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Abstract. Three ¢-versions of Lommel polynomials are studied. Included are explicit
representations, recurrences, continued fractions, and connections to associated Askey—
Wilson polynomials. Combinatorial results are emphasized, including a general theorem
when R; moments coincide with orthogonal polynomial moments. The combinatorial
results use weighted Motzkin paths, Schroder paths, and parallelogram polyominoes.
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1. INTRODUCTION

Lehmer [27] used the following Bessel function identity to study zeros of Bessel functions

Jy1(x) - 2n—1
———= =2 oy(v)z" T, (1.1)
W
where 09, (v) is the 2n'™™ power sum of the inverses of the positive zeros j,x of J,(z):
o) = 32" (12)
k=1

Lehmer noted that o, () is a rational function of v, with a predictable denominator,
and a numerator with nonnegative coefficients. Kishore [19] proved Lehmer’s positivity
conjecture. Lalanne ([25, Proposition 3.6, [26, Theorem 4.7]) proved g-versions of Kishore’s
result using weighted binary trees and also weighted Dyck paths.

The above series is related to the Lommel polynomials L,,,, which are orthogonal
polynomials with respect to the linear functional

L(P() =20+ 1) S (P (i) + P (=jh) ) jik

i.e., L(Lypy(2)Lm,(x)) =01if n # m and L£(1) = 1; see [15, Eq. (6.5.17)]. Thus o2, (v)
in (1.2) is the (2n — 2)"™" moment for the Lommel polynomials, while (1.1) is the Lommel
moment generating function.

The purpose of this paper is to study three sets of g-Lommel polynomials, whose moment
generating functions are quotients of ¢-Bessel functions. These polynomials were analyti-
cally studied by Ismail [15], Koelink and Van Assche [23], and Koelink [21]. In this paper
we concentrate on the combinatorial aspect of these three sets of g-Lommel polynomials.
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The literature already contains some combinatorial results on the quotient of Bessel
functions and the quotient of ¢-Bessel functions. Delest and Fédou [9] showed that a
generating function for parallelogram polyominoes can be written as a ratio of Jackson’s
third g-Bessel functions. Bousquet-Mélou and Viennot [4] generalized their result by adding
one more parameter. A recounting of the history of the combinatorics of the g-analogue of
the quotient of Bessel functions may be found in [3, Section 1] (see also [26, Section 4]). It
includes results by Klarner and Rivest [20, Eq. (19)], Fédou [12], Lalanne [25,26], Brak
and Guttmann [5], and Barcucci et al. [1, Corollary 3.5], [2, Theorems 4.3 and 5.3].

In this paper we put these results in perspective by relating them to ¢g-Lommel poly-
nomials. The moment generating function has a continued fraction expansion. Using
the general theory of orthogonal and type R; polynomials we give finite versions of the
infinite continued fractions. We show that a generating function for bounded diagonal
parallelogram polyominoes is given by a ratio of ¢-Lommel polynomials, which is a finite
version of the result of Bousquet-Mélou and Viennot [4].

Even though the Lommel polynomials have a hypergeometric representation as a o Fj,
they do not appear in the Askey scheme. In this paper we rectify this, by realizing two sets
of g-Lommel polynomials as limiting cases of associated Askey—Wilson polynomials. One
may ask for an associated Askey scheme which contains this limiting case (see Problem 8.7).

The paper is organized in the following way. In Section 2 we define the three sets of
g-Lommel polynomials using three-term recurrence relations. The classical connection
between these polynomials and ¢-Bessel functions is given in Section 3. The associated
Askey—Wilson polynomials are reviewed in Section 4, along with explicit limiting cases to the
g-Lommel polynomials; see Theorems 4.7 and 4.8. In Section 5 we independently prove the
continued fraction expansions for the moment generating functions, and give two surprising
equalities of continued fractions in Corollary 5.6 and Theorem 5.12. Combinatorial
interpretations of these continued fractions are given in Section 6; see Theorem 6.9 and
Corollary 6.11. A general combinatorial result for the concurrence of type R; moments
and orthogonal polynomials moments is given in Section 7; see Theorem 7.2. In Section 8
we propose some open problems.

We use the standard notations ,F for hypergeometric series and ,¢, for basic hypergeo-
metric series (also sometimes called g-hypergeometric series) [14].

2. ¢-LOMMEL POLYNOMIALS
In this section we give the defining recurrence relations for the Lommel, the classical

g-Lommel, the even-odd ¢-Lommel, and the type R; ¢-Lommel polynomials.

Definition 2.1. The monic Lommel polynomials h,(x;c) are defined by
1
(c+n)(c+n—1)
We consider three versions of g-Lommel polynomials.

Definition 2.2 ([15, § 14.4]). The classical q-Lommel polynomials are defined by
h’nJrl(x;C) Q) :.I'hn<£L', Gy Q) _)‘nhnfl(x; &) q)> n = Oa h*l(l‘;ca Q) = 07 ho(fE;C, Q) = 17

hpi1(z;¢) = zhy(x;¢) — hp_1(z;¢),n >0, h_q1(z;¢) =0, ho(x;c) = 1.

n—1

cq
(I —cqm=1)(1 —cqm)

where A, =
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Definition 2.3. The even-odd q-Lommel polynomials are defined by

P15, q) = xpu(x5¢,q) — Aupn—a(z5¢,9), n >0, poa(zie,q) =0, po(z;c,q) =1,
Cq3n—1 /\ _ qn

(1= cg®1)(1 = cq>)’ T (L= eg?) (1= e )

Note that each polynomial h,, and p, may be considered as a g-analogue of the classical
Lommel polynomials since

(1 = ¢)"ha(z/(1 = ¢);¢% q) = hu(z;c), Im(1 — ¢)"palz/(1 = )5 ¢% 4) = ha(; ).

where g, =

Definition 2.4. The type R; q-Lommel polynomials are defined by

To1(2;¢,q) = (x — by)rn(x; ¢, q) — vaprn—1(x;¢,q), r-1(x50,9) =0, 71o(T50,9) =1,

(2.1)
n 2n—1
where b, = %, U = 77— 2(‘11 —.
1—cq (1 —cq")(1 = cq™)
Note that if
Po(r;¢) = lim(1 — ¢)*"ru(2/(1 — 9)% ¢, ),
q—1
then ) ) - )

Prs1(z;¢) = 2, (75 ¢) — P p—— Pno1(z;0). (2.2)

The polynomials 7, (z;¢) in (2.2) are closely related to the monic Lommel polynomials.
For example, it is known that their moments are the same; see (7.2).

Koelink and Van Assche study the even-odd and the type R; ¢g-Lommel polynomials’
in [23, Section 4], and Koelink continues this analytic study in [21].

Orthogonality relations for the classical g-Lommel are in [15, Theorem 14.4.3], while
those for the even-odd ¢-Lommel and the type R; ¢-Lommel are in [23, Theorem 4.2]
and [23, Theorem 3.4].

3. ¢-BESSEL FUNCTIONS AND ¢-LOMMEL POLYNOMIALS

In this section we give the recurrence relation which connects ¢g-Bessel functions to the
classical ¢g-Lommel polynomials and the type R; ¢-Lommel polynomials.

