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The Newton polytope of the Kronecker product

Greta Panova∗1 and Chenchen Zhao†1
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Abstract. We study the Kronecker product of two Schur functions sλ ∗ sµ, whose Schur
expansion is given by the Kronecker coefficients g(λ, µ, ν) of the symmetric group.
We prove special cases of a conjecture of Monical–Tokcan–Yong that its monomial
expansion has a saturated Newton polytope. Our proofs employ the Horn inequalities
for positivity of Littlewood–Richardson coefficients and imply necessary conditions for
the positivity of Kronecker coefficients.
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1 Introduction

The Kronecker coefficients g(λ, µ, ν) of the symmetric group present an 85 year old
mystery in Algebraic Combinatorics and Representation Theory. They are defined as
the multiplicities of an irreducible Sn-module Sν in the tensor product of two other
irreducibles: Sλ⊗ Sµ. Originally introduced by Murnaghan in 1938 [10, 11], the question
for their computation has been reiterated many times since the 1980s. Stanley’s 10th open
problem in Algebraic Combinatorics [18] is to find a manifestly positive combinatorial
interpretation for the Kronecker coefficients. Yet, over the years, very little progress
has been made and only for special cases, see [13] for an overview. Their importance
has been reinforced by their role in Geometric Complexity Theory, a program aimed at
establishing computational lower bounds and ultimately separating complexity classes
like P vs NP, see [14] and references therein. While no positive combinatorial formula
exists, we also lack understanding for when such coefficients would be positive. The
possibility of answering these questions in a “nice” way is explored using computational
complexity theory, see [12, 14].

In a different direction, [8] initiated the study of the Newton polytopes of important
polynomials in Algebraic Combinatorics. It has since been established that some of the
main polynomials of interest have the saturated Newton polytope (SNP) property.

Definition 1.1. A multivariate polynomial with nonnegative coefficients f (x1, . . . , xk) = ∑α cαxα

has a saturated Newton polytope (SNP) if the set of points Mk( f ) := {(α1, · · · , αk) : cα > 0}
coincides with its convex hull in Zk.
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Given a symmetric function f , let f (x1, . . . , xk) denote the specialization of f to the
variables x1, . . . , xk that sets xm = 0 for all m ≥ k + 1.

Definition 1.2. A symmetric function f has a saturated Newton polytope (SNP) if f (x1, . . . , xk)
has a SNP for all k ≥ 1.

1.1 SNP for the Kronecker product

The Kronecker coefficients of Sn, denoted by g(λ, µ, ν), give the multiplicities of one
Specht module in the tensor product of the other two, namely

Sλ ⊗ Sµ = ⊕ν`nS
⊕g(λ,µ,ν)
ν .

The Kronecker product ∗ of symmetric functions is defined on the Schur basis as

sλ ∗ sµ := ∑
ν

g(λ, µ, ν)sν,

and extended by linearity. It is equivalent to the inner product of Sn characters under
the characteristic map.

Conjecture 1.3 ([8]). The Kronecker product sλ ∗ sµ has a saturated Newton polytope.

We prove this conjecture for partitions of lengths 2 and 3 and various truncations.

Theorem 1.4. Let λ, µ ` n with `(λ) ≤ 2, `(µ) ≤ 3, and µ1 ≥ λ1 then sλ ∗ sµ(x1, . . . , xk) has
a saturated Newton polytope for every k ∈N.

This theorem follows from the Kronecker product containing a term sν, where ν dom-
inates all other partitions in the product. As a result, the degree vectors of the mono-
mials are the integer points (a1, . . . , ak) that, when sorted, satisfy sort(a1, . . . , ak) � ν in
the dominance order, ensuring the polytope is saturated. However, it is not always the
case that there is a unique maximal term with respect to the dominance order. The first
instance where no such dominant partition exists is covered in the following theorem.

Theorem 1.5. Let λ, µ ` n with `(λ) ≤ 3 and `(µ) ≤ 2. Then sλ ∗ sµ(x1, x2, x3) has a
saturated Newton polytope.

