Automorphisms in Spaces of Functions
and Shifts of Coefficients in Infinite Series

M. Deneufchatel, G.H.E. Duchamp,
Hoang Ngoc Minh, A.l. Solomon
Equipe CALIN, LIPN - UMR 7030 CNRS.

66%® Séminaire Lotharingien de Combinatoire, 6-9 Mars 2011.



Summary

Introduction,
Nonlinear Dynamical Systems,

Polylogarithms, multiple harmonic sums and polyzétas,

B

Nonlinear Fuchsian differential equations.



INTRODUCTION



Linear Fuchsian differential equations (LFDE)

4(2) = [Mouo(z) + Mrun(2)] q(2),  y(2) = Aa(2), a(z0) =,
where My, My € M, o(C), A € M1 ,(C),n € Mp1(C), up(z), u1(z) € C.
Example (hypergeometric equation)

2(1 = 2)y(2) 4+ [t — (to + t1 + 1)z]y(z) — tot1y(2) = 0.

Let q1(z) = y(z) and ga2(z) = z(1 — z)y(z). One has

@\ _[( 0o o\l (o 1 1 1 (&
g) |\ttt —t):z 0 b—to—t1)1—z|\q)"

B (0 0 (0 1 _ (a1(=0)
A=(1 0), Mo= (totl t2>’M1_(0 to+t1f2>’n_<q2(20)'

For (LFDE), one can base one self on the R. Jungen thesis “Sur les séries
de Taylor n’ayant que des singularités algébrico-logarithmiques sur leur
cercle de convergence” (1931).

But for nonlinear Fuchsian differential equations ?



NONLINEAR DYNAMICAL SYSTEMS



State Representation of Nonlinear Dynamical Systems
Let (D, d) be a k-commutative associative differential algebra with
unit (ch(k) = 0) and C be a differential subfield of D.

= Zy,,z” is the output of :
n>0

y(z) = f(q(2)),
(NLS) 9(z) = Ao(q)uo(z) + Ar(q)ui(2),
q(z0) = qo,
where :
» up(z),u1(z) €C,
» the state g = (g1, ..., qn) belongs the complex analytic

manifold @ of dimension N and ¢ is the initial state,
> the observation f € O, with O is the ring of holomorphic
functions over Q,

> Fori=0..1, A; = ZAJ 88q is an analytic vector field!
j

over @, with A{;(q) € O,fOI’_/ =1,...,N.
1A vector field A; is said to be linear if the Ai(q),j = 1..N, are constants.




Examples of Nonlinear Dynamical Systems

Example (harmonic oscillator)
¥(2) + kay(2) + kay? ( ) = u(t).

4(z) = Ao(q)uo(z) + A(q)ui(z) with up(z) =1,
As = —(kig+ kg’ )(%,
Al = (‘%,

y(z) = q(2).

Example (Duffing's equation)
¥(2) + ay(2) + by(2) + cy*(2) = w1 (2).

g(z) = Ao(q)uo(z) + A(q)ui(z) with up(z) =1,
0 0
Ac = —(aqa + bgi + qu)a— + - Bar’
0
Al - ati’

y(z) = al2)



Our works
Let X = {xo,x1} with xo < x;. For any w = x;, - - - x;, € X*, let
A(lx,) = Id, A(w) =

ma
az (Ix«) =1, / / / uy(z1)dzy -+ (2 )dzg.

Theorem (Deneufchatel,Duchamp,HNM, Solomon, 2010)

Let S = Z aZ (w) w € D{(X)). The conditions are equivalent :
weX*

i) The family (aZ (w))wex- of coefficients of S is free over C.
ii) The family of coefficients (aZ (x))xexu{iy-} is free over C.

iii) The family (ux)xex is such that, for f € C and ax € k,
f)= ZozxuX = (Vx € X)(ax =0).

xeX
iv) The family (ux)xex is free over k and d(C) Nspan,((ux)xex) = {0}.

Therefore, by successive Picard iterations, one get

= > A(w) o fig, aZ (w).

weXx*



Chen-Fliess generating series

» Chen series
o z
Sopoz = E az (w) w.
weX*

Any Chen generating series S,,.., is group-like, for A , , and it
depends only on the homotopy class of zy ~~ z (Ree).