Definition 3.1. The Bessel functions J,(x) are defined by

(2/2)" > (=2%/4)"

Fv+1) Znl(v+1),

J(z) =

Definition 3.2 ([6, p. 188, (6.2)]). The classical Lommel polynomials L, ,(z) are (non-
monic) polynomials in 2~! defined by Lg,(2) =1, Ly,(z) = 2v/z, and
2
Ln—i-l,l/(Z) - (n i V) Ln,u(z) - Ln—l,ll(z)a n 2 1.
z
Equivalently,

hn(m§ C) = Ln,6<2/x>/(c)n'

IContinued fractions of type R and the corresponding orthogonal polynomials of type R; or Ry were
introduced by Ismail and Masson in [16], the notation being a mnemonic for rational interpolation.
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The Bessel function satisfy J,,1(z) = 2—Z”Jy(z) — Jy—1(2). Iterating this recurrence offers

the following connection with Lommel polynomials.

Proposition 3.3 ([6, p. 187]). The Bessel functions and the classical Lommel polynomials
are related by the recurrence

Jyin(2) = Ly y(2)J(2) = L1 p41(2) J—1(2).

Definition 3.4. Jackson’s first q-Bessel function JM(z;q) and second q-Bessel function
JP)(z;q) are defined by

v+1.

JIEl) (27 Q) = W(Z/Q)V2¢l (07 07 ql/+1; q, _22/4) )
v+1.

TN (z9) = (q(q,q’)Q)oo(Zﬂ)”ocbl (=00, =" 2%/4).

In this paper we consider only the first and third ¢-Bessel function, as the second
g-Bessel can be obtained from the first by changing ¢ to ¢~!. Recall that we consider
formal power series in z, and have no restriction on q.

Proposition 3.5 ([15, Eq. (14.4.1)]). The first q-Bessel functions satisfy
¢ GV, (.0) = L @) I (3.0) = L2 (3 0) T2, (23.0). (3.1)

where L) (x;q) = 1, L) (x;q) = 2(1 — ¢"*) /2, and

2
SO =L (s ) = Lt (eig) + ¢ LY (g, a2

Again, we need a rescaling to obtain the classical g-Lommel polynomials,
ha(z;¢,q) = L) (2/20) /(¢ @)ns €= ¢".
Definition 3.6. The Jackson’s third q-Bessel functions J$(z;q) are defined by

v+1. v
¢t q)oo? y
( =2, (0:4"" "0, 92%) -

(4 D)oo
Define the Laurent polynomials L), (z;q) by
Lo (z0) = (2427 (1= ¢ L8, (2:9) — Lk, (25 9).

We rescale these Laurent polynomials to obtain polynomials
n/2

TN 24) =

®) (g, __*
ra(w5e,q) =
) (@5 a7 )n
Then ) (x; ¢, q) are the type R; polynomials defined by 7’(_31) (z;¢,q) =0, r(()?’) (x;¢,q) =1,
and

Lz %q7h), c=¢". (3.2)

n,

rfﬁl(x; ¢, q) = (v — Bn)r,(f’)(:v; ¢, q) — x&nrff,)l(x; ¢, q), n >0,

n 2 2n—1

~ C C
where b, q a q

fnd s an = .
1—cq (1 —cq"")(1 —cqm)
Using the recurrences one can easily check that

r(cx; e, q)

C?’l

(2 c,q) =

Y
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where r,(z; ¢, q) are the type Ry g-Lommel polynomials r,(z; ¢, ¢) in Definition 2.4.
Koelink and Swarttouw [22, Eq. (4.12)] showed that the third ¢-Bessel functions satisfy
the following property analogous to (3.3) and (3.1).

Proposition 3.7. The third q-Bessel functions satisfy
Tnz0) = LY, (2:0) I (z19) = LY i (2100 12 (2 ).
Koelink and Swarttouw [22, Eq. (4.24)] also showed that

. 1—v
lim szmy(z q) = 7(% @)oo

J(3) .
Mmoo (22,Q)oo V—1(27Q)7

which implies
Rm)l/+2 (Z Q) JI/-H ( )

lim . (3:3)
e anzrl v1(239) J,, ( 2;q)
By (3.2) and (3.3) we have
3) (172, -1 o vH1,.(3) (1. 42
Ju—l— ( yq ) — hm q Tn (I 4 ) Q) ) (34)

Je )(ml/Q; gl e pl/2(1 — q"+1)r§ﬁl(m—1; ¢+, q)

The g-Bessel function relation for the even-odd ¢-Lommel polynomials which corresponds
to Proposition 3.5 is given in [23, Proposition 4.1].

4. ¢-LOMMEL POLYNOMIALS AND THE ASKEY SCHEME

The ¢-Lommel polynomials do not appear in the Askey scheme. In this section we
realize both the classical g-Lommel and the even-odd g-Lommel polynomials as limiting
cases of the associated Askey—Wilson polynomials; see Theorems 4.7 and 4.8. We then use
results of Ismail and Masson [16] to give explicit formulas for each polynomial. Finally,
we prove that the moments for even-odd g-Lommel and the type R; ¢-Lommel agree; see
Theorem 4.14.

An explicit formula for the Lommel polynomial h,(z;c) is

(i) = "5 Fy(—n/2, (1= n) /2,1 — ¢ = n, —n; ~4/a?).

In this section we give explicit formulas for our three families of ¢-Lommel polynomials.
The classical ¢-Lommel polynomials have a corresponding single sum formula [15, Theo-
rem 14.4.1]:

1 R (=1 (e, q¢59),
(@ Dn =5 (@,6.0); (@ Dy
Here are the main results for the even-odd ¢-Lommel polynomials.

ho(z;c,q) =

n=2j i G-1),

Theorem 4.1. The even even-odd q-Lommel polynomials have the explicit formula

1) ¢ I e Gk g o
X
(c; q)zn = (G
Z Cq ) 1— qu71+23 (an+k’ qkf", qk; Q)scsq_sk+s(s_1)
= (g Q) L—cgbt (g cqm,c;q)s

Pon(T36,q) = (—
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Theorem 4.2. The odd even-odd q-Lommel polynomials have the explicit formula

2 n+1
nd +( 2) = (q—n’canrl’cq; Q)k —k —k2 2k+1
(—c) c gV
(cq; @)an = (45 9)k
Z‘: cq q)s 1 — cq""2 (cq™ ™ b gt
s=0 q

Qs 1—cgd" (g cq™ i q)s

Note that the inner sums in Theorems 4.1 and 4.2 are basic hypergeometric series.
The coefficient of 22 in Theorem 4.1 and z?**! in Theorem 4.2 are terminating basic
hypergeometric series.

In order to prove Theorems 4.1 and 4.2, we first write the even even-odd polynomials
as orthogonal polynomials in 2 using the odd-even trick. Then we realize the new
polynomials as limiting cases of associated Askey—Wilson polynomials, for which explicit
formulas are known. The same method will work for the odd even-odd polynomials.

