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Abstract. Building on the notion of q-integral introduced by Thomae in 1869, we
introduce q-order statistics (that, is q-analogues of the classical order statistics, for
0 < q < 1) which arise from dependent and not identically distributed q-continuous
random variables and to study their distributional properties. We study the q-
distribution functions and the q-density functions of the relative q-ordered random
variables. We focus on q-ordered variables arising from dependent and not identically
q-uniformly distributed random variables and we derive their q-distributions, including
q-power law, q-beta and q-Dirichlet distributions.
Keywords: q-order statistics, q-multinomial formulae, univariate and multivariate
q-continuous random variables, q-uniform distribution, q-power law distribution, q-beta
distribution, q-Dirichlet distribution, waiting times of the Heine process.

1. Introduction

Order statistics and their properties have been studied thoroughly the last decades.
The literature devoted to order statistics from independent and identically distributed
random variables is very extensive. The study of order statistics arising from independent
or dependent and not identically distributed, random variables, is of great research interest.
Excellent references devoted to order statistics are, among others, the work of Arnold,
Balakrishnan and Nagaraja [2], Balakrishnan [3], David and Nagaraja [8], or Papadatos [13].

In the field of discrete q-distributions, Charalambides [6, p.167] has presented the order
statistics arising from independent and identically distributed random variables, with
common distribution a discrete q-uniform distribution. Charalambides [4, 5] also has
studied the distributions of the record statistics in q-factorially increasing populations.

The main objective of this work is to introduce q-order statistics, for 0 < q < 1, arising
from dependent and not identically distributed q-continuous random variables and to
study their distributional properties. We introduce q-order statistics as q-analogues of the
classical order statistics. We study the q-distribution functions and q-density functions
of the relative q-ordered random variables. We focus on q-ordered variables arising from
dependent and not identically q-uniformly distributed random variables and we derive their
q-distributions, including q-power law, q-beta and q-Dirichlet distributions. Moreover, we
consider the Heine process, which had been introduced by Kyriakoussis and Vamvakari [12];
see also the work of Kemp [11]. Note that our notion of q-distribution is not related to
the q-Gaussian distribution, or to other Tsallis distributions [14].
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We prove that a conditional q-joint distribution of the waiting times of the Heine process
coincides with the joint q-density function of q-ordered random variables arising from
dependent q-continuous random variables.

This work contains three sections along with the introductory Section 1. In the
preliminary Section 2, we present all our q-definitions. In the main Section 3, we state
and prove our results concerning the q-order statistics and their distributional properties.

2. Preliminaries, definitions and notation

In this section, we define the q-series, the univariate and multivariate q-continuous
random variables, the Heine process, and the q-uniform distribution. It will allow us to
study q-order statistics in the next section.

2.1. q-Series preliminaries. The q-shifted factorials are

(a; q)0 := 1, (a; q)n :=
n∏

k=1
(1 − aqk−1), n = 1, 2, . . . , or ∞.

The multiple q-shifted factorials are defined by

(a1, . . . , ak; q)n :=
k∏

j=1
(aj; q)n

The q-binomial coefficient is defined by[
ν
k

]
q

= (q; q)n

(q; q)k(q; q)n−k

= [n]q!
[k]q![n − k]q

, k = 0, 1, . . . , n,

where
[n]q! = [1]q[2]q · · · [n]q = (q; q)n

(1 − q)n
=
∏n

k=1(1 − qk)
(1 − q)n

is the q-factorial number of order n with [t]q = 1−qt

1−q
.

The kth-order factorial of the number [n]q is called q-factorial of n of order k and is given
by

[n]k = [n]q[n − 1]q · · · [n − k + 1]q, k = 1, 2, . . . , n .

Note that

[n]q−1 = q−n+1[n]q, [n]q−1 ! = q−(n
2)[n]q! and

[
n
k

]
1
q

= q−k(n−k)
[
n
k

]
q

.

The q-binomial coefficient
[
n
k

]
q

, equals the k-combinations {m1, . . . , mk} of the set

{1, . . . , n}, weighted by qm1+···+mk−(k+1
2 ),∑

1≤m1<···<mk≤n

qm1+···+mk−(k+1
2 ) =

[
n
k

]
q

. (2.1)

Let n be a positive integer and let x, y and q be real numbers, with q ̸= 1. Then, a version
of q-Vandermonde’s formula is[

x + y
n

]
q

=
n∑

k=0

[
n
k

]
q

qk(y−n+k)[x]k[y]n−k.
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An interesting q-identity deduced by the above version of q-Vandermonde’s formula is
n∑

k=0
(−1)k

[
n
k

]
q

q(k+1
2 )−n(y+k) [y]q

[y + k]q
= 1[

y + n
n

]
q

. (2.2)

Note that from the above equation we have the corresponding q−1-identity
n∑

k=0
(−1)k

[
n
k

]
q

q(k+1
2 )+ny [y]q

[y + k]q
= 1[

y + n
n

]
1
q

. (2.3)

The q-binomial formula is
n∏

i=1
(1 + tqi−1) =

n∑
k=0

q(k
2)
[
n
k

]
q

tk.

The above q-binomial formula, by replacing q by q−1 and t by −t, becomes
n∏

i=1
(1 − tq−(i−1)) =

n∑
k=0

(−1)kq−(k
2)
[
n
k

]
1
q

tk =
n∑

k=0
(−1)kq−(k

2)−k(n−k)
[
n
k

]
q

tk. (2.4)

The q-multinomial coefficient is defined for nonnegative integers n and ki’s by[
n

k1, . . . , kr

]
q

= [n]q!
[k1]q · · · [kr]q![n − k1 − · · · − kr]q!

.

We then have the two following equivalent expressions for the q−1-multinomial coefficient[
n

k1, . . . , kr

]
1
q

= q−(n
2)+
∑r+1

j=1 (kj
2 )
[

n
k1, . . . , kr

]
q

(2.5)

= q−
∑r

j=1 kj(n−k1−···−kj)
[

n
k1, . . . , kr

]
q

.

An ordered set partition of A is a sequence (A1, . . . , Am) of non-empty disjoint subsets
of A, such that A1 ∪ · · · ∪ Am = A. Using the notation from Flajolet and Sedgewick’s book
Analytic Combinatorics [9], ordered set partitions are accordingly defined by the symbolic
formula Seq(Set≥1), and thus have the (exponential) generating function 1/(2 − exp(t))
of Fubini numbers {Fn}n≥0 = {1, 1, 3, 13, 75, 541, . . . }. E.g., there are 13 ordered set
partitions of {1,2,3}.

Charalambides [7] showed that the q-multinomial coefficient
[

n
k1, . . . , kr

]
q

equals the

number of ordered partitions of the set {1, . . . , n} into r + 1 subsets, (A1, . . . , Ar+1) of
size (k1, . . . , kr+1), if one associates a specific q-weight to each subset. Writing Aj =
{mj,1, . . . , mj,kj

}, this weight is qmj,1+···+mj,kj
−(kj +1

2 ), and one has[
n

k1, . . . , kr

]
q

=
∑

A1,...,Ar

r∏
j=1

qmj,1+···+mj,kj
−(kj +1

2 ), (2.6)

where the summation is over all the above mentioned ordered partitions of {1, . . . , n}.
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Vamvakari [15] earlier proved the following alternative summation expansion of the
q-multinomial coefficient∑ r∏

j=1
qkj,1+2kj,2+···+nkj,n−(kj +1

2 ) =
[

n
k1, . . . , kr

]
q

,

where the summation is over all kj,i = 0, 1 such that ∑n
i=1 kj,i = kj (for j = 1, . . . , r).

We shall also use the following q-difference operator (which we also call “q-derivative”)

dqf(x) := f(x) − f(qx)
(1 − q)x . (2.7)

We refer to [1, Chapter 10.2] or [6] for a more thorough discussion of its properties. It is
clear that it is a discrete analogue of the derivative; it satisfies e.g.

dqx
n = 1 − qn

1 − q
xn−1 = [n]qxn−1

and dq(f(x) · g(x)) = g(x)dqf(x) + f(qx)dqg(x). What is more, for differentiable functions,
one has

lim
q→1

dqf(x) = f ′(x).

Now, following [1, Chapter 10.1], we define the q-integral by∫ a

0
f(x)dqx :=

∞∑
n=0

[aqn − aqn+1]f(aqn), (2.8)
∫ b

a
f(x)dqx :=

∫ b

0
f(x)dqx −

∫ a

0
f(x)dqx.