The difficulty with this problem in the general case is the lack of any criterion for
the positivity of the Kronecker coefficients. We express the Kronecker product in the
monomial basis as sums of products of multi-Littlewood–Richardson coefficients. Using
the Horn inequalities, which determine when a Littlewood–Richardson coefficient is
nonzero, we construct a polytope P(λ, µ; a) parametrized by λ, µ and a = (a1, . . . , ak)
for the monomial of interest xa1

1 xa2
2 · · · x

ak
k . A monomial appears in sλ ∗ sµ if and only if

P(λ, µ; a) has an integer point, and we can infer the following.
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Proposition 1.6. Let µ, λ ` n. The Kronecker product sλ ∗ sµ(x1, . . . , xk) has a saturated
Newton polytope if and only if for every a ∈ Zk the polytope P(λ, µ; a) is either empty or has
an integer point.

It is not hard to see that P(λ, λ; a) is always nonempty and has an integer point.
However, it is far from clear how to characterize when P(λ, µ; a) 6= ∅ once µ 6= λ and
the number of variables k grows, and further to determine if there is an integer point.
It is also not apparent whether these polytopes have an integer vertex as the relevant
inequalities result in many non-integral vertices.

The limiting version of Conjecture 1.3 holds in general.

Theorem 1.7. Let λ, µ be partitions of the same size and k ∈N. Then the set of points

∞⋃
p=1

1
p

Mk(spλ ∗ spµ)

is a convex subset of Qk.

This is not surprising since the set of triples 1
|λ| (λ, µ, ν) for which there is a p, such

that g(pλ, pµ, pν) > 0, forms a polytope known as the Moment polytope, see [19, 1].

1.2 Positivity implications

Suppose that g(λ, µ, α) > 0 and g(λ, µ, β) > 0 for some partitions α, β. Then the mono-
mials with powers α and β appear in sλ ∗ sµ. Suppose that γ = tα + (1− t) ∗ β ∈ Zk

for some t = p
q ∈ Q with p < q. The SNP property would imply that γ appears as a

monomial, and thus there is a partition θ � γ, such that g(λ, µ, θ) > 0. By the semigroup
property we have that g(pλ, pµ, pα) > 0, g((q − p)λ, (q − p)µ, (q − p)β) > 0 and thus
g(qλ, qµ, qγ) > 0. However, the Kronecker coefficients do not, in general, possess the
saturation property, so we cannot expect g(λ, µ, γ) > 0 and in fact this is not always
true1. We can generalize the above reasoning into the following.

Proposition 1.8. Suppose that sλ ∗ sµ has a saturated Newton polytope. Then for every collection
of partitions α1, α2, . . ., s.t. g(λ, µ, αi) > 0 and ∑i tiα

i has integer parts for some ti ∈ [0, 1]
with t1 + t2 + · · · = 1, there exists a partition θ � ∑i tiα

i in the dominance order, such that
g(λ, µ, θ) > 0.

Our methods and the Horn inequalities also give some necessary conditions for a
Kronecker coefficient to be positive. We cannot expect easy necessary and sufficient

1 Let λ = (8, 8) and µ = (5, 3, 1, 1, 1, 1, 1, 1, 1, 1). Let α = (7, 3, 2, 2, 2), β = (5, 5, 2, 2, 2) and ν =

(6, 4, 2, 2, 2). We have that g(λ, µ, α) = g(λ, µ, β) = 1, but g(λ, µ, α+β
2 ) = 0, and sλ ∗ sµ does not have a

unique dominant term.
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criteria for positivity since this decision problem is NP-hard by [3]. The general statement
is Theorem 6.1 stated in Section 6 in terms of the so-called LR-consistent triples. We
illustrate the criteria with a simplified version below in the case of one two-row partition.

Proposition 1.9. Suppose that g(λ, µ, ν) > 0 and `(µ) = 2, k = `(λ). Then there exist
nonnegative integers yi ∈ [0, bλi/2c] for i ∈ [k], such that

∑
i∈A∪C

λi + ∑
i∈B

yi −∑
i∈C

yi ≤ min{∑
j∈J

µj, ∑
j∈J

νj} (1.1)

for all triples of mutually disjoint sets A t B t C ⊂ [k] and J = {1, . . . , r, r + 2, . . . , r + b + 1}
or J = {1, . . . , r + b− 1, r + 2b}, where r = 2|A|+ |C| and b = |B|.