We begin with the associated Askey—Wilson polynomials. First, recall that the monic
Askey—Wilson polynomials satisfy the following three-term recurrence (which, as claimed
by Favard’s theorem, is characterizing orthogonal polynomials):

Pr41(x) = (& = bp)pa(®) = Anpn-i(z), n =1, (4.1)

p2n+1(x§ G, Q) =

q)scsq—(3k+2)s s(s— 1)

where

1 1

bn = 5(@ + (1_1 - An - Cn)a )\n = iAn—lCny

(1 —abg™)(1 — acg™)(1 — adq™)(1 — abedg™™*)
a(l — abedg® 1) (1 — abedg®) 7

a1 = ¢")(1 = beq™)(1~ bdg"~)(1 ~ edg"")
(1 — abedg®—2)(1 — abedg® 1) '

A, =

C, =

Then, the associated Askey—Wilson polynomials are defined by the same three-term
recurrence relation (4.1), with ¢" replaced by ag™.

Definition 4.3. The associated Askey-Wilson polynomials p® (z) are defined as a solution
to

P (2) = (2 = bu()pl@ (2) — A(@)piy (2), n>1, (4.2)

(0) = Slata™ = Aufa) = Cul@),  Aale) = §Au(0)Cul0),

Ao q) = (1 — abaq™)(1 — acaq™)(1 — adag™)(1 — abedag™™)
w4 = a(1 — abeda2q®—1)(1 — abeda?q?™) ’
a(l — aq™)(1 — becag™ ) (1 — bdag" 1) (1 — cdag™™1)
Cnla,q) = :

(1 — abcda?q®=2)(1 — abeda?q®—1)

There are two linearly independent solutions to (4.2), depending on the initial conditions.
Ismail and Rahman [15, Eq. (4.15), Eq. (8.9)] gave these two independent solutions as
double sums, the inner sum being a very-well-poised 1oWj.
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Theorem 4.4. Two linearly independent solutions \* (x,q),e = 1,2 to (4.2) are given

by
T i (™, abeda?q™ abeda? /q, az,a/z; Q) &
= (q, abay, aca, ador, abeda/ q; q) g
x 10Wo (abchquk_Q; o, bear/q, bda/q, cdar/q, S, abeda®q™ ™1 ¢ g; T)
where

aba, acar, ada, abeda/q; q),
(abeda?qn=1, abeda? /q; )y
and the two choices for € correspond to

(57 T) = (qk+1aa'2)7 fO?” €= 1a (Sa T) = (qkaqa'2>7 fO?” €=2.

K, = (2a)_"(

We next explain how Theorem 4.1 follows from Theorem 4.4. First we rewrite the
recurrence relation [6] in terms of polynomials in z2. Let ¢,,(x) and s, (z) be the polynomials
satisfying

pZn(xa ¢, Q> = tn(x2>7
Pont1(w; ¢, q) = wsn(a?).
Proposition 4.5. We have
tri1(z) = (x — Bp)tp(x) — Apty—1(x), t-1 =0, to(x)=1.
where
1

(I=¢)(1—cq)’
Bn:)\2n+/\2n+1a n > 17

An = >\2n—1)\2na n > 1.

B(]:

Proposition 4.6. We have
Spi1(2) = (& — Bp)sp(x) — Apsp—1(x), s-1 =0, so(z)=1.
where

Bn - )\2n+2 + )\2n+17 n Z 17
An = )\2n+1)\2n7 n > 1.

We shall obtain the recurrence relations in Propositions 4.5 and 4.6 by an appropriate
limiting case of Theorem 4.4. Our goal is to obtain (A, C,) = (Aani1, Agn) for t,(z) and
(A, Cr) = (Aans2, Aapt1) for s, (z). Then we match the initial conditions to find the correct
linear combination of the two solutions.

First choosing a = ¢~ ¢ ', b = ¢ = d = 1/, we obtain

a(l — g™ /a)? (1 — acq™)
cq(1 — cg®)(1 — cg?nt1)

cq(l—q"/a)(1 —ag"™')°
a(l —cg® 1)1 —cg®)

An(a,1/q) =

Cn<0é, I/Q) =
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By rescaling z by Ba?x/2, i.e., pp(z) = 2"a " B"p{*)(Ba’x/2), we have

P () = (& = ba(@)pn(@) = Aa(@)pp1 (),

b(a) — (q 1O A 1/g) - Colan 1/q>> |

" Ba?\a cq

(@) = 2o Al 1/a)Cala 1/a).

If @ — oo, the first two terms in b, () vanish. Choosing B = 1/¢, we obtain the desired
values for Proposition 4.5

lim ——A,(a,1/q) = = A2n+1,

ozl—)nc}o Bag (Oé /Q> (1 N C(]2n)(1 — Cq2n+1) 2n+1
-1 Cq?m—l

lim ——C,\(a,1/q) = .

o35 Ba? (@, 1/q) 1 —cg D)1 —cgn) 2

The first degree limiting polynomial matches the second Ismail-Rahman solution in
Theorem 4.4 with (a,b,¢,d) = (a/cq, 1/, 1/a, 1/ ),
1
(11—l —cq)

€xr —

so that
. N s (@,2) (.
Jim p(z) = lim ¢, (z;1/q),

which is the stated explicit formula in Theorem 4.1.

For the odd even-odd polynomials in Proposition 4.6, we choose (a, b, ¢,d) = (cq®a, 1/«
1/, 1/a),
(1 —cag"™?)*(1 — cg"*'/a)
acg?®(1 — cg? 1) (1 — cg?n+2)’
acg’(1 —ag")(1—¢""/a)’

(1 — cg®) (1 — cg2ntl)
As before choosing p,(z) = 2"a 2" B~"p{®) (Ba?x/2) and B = —cq* we find

An(a,q) =

Cn(a> Q) =

" 1 A Cq3n+2 )
al% Ba? n(a,q) = (1 — @) (1 — cg2nt?) 20+
qn

1
lim ——C,(a,q) =

= Aopt1.
a—oo Bo2 (1 —cg®)(1 — cg?t1) 2n+1

The first degree limiting polynomial matches the first Ismail-Rahman solution in
Theorem 4.4 with (a,b,c,d) = (cg®a, 1/a,1/a,1/a),
1+ cq
(1 =01 —cq?)

xr —

so that
. N . . (a71) .
dim p () = lim o7 (25 9),
which is the stated explicit formula in Theorem 4.2.
We summarize these limits for the even-odd ¢-Lommel polynomials.
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Theorem 4.7. The even-odd q-Lommel polynomials are the following limits of associated
Askey—Wilson polynomials

O 02 (0202 /2g: 1/q),  (a,b,¢,d) = (feq, 1/a, 1/a, 1),

Pan+1 (33; Cy Q) =z lim wr(za’l)(_cq2a2$2/2; Q), (CL, ba Cy d) = (CC]QOZ, 1/0&, 1/0{, 1/04)

aioco  q2n
For the classical g-Lommel polynomials h,(z;¢; q), for the even polynomials choose
(a,b,c,d) = (1,q/a? ¢, 1)
and for the odd polynomials choose
(a,b,c,d) = (1,¢*/a? ¢, 1).
Similar calculations to the proof of Theorem 4.7 show the next result.