In this context, dq is sometimes called the Fermat measure, and should not be confused
with the above q-derivative, even if they are, in some sense, related. The q-integral over
[0, ∞) uses the division points {qn : −∞ < n < ∞} and is∫ ∞

0
f(x)dqx := (1 − q)

∞∑
n=−∞

qnf(qn).

2.2. The Heine process. Kyriakoussis and Vamvakari [12] introduced the Heine process
as a q-analogue of the Poisson process. The Heine process is defined as follows.

Definition 2.1 (Heine Process). A continuous time process {X(t), t > 0}, where X(t)
expresses the number of arrivals in a time interval (0, t], is called Heine process with
parameters 0 < q < 1 and λ > 0, if the following three assumptions hold
(a) The process starts at time 0 with X(0) = 0.
(b) In each time interval of length δ = (1 − q)t, one has 1 arrival with probability p(t),
and 0 arrival with probability 1 − p(t), where

p(t) := λ(1 − q)t
1 + λ(1 − q)t .

That is,

P (X(t) − X(qt) = 1) = p(t) and P (X(t) − X(qt) = 0) = 1 − p(t).
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This implies, for any k ≥ 1:

P
(
X(qk−1t) − X(qkt) = 1

)
= λ(1 − q)qk−1t

1 + λ(1 − q)qk−1t
,

P
(
X(qk−1t) − X(qkt) = 0

)
= 1

1 + λ(1 − q)qk−1t
.

Also, the Heine process has the Heine distribution:

P (X(t) = k) = eq(−λt)q(k
2)(λt)k

[k]q!
,

for k ∈ N, with eq(z) = ∏∞
i=1 (1 − (1 − q)zqi−1)−1, |z| < 1/(1 − q).

2.3. Univariate and multivariate q-continuous random variables. Kyriakoussis
and Vamvakari [12] presented the following definition of q-continuous random variables.
For clarity, let us begin by presenting this concept for one random variable.

Definition 2.2 (q-continuous). A random variable X is called q-continuous (or “Fermat
integrable”, as we integrate over the Fermat measure defined in (2.8)) if there exists a
non-negative function fq(x) (for x ≥ 0) such that

P (α < X ≤ β) =
∫ β

α
fq(x)dqx.

The function fq(x) is called q-density function of the random variable X.

Note that, in particular, one has ∫ ∞

0
fq(x)dqx = 1.

For the corresponding distribution function

F (x) = P (X ≤ x) ,

we have by definition
P (α < X ≤ β) = F (β) − F (α),

and, for x ≥ 0,

F (x) =
∫ x

0
fq(t)dqt.

Taking the q-derivative of the above relation we have

dqF (x) = fq(x)

and by the definition of the q-derivative we obtain

fq(x) = F (x) − F (qx)
(1 − q)x = P (qx < X ≤ x)

(1 − q)x .

Let us now present the case of tuples.
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Definition 2.3 (multivariate q-continuous). A k-variate random variable X = (X1, . . . , Xk)
is called q-continuous (or “Fermat integrable”, as we integrate over the Fermat measure
defined in (2.8)) if there exists a non-negative function fq(x1, . . . , xk) such that

P (α1 < X1 ≤ β1, . . . , αk < Xk ≤ βk) =
∫ βk

αk

· · ·
∫ β1

α1
fq(x1, . . . , xk)dqx1 · · · dqxk.

The function fq(x1, . . . , xk) is called q-density function of the k-variate random variable
X = (X1, . . . , Xk) or joint q-density function of the random variables X1, . . . , Xk.

In particular, we have∫ ∞

0
· · ·

∫ ∞

0
fq(x1, . . . , xk)dqx1 · · · dqxk = 1.

For the corresponding joint distribution function

F (x1, . . . , xk) = P (X1 ≤ x1, . . . , Xk ≤ xk)

we have
F (x1, . . . , xk) =

∫ xk

0
· · ·

∫ x1

0
fq(t1, . . . , tk)dqt1 · · · dqtk. (2.9)

Building on the notation (2.7), let us define the partial q-derivatives by
∂F (x1, . . . , xk)
∂qxk · · · ∂qx1

= (dqxk) · · · (dqx1)F (x1, . . . , xk).

Then, taking the partial q-derivatives of the relation (2.9), we have
∂F (x1, . . . , xk)
∂qxk · · · ∂qx1

= fq(x1, . . . , xk), xi > 0, i = 1, . . . , k

and by the definition of the partial q-derivative we obtain

fq(x1, . . . , xk) = P (qx1 < X1 ≤ x1, . . . , qxk < Xk ≤ xk)
(1 − q)x1 · · · (1 − q)xk

. (2.10)

The marginal q-density functions of the random variables X, i = 1, . . . , k, are given by

fXi
(xi) =

∫ ∞

0
· · ·

∫ ∞

0
fX (x1, . . . , xk)dqx1 · · · dqxi−1dqxi+1 · · · dqxk, i = 1, . . . , k.

For the needs of this work, we also define the conditional q-density function. Let (X, Y )
be a bivariate q-continuous random variable, with q-density function fq(x, y) ≥ 0, x, y > 0
and fq(y) > 0, y > 0 the marginal q-density function of Y . Then the function

fX|Y (x|y) = fX,Y (x, y)
fY (y) , x > 0

is a q-density function because

fX|Y (x|y) ≥ 0, x > 0

and ∫ ∞

0
fX|Y (x|y)dqx = 1

fY (y)

∫ ∞

0
fX,Y (x, y)dqx = fY (y)

fY (y) = 1.
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Since

P (qx < X ≤ x|qy < Y ≤ y) = P (qx < X ≤ x, qy < Y ≤ y)
P (qy < Y ≤ y)

we confirm that

fX|Y (x|y) = P (qx < X ≤ x|qy < Y ≤ y)
(1 − q)x =

P (qx<X≤x,qy<Y <y)
(1−q)x(1−q)y
P (qy<Y ≤y)

(1−q)y

= fX,Y (x, y)
fY (y) (2.11)

and we give the following definition of conditional q-density function.

Definition 2.4 (conditional q-density). Let (X, Y ) be a bivariate q-continuous random
variable. Let fX,Y (x, y) be its q-density function and fY (y) the marginal q-density function
of Y . If fY (y) > 0 for y > 0, the function

fX|Y (x|y) := fX,Y (x, y)
fY (y)

is called conditional q-density function of the random variable X given that qy < Y < y.

Let (X1, . . . , Xk) be a q-continuous k-variate random variable, with joint q-density
function f(x1, . . . , xk) ≥ 0, xi > 0, i = 1, . . . , k. The conditional q-density function of a
q-continuous r-variate random variable (X1, . . . , Xr) given a q-continuous (k − r)-variate
random variable (Xr+1, Xr+2, . . . , Xk) is expressed as

h(X1,...,Xr)|(Xr+1,Xr+2,...,Xk)(x1, . . . , xr|xr+1, . . . , xk) = f(x1, . . . , xr)
g(xr+1, xr+2, . . . , xk) , (2.12)

where g(xr+1, xr+2, . . . , xk) > 0 is the marginal q-density function of the (k − r)-variate
random variable (Xr+1, Xr+2, . . . , Xk).

2.4. On the q-continuous q-uniform distribution. For the needs of this work we give
the definition of the q-uniform distribution and derive easily its main characteristics and
properties. The q-uniform distribution is defined as follows.

Definition 2.5 (q-uniform). Let X be a q-continuous random variable with q-density
function

fq(x) =


1
β
, 0 ≤ x ≤ β,

0, x < 0 or x > β,
(2.13)

where β > 0. The distribution of the random variable X is called q-uniform distribution
with parameter β.

Note that by the function (2.13) and the definition of the q-integral,∫ β

0
fq(x)dqx =

∞∑
n=0

β
(
qn − qn+1

)
fq(βqn) = 1,

as required by the definition of a q-density function.
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Proposition 2.6. The r-th q-moments of the q-uniform distribution is given by

µr = E (Xr) = βr

[r + 1]q
. (2.14)

In particular its q-mean and q-variance are given respectively by

µq = E (X) = β

[2]q
and σ2

q = β2q

(1 + q + q2)(1 + 2q + q2) .