The details of the above results, along with full proofs, computations, and additional
discussions will appear in the full version of this abstract, available in [15].

2 Definitions and tools

2.1 Basic notions from algebraic combinatorics

We use standard notation from [7] and [17, §7] throughout the paper.
The irreducible representations of the symmetric group Sn are the Specht modules Sλ

and are indexed by partitions λ ` n. The irreducible polynomial representations of
GLN(C) are the Weyl modules Vλ and are indexed by all partitions with `(λ) ≤ N. Their
characters are the Schur functions sλ(x1, . . . , xN), where x1, . . . , xN are the eigenvalues
of g ∈ GLN(C).

We will use the standard bases for the ring of symmetric functions Λ: the monomial
symmetric functions

mα(x1, x2, . . . , xk) = ∑
σ

xα1
σ1 xα2

σ2 · · · ,

where the sum goes over all permutations σ giving different monomials.
The Schur functions sλ(x1, . . .) can be defined as the generating functions for SSYTs

of shape λ, i.e., sλ = ∑α Kλαmα. We will also use the homogeneous symmetric functions
hλ defined as hk := s(k) = ∑i1≤···≤ik xi1 · · · xik and hλ := hλ1 hλ2 · · · .

The Littlewood–Richardson coefficients cλ
µν are defined as structure constants in Λ for

the Schur basis, and also as the multiplicities in the GL-module decomposition Vµ⊗Vν =

⊕λV
cλ

µν

λ . We have
sµsν = ∑

λ

cλ
µνsλ.

They can be evaluated by the Littlewood–Richardson rule as a positive sum of skew
SSYT of shape λ/µ and type (weight) ν whose reverse reading word is a ballot sequence.
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Their positivity can be decided in polynomial time as cλ
µν > 0 if and only if its corre-

sponding polytope is nonempty (see [5, 9]). The multi-LR coefficients can be defined
recursively as

cλ
ν1,ν2,...,νk := 〈sλ, sν1sν2 · · · sνk〉 = ∑

τ1,τ2,...,τk

cλ
ν1τ1cτ1

ν2τ2 · · · cτk−1

νkτk .

2.2 The Kronecker product

The Kronecker product, denoted by ∗, of symmetric functions can be defined on the
basis of the Schur functions and extended by linearity: sλ ∗ sµ = ∑ν g(λ, µ, ν)sν.

It is also ch(χλχµ), where χ are the Sn characters and ch is the Frobenius characteristic
map. The Kronecker coefficients can be equivalently defined as the coefficients in the
expansion

sλ[x · y] = ∑
µ,ν

g(λ, µ, ν)sµ(x)sν(y), (2.1)

where [x · y] := (x1y1, x1y2, . . . , x2y1, . . .) denote all pairwise products of the two sets of
variables.

Via Schur–Weyl duality the Kronecker coefficients can be interpreted as the dimen-
sions of GL highest weight spaces, which then makes the following semigroup property,
see [2], apparent:

If α1, β1, γ1 ` n and α2, β2, γ2 ` m satisfy g(αi, βi, γi) > 0 for i = 1, 2, then g(α1 +
α2, β1 + β2, γ1 + γ2) ≥ max{g(α1, β1, γ1), g(α2, β2, γ2)}.

Here we will be concerned with the monomial expansion. Since the homogeneous
and monomial bases are orthogonal to each other, i.e. 〈hλ, mµ〉 = δλ,µ we have that

sλ ∗ sµ = ∑
ν

g(λ, µ, ν)sν = ∑
ν,α

g(λ, µ, ν)Kναmα = ∑
α`n
〈sλ ∗ sµ, hα〉mα. (2.2)

In Section 4 we will see further ways of finding the monomial expansion.