Theorem 4.8. The classical g-Lommel polynomials are the following limits of associated
Askey—Wilson polynomials

—N\n
han(5¢,q) = lim %%‘“’Q)(—aw/?; q), (a,bc,d)=(1,q/a%c,1),
a—00 e

_2 n
hona(wi e q) = o lim 2D e (0202 0001 (a,b,e.d) = (1,62, e, 1),

a—oo  2n n
Theorem 4.9 is [15, Theorem 14.4.1].
Theorem 4.9. The classical q-Lommel polynomials are
n/2 k k2—k
n—Fk (=0)"q —2k
hp(x;c,q) = A
( ) k;) [ k L(C? Qr(cq" a7 )k

Proof. We consider the even case, the proof for the odd case is similar. The inner sum
becomes an evaluable very-well-poised W5

GWS (qu_l; C]k7 cqn-i-k:’ qk—n

™) = (ca" ™ 7)™ Dk —knry

(e @)r(d* s )
By considering the coefficient of z , we arrive at Theorem 4.9 with n replaced by 2n.
The odd case actually gives the same result. 0

2n—2k

For the type R; ¢-Lommel polynomials there is a simple generating function which gives
an explicit expression.

Proposition 4.10. The type Ry q-Lommel polynomials have the generating function

(1. 1 . —— (—xt/c)kq_(g)
7;)(0 5q )n Ta(zs0,q)t 7%(75/0,15:(;;(1—1)“1'

Proof. 1t G(x,t) is the generating function on the left side, then Definition 2.4 implies
G(z,t) — 1= (z+ 1/e)tG(z,t) — at/c Gz, tq ") — xt*/c G(x,1),
1 xt/c .
= - t
G t) = o=t/ A—ma—tag it )

whose iterate is the result. |
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Theorem 4.11. The type R; q-Lommel polynomials have the explicit formula

ro(z;c,q) = (1 znj nfw; Je)hq () l’“ + “] qf?a [” g ‘”1 qlxn’”.

1.1
7 s S a

Proof. Apply the g~ !-binomial theorem to Proposition 4.10 to find the resulting coefficient
of t". 0J

Proposition 4.12. We have the connection coefficient relation

n |fi| qunQ—(n—k:)2
q (

2. —
Tn (x yC, q) Z k anfl, Can,k; q

1 p2n72k(x; c, q)
k=0 )k

Proof. Induction on n using the three-term relations. 0

Proposition 4.13. If L, is the linear functional for the even-odd polynomials p,(x;c,q),

then
qun2
L,(rn(z%¢,q) = ———.
Proof. Apply L, to both sides of Proposition 4.12. By orthogonality, £,(p,(x)) = 0 for
j > 0, so only the k£ = n term survives. 0

Theorem 4.14. The moments of the type R; q-Lommel polynomials are equal to the even
moments of the even-odd q-Lommel polynomials,

L,(z™) = L,(z*™), m >0.

Proof. Using the three-term recurrence (2.1), the type R; moments £, (x™) are recursively
determined by [18, Corollary 3.15]

2
qun
L, (rn(w;c,q) = amaz---ap = ————, n>0.
(e, cq; q)n
By Proposition 4.13 the moments £,(z*™) satisfy the same recurrence. 0

For completeness, we give the inverse relation to Proposition 4.12.

Proposition 4.15. We have the connection coefficient relation

=5 [1] e
Pan(w35¢,q) =
= Lk, (cq ™t cg®™ Y g )

/rn—k(wQ; C, Q)

Proposition 4.16. The even-odd q-Lommel polynomials have the explicit expressions

1 n . Fln—jl [n—k+j—1] ; .
pun(wie.q) = ) > (=1 2 (eq"; @)an—2k Y [k_].] [ " Jgm+ (),
07 q 2n k=0 _]:0 .7 q .] q
Pont1(T3€,q) = TN Z(*l) z? 2 H(Cq $q)2n—2k+1 Z l ] [ . ).
(¢ Q2n+1 (= el L Y R A
Proof. This follows from Definition 2.3, by considering the coefficients of x2"~2¢~1, O
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5. MOMENTS AND CONTINUED FRACTIONS

In this section we review the known facts which connect continued fractions to moment
generating functions. We independently prove the continued fractions for the moment
generating functions of each of the three ¢-Lommel polynomials.

Definition 5.1. Take a sequence of orthogonal polynomials p, () which satisfy p_;(z) = 0,
po(z) =1, and

pn+1(x) = (l’ - bn)pn(x> - )‘npnfl(x)v n 2> 07
and whose linear functional for orthogonality is £,. Define

fin({0k 20, { Mk o) = Lp(2").

The moment generating function for £, is
> Lyt = ({bit a0, { M tio)t"
n=0 n=0

A Jacobi continued fraction also exists, converging as formal power series in t:

) 1
S Ly(aM)t" =
n=0

A\ 12

1— bt —
0 Mt

1—b1t —
1_-

Definition 5.2 ([18]). For general type R; orthogonal polynomials
Tni1(x) = (z — by)rp(x) — (apx + Ap)rp_1(z), n >0,
with linear functional L£,, define

fin({0k 205 {an Frz0, { Ak Frz0) = Lo (2"). (5.2)

The corresponding continued fraction for the type R; moment generating function
is [18, Corollary 3.7]

o0 1
L (x")" = 5.3
Z; (z") at + \it? (5-3)
1= bot = £+ Mot?
a
1—b1t—i
1— .

Note that both continued fractions in (5.1) and (5.3) are explicitly given in terms of the
three-term recurrence coefficients. We shall evaluate the continued fractions as quotients
of basic hypergeometric series, namely g-Bessel functions, using contiguous relations.

For the Lommel polynomials h,(x;c), it is known that the moment generating function
is a quotient of Bessel functions, with A, = 1/(c+n —1)(c+n),

s F1 (C + 1 —t2) 1
Lp(x™M)t" =2 ! = )
ng() (") o1 (c; —t2) 1 Apt?

Aot?

1—

1
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The moment generating function for the classical g-Lommel polynomials is a quotient of
g-Bessel functions. In this section we shall see that a corresponding result holds for our
other two g-Lommel polynomials, and in fact their moment generating functions are equal.

Theorem 5.3 ([15, Theorem 14.4.3]). The moment generating function for the classical
q-Lommel polynomials h,(x;c,q) is a quotient of Jackson’s first q-Bessel functions

> 0,0; cq; q, —t> 1
Z Eh(x”)t" _ 2¢1 ( ,U;¢4, 4, ) _ . ’
= 201 (0,0; ¢; q; —t2) . it

Aot?

1—

1_-
where, as in Definition 2.2, N, = cq" 1 /((1 — eq"1)(1 — cq")).