Proof. Using the q-density function (2.13) and the definition of the q-integral, the rth
q-moment of the q-uniform distribution,

µr = E (Xr) =
∫ β

0
xrfq(x)dqx,

is easily obtained in the form (2.14). The q-mean and q-variance of X follows. □

Remark 2.7. Let X be a q-continuous random variable obeying a q-uniform distribution
with parameter β, then the linearly transformed q-continuous random variable Y = X

β

obeys the q-uniform distribution with parameter β = 1. Indeed

FY (y) = P (Y ≤ y) = P (X ≤ βy) = FX (βy) =
∫ βy

α
fq(x)dqx = y, 0 ≤ y ≤ 1.

So

fY (y) =

1, 0 ≤ y ≤ 1,

0, y < 0 or y > 1.

In the following proposition, we show that the linear transformation Y = X
β

can be
generalized by considering the transformation Y = FX(X), where FX(x) is a distribution
function of a q-continuous random variable X.

Proposition 2.8. Let X be a q-continuous random variable with probability function
FX(x), x ∈ R. Then the distribution of the q-continuous random variable Y = FX (X) is
the q-uniform distribution with parameter β = 1.

Proof. The distribution function of the q-continuous random variable Y is given, for
0 ≤ y ≤ 1, by

FY (y) = P (Y ≤ y) = P (FX(X) ≤ y) = P
(
X ≤ F −1

X (y)
)

= FX

(
F −1

X (y)
)

= y.

So

fY (y) =

1, 0 ≤ y ≤ 1,

0, y < 0 or y > 1

and the proposition follows. □
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3. Main results

3.1. On the distributions of q-ordered random variables. Let a ν-variate q-continuous
random variable X = (X1, . . . , Xν) be defined in a sample space Ω. Then for the values
x1 = X1(ω), . . . , xν = Xν(ω), ω ∈ Ω there is a permutation (i1, . . . , iν) of the ν indices
{1, . . . , ν}, such that xi1 ≤ · · · < xiν−1 ≤ xiν . The k-th ordered random variable is denoted
by X(k) and defined by

X(k)(ω) = x(k), ω ∈ Ω,

where x(k) = xik
, k = 1, . . . , ν. In particular, for k = 1 this gives X(1) = min{X1, · · · , Xν}

and, for k = ν this gives X(ν) = max{X1, . . . , Xν}. Generally, the following inequalities
hold:

0 ≤ X(1) ≤ · · · ≤ X(ν) ≤ β,

for a positive real number β.

We now introduce the following definition of q-ordered random variables.

Definition 3.1 (q-ordered). Let Y = (Y1, . . . , Yν) be a ν-variate q-continuous random
variable and Y(k), 1 ≤ k ≤ ν, be the corresponding k-th ordered random variables. Assume
that Y(k), 1 ≤ k ≤ ν, satisfy the inequalities

0 ≤ Y(1) < qY(2) < Y(2) < · · · < Y(ν−1) < qY(ν) < Y(ν) ≤ β, (3.1)

for a positive real number β. Then, Y(k) (for any k such that 1 ≤ k ≤ ν) is called the k-th
q-ordered random variables.

Let Y(k), 1 ≤ k ≤ ν, be the k-th q-ordered random variables, where the non-ordered q-
continuous random variables Y1, . . . , Yν , are dependent and not identically distributed. The
non-ordered, dependent and not identically distributed, random variables Yi, i = 1, . . . , ν,
are randomly selected from the same sample space and the corresponding k-th q-ordered
random variables, Y(k), 1 ≤ k ≤ ν, satisfy inequalities (3.1). Each non-ordered random
variable Yi is thus defined on the set

RYi
:= [0, q(i−1)β] = ∪ν

j=iRj,

where Rj := (qjβ, qj−1β] for j = 1, . . . , ν − 1 and Rν := [0, qν−1β]. (3.2)

In particular, one has

∪ν
j=1Rj = [0, β] and Ri ∩ Rj = ∅ for i ̸= j.

Moreover, we assume that the non-ordered random variables Yi’s are not identically
distributed according to their definitions sets but they are distributed with the same
functional form. Furthermore, the stochastic dependencies satisfied by the non-ordered
random variables Yi’s are explicitly defined hereafter.
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For any integer r between 1 and ν, let {i1, . . . , ir} be an r-combination of {1, . . . , ν} sat-
isfying i1 < · · · < ir, and let {ir+1, ir+2, . . . , iν} be its complementary combination (i.e., one
has {i1, . . . , ir} ∪ {ir+1, ir+2, . . . , iν} = {1, . . . , ν}) satisfying ir+1 < ir+2 < · · · < iν . Then,
we assume that the non-ordered random variables Yi’s satisfy the following dependence
relations for y ∈ [0, β]:

P
(
Yir ≤ y|Yi1 ≤ y, . . . , Yir−1 ≤ y

)
= P

(
Yir ≤ qr−1y

)
, (3.3)

P
(
Yir ≤ y|Yi1 > y, . . . , Yir−1 > y

)
= P (Yir ≤ y) , (3.4)

and

P
(
Yim ≤ y|Yi1 ≤ y, . . . , Yir ≤ y, Yir+1 > y, . . . , Yim−1 > y

)
= P (Yim ≤ y|Yi1 ≤ y, Yir ≤ y)

= P
(
Yim,q ≤ qim−(m−r)y

)
, m = r + 1, r + 2, . . . , ν. (3.5)

The q-distribution functions of the maximum, minimum, and k-th q-ordered random
variables (respectively Y(1), Y(ν), and Y(k)) are derived in the following lemma.

Lemma 3.2. Let Y1, . . . , Yν be dependent q-continuous random variables, where

(a) Each Yi is defined on the set RYi
from Formula (3.2).

(b) Each Yi has a q-distribution function FYi
(y) = P (Yi ≤ y), for y ∈ RYi

, of the same
functional form and satisfies the dependence relations (3.3), (3.4), (3.5).

Then, the q-distribution function of the maximum q-ordered random variable Y(ν) = max
{Y1, . . ., Yν}, where Y(i), i = 1, . . . , ν, satisfy inequalities (3.1), is given for y ∈ [0, β] by

FY(ν)(y) =
ν∏

i=1
FYi

(qi−1y). (3.6)

Moreover, the q-distribution function of the minimum q-ordered random variable Y(1) =
min{Y1, . . . , Yν}, where Y(i), i = 1, . . . , ν, satisfy inequalities (3.1), is given by

FY(1)(y) = 1 −
ν∏

i=1
(1 − FYi

(y)) . (3.7)

Furthermore, the q-distribution function of k-th q-ordered random variable Y(k), 1 ≤ k ≤ ν,
where Y(i), i = 1, . . . , ν, satisfy inequalities (3.1), is given for y ∈ [0, β] by

FY(k)(y) =
ν∑

r=k

∑
1≤i1<...<ir≤ν

r∏
j=1

FYij

(
qj−1y

) ν∏
m=r+1

(
1 − FYim

(
qim−(m−r)y

))
, (3.8)

where the inner summation is over all r-combinations {i1, . . . , ir} of the set {1, . . . , ν}.



On q-order statistics 11

Proof. Let FY(ν)(y) be the q-distribution function of Y(ν) = max{Y1, . . . , Yν}, then

FY(ν)(y) = P
(
Y(ν) ≤ y

)
= P (max{Y1, . . . , Yν} ≤ y)

= P (Y1 ≤ y, Y2 ≤ y, . . . , Yν ≤ y)
= P (Y1 ≤ y)P (Y2 ≤ y|Y1 ≤ y) · · · P (Yν ≤ y|Y1 ≤ y, . . . , Yν−1 ≤ y) . (3.9)

By assumptions (a) and (b), still for y ∈ [0, β], the above equation (3.9) becomes

FY(ν)(y) =
ν∏

i=1
FYi

(qi−1y).

Let also FY(1)(y), y ∈ [0, β], be the q-distribution function of Y(1) = min{Y1, . . . , Yν}, then

FY(1)(y) = P
(
Y(1) ≤ y

)
= 1 − P

(
Y(1) > y

)
= 1 − P (min{Y1, . . . , Yν} > y)

= 1 − P (Y1 > y, Y2 > y, . . . , Yν > y)
= 1 − P (Y1 > y)P (Y2 > y|Y1 > y) · · · P (Yν > y|Y1 > y, Y2 > y, . . . , Yν−1 > y)
= 1 − (1 − P (Y1 < y)) (1 − P (Y2 < y|Y1 > y) · · · (1 − P (Yν < y|Y1 > y, . . . , Yν−1 > y)).