The product of two Chen generating series S;,..,, and S, .., is the
Chen generating series Syvsz, = Sz002, S22z (Chen).

> The generating series of the polysystem {A;}i=0,1 and of the
observation f € O at q is given by

of,, = ZA(W)OﬁqW € C{X).

weX*
For any f,g € O anf for any A, u € C, one has (Fliess)

o(vF + 4g)j = o(vF)jq + o(i8)g and o(fE)jq = ofiq w oy



POLYLOGARITHM-HARMONIC SUM-POLYZETA



Chen series and genera{ting series of polylogarithms
Let up(z) = = n(z) = T and wo(z) = u(z)dz,w1(z) = w1 (2)dz.

Yw e X*xy, af(w) = Liy(2),
Pu(z) = (1-2)"'Li,(z ZH
n>1
Liy(z) = logz,
L(z) := Z Liy(z) w,
wEX*
P(z) = (1-2)"'L(2).
Let
(DE) dG(z) = [x0 wo(2) + x1 w1(2)]G(2).
Proposition

> S,z satisfies (DE) with Szyez =1,
> L(z) satisfies (DE) with L(z)_~;exp(xo log z).

Hence, S,,., = L(z)L(z0) ™!, or equivalently, L(z) = Sy .. L(z0).



Noncommutative generating series of convergent polyzétas

Let X = {xo,x1} (resp. Y = {y;}i>1) with xo < x1 (resp. y1 > y» > ...).
Let LynX (resp. LynX) be the transcendence basis of (C(X), w ) (resp.
(C{Y), w)) and let {/}/ccynx (resp. {I}iccyny) be its dual basis. Then
Theorem (HNM, 2009)

We have A , L=L®L and AuwH=H®H.

N R N X
Moreover, let Lyeg(2) := H LT pg H,ep (N) 1= H SHIM) T

le LynX le LynY
1#x0,x1 I#y1

Then L(z) = & IogﬁLreg(z)eX" gz and H(N) = e"HNH,  (N).
We put Z,, :=Lieg(1l) and Zw := Hyeg(00).

Theorem (a la Abel theorem, HNM, 2005)

Let MyL and Ny Z ,, be the projections of L and Z,,, over Y. Then

K
oy log T _ _ (=) _
lemle —MyL(z) /vlin exp[ kélHyk(N) p }H(N) MNyZ.,, .

Hence, Z,, and Zw, are group-likes and Zwy, = e "N (1+ 1)y Z, .



Successive derivations of L
For any w = x;, ... xj, € X* and for any derivation multi-index
r=(ry,...,rg) of degree degr = |w| = k and of weight
wgtr=k-+r + ...+ rg let us define the monomial 7,(w) by

(W) =7 (xi,) ... T (X)) = [uflrl)(z) . ufkrk)(z)] Xiy - X

In particular, for any integer r

r —rlxg
Tr(x0) = U(() )(Z) X0 = (—z)r+1

r!x1
(1 _ Z)r+1 :

and  7,(x) = u;(lr)(z) X1 =

Theorem (HNM, 2003)
For any n € N, we have, L{")(z) = P,(z)L(z), where

=3 ZdH( 115wy e D)

wgt r=nweX" i=1



NONLINEAR FUCHSIAN
DIFFERENTIAL EQUATIONS



Nonlinear Fuchsian differential equations (NLFDE)

y(z) = Zy,,z" is the output of :

n>0
y(z) = f(q(2)),
(NLFDE){ g(z) = 209 Al
q(z0) = qo,

(p, P, C¢) and (p, p, C;), for i =0, .., m, are convergence modules
of f and {Al};—1 _, respectively at q € CV(f) rm{jéfn CV(AL).