Theorem 5.4. The moment generating function for the even-odd q-Lommel polynomials
pn(x;¢,q) is a quotient of Jackson’s third q-Bessel functions

S L,y = 12 (0;cqiqiqt*) _ 1
b WOt L N
Aot
1
1—
where, as in Definition 2.3,
\ _ Cq3n—1 \ _ qn
2n (1= cg® 1) (1 — cg?)’ n+1 (1 — cg®)(1 — cg?nt1)’

Theorem 5.5. The moment generating function for the type Ry q-Lommel polynomials
ro(;¢,q) 1s a quotient of Jackson’s third q-Bessel functions

iﬁ ()2 = 10 (0;cq; 43 92) _ 1
— 0;¢q;2 a1z ’
n=0 161 ( q; %) 1= byz — 1
(01574
1—bz— ——F
1-— ng — .
where, as in Definition 2.4,
. Can—l b _ L
(=g ) (1 —cq)’ Tl =g

Theorem 4.14 implies that the two continued fractions in Theorems 5.4 and 5.5 with
2z = t? are equal.

Corollary 5.6. We have the equality of continued fractions
1 1

a1z Az
1—boz — 1-—
oz o2
1-bjz— ——"— 1-—

1—byz—"". 1-"

where a,, b,, and A\, are defined as in Theorems 5.4 and 5.5.
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Theorems 5.3, 5.4, and 5.5 may all be proven using contiguous relations for hypergeo-
metric and basic hypergeometric series. To prove Theorems 5.3 and 5.4 we use Heine’s
contiguous relation [10, Eq. 17.6.19] which is

VP
201 (aq, b;cq; q, 2) — 201 (a, bi ¢4, 2) = 8 — C;E? — 2;2% (ag,bg; c®s . 2) .

Equivalently,
201 (aq, bicqiq,2) 1 (5.4)
201 (a,b; ¢ q, 2) B (1—b)(a—c)z' 201 (bq, aq; cq?; q, 2) .
(I—c)(L—cq) 201(bagicq;q,z)
Applying (5.4) iteratively, we obtain Heine’s continued fraction, which is a g-analogue of
Gauss’s continued fraction.

Lemma 5.7 (Heine’s fraction). We have

201 (aq, b; cq; q, 2) _ 1
201 (a.biciq,2) Bz ’
1— Baz
1
where .
_ (1—=bg")(a—cq")q" _ (A —ag")(b—cq")q"
Poni1 = 2 2n+1)’ Pon = 2n—1 )
(1 —cq*)(1 — cq?+t) (1 =g 1)(1 — cq®)
Theorem 5.3 is the special case @ = b = 0 and z = —t? of Lemma 5.7. Theorem 5.4 is
also the limiting case z = —t?/a, b = 0, a — oo of Lemma 5.7.

For Theorem 5.5 we need the ¢-Nérlund fraction [8, Eq. (19.2.7)]. However, to simplify
the expressions we need some notation for continued fractions.

Definition 5.8. For sequences a; and b;, let

A L i
‘ b1 + . A, ‘ bl + .

The following lemma will be used later.

Lemma 5.9. For any sequences {a; : 0 <i <m}, {b;: 0<i<m}, and{c;: —1 <i < m},

we have
m

- 1 1 [a;ci1c;
()~ LK)
i=0 \ b; c_1 =0 bic;

Proof. By multiplying the numerator and denominator of the " fraction by ¢;, we obtain

Qo apCo

aq a1CoCq
bo + — boCo +
bl + .. A blcl + .. AmCm—1Cm

b ' DmCm
which is equivalent to the equation in the lemma. 0
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Lemma 5.10 (¢-Norlund fraction). We have

201 (a,b;¢;q, 2) _1—c—(a+b—ab—abq)z+ 1 f% Cm(2)
201 (aq,bg; cq; q.2) 1—c 1—cm=i\en+dnz)’

where
em(2) = (1 —ag™)(1 = bg™)(cz — abq™z*)q" ",
em =1— Cqma

dpm = —(a+b— abg™ — abg™*)q™.

The ¢-Norlund fraction can be restated in the form of a continued fraction for type R;
orthogonal polynomials.

Proposition 5.11 (¢-Norlund fraction restated). We have

201 (aq,bq; cq; 4, 2) _ 1
201 (@b ,2) 1z + A2 ’
0 - Aoz + No2?
1-— bQZ -
where
. (a+b— abg™ — abg™ ™) g™
m 1 _ Cqm )
_ (1 —ag™)(1 —bg™)cg™ !
Um = — m—1 m
(1= cqm")(1 —cq™)
y o (L—ag™)(1 —bg™)abg* !

(L —cqm 1) (1 —cq™)
Proof. By taking the inverse on each side of the equation in Lemma 5.10, we obtain

201 (ag,bq5¢q3¢,2) _ 1—cqe [ cn(2)
201 (a,b;¢;q, 2) co(z) m=0\ e, +dnz /)’

Applying Lemma 5.9 with ¢; = 1/(1 — ¢q¢*) and m — oo yields

201 (ag,bg; cq;q,2) _ (1—cq )1 =) g ( em(2)/(L = g™ ") (1 — cg™) )
201 (a,b; ¢4, 2) co(2) m=0 \em/(1 = cq™) +dnz/(1—cq™) )

which is the same as the desired identity. 0

Proof of Theorem 5.5. Replace z by z/b, put a = 0, and let b — oo in Proposition 5.11.
The result is Theorem 5.5. 0

Note that when b = 0 both Lemma 5.7 and Proposition 5.11 give a continued fraction
expression for

Q(bl (CL7 O; G q, Z)
2¢1 (a% 0; cq; 4, Z) .
Therefore we obtain the following theorem.
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Theorem 5.12. We have the equality of continued fractions

1 B 1
= X ,
1 — byz — h [
gz )\22
1—-bjz——F— 1-—
1—boz—"-. 1—"
where )
o - (aq" = L)eq" N
T (=) (A = eqn) ol g
Ve _Canfl(]_ _ aqn) \ _ (a _ cqn)qn
(=g (1 =g’ T (U= o) (1= eg? )

When Theorem 5.12 is interpreted as an equality for moment generating functions, we
find the following generalization of Theorem 4.14 which holds for ¢g-Lommel polynomials.

Corollary 5.13. Let \,,a, and b, be given by Theorem 5.12. The 2n'™ moment of the
orthogonal polynomials defined by ppy1(x) = xpp(x) — Xppn_1(x) is equal to the n*® moment
of the type Ry polynomials defined by r,11(x) = (x — by)rp(x) — apxr,—1(x).

6. COMBINATORICS OF MOMENTS OF TYPE R; ¢-LOMMEL POLYNOMIALS

The moment generating function for type R; polynomials is given by the continued
fraction in (5.3). For type R; g-Lommel polynomials we give in this section a general
combinatorial interpretation for this infinite continued fraction in terms of parallelogram
polyominoes. We also interpret the finite continued fraction and give an explicit rational ex-
pression using ¢g-Lommel polynomials. To be specific we give a combinatorial interpretation
for the ratio

r@ g ) rii g )
of (rescaled) type R; g-Lommel polynomials, Theorem 6.9. This is a finite version of the
result of Bousquet-Mélou and Viennot [4]. The n — oo limit of Theorem 6.9 yields a
quotient of ¢-Bessel functions,

TSN (227 TP (V2 g7
which is the moment generating function for the type R; g-Lommel polynomials. This
material appears in our unpublished manuscript [17, Section 5].