(3.10)
By assumptions (a) and (b), the above equation (3.10) becomes

FY(1)(y) = 1 −
ν∏

i=1
(1 − FYi

(y)) , y ∈ [0, β].

Now, let FY(k)(y) be the q-distribution function of Y(k). Then, the event Y(k) ≤ y occurs
if and only if at least k random variables from {Y1, Yν} take values in the set [0, y]
while the remaining ones ν − k take values in the set (y, β]. More precisely, consider
an r-combination {i1, . . . , ir} of {1, . . . , ν, }, with i1 < . . . < ir, and its complementary
combination {ir+1, ir+2, . . . , iν}, with ir+1 < ir+2 < . . . < iν . Then the q-distribution
function of Y(k) is expressed as

FY(k)(y) = P
(
Y(k) ≤ y

)
=

ν∑
r=k

∑
1≤i1<...<ir≤ν

P
(
Yi1 ≤ y, . . . , Yir ≤ y, Yir+1 > y, . . . , Yiν > y

)

=
ν∑

r=k

∑
1≤i1<...<ir≤ν

P (Yi1 ≤ y, . . . , Yir ≤ y) P
(
Yir+1 > y, . . . , Yiν > y|Yi1 ≤ y, . . . , Yir ≤ y

)

=
ν∑

r=k

∑
1≤i1<...<ir≤ν

P
(
Yi1 ≤ y) · · · P (Yir ≤ y|Yi1 ≤ y, . . . , Yir−1 ≤ y

)
· P (Yir+1 > y|Yi1 ≤ y, . . . , Yir ≤ y) · · · P (Yiν > y|Yi1 ≤ y, . . . , Yir ≤ y, Yir+1 > y, . . . , Yiν−1 > y),

(3.11)
still with an inner summation over all r-combinations {i1, . . . , ir} of the set {1, . . . , ν}.
By assumptions (a) and (b), Equation (3.11) becomes

FY(k)(y) =
ν∑

r=k

∑
1≤i1<...<ir≤ν

r∏
j=1

FYij

(
qj−1y

) ν∏
m=r+1

(
1 − FYim

(
qim−(m−r)y

))
,

where the inner summation is over all r-combinations {i1, . . . , ir} of the set {1, . . . , ν}. □
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In the next theorem, we assume that the non ordered random variables Yi, i = 1, 2, . . .
are dependent, q-uniformly distributed on the sets [0, qi−1t], t > 0, i = 1, . . . , ν, respectively,
and we use the above lemma 3.2, to derive the q-distribution function and the q-density
function of the corresponding maximum, minimum and k-th q-ordered random variables
Y(k), k = 1, . . . , ν.

Theorem 3.3. Let Y1, . . . , Yν be dependent q-continuous random variables, q-uniformly
distributed on the sets [0, qi−1t], t > 0, i = 1, . . . , ν, respectively. Assume that the random
variables Yi, i = 1, . . . , ν, satisfy the dependence relations (3.3), (3.4), (3.5). Then, for
y ∈ [0, t], we have the following q-distribution functions and q-density functions:

• For the maximum q-ordered random variable Y(ν) = max{Y1, . . . , Yν} we have

FY(ν)(y) = yν

tν

and

fY(ν)(y) = [ν]q
yν−1

tν
. (3.12)

• For the q-distribution function and q-density function of the minimum q-ordered
random variable Y(1) = min{Y1, . . . , Yν} we have

FY(1)(y) = 1 −
ν∏

i=1

(
1 − y

qi−1t

)

and

fY(1)(y) = [ν]q
qν−1t

ν−1∏
i=1

(
1 − y

qi−1t

)
. (3.13)

• For the q-distribution function and the q-density function of the k-th q-ordered
random variable Y(k) we have

FY(k)(y) =
ν∑

r=k

[
ν
r

]
1
q

yr

tr

ν−r∏
i=1

(
1 − y

qi−1t

)

and

fY(k)(y) = [ν]q!q(ν−k
2 )

[k − 1]q![ν − k]q!q(ν
2)−(k

2)
yk−1

tk

ν−k∏
j=1

(
1 − y

qi−1t

)
. (3.14)

Proof. The theorem assumptions allow us to use Equation (3.6); the q-distribution function
of Y(ν) is thus

FY(ν)(y) =
ν∏

i=1
FYi

(qi−1y) = y

t

qy

qt
· · · qν−1

qν−1t
= yν

tν
.
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Taking the q-derivative of the above relation we have that the q-density function of Y(ν)
is straightforwardly given for y ∈ [0, t] by

fY(ν)(y) = dqFY(ν)(y) = [ν]q
yν−1

tν
.

Note that ∫ t

0
fY(ν)(y)dqy =

∫ t

0
[ν]q

yν−1

tν
dqy = 1,

which is coherent with the fact we have here a q-density function.
Also, the q-distribution function of Y(1), by Equation (3.7) of the previous lemma 3.2, is
straightforwardly given for y ∈ [0, t] by

FY(1)(y) = 1 −
ν∏

i=1
(1 − FYi

(y)) = 1 −
ν∏

i=1

(
1 − y

t

)
.

Taking the q-derivative of the above relation and using the q-binomial formula (2.4), we
have that the q-density function of Y(ν) is expressed as

fY(1)(y) = dqFY(1)(y) = −
ν∑

k=0
(−1)kq−(k

2)
[
ν
k

]
1
q

[k]qyk−1

tk

= [n]q
t

ν−1∑
k=0

(−1)k−1q−(k
2)q−k(ν−k)

[
ν − 1
k − 1

]
q

yk−1

tk−1

= [n]q
qν−1t

ν−1∑
k=0

(−1)k−1q−(k−1
2 )q−(k−1)(ν−k)

[
ν − 1
k − 1

]
q

yk−1

tk−1

= [n]q
qν−1t

ν−1∑
k=0

(−1)k−1q−(k−1
2 )
[
ν − 1
k − 1

]
1
q

yk−1

tk−1 = [ν]q
qν−1t

ν−1∏
i=1

(
1 − y

qi−1t

)
.

Note that using the q-binomial formula (2.4) and the q-identity (2.2), we obtain

∫ t

0
fY(1)(y)dqy = [ν]q

qν−1

ν−1∑
j=0

(−1)jq−(j
2)
[
ν − 1

j

]
1
q

∫ t

0

yj

tj+1 dqy

= [ν]q
qν−1

ν−1∑
j=0

(−1)jq−(j
2)q−j(ν−1−j)

[
ν − 1

j

]
q

1
[j + 1]q

= [ν]q
ν−1∑
j=0

(−1)jq(j+1
2 )q−(j+1)(ν−1)

[
ν − 1

j

]
q

1
[j + 1]q

= [ν]q
1[
ν

ν − 1

]
q

= 1,

which is coherent with the fact we have here a q-density function.
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Moreover, thanks to Equation (3.8), the q-distribution function of Y(k) is given by

FY(k)(y) =
ν∑

r=k

∑
1≤i1<...<ir≤ν

r∏
j=1

FYij

(
qj−1y

) ν∏
m=r+1

(
1 − FYim

(
qim−(m−r−1)y

))

=
ν∑

r=k

∑
1≤i1<...<ir≤ν

y

qi1−1t

qy

qi2−1t
· · · qr−1y

qir−1t

(
1 − y

t

)(
1 − y

qt

)
· · ·

(
1 − y

qν−r−1t

)

=
ν∑

r=k

yr

tr

ν−r∏
i=1

(
1 − y

qi−1t

) ∑
1≤i1<...<ir≤ν

q−i1−···−ir+(r+1
2 ),

where the inner summation is over the r-combinations {i1, . . . , ir} of the set {1, . . . , ν}.
Applying the formula of the q-binomial coefficient (2.1) in the above equation, we obtain

FY(k)(y) =
ν∑

r=k

[
ν
r

]
1
q

yr

tr

ν−r∏
i=1

(
1 − y

qi−1t

)
, y ∈ [0, t].