2.3 Newton polytopes

Let f (x1, . . . , xk) = ∑α cαxα be a polynomial with nonnegative coefficients, where xα :=
xα1

1 · · · x
αk
k and α ∈ Zk

≥0 is the degree vector. We denote by Mk( f ) := {α ∈ Zk
≥0 : cα > 0}

the set of vectors, for which the corresponding monomial appears in f (x1, . . . , xk). For
brevity we will say “monomial α appears in f ”. We denote by Nk( f ) := Conv(Mk( f )) the
convex hull of Mk( f ), this is the Newton polytope of f (x1, . . . , xk). Thus, a polynomial
f has a saturated Newton polytope if and only if Mk( f ) = Nk( f ). In particular, a
polynomial f has an SNP if and only if the following condition holds:

For every k + 1-tuple of compositions (α1, . . . , αk+1), such that cαi > 0, and

(snp)
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weights ti ∈ [0, 1], such that t1 + · · ·+ tk+1 = 1 and γ :=
k+1

∑
i=1

tiα
i ∈ Zk, we have cγ > 0.

Note that it is enough to check the convex combination of k + 1 points in k-dimensional
space by Caratheodory’s theorem.

As noted in [8] many of the important symmetric polynomials have SNP. Since Kostka
coefficients Kλµ are positive if and only if λ � µ in the dominance order, we get an
immediate characterization of Mk(sλ) and the following important statement.

Proposition 2.1 ([8]). The Schur polynomial sλ(x1, . . . , xk) has a saturated Newton polytope
and Mk( f ) = conv{(λσ1 , . . . , λσk) for all σ ∈ Sk}.

3 Two and three-row partitions

In this section, we deduce the SNP property for certain cases from existing formulas. In
the cases treated here we will see that there will be a unique partition ν, s.t. g(λ, µ, ν) > 0
and if g(λ, µ, α) > 0 then ν � α and so sλ ∗ sµ will contain all monomials α ≺ ν, as
observed in [8].

First, let `(λ), `(µ) = 2 and the number of variables be arbitrary. In [16], Rosas
computed the Kronecker product of two two-row partitions. In particular, [16, Corollary
5] gives a formula for Kronecker coefficients indexed by 3 two-row partitions. We could
then show that N(sλ ∗ sµ; k) = N(sν; k) for a certain partition ν.

Lemma 3.1. Let λ = (λ1, λ2), µ = (µ1, µ2), and ν = (ν1, ν2) be two-row partitions of n.
Without loss of generality, suppose that λ2 ≥ µ2. Then 〈sλ ∗ sµ, hν〉 > 0 if and only if ν2 ≥
λ2 − µ2.

By equation (2.2) this means that mν appears with a nonzero coefficient in that Kro-
necker product.

We now move to a more general case and invoke the full Theorem from [16]. Specif-
ically, [16, Theorem 5] gives a formula for Kronecker products of 2 two-row partitions,
allowing us to show that there is a unique maximal term in dominance order in the
Kronecker product sλ ∗ sµ in the following case.

Proposition 3.2 (Theorem 1.4). Let λ and µ be partitions of n, where λ = (λ1, λ2) and
µ = (µ1, µ2, µ3), such that µ1 ≥ λ1. Then the Kronecker product sλ ∗ sµ(x1, . . . , xk) has a
saturated Newton polytope for every k.

Remark 3.3. We cannot expect to have unique maximal terms in general. For instance,
s(6,6) ∗ s(8,2,1,1) = s(4,4,2,1,1)+ s(4,4,3,1)+ s(5,3,1,1,1,1)+ s(5,3,2,1,1)+ s(5,3,2,2)+ s(5,3,3,1)+ 2s(5,4,1,1,1)
+ 3s(5,4,2,1) + s(5,4,3) + s(5,5,1,1) + 2s(5,5,2) + s(6,2,2,1,1) + 2s(6,3,1,1,1) + 3s(6,3,2,1) + s(6,3,3) +
4s(6,4,1,1) + 2s(6,4,2) + 2s(6,5,1) + s(7,2,1,1,1) + s(7,2,2,1) + 2s(7,3,1,1) + 2s(7,3,2) + 2s(7,4,1) + s(7,5) +
s(8,2,1,1) + s(8,3,1). In this product, (7, 5) and (8, 3, 1) are incomparable maximal.
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4 Multi-LR coefficients and Horn inequalities

4.1 Monomial expansion via multi-LR coefficients

As we observed, the Kronecker product does not necessarily have a unique dominating
term sν. Moreover, there are no positive formulas for many other cases we could use.
We thus move directly towards the monomial expansion. The coefficient at xa, where
a = (a1, a2, . . .) in sλ ∗ sµ can be expressed as