We shall need several definitions related to parallelogram polyominoes and Motzkin
paths.

Definition 6.1. An NE-path is a lattice path from (0, 0) to (a, b) for some positive integers
a, b consisting of north steps (0, 1) and east steps (1,0). A parallelogram polyomino is a
set of unit squares enclosed by two NE-paths with the same ending points that do not
intersect except the starting and ending points. Denote by P the set of parallelogram
polyominoes.

For a parallelogram polyomino a € P let U(a) be the upper boundary path and D(«)
the lower boundary path; see Figure 1. A diagonal of « is the set of squares in o whose
centers are on the line x + y = ¢ for some integer i. The size of a diagonal is the number
of squares in it. See Figure 2.
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FIGURE 1. The boundary paths U(«) and D(«) for a parallelogram polyomino.

F1GURE 2. A diagonal with size 3 in a parallelogram polyomino.

NG &
n+1 ..D n+1 ..D_ n+1 ..D_ n+1 .'D

FIGURE 3. From left to right are shown an NN-diagonal, EE-diagonal,
NE-diagonal, and EN-diagonal of size n + 1 whose weights are, respectively,
by, cp, and d,.

Definition 6.2. We denote by P=* the set of parallelogram polyominoes in which every
diagonal has size at most k.

Consider a € P and a diagonal 7 of . Let u (resp. d) be the northwest (resp. southeast)
corner of the topmost (resp. bottommost) square of 7. There are four cases for d. We say
that d is an NN-diagonal (resp. NE-diagonal, EN-diagonal, and EE-diagonal) if the step
in U(a) starting at u is a north (resp. north, east, and east) step and the step in D(«)
starting at d is a north (resp. east, north, and east) step. See Figure 3.

For sequences {a, }n>0, {bn }n>0, {¢n}n>0, and {d, }n>0, define the weight wt(a;a,b, ¢, d)
of a € P to be the product of a, (resp. b,, ¢,, and d,,) for each NN-diagonal (resp. EE-
diagonal, NE-diagonal, and EN-diagonal) of size n + 1.

Now we review Flajolet’s theory [13] on continued fraction expressions for Motzkin path
generating functions.

Definition 6.3. A Motzkin path is a lattice path from (0, 0) to (n,0) consisting of up steps
(1,1), down steps (1, —1), and horizontal steps (1,0) that never goes below the z-axis. A
2-Motzkin path is a Motzkin path in which every horizontal step is colored red or blue.
The height of a 2-Motzkin path is the largest integer y for which (z,y) is a point in the
path.
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&)
a2 bg 3

C1 2 b1 C1 2

a2

Co 1 bo

FIGURE 4. A 2-Motzkin path p in Motzy® with wt(p; a, b, ¢, d) = a3bybibacocicad dads.
The blue horizontal edges are represented by double edges.

Denote by Motz, the set of all 2-Motzkin paths and by Motzggm the set of all 2-Motzkin
paths with height at most m.

For sequences {a, }n>0, {bn}n>0, {Cn}tn>0, and {d, }n>0, define the weight wt(p;a,b,c,d)
of a 2-Motzkin path p to be the product of a,, (resp. by, ¢,, and d,,) for each red horizontal
step (resp. blue horizontal step, up step, and down step) starting at height n; see Figure 4.

Flajolet’s theory [13] proves the following lemma for a finite continued fraction.
Lemma 6.4. Given sequences {an}n>0, {0ntn>0,{¢n}n>0, and {d,}n>0, we have

1
> wt(pya,b,c,d) =

<
pEMotzgm 1 _ ao _ bO _

cody

1_a1_bl_ - Cmfldm
1—a,, — b,
There is a well-known bijection between 2-Motzkin paths and parallelogram polyominoes.

Definition 6.5 (The map ¢ : Motzy™ — P<"+1). Let p € Motz;™. Then ¢(p) = a is
the parallelogram polyomino whose upper and lower boundary paths U, D are constructed
by the following algorithm.
(1) The first step of U (resp. D) is a north (resp. east) step.
(2) For i =1,2,...,n, where n is the number of steps in p, the (i + 1) steps of U and D
are defined as follows.
(a) If the i*" step of p is an up step, then the (i + 1) step of U (resp. D) is a north
(resp. east) step.
(b) If the i*® step of p is a down step, then the (i + 1) step of U (resp. D) is a east
(resp. north) step.
(c) If the ' step of p is a red horizontal step, then the (i + 1) steps of U and D are
both north steps.
(d) If the i*® step of p is a blue horizontal step, then the (i + 1) steps of U and D are
both east steps.
(3) Finally, the last step of U (resp. D) is an east (resp. north) step.

For example, if p is the 2-Motzkin path in Figure 4, then ¢(p) is the parallelogram
polyomino « in Figure 1.

It is easy to see from the construction that ¢ : Motzgm — P=m+1 is a bijection such
that if ¢(p) = «, then wt(«; a,b, ¢, d) = dy wt(p; a, b, ¢, d).

Therefore we obtain the following proposition from Lemma 6.4, which changes the
weighted 2-Motzkin paths into weighted parallelogram polyominoes.
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Proposition 6.6. Given sequences {a, }n>0,{bn}n>0, {¢n}n>0, and {d, }n>0, we have
do

Z wt(a;a, b, c,d) =

aeP<m+1 cody

1_a0_b0_1—a1—bl—.' Cm—ldm
1= — b
As a special case in Proposition 6.6, if {a,}n>0, {bn}tn>0, {¢n }n>0, and {d, },>0 are the
sequences given by a, = ¢" 'Y, b, = "X, ¢, = "' XY, and d,, = ¢", then one can
easily check that
XY -wt(asa,b,c,d) = X colla)yrow(a) jarea(a),
Thus we obtain the following corollary.

Corollary 6.7. We have

XY
Z XCOI(a)yrow(a)qarea(a) _ q

agpsmtl 1—qg(X+Y) -

¢XY
EX V) - Ry
ST I (X +Y)
For the rest of this section we will find a finite version of the following result due to
Bousquet-Mélou and Viennot [4].

Theorem 6.8 ([9] for v = 0 and [4] for general v). The trivariate generating function for
parallelogram polyominoes is

3 ()@ (g yrow(@) gareale) — _ vy 1/2 J%)l(xl/z; q ") _
a€EP S (2% g7
In fact Delest and Fédou [9] (for v = 0), and Bousquet-Mélou and Viennot [4] state
their results in the following equivalent form:

col(a), row(a) area(a) __ qry 1¢1 (Oa q2y7 q, q2x)
> accl@yronia)gureale) = : 17 .
acP 1- qy 1¢1 (07 qy; 4, qx>
Bousquet-Mélou and Viennot [4] also showed that
col{o Tow(«x areal qu
3 o) yrov(a) geato) _ - . (6.1)
acp 1 - Q(x + y) - q5xy
-z +y) -
We note that in [4, Corollary 4.6] the sequence of the coefficients of (z + y) in the
continued fraction (6.1) was inadvertently written g, ¢>, ¢°, ..., where the correct sequence
is ¢,¢% ¢%,... We also note that there are similar results in [1].