Taking the q-derivative of the above q-distribution function, using suitably the q-binomial
formula (2.4) and conducting all the needed algebraic manipulations, we have that the
q-density function of Y(k) for 1 ≤ k ≤ ν is expressed (for y ∈ [0, t]) as

fY(k)(y) = dqFY(k)(y) =
ν∑

r=k

q−r(ν−r)
[
ν
r

]
q

[r]q
yr−1

tr

ν−r∏
i=1

(
1 − y

qi−1t

)

+
ν∑

r=k

q−r(ν−r)
[
ν
r

]
q

qryr

tr

ν−r∑
j=0

(−1)jq−(j
2)−j(ν−r−j)

[
ν − r

j

]
q

[j]q
yj−1

tj

= [ν]q
t

ν∑
r=k

q−(ν−r)q−(r−1)(ν−r)
[
ν − 1
r − 1

]
q

yr−1

tr−1

ν−r∏
i=1

(
1 − y

qi−1t

)

− 1
t

ν∑
r=k

q−r(ν−r)
[
ν
r

]
q

qryr

tr
[ν − r]qq−(ν−r−1)

×
ν−r∑
j=0

(−1)j−1q−(j−1
2 )−(j−1)(ν−r−j)

[
ν − r − 1

j − 1

]
q

yj−1

tj−1

= [ν]q
t

ν∑
r=k

q−(ν−r)q−(r−1)(ν−r)
[
ν − 1
r − 1

]
q

yr−1

tr−1

ν−r∏
i=1

(
1 − y

qi−1t

)

− [ν]q
t

ν−1∑
r=k

q−(ν−r−1)q−r(ν−1−r)
[
ν − 1

r

]
q

yr

tr

ν−r−1∏
i=1

(
1 − y

qi−1t

)

= [ν]q
t

q−(ν−k)q−(k−1)(ν−k)
[
ν − 1
k − 1

]
q

yk−1

tk−1

ν−k∏
i=1

(
1 − y

qi−1t

)

= q−k(ν−k) [ν]q!
[k − 1]q![ν − k]q!

yk−1

tk

ν−k∏
j=1

(
1 − y

qi−1t

)

= [ν]q!q(ν−k
2 )

[k − 1]q![ν − k]q!q(ν
2)−(k

2)
yk−1

tk

ν−k∏
j=1

(
1 − y

qi−1t

)
.
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Note that using suitably the q-binomial formula (2.4), the q-identity (2.2) and carrying
out all the needed algebraic manipulations, we obtain

∫ t

0
fY(k)(y)dqy = [ν]q!q(ν−k

2 )

[k − 1]q![ν − k]q!q(ν
2)−(k

2)t

∫ t

0

yk−1

tk−1

ν−k∏
j=1

(
1 − y

qi−1t

)
dqy

= q−k(ν−k) [ν]q!
[k − 1]q![ν − k]q!

ν−k∑
j=0

(−1)jq−(j
2)
[
ν − k

j

]
1
q

∫ t

0

yk+j−1

tj+k
dqy

= q−k(ν−k) [ν]q!
[k]q![ν − k]q!

ν−k∑
j=0

(−1)jq−(j
2)q−j(ν−k−j)

[
ν − k

j

]
q

[k]q
[k + j]q

= [ν]q!
[k]q![ν − k]q!

ν−k∑
j=0

(−1)jq(j+1
2 )−(ν−k)(k+j)

[
ν − k

j

]
q

[k]q
[k + j]q

= [ν]q!
[k]q![ν − k]q!

1[
ν

ν − k

]
q

= 1,

which is coherent with the fact we have here a q-density function. □

Remark 3.4. The random variables Y(1) and Y(ν) follow q-power law distributions (see
Formulas (3.12) and (3.13)) while the random variables Y(2), . . . , Y(ν−1) follow q-beta
distributions (see Formula (3.14)).

In the following lemma, we consider the non-ordered q-continuous random variables,
Y1, . . . , Yν , being dependent and not identically distributed, and we derive the joint
q-distribution function of the q-ordered random variables, Y(1) and Y(ν) that satisfy in-
equalities (3.1).

Lemma 3.5. Let Y1, . . . , Yν be dependent q-continuous random variables, where

(a) Each Yi is defined on the set RYi
from Formula (3.2).

(b) Each Yi has a q-distribution function FYi
(y) = P (Yi ≤ y), for y ∈ RYi

, of the same
functional form and satisfy the dependence relations (3.3), (3.4), (3.5).

Then, the joint q-distribution function of the q-ordered random variables

Y(1) = min{Y1, . . . , Yν} and Y(ν) = max{Y1, . . . , Yν},

is given by

FY(1),Y(ν)(y, z) =
ν∏

i=1
FYi

(qi−1z) −
ν∏

i=1

(
FYi

(qi−1z) − FYi
(y)
)

(3.15)

with y < qν−1z, ν ≥ 1, y, z ∈ [0, β].
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Proof. Let FY(1),Y(ν)(y, z), y < qν−1z, ν ≥ 1, y, z ∈ [0, β], be the joint q-distribution function
of the random variables Y(1) and Y(ν). Using the expression

P
(
Y(1) ≤ y, Y(ν) ≤ z

)
= P

(
Y(ν) ≤ z

)
− P

(
Y(1) > y, Y(ν) ≤ z

)
we then have

FY(1),Y(ν)(y, z) = P
(
Y(1) ≤ y, Y(ν) ≤ z

)
= P

(
Y(ν) ≤ z

)
− P

(
Y(1) > y, Y(ν) ≤ z

)
= P (Y1 ≤ z, Y2 ≤ z, . . . , Yν ≤ z) − P (y < Y1 ≤ z, y < Y2 ≤ z, . . . , y < Yν ≤ z)
= P (Y1 ≤ z)P (Y2 ≤ z|Y1 ≤ z) · · · P (Yν ≤ z|Y1 ≤ z, Y2 ≤ z, . . . , Yν−1 ≤ z)

− P (y < Y1 ≤ z)P (y < Y2 ≤ z|y < Y1 ≤ z) · · ·
· P (y < Yν ≤ z|y < Y1 ≤ z, y < Y2 ≤ z, . . . , y < Yν−1 ≤ z). (3.16)

By assumptions (a) and (b), Equation (3.16) becomes (for y, z ∈ [0, β] such that y < qν−1z):

FY(1),Y(ν)(y, z) =
ν∏

i=1
FYi

(qi−1z) −
ν∏

i=1

(
FYi

(qi−1z) − FYi
(y)
)

. □

In the next theorem, we assume that the non ordered random variables Yi are dependent
and q-uniformly distributed on the sets [0, qi−1t] (for t > 0), and we use the above
lemma 3.5, to derive the joint q-distribution function and the joint q-density function of
the q-ordered random variables Y(1) and Y(ν).

Theorem 3.6. Let Y1, . . . , Yν be dependent q-continuous random variables, q-uniformly
distributed on the sets [0, qi−1t], t > 0, i = 1, . . . , ν, respectively. Assume that the ran-
dom variables Yi satisfy the dependence relations (3.3), (3.4), (3.5). Then, the joint
q-distribution function and the joint q-density function of the q-ordered random variables,
Y(1) = min{Y1, . . . , Yν} and Y(ν) = max{Y1, . . . , Yν} are given respectively by

FY(1),Y(ν)(y, z) = zν

tν
− zν

tν

ν∏
i=1

(
1 − y

qi−1z

)

and

fY(1),Y(ν)(y, z) = q−ν+1[ν]q[ν − 1]q
zν−2

tν

ν−2∏
i=1

(
1 − y

qiz

)
with y < qν−1z, ν ≥ 1, y, z ∈ [0, t].

