800) -14 /ganga)
Thus (gaga) = 0.

let DE e .

t
.. DHx (BOB) <2

· DHga

Define - andT on Ege as :

· k-his if b-h = DHx(txb)

· kThis If b-h'T
, DHx(txb)

&
gr

:= et of =( ,...,Tel ,..., u e Pro ., gre
et

· ta

· for all b
, Tr-Th+ 1

-DHx(petype) -do where clita)=Ca
#= U



Th (D .

-Konan 2022) :

All notation as before, -@g DGQ ...go ground-state path.
let

q
=
e-Tox

, ce = er) for all be B ,
then

ech(((x)) = [(() gi
#-

,PL Gr.

=Gigo

ex: L(M) in Act (n7, 3)

Bon↓u

round

inte menergy

· H(10m) + 4(nQ1) = 0 => Hm = 4

· FrDzadd= 2 ch((M)= CigtC
Xi +...+ Au-+where a :

eff
,

4 = e



We need the g. f . for P ,
the set of multigrounded

partitions (ito, ..., re ,
1c

,
1) with relation> having

an even number of parts , s .

t . Vh-So , ..., 20-13,
iTen -Te - 24 (pate@pa) => 2230 (t)

Because of H ,
(*) and the

fact that Tire = -12
,
the parts)

one all odd

D coresponds to the partial order on coloured odd integers :

-c
14
↳ a... ...

Only parts colomed C and a can appear several times,

in sequences (2-1)G <(2k+1) (2h-1) ..

Such a sequence for ki1 is generated by Cq-1) (1+G+).
(1 - C(q4a)

For k=0
,

we can have a single 1
So

, ignoring the cond
.

That the number of parts is even
,
the

g.8 for IP is

G( ... ,aig) = Cet), 49
, 29, 29, ..., a, 29 : 970 ·

(GGq4; 94)a



Remarkane High + ana 2 amazing

Hence (4) q = E(G (2 ,
m

,
. . .

,
m

,
n 9) +Gth,

-
..., a-miq)

=
1
-

2(Engigg (19,9, ..., g , gigtc +72q 1 -Eq. ...,
-

ma , -angiqo
hy4k

Y
= ch((())

, a =
ef

,
4 = ex

+ -- + ann +2
&

(gig) s
D