For a sequence s = {s, }n>0, define ds = {$,+1}n>0. Kim and Stanton [18, Eq. (5.4)]
showed that for given sequences b = {b, }n>0, a = {an}n>0, and A = {\, },>0, and for a
nonnegative integer k,

& Py (271 0b,0a,00) 1 K (—aix — )\ix2>

6.2
P (7 ba, N) —agr — Aga? i=0 (6.2)
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Now we are ready to prove a finite version of Theorem 6.8.

Theorem 6.9. The trivariate generating function for bounded diagonal parallelogram
polyominoes is

Z (qul_)col(a) (ql/)row(a)qarea(a) _ q2u+1 . Tr(;::) (xil; qy+27 Q) (6 3)
= 1— gvtl 7,(3) (z=1; gt ) ’
acPsm+l m—+1 14 4
Proof. Let b ={b;}i>0, a = {a;}i>0, and A = {\;};>0, where
v+i+1 2v4-2i+1
bi:qiM, a; = i]r IEEREE /\120
1_qyz (1_qu z)(l_quz )

Then Py, (z;b,a,\) = & (z;¢"*', q) and P, (x;6b, 5a,0)) = r8)(z;¢"+2, q). By (6.2),

rgi’)(x—l; qu—|-27 q) _ mem(Jj_l; (Sb, (SCL, (5)\) _ 1 Im< < —a; >
xrgll(x_l; ¢ttq) " Pup(zThibaN)  —agr =0 \1 = b

By Lemma 5.9 with ¢; = 1 — ¢" T+,

1 Im< —a;ir \ 11 g (—aici i
—apx =0 (1 — bﬂ’) _—aoxa i=0 ( ¢ — bicx )
11— ¢+ Ir% < Rty )
_q2y+1x =0 1 _ ql/+i+1 _ qu+i+1x

Letting X = ¢"x and Y = ¢”, and combining the above equations, we obtain

@t R g) _ﬁ( —¢" XY )
=gt (@ ety O\ =g (X +Y)
Corollary 6.7 then completes the proof. 0

Remark 6.10. It is well known that the generating function for bounded Motzkin paths
is given by a ratio of orthogonal polynomials; see e.g. Flajolet [13], Viennot [28, Ch. V,
Eq. (27)], or Krattenthaler [24, Theorem 10.11.1]. The argument in this section implies
that the left-hand side of (6.3) is the generating function for certain weighted bounded
Motzkin paths. Theorem 6.9 shows that this generating function is also equal to a ratio of
type R; polynomials.

By (3.4), taking the limit m — oo in Theorem 6.9 we obtain Theorem 6.8. We may also
use Theorem 4.11 to write the finite continued fraction as an explicit rational function.

Corollary 6.11. The trivariate generating function for bounded diagonal parallelogram
polyominoes is

R e A e W

Z xcol(a)yrow(a)qarea(a) _

bl it ik “k—a—(5) =k [k+ +1— ’
agpsntl EZ:O Z:O (_1)k$ay F “q (2) { aa}qfl {n k a:|q*1

Cigler and Krattenthaler [7] found a different finite version of Theorem 6.8.
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Theorem 6.12 ([7, Corollary 55]). For any integer k > 1, we have
k—i—1] [i+j—1
yZ ((~1)aigls) sb 3y’ u 2 ]q

Z xcol(a)yrow(a)qarea(a) _ Jj—1

it S o(—1yaigUs) S ey ] [,

where Plgk is the set of parallelogram polyominoes such that each column has length at
most k and [fJ =0;_1.
q

Remark 6.13. The second odd-even trick (7.1) with Ag,_; = ¢*y and \ox = ¢* gives

qy 1
b ¢y B qy
1_Q(x+y> - q5xy 1- qr
1— @z +y) — |
*y
1_
QZ'

P

Remark 6.14. There are also finite versions of Theorem 6.9 for the classical ¢-Lommel
polynomials and the even-odd ¢-Lommel polynomials. The rational function is again a
quotient of orthogonal polynomials while the weights on P<™*! depend upon the diagonals.

Here are the infinite continued fractions for these two cases. For the classical ¢g-Lommel
polynomials, Theorem 5.3 becomes

201(0,0:¢°y: 3 —qz) _ 1—qy
2¢1(0,0; qy; ¢; —q) ¢’y
1 qy — 3
1 — a2y ¢y
e q‘zy
1—¢dy —

For the even-odd ¢-Lommel polynomials, Theorem 5.4 becomes
101(0; °y; ¢: °x) 1—qy

161005 qu; ¢ qr) A
1 —qy—

Ay
1 — ¢y —
3 A
l=¢y——

where Ag,_1 = 2¢® and Ay, = xyg®F/>+h

7. CONCURRENCE OF MOMENTS

Recall the notation (5.2) for the moments ({bk}kzo, {ak }r>o0, {)\k}kzo), which we also
write pn, ({0}, {ar}t, {\e}), or pn ({bx}, {\c}) when ap = 0. There is a concurrence of
moments (see Propositions 4.5 and 4.6), which we call the first and second odd-even tricks

p2n ({0}, {Ak}) = pn ({A2k + Azkir ), {AarAar—1})
fant2 ({0}, {Ak}) = At ({Aokr2 + Aok}, {AarAarsa }) - (7.1)
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The classical orthogonal polynomial moments are a special case of type R; moments

{0k}, {0}, {Ak}) = o ({0}, { e }) -

There is another concurrence of moments, which follows from [18, Corollary 3.7]

pon ({0}, {ax}) = pn ({03, {ar}, {0}). (7.2)

It is known [18] that a type R; moment i, ({bx}, {ax}, {\x}) is a nonnegative polynomial
in the recurrence coefficients. Besides (7.2) Theorem 4.14 is another example of classical
orthogonal polynomial moments being equal to type R; moments

pizn ({0}, {Ax}) = pin ({bx }, {ar}, {0}) - (7.3)

The main result in this section is Theorem 7.2, which expresses the A, as a function of
the sequences ay and by, thereby providing the concurrence (7.3).

To prove Theorem 7.2 we need to recall a classical result and notation. The Hankel
determinant [6, Theorem 4.2] will be used:

det(prisj ({br}rz0, { M te0))7 im0 = ATAT - AL

Recall that for a sequence a = {ay }r>0 we write da = {ax11 x>0 We also define 6 1a =
{ak-1}r>0, where a_; = 1 (the value of a_; is irrelevant for our purpose).

Definition 7.1. A Schréder path is a lattice path from (r,0) to (s,0), for some integers
7, s, consisting of northeast steps (1, 1), east steps (1,0), and south steps (0, —1) that never
goes below the z-axis. Given sequences b = {by}r>0 and a = {ay }x>0, the weight wt(P) of
a Schroder path P is the product of b; for each east step starting at height ¢ and a; for
each south step starting at height i.

Our main theorem of this section is the next theorem.