Proof. With the conditions of the theorem, by Equation (3.15), the q-distribution function
of the random variables Y(1) and Y(ν) becomes

FY(1),Y(ν)(y, z) =
ν∏

i=1
FYi

(qi−1z) −
ν∏

i=1

(
FYi

(qi−1z) − FYi
(y)
)

= z

t

qz

qt
· · · qν−1z

qν−1t
−
(

z

t
− y

t

)(
qz

qt
− y

qt

)(
q2z

q2t
− y

q2t

)
· · ·

(
qν−1z

qν−1t
− y

qν−1t

)

= zν

tν
− zν

tν

ν∏
i=1

(
1 − y

qi−1z

)
.
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Taking the partial q-derivatives of the above joint q-distribution function and using the
q-binomial formula (2.4), we have that the joint q-density function of the random variables
Y(1) and Y(ν) is expressed as

fY(1),Y(ν)(y, z) =
∂FY(1),Y(ν)(y, z)

∂qz∂qy
= − 1

∂qz∂qy

zν

tν

ν∏
i=1

(
1 − y

qi−1z

)

= − 1
∂qz∂qy

zν

tν

ν∑
r=0

(−1)rq−(r
2)
[
ν
r

]
1
q

yr

zr

= − 1
tν

ν∑
r=0

(−1)rq−(r
2)q−r(ν−r)

[
ν
r

]
q

[r]q[ν − r]qyr−1zν−r−1

= zν−2

tν
[ν]q[ν − 1]q

ν∑
r=0

(−1)r−1q−(r
2)q−r(ν−r)

[
ν − 2
r − 1

]
q

yr−1

zr−1

= zν−2

qν−1tν
[ν]q[ν − 1]q

ν∑
r=0

(−1)r−1q−(r−1
2 )q−(r−1)(ν−r−1)

[
ν − 2
r − 1

]
q

yr−1

(qz)r−1

= zν−2

qν−1tν
[ν]q[ν − 1]q

ν∑
j=0

(−1)jq−(j
2)q−j(ν−2−j)

[
ν − 2

j

]
q

yj

(qz)j

= q−ν+1[ν]q[ν − 1]q
zν−2

tν

ν−2∏
i=1

(
1 − y

qiz

)
.

Note that using suitably the q-binomial formula (2.4), the q−1-identity (2.3) and carrying
out all the needed algebraic manipulations, we obtain

∫ t

0

∫ qν−1z

0
fY(1),Y(ν)(y, z)dqydqz

= q−ν+1

tν
[ν]q[ν − 1]q

ν∑
j=0

(−1)jq−(j
2)q−j(ν−2−j)−j

[
ν − 2

j

]
q

∫ t

0

∫ qν−1z

0
yjzν−2−jdqydqz

= q−ν+1

tν
[ν]q[ν − 1]q

ν∑
j=0

(−1)jq−(j
2)q−j(ν−2−j)−j

[
ν − 2

j

]
q

q(ν−1)(j+1)tν

[j + 1]q[ν]q

= q−ν+2[ν − 1]q
ν∑

j=0
(−1)jq(j+1

2 )+ν−2
[
ν − 2

j

]
q

[1]q
[1 + j]q

= q−ν+2[ν − 1]q
1[

ν − 1
ν − 2

]
1
q

= 1

which is coherent with the fact we have here a q-density function. □

In the following lemma, we consider the non-ordered q-continuous random variables,
Y1, . . . , Yν , being dependent and not identically distributed, and we derive the joint q-
distribution function of the q-ordered random variables, Y(k) and Y(r), 1 ≤ k < r ≤ ν.
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Lemma 3.7. Let Y1, . . . , Yν be dependent q-continuous random variables, where
(a) Each Yi is defined on the set RYi

from Formula (3.2).
(b) Each Yi has a q-distribution function FYi

(y) = P (Yi ≤ y) , y ∈ RYi
of the same

functional form and satisfies the dependence relations (3.3), (3.4), (3.5).
Then, the joint q-distribution function of the q-ordered random variables Y(k) and Y(r) for
1 ≤ k < r ≤ ν, where Y(i), i = 1, . . . , ν, satisfy inequalities (3.1), is given by

FY(k),Y(r)(y, z)

=
ν∑

j=r

j∑
s=k

∑ s∏
n1=1

FYin1

(
qn1−1y

) j∏
ni1,...,ir=s+1

(
FYin2

(
qn2−s−1z

)
− FYin2

(y)
)

·
ν∏

n3=j+1

(
1 − FYin3

(
qin3 −(n3−j)z

))
, y < qr−kz, 1 ≤ k < r ≤ ν, y, z ∈ [0, β], (3.17)

where the inner summation is over all pairwise disjoint subsets {i1, . . . , is} and {is+1, . . . , ij}
of the set {1, . . . , ν} with 1 ≤ i1 < · · · < is ≤ ν and 1 ≤ is+1 < is+2 < · · · < ij ≤ ν.

Proof. Let FY(k),Y(r)(y, z) = P
(
Y(k) ≤ y, Y(r) ≤ z

)
, y < qr−kz, 1 ≤ k < r ≤ ν, y, z ∈ [0, β],

be the joint q-distribution function of the random variables Y(k) and Y(r) with 1 ≤ k < r ≤ ν.
Then, the events Y(k) ≤ y and Y(r) ≤ z occur if and only if at least k random variables in
{Y1, . . . , Yν} take values in the set [0, y], while r − k random other variables take values in
the set (y, z], and the remaining ones take values in the set (z, β], 1 ≤ k < r ≤ ν. So, for
y < qr−kz, 1 ≤ k < r ≤ ν, y, z ∈ [0, β], we have

FY(k),Y(r)(y, z) = P
(
Y(k) ≤ y, Y(r) ≤ z

)
=

ν∑
j=r

j∑
s=k

∑
1≤i1<...<is≤ν

1≤is+1<is+2<...<ij≤ν

P
(
{Yiℓ

≤ y}ℓ=1,...,s, {y < Yiℓ
≤ z}ℓ=s+1,...,j, {Yiℓ

> z}ℓ=j+1,...,ν

)

=
ν∑

j=r

j∑
s=k

∑
1≤i1<...<is≤ν

1≤is+1<is+2<...<ij≤ν

P (Yi1 ≤ y)P (Yi2 ≤ y|Yi1 ≤ y) · · · P (Yis ≤ y|Yi1 ≤ y, Yi2 ≤ y, . . . , Yis−1 ≤ y)

· P
(
y < Yis+1 ≤ z|Yi1 ≤ y, . . . , Yis ≤ y

)
· P
(
y < Yis+2 ≤ z|Yi1 ≤ y, . . . , Yis ≤ y, y < Yis+1 ≤ z

)
· · ·

· P
(
y < Yij

≤ z|Yi1 ≤ y, . . . , Yis ≤ y, y < Yis+1 ≤ z, . . . , y < Yij−1 ≤ z
)

· P
(
Yij+1 > z|Yi1 ≤ y, . . . , Yis ≤ y, y < Yis+1 ≤ z, . . . , y < Yij

≤ z
)

· · ·

· P
(
Yiν > z|Yi1 ≤ y, . . . , Yis ≤ y, y < Yis+1 ≤ z, . . . , y < Yij

≤ z, Yij+1 > z, . . . , Yiν−1 > z
)
,

(3.18)

where the inner summation is over all pairwise disjoint subsets {i1, . . . , is} and {is+1, . . . , ij}
of the set {1, . . . , ν} with 1 ≤ i1 < . . . < is ≤ ν and 1 ≤ is+1 < is+2 < . . . < ij ≤ ν.
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By assumptions (a) and (b), Equation (3.18) becomes (for y < qr−kz, 1 ≤ k < r ≤ ν,
and y, z ∈ [0, β])

FY(k),Y(r)(y, z) =
ν∑

j=r

j∑
s=k

∑
1≤i1<...<is≤ν

1≤is+1<is+2<...<ij≤ν

s∏
n1=1

FYin1

(
qn1−1y

)

·
j∏

n2=s+1

(
FYin2

(
qn2−s−1z

)
− FYin2

(y)
) ν∏

n3=j+1

(
1 − FYin3

(
qin3 −(n3−j)z

))
,

where the inner summation is over all pairwise disjoint subsets {i1, . . . , is} and {is+1, . . . , ij}
of the set {1, . . . , ν} with 1 ≤ i1 < · · · < is ≤ ν and 1 ≤ is+1 < is+2 < · · · < ij ≤ ν. □

In the next theorem, we use the above lemma 3.7 to derive the joint q-distribution
function and the joint q-density function of the ordered random variables.

Theorem 3.8. Let Y1, . . . , Yν be dependent q-continuous random variables, q-uniformly
distributed on the sets [0, qi−1t], t > 0, i = 1, . . . , ν, respectively. Assume that the random
variables Yi, i = 1, . . . , ν, satisfy the dependence relations (3.3), (3.4), (3.5). Then, the
joint q-distribution function and the joint q-density function of the q-ordered random
variables, Y(k) and Y(r), for 1 ≤ k < r ≤ ν, are given respectively by

FY(k),Y(r)(y, z) =
ν∑

j=r

j∑
s=k

[
ν

s, j − s

]
1
q

ys

ts

zj−s

tj−s

j−s∏
i=1

(
1 − y

qi−1z

) ν−j∏
m=1

(
1 − z

qm−1t

)
(3.19)

and

fY(k),Y(r)(y, z) = q−r(ν−r)q−k(r−k)[ν]q !
[k−1]q ![r−k−1]q ![ν−r]q !

yk−1

tr zr−k−1∏r−k−1
i=1

(
1 − y

qiz

)∏ν−r
m=1

(
1 − z

qm−1t

)
(3.20)

with y < qr−kz, 1 ≤ k < r ≤ ν, y, z ∈ [0, t].