Uf\qo = Z A(w) o f|q0 w satisfies the x—growth condition.
weX*



Computation of the output

The duality between aﬁqo and S, .., consists on the convergence
(precisely speaking, the convergence of a duality pairing) of the Fliess’
fundamental formula which is extended as follows

y(2) = (of Samz) = D A(W) 0 fi, {Szpz|w).

weX*
The output y admits then the following expansions

W) = Y eulz) Aw)of,,

weXx*

_ R mn ng log zAo
= E E gXOanIH.XOle(z) adjy Ar...ady Are o fls
k20 nl,...,nkZO

= oo 3 sl Am(w)or, ).

weX*
= H exp <g,(z) A(l) o fq0>,
leLynX
where, for any w € X*, g, € LI¢ and

(-1
Wl(W):ZT Z (Wlvg w - wvg) vy Vg

k>1 vi,ee i €XF\ {1y }



Asymptotics of the output

The output y of nonlinear differential equation with three
singularities is then combination of the elements belonging the Llc.

For zg = ¢ — 0, the asymptotic behaviour of the output y at
z =1 is given by

-y(l) 54)04— <Jﬁqo ”SEW].—6> - Z A(W) o fiq() <55w1_5|W>7
weX*
with Ss«@lfe e X1 log EZuJJ e X0 Iogg.

e—07t

If y(z) = Zy,,z” then, the coefficients of its ordinary Taylor

n>0
expansion belong the harmonic algebra and there exist
algorithmically computable coefficients a; € Z, b; € N and ¢;
belong a completion of the C-algrebra generated by Z and by the
Euler's v constant, such that

Yn i35 E cin log? n.
i>0



Finite parts of the output
Definition
For any f € O such that

<O-’r|q0 ||520wz> = Z Ynzn

n>0
and for zg = ¢ — 0T, let

¢(f|q0) 5 fp. y(z) inthescale {(1—z)°log(1l— Z)b}aez,beN

@b(ﬁqo) o= f-p.yn in thescale {n? Iogb(n)}anbeN.

Proposition
For any f,g € O anf for any A\, u € C, one has

o((vf + ng),,) = o(vf, )+ d(ng,) and o(fg, )= (1, ) (8,,)
W((vf + 1g),,) = v, ) +¥(ug,) and Y(fg, ) =111, )¥(g,,)-



Residual calculus and derivations
Let S and P € Q(X). The left (resp. right) residual of S by P, is
the formal power series P < S (resp. St P) in Q((X)) defined by :

(PaS|w) = (S|wP) (resp. (S Plw) = (5|Pw)).

We straightforwardly get, for any P, Q € Q(X) :
P<(Q<S)=PQRaS,(S>P)pQ=S>PQ,(PaS)>Q=P<(5>Q).
In case x,y € X and w € X*, we get :

x<a(wy)=0w and xwp>y=d§w.
Thus, “x<" and “>x" are derivations on (Q{(X)), w ) :

av),
(vwv)px=(upx)wv+uw (v>x).

xA(uw v)=(x<u)w v+uw (x

Consequently, for any Lie series Q, the linear maps “Q<" and
“>Q" are derivations on (Q[LynX], w ).



Successive derivations of the output
Let n € N,
dn

<Gf H 20w2>
(ofi, HL(")( )L(20) ™)
= (ofi,, IPa(2)L(2)L(20) ")
(
(

ofl,. > Pn(2)[L(2)L(20) ")
af > Pn(2)]Szz),

y"(2) =

where the polynomial P,(z) € D(X) is defined as follows

Pa(z)= > Zdﬂ( | e >T(W)'

wgt r=nweX" =1

Therefore, of| > Pp(z) € D((X)) is the non commutative
generating series of y(".



Asymptotics of the successive derivation of the output
Let k € N, the successive derivation y(k) of the output of nonlinear
differential equation with three singularities is then combination of
the elements g belonging the polylogarithm algebra.

For zg = ¢ — 0T, the asymptotic behaviour of the output y at
z =1 is given by

YO = (of, [Pl —€)Sev1e)
= Z A(w) o fi, (Pi(1 = €)Sevui—c|w).

weX*

If y(k Zy " then, the coefficients of its ordinary Taylor
n>0
expansion belong the harmonic algebra and there exist

algorithmically computable coefficients a; € Z, b; € N and ¢;
belong a completion of the C-algrebra generated by Z and by the
Euler's v constant, such that

k . b;
y,(, ) P Zc,-na' log® n.
i>0
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