Theorem 7.2. Suppose that sequences b = {by } k>0, a = {ax x>0, and A = {Ax}r>0 satisfy

pizn ({0}, {Ax}) = pim ({bx}, {ar}, {0})

Then
fa(a, b)
AAy--- Ay = — 7,
14\ 2 Fo(ab)
where
fula,b) = 3 wilp),
p
and the sum is over all n-tuples p = (Py, Py, ..., P,) of non-intersecting Schroder paths,

Py : (—k,0) — (k,0),0 < k < n. Moreover,

1 fa(67ta, 671)

A1A2 o« e A27’l—1 — azo fn_l((;*la,’ 5*1b)7

and if a = b, =1 then

fal{1}, f1p) =203,
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Proof. Let
pr = pion ({0}, {Ar}) = pn ({0}, {ax}, {0}),

A, = det(piyj)o<ij<n-
Using the odd-even trick B, = Ag, 1 + Ag, and ©,, = Ay, _1As,, we have

pn = pizn ({0}, {Ax}) = pn({Br}, {Ok}).
Therefore

A, = det(pi; ({Be}, {Ok}))ozijen = OTO5 -+ O, = ATATAL AL Ay (A

which shows AjAg -+ Ay = AL /A, .

Kim and Stanton [18, Corollary 3.7] showed that s, ({bx}, {ax},{0}) is the sum of weights
of all Schroder paths from (0,0) to (n,0). Since A,, = det(piv; {0k}, {ar}, {0}))o<ij<n,
the (n+ 1) x (n 4 1) determinant A,, is the signed generating function for (n + 1)-tuples
of Schroder paths (Fy,...,P,), Py : (—k,0) — (o(k),0), for some permutation o of
{0,1,...,n}. Because there are no SE edges (\; = 0), any two paths which intersect do so
at integer coordinates. Thus we may apply the Lindstrom—Gessel-Viennot lemma of tail
swapping to reduce this sum to non-intersecting paths, o = identity, Py : (—k,0) — (k,0).
Thus A, = f.(a,b) and we obtain the identity for AjAg--- Ag,.

Now using the second odd-even trick B], = Ag,i0 + Agpyq and Al = Ay, Ay, we have

Pn+1 = Hont2 ({0}7 {Ak}) = Alﬂn({Bl/c}> {A;c ).
Then

A, = det(pirj1)o<ijen—1 = AT det(uiy; ({ By}, {AL}))o<ij<n—1
= ATASTIALT AL, A,

SO
AMAy-- Aoy = AL /AL

As in the even case, A, = det(pivj41 ({bx}, {ax}, {0}))o<ij<n—1 is the generating function
for n-tuples non-intersecting Schroder paths p’ = (P}, ..., P)), P, : (=k+1,0) — (k,0).
For 1 < k <n, let Py be the path from (—k,—1) to (k,—1) obtained from P, by adding a
northeast step at the beginning and a south step at the end, and let 4y be the empty path
from (0,—1) to (0,—1). This gives a bijection from n-tuples non-intersecting Schroder
pathsp’ = (P{,..., P)), P} : (—k+1,0) — (k,0) to (n+1)-tuples non-intersecting Schroder
paths p = (P, P1,..., Py), P : (—k,—1) — (k,—1). Note that the starting point of P
has height —1, which shifts the indices of a; and by down by one. This shows that

A, = ag "™ det(pig ({be-1}, {0}, {ar—1}))o<ijen = ag" fu(0 " a,071D),

and we obtain the identity for AjAg--- Ag, 1.
Finally, the fact that A, = 2("2") and A7 = 2("2) if q, = b, = 1 for all & follows
from [18, Theorem 6.15, A= B =1,C = 0]. O

The first few values of Ay --- A, in Theorem 7.2 are
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Ay =

1f1(5 Ya,671b) _a;+ by
fo(6-ta,0-) 1

fi(a,b) as + by
folap) ~ "1

71f2(5 ‘a,0”'b)

O fi(6-ta,6-1b)
aiasaz + aby + azasby + 2a2boby + bob? + ajasby + agbobg

ai + by

AAy =

AAghAy =

f2(a,b)
fi(a,b)
Ao0304 + a3b1 + asasby + 2a3b1by + blb2 + agasbs + agblbg

as + bl
Remark 7.3. Eu and Fu [11] used the idea relating A,, and A!,_; in the proof of Theorem 7.2
to give a simple proof of the Aztec diamond theorem, which is equivalent to the result
A, = 2<n;1> when a, = b, = 1.

A A AsAy =

= ai1a2

8. OPEN PROBLEMS

Recall that Kishore’s theorem is a statement about the power series coefficients of the
ratio J,1(x)/J,(z) of two Bessel functions.

Theorem 8.1 (Kishore [19]). We have

+1 i
1/

V

=6

Dy, = [](k+ )kl
k=1
and Ny, s a polynomial in v with nonnegative integer coefficients.

where

We conjecture the following finite version of Kishore’s theorem on a ratio of Lommel
polynomials L., ,(z) defined in Section 3.

Lm,u+2(x) _ i NT(LT/') <I>2n+1
9 )

Lm+1,u+1 ('T) n=0 D'g:)ll/)

Conjecture 8.2. Let

where
m

D =[] (v+k+ 1)7tmnh),
k=0

n+1 n+m-—2k+1 _
f(m,n, k) = maX(h}—i—lJ’{ m—Fk+1 J)v if k #m/2,
L, if k= m/2.

Then N,g@ is a polynomial in v with nonnegative integer coefficients.
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In Section 5 we saw that the ratio
3 _ v .V . v
Tih(zaTY) =gz 101 (03077 q,¢7 )
I zqt)  T—at 11 (05475 ¢, 74122
has two generalizations, the ¢-Norlund continued fraction and Heine’s continued fraction.
These two generalizations seem to have a similar property as follows.

Conjecture 8.3. Let

Z fYn(a7 b, C)Zn = 2¢1 (aq’ bq’ cq; 4, Z) )

n>0 2¢1 (CL, b7 ¢ q, Z)

Then
Ynla,b,c) P,(a,b,c)
n+1

b=e (1 —eghlF D
for some polynomial P,(a,b,c) in a,b,c,q with integer coefficients.

Conjecture 8.4. Let

b. .
> vnla,b,e)z" = 201 (09, b¢4: 4, 2)
= 261 (a,0;¢;q, 2)

Then

Yla,b,e) P/ (a,b,c)
P=e (1 — ey lFR)
for some polynomial P! (a,b,c) in a,b,c,q with integer coefficients.

Note that, between these two conjectures, only the second argument of the 5¢; in the
numerator differs (namely, bg vs b).

Problem 8.5. Find a combinatorial proof of Theorem 5.12.

Problem 8.6. Find a combinatorial proof of Theorem 6.9, which contains the Bousquet-
Mélou—Viennot result Theorem 6.8.

Problem 8.7. Find an Askey scheme whose top element is the associated Askey—Wilson
polynomial which contains the q-Lommel polynomials. As an alternative, a referee has
suggested that an Askey scheme with non-polynomial entries may exist which contains the
q-Lommel polynomials.
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