Proof. By Equation (3.17) and the q-multinomial formulas (2.6) and (2.5), the joint
q-distribution function of Y(k) and Y(r) satisfies

FY(k),Y(r)(y, z) =
ν∑

j=r

j∑
s=k

∑
1≤i1<···<is≤ν

1≤m1<m2<···<mj−s≤ν

q(s+1
2 )q(j−s+1

2 )q−i1−···−isq−m1−···−mj−s

· ys

ts

zj−s

tj−s

(
1 − y

z

)(
1 − y

qz

)
· · ·

(
1 − y

qj−s−1z

)(
1 − z

t

)(
1 − z

qt

)
· · ·

(
1 − z

qν−j−1t

)

=
ν∑

j=r

j∑
s=k

[
ν

s, j − s

]
1
q

ys

ts

zj−s

tj−s

j−s∏
i=1

(
1 − y

qi−1z

) ν−j∏
m=1

(
1 − z

qm−1t

)
, (3.21)

where the inner summation of the first equality, is over all pairwise disjoint subsets
{i1, i2, . . . , is} and {m1, m2, . . . , mj−s} of the set {1, . . . , ν} with 1 ≤ i1 < . . . < is ≤ ν
and 1 ≤ m1 < m2 < . . . < mj−s ≤ ν.
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The above joint q-distribution (3.21), of the random variables Y(k) and Y(r), for 1 ≤ k <
r ≤ ν and y < qr−kz, y, z ∈ [0, t] can be written as

FY(k),Y(r)(y, z) =
ν∑

j=r

q−j(ν−j)

tj

[
ν
j

]
q

ν−j∏
m=1

(
1 − z

qm−1t

) j∑
s=k

[
j
s

]
q

(
z

qs

)j−s j−s∏
i=1

(
1 − y

qi−1z

)
.

Taking the partial q-derivative of the inner sum over y, using suitably the q-binomial
formula (2.4) and carrying out all needed algebraic manipulations, we obtain

∂q

∂qy

j∑
s=k

q−s(j−s)
[
j
s

]
q

zj−s
j−s∏
i=1

(
1 − y

qi−1z

)

= [j]q

 j∑
s=k

q−s(j−s)
[
j − 1
s − 1

]
q

ys−1zj−s
j−s∏
i=1

(
1 − y

qi−1z

)− [j]q

 j∑
s=k

q−(s+1)(j−s−1)
[
j − 1

s

]
q

yszj−s−1
j−s−1∏

i=1

(
1 − y

qi−1z

)
q−k(j−k)[j]q

[
j − 1
k − 1

]
q

yk−1zj−k
j−k∏
i=1

(
1 − y

qi−1z

) .

So,

∂qFY(k),Y(r)(y, z)
∂qy

=
ν∑

j=r

q−j(ν−j)
[
ν
j

]
q

1
tj

ν−j∏
m=1

(
1 − z

qm−1t

)
q−k(j−k)[j]q

[
j − 1
k − 1

]
q

yk−1zj−k
j−k∏
i=1

(
1 − y

qi−1z

)

=
ν∑

j=r

q−j(ν−j)q−k(j−k)
[
ν
j

]
q

[
j − 1
k − 1

]
q

[j]q
1
tj

yk−1zj−k
j−k∏
i=1

(
1 − y

qi−1z

) ν−j∏
m=1

(
1 − z

qm−1t

)

= [ν]q!yk−1

[k − 1]q![ν − k]q!

ν∑
j=r

q−j(ν−j)q−k(j−k)
[
ν − k
j − k

]
q

zj−k

tj

j−k∏
i=1

(
1 − y

qi−1z

) ν−j∏
m=1

(
1 − z

qm−1t

)
.

In the last sum of this equation, taking the partial q-derivative over z, and using suitably
q-binomial formula (2.4), we get

∂q

∂qz

ν∑
j=r

q−j(ν−j)q−k(j−k)
[
ν − k
j − k

]
q

1
tj

zj−k
j−k∏
i=1

(
1 − y

qi−1z

) ν−j∏
m=1

(
1 − z

qm−1t

)

=
ν∑

j=r

q−j(ν−j)q−k(j−k)
[
ν − k
j − k

]
q

[j − k]q
1
tj

zj−k−1
j−k−1∏

i=1

(
1 − y

qiz

) ν−j∏
m=1

(
1 − z

qm−1t

)

−
ν∑

j=r

q−j(ν−j)−k(j−k)−(ν−j−1)+j−k

[
ν − k
j − k

]
q

[ν − j]q
zj−k

tj+1

j−k∏
i=1

(
1 − y

qiz

) ν−j−1∏
m=1

(
1 − z

qm−1t

)
.
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It follows that
∂q

∂qz

ν∑
j=r

q−j(ν−j)q−k(j−k)
[
ν − k
j − k

]
q

1
tj

zj−k
j−k∏
i=1

(
1 − y

qi−1z

) ν−j∏
m=1

(
1 − z

qm−1t

)

= [ν − k]q
ν∑

j=r

q−j(ν−j)q−k(j−k)
[
ν − k − 1
j − k − 1

]
q

1
tj

zj−k−1
j−k−1∏

i=1

(
1 − y

qiz

) ν−j∏
m=1

(
1 − z

qm−1t

)

-[ν-k]q
ν∑

j=r

q−j(ν−j)−k(j−k)−(ν−j−1)+j−k

[
ν-k-1
j-k

]
q

zj−k

tj+1

j−k∏
i=1

(
1- y

qiz

) ν−j−1∏
m=1

(
1- z

qm−1t

)

= q−r(ν−r)q−k(r−k)[ν − k]q
[
ν − k − 1
r − k − 1

]
q

1
tr

zr−k−1
r−k−1∏

i=1

(
1 − y

qiz

) ν−j∏
m=r

(
1 − z

qm−1t

)
.

From this identity, we get that the joint q-density function given by

fY(k),Y(r)(y, z) =
∂2

q FY(k),Y(r)(y, z)
∂qz∂qy

= q−r(ν−r)q−k(r−k)[ν]q!
[k − 1]q![r − k − 1]q![ν − r]q!

yk−1

tr
zr−k−1

r−k−1∏
i=1

(
1- y

qiz

) ν−j∏
m=r

(
1- z

qm−1t

)

with y < qr−kz, y, z ∈ [0, t].
Note that using suitably the q-binomial formula (2.4), the q−1 and q-identities (2.2), (2.3)
and carrying out all the needed algebraic manipulations, we obtain∫ t

0

∫ qr−kz

0
fY(k),Y(r)(y, z)dqy dqz

= q−r(ν−r)q−k(r−k)[ν]q!t−r

[k − 1]q![r − k − 1]q![ν − r]q!

×
∫ t

0

(∫ qr−kz

0
yk−1

r−k−1∏
i=1

(
1 − y

qiz

)
dqy

)
zr−k−1

ν−j∏
m=r

(
1 − z

qm−1t

)
dqz

= q−r(ν−r)q−k(r−k)[ν]q!t−r

[k − 1]q![r − k − 1]q![ν − r]q!
qk

[k]q

×
r−k−1∑
m=0

(−1)mq(m+1
2 )+(r−k−1)k

[
r − k − 1

m

]
q

[k]q
[k + m]q

∫ t

0
zr−1

ν−j∏
m=r

(
1 − z

qm−1t

)
dqz

= q−k(r−k)[ν]q!
[k-1]q![r-k-1]q![ν-r]q!

1[
r-1

r-k-1

]
1
q

qk

[k]q[r]q

ν−r∑
i=0

(−1)iq(i+1
2 )−(i+r)(ν−r)

[
ν-r
i

]
q

[r]q
[r + i]q

= [ν]q!
[k]q![r − k − 1]q![ν − r]q!

[r − k − 1]q![k]q!
[r]q!

