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Figure 1. The maps ι1, ι2 restricted to the kernel curve Et

Since K(x0, x1, y0, y1, t) is quadratic in each of the variables, the curve Et is naturally endowed
with two involutions ι1, ι2, namely the vertical and horizontal switches of Et defined, for any
P = (x, y) ∈ Et, by

{P, ι1(P )} = Et ∩ ({x} × P1(C)) and {P, ι2(P )} = Et ∩ (P1(C)× {y})

(see Figure 1). Let us also define

σ := ι2 ◦ ι1.

Remark 1.2. There are several choices for the compactification of Et. For instance, we could
have compactified the curve Et in the complex projective plane P2(C) instead of P1(C) × P1(C)
but, in this case, the compactification is not defined by a biquadratic polynomial so that the
construction of the above-mentioned involutions in that situation is not so natural.

Assumption 1.3. From now on, we consider a weighted model arising from (S) and we fix a
transcendental real number 0 < t < 1.§

Proposition 1.4. The curve Et is an irreducible genus zero curve.

Proof. This is the analog of [FIM17, Lemmas 2.3.2, 2.3.10], where the case t = 1 is considered. �

1.3. Parametrization of Et. Since Et has genus zero, there is a rational parameterization of
Et, see [Ful89, Page 198, Ex.1], i.e., there exists a birational map

φ : P1(C) → Et
s 7→ (x(s), y(s)).

Proposition 1.5 below gives such an explicit parametrization, which induces a bijection between
P1(C) \ φ−1(Ω) and Et \ {Ω}, where Ω = ([0 : 1], [0 : 1]) ∈ Et. It is the analogue of [FIM17,
Section 6.4.3], where the case t = 1 is considered. The proof is similar for t transcendental and
the details are left to the reader.

We first introduce some notations. For any [x0 : x1] and [y0 : y1] in P1(C), we denote by
∆x

[x0:x1] and ∆y
[y0:y1] the discriminants of the degree two homogeneous polynomials given by

y 7→ K(x0, x1, y, t) and x 7→ K(x, y0, y1, t) respectively. We have
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§In this paper, we have assumed that the di,j belong to Q, but everything stays true if we assume that di,j
are positive real numbers and that t is transcendental over the field Q(di,j).


