
2 Jérémie Bettinelli and Dimitri Korkotashvili

f1

f4
f8

f3

f5

f7

f6
f9

f2

Figure 1: A quasi-3-constellation of
type (9, 6, 2, 6, 3, 3, 4, 3, 3). The two
flawed faces, highlighted in orange,
are f3 and f7. Every light face has
a marked corner, always represented
by a red arrowhead.

A (plane) p-constellation is a p-hypermap
such that the degrees of its light faces are
all multiples of p. In a p-hypermap, a
light face whose degree is not a multiple
of p will be called a flawed face. A p-
constellation is thus a p-hypermap without
flawed faces. A quasi-p-constellation is a p-
hypermap with exactly two flawed faces.
Note that, in a p-hypermap, the sum of the
degrees of the light faces is necessarily a
multiple of p, since it is equal to the sum
of the degrees of the dark faces, which are
all p. As a result, a p-hypermap cannot
have a single flawed face and, in a quasi-
p-constellation, the two flawed faces have,
modulo p, degrees +k and −k for some
0 < k < p.

Enumeration. For an r-tuple a = (a1, . . . , ar) of positive integers, let us denote by
C(a) the number of p-hypermaps with exactly r light faces, numbered f1, . . . , fr and of
respective degrees a1, . . . , ar, each bearing a marked corner1. The r-tuple a will be called
the type of such p-hypermaps. See Figure 1. By elementary considerations and Euler’s
characteristic formula, the integers

E(a) :=
r

∑
i=1

ai , D(a) :=
E(a)

p
, and V(a) := E(a) − D(a)− r + 2

are respectively the numbers of edges, dark faces, and vertices of p-hypermaps of type a.
Generalizing Tutte’s so-called formula of slicings [6], it has been computed that, when at
most two ai’s are not in pN, that is, for p-constellations [4] or quasi-p-constellations [5],
it holds that

C(a) = ca

(

E(a) − D(a)− 1
)

!
V(a) !

r

∏
i=1

α(ai), where α(x) :=
x!

⌊

x/p
⌋

!
(

x − ⌊x/p⌋ − 1
)

!

and ca =

{

1 if p divides every ai

p − 1 otherwise
.

(1.1)
1Recall that a corner is an angular sector delimited by two consecutive edges around a vertex.