1[
ν

ν − r

]
q

= 1,

which is coherent with the fact we have here a q-density function. Note also that the joint
q-distribution function and q-density function of the random variables Y(1) and Y(ν) are
given respectively by (3.19) and (3.20), for k = 1 and r = ν. □
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Remark 3.9. The bivariate random variables
(
Y(k), Y(r)

)
for 1 ≤ k < r ≤ ν with joint

q-density function (3.20), follow q-Dirichlet distributions.

In the following proposition, we consider the non-ordered q-continuous random vari-
ables, Y1, . . . , Yν , being dependent and not identically distributed and we derive the joint
distribution function of the q-ordered random variables, Y(1), . . . , Y(ν).

Proposition 3.10. Let (Y1, . . . , Yν) be a q-continuous ν-variate random vector with joint
q-density function f(y1, . . . , yν). Then the q-density function of the q-ordered random
vector Y = (Y(1), . . . , Y(ν)) is given by

fY(y(1), . . . , y(ν)) =
∑

fYiν
(y(ν)) fYiν−1 |Yiν

(y(ν−1)|y(ν)) · · · fYi1 |(Yi2 ,...,Yiν )(y(1)|y(2), . . . , y(ν)),
0 < y(1) < qy(2) < y(2) < qy(3) < · · · < y(ν−1) < qy(ν) < y(ν) < β, (3.22)

where the summation is over all permutations (i1, . . . , iν) of {1, . . . , ν}.

Proof. The joint q-density function is

fY(y(1), . . . , y(ν)) =
P
(
qy(1) < Y(1) ≤ y(1), . . . , qy(ν) < Y(ν) ≤ y(ν)

)
(1 − q)y(1)(1 − q)y(2) · · · (1 − q)y(ν)

= (1 − q)−ν
ν∏

i=1
y−1

(i)
∑

P
(
qy(1) < Yi1 ≤ y(1), . . . , qy(ν) < Yiν ≤ y(ν)

)

= (1 − q)−ν
ν∏

i=1
y−1

(i)
∑

P
(
qy(ν) < Yiν ≤ y(ν)

)
P
(
qy(ν−1) < Yiν−1 ≤ y(ν−1)|qy(ν) < Yiν ≤ y(ν)

)
· · · P

(
qy(ν) < Yi1 ≤ y(1)|qy(1) < Yi1 ≤ y(1), . . . , qy(ν) < Yiν ≤ y(ν)

)
,

(3.23)

where the summation is over all permutations (i1, . . . , iν) of {1, . . . , ν}.
Applying Definition 2.4 on the dependent q-density function and the relations (2.11), (2.12),
to the above equation (3.23), we obtain 3.22. □

Next, we assume that the non ordered random variables Yi, i = 1, . . . , ν are dependent
and q-uniformly distributed on the sets [0, qi−1t], t > 0, i = 1, . . . , ν, respectively, and the
joint q-density function of the q-ordered random variables Y(1), . . . , Y(ν), is obtained in the
following corollary of Proposition 3.10.

Corollary 3.11. Let Y1, . . . , Yν be dependent q-continuous random variables, q-uniformly
distributed on the sets [0, qi−1t], t > 0 i = 1, . . . , ν, respectively. Assume that the random
variables Yi, i = 1, . . . , ν, satisfy the dependence relations (3.3), (3.4), (3.5). Then the
joint q-density function of the ν-variate q-continuous random vector Y = (Y(1), . . . , Y(ν))
with Y(k), k = 1, . . . , ν, the k-th q-ordered random variables, is given by

fY(y1, . . . , yν) = [ν]q!
q(ν

2)tν
, 0 < y1 < qy2 < y2 < qy3 < · · · < yν−1 < qyν < yν < t. (3.24)
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Proof. Let Y1, . . . , Yν be dependent q-continuous random variables, with each Yi (for
i = 1, . . . , ν) q-uniformly distributed on the set [0, qi−1t] (for some t > 0). Applying (3.22)
of the previous proposition 3.10, the joint q-density function of the ν-variate q-continuous
random vector Y = (Y(1), . . . , Y(ν)) (where each Y(k), for k = 1, . . . , ν, is the k-th q-ordered
random variable) is given (for 0 < y1 < qy2 < y2 < qy3 < · · · < yν−1 < qyν < yν < t) by

fY(y1, . . . , yν) =
∑ 1

qiν−1t

1
qiν−1−1t

. . .
1

qi1−1t

= 1
tν

∑ 1∏ν
i qij−1 ,

where the summation is over all permutations (i1, . . . , iν) of {1, . . . , ν}.
So,

fY(y1, . . . , yν) = [ν]q−1 !
tν

= [ν]q!
q(ν

2)tν
.

Note that
∫ t

0

∫ qyν

0

∫ qyν−1

0
· · ·

∫ qy3

0

∫ qy2

0
fY(y1, . . . , yν)dqy1 dqy2 · · · dqyν−2 dqyν−1 dqyν

=
∫ t

0

∫ qyν

0

∫ qyν−1

0
· · ·

∫ qy3

0

∫ qy2

0

[ν]q!
q(ν

2)tν
dqy1 dqy2 · · · dqyν−2 dqyν−1 dqyν = 1,

which confirms that Equation (3.24) is a joint q-density function. □

3.2. On a conditional joint q-distribution of the waiting times of the Heine
process and q-order statistics. Let Tk be the waiting time of the kth arrival in the
Heine process {X(t), t > 0} with parameters λ and q. Let us stop the process at Tν ,
for some integer ν ≥ 1. Now, we study the joint q-density function of the waiting times
T1, . . . , Tν . In the next theorem we prove that this conditional joint q-density function
coincides with the joint q-density function of a q-ordered random sample of size ν, from
the q-continuous uniform distribution in the set [0, qi−1t], i = 1, . . . , ν.

Theorem 3.12. Let Tk be the waiting time of the kth arrival of the Heine process
{X(t), t > 0} with parameters λ and q. Then the joint q-density function of the waiting
times T1, . . . , Tν, in which the first ν events occur given that X(t) = ν, 0 < t1 < · · · <
tν < t with ti ∈ (qν−i+1t, qν−it], i = 1, . . . , ν − 1, is given by

fq (t1, . . . , tν |X(t) = ν) = [ν]q!
q(ν

2)tν
,

that is the joint q-density function of a q-ordered random sample of size ν, from the
q-continuous uniform distribution in the set [0, qi−1t], i = 1, . . . , ν.
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Proof. By using the expression (2.10) and the three basic assumptions of Definition 2.1,
the conditional joint q-density function of the Heine process satisfies the equation

fq (t1, . . . , tν |X(t) = ν) qν−1(1 − q)tqν−2(1 − q)t · · · q(1 − q)t

= P
(
qνt < T1 ≤ qν−1t, . . . , q2t < Tν ≤ qt | X(t) = ν

)
= P (X(qνt) = 0)

(
ν−1∏
i=1

P
(
X(qi(1 − q)t) = 1

)) P (X((1 − q)t) = 0)
P (X(t) = ν)

= eq(−λqνt) λqν−1(1 − q)t
1 + λqν−1(1 − q)t

λqν−2(1 − q)t
1 + λqν−2(1 − q)t · · · λq(1 − q)t

1 + λq(1 − q)t
1

1 + λ(1 − q)t

·

eq(−λt)q(ν
2)(λt)ν

[ν]q!

−1

.

So,
fq (t1, . . . , tν |X(t) = ν) = [ν]q!

q(ν
2)tν

.

Therefore, by Corollary 3.11, this conditional joint q-density function coincides with
q-ordered density from the claim of the theorem. □

4. Concluding remarks

In this work we have introduced q-order statistics, for 0 < q < 1, arising from dependent
and not identically q-continuous random variables, as q-analogues of the classical order
statistics. We have studied their main properties concerning the q-distribution functions
and q-density functions of the relative q-ordered random variables. We have concentrated on
the q-ordered variables arising from dependent and not identically q-uniformly distributed
random variables. The derived q-distributions include q-power law, q-beta and q-Dirichlet
distributions. The motivation for introducing q-order statistics was given by studying the
properties of the waiting times of the Heine process.

As further study we propose the introduction of q-order statistics arising from dependent
and not identically discrete q-distributed random variables. Last but not least, in link with
lattice paths combinatorics, we intend to study the relations between q-order statistics
and q-random walks in Zd, building on [10].
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