〈sλ(y) ∗ sµ(z), ha[yz]〉 = 〈sλ(y) ∗ sµ(z), ∏
i

∑
αi`ai

sαi(y)sαi(z)〉 = ∑
αi`ai,i=1,...

cλ
α1α2···c

µ

α1α2···

(4.1)
We now define the following set of points given by the concatenation of the vectors

α1, α2, . . . , αk:

P(µ; a) := {(α1, α2, · · · , αk) ∈ Z
`(µ)k
≥0 : cµ

α1α2··· > 0 and |ai| = ai for all i = 1, . . . , k}. (4.2)

Observe that P(µ; a) 6= ∅ for all µ, a of the same size. This can be seen either by a
greedy algorithm to construct α1, . . . a nonzero multi-LR coefficient, or by observing that
sµ ∗ sµ = s(n) + · · · and contains every monomial of degree n, so for every a there are
some αi ` ai with cµ

α1··· > 0. The monomials appearing in sλ ∗ sµ correspond to a, for
which there exist α1, · · · with cλ

α1··· > 0 and cµ

α1··· > 0. Thus

Proposition 4.1. The set of monomial degrees a = (a1, . . . , ak) appearing in sλ ∗ sµ is given as

Mk(sλ ∗ sµ) = {a ∈ Zk
≥0 : P(λ; a) ∩ P(µ; a) 6= ∅}.

We turn towards understanding the above set of points, and in particular, whether
they would be the set of lattice points of a convex polytope.

4.2 Horn inequalities for multi-LR’s

We first reduce our multi-LR positivity problem from (4.1) and (4.2) to the case of regular
LR coefficients. Let again cµ

α1,α2,... = 〈sα1sα2 · · · , sµ〉 be the multi-LR coefficients.

Theorem 4.2 ([6]). Let λ, µ, ν be partitions such that |λ| = |µ|+ |ν|. Then cλ
µ,ν = 〈sλ, sµ�ν〉,

where µ � ν denotes the skew shape (ν`(µ)1 + µ, ν)/ν.

We can thus generalize Theorem 4.2 as follows.

Lemma 4.3. Let λ ` n. For a k-tuple of partitions α1, · · · , αk with `(αi) ≤ `, such that
|α1| + · · · + |αk| = n we have that cλ

α1···αk = 〈sλ, sα1�α2�···�αk〉 = cω(α)
λ, δk(n,`), where α1 � α2 �

α3 · · · = α1 � (α2 · · · ) recursively, ω(α) := ((n(k− 1))` + α1, (n(k− 2))` + α2, · · · , αk), and
δk(n, `) :=

(
(n(k− 1))`, (n(k− 2))`, · · · , n`

)
.
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We next turn to LR positivity as described by the Horn inequalities. For a subset I =
{i1 < i2 < · · · < is} ⊂ [r], let ρ(I) denote the partition ρ(I) := (is − s, . . . , i2 − 2, i1 − 1).
We say a triple of subsets I, J, K ⊂ [r] is LR-consistent if they have the same cardinality s
and cρ(I)

ρ(J),ρ(K) = 1.

Theorem 4.4 ([20, 4, 5]). Let λ, µ, ν ∈ Nr with weakly decreasing component. Then cλ
µ,ν > 0

if and only if |λ| = |µ| + |ν| and ∑i∈I λi ≤ ∑j∈J µj + ∑k∈K νk for all LR-consistent triples
I, J, K ⊂ [r].

For a set I ⊂ {1, . . . , `k} construct the set D(I) := {(i, j) ∈ [k]× [`], such that `(i −
1) + j ∈ I}, that is the set of pairs (d x

` e, x%`), where x ∈ I and x%` is its remainder
by division by `, adjusted to be in the range from 1 to `. Applying Theorem 4.4 with
λ = ω(α), µ and ν = δk(n, `) from Lemma 4.3, and observing that if m = `(i − 1) + j
then ω(α)m = n(k− i) + αi

j and (δk(n, `))m = n(k− i) we get the following.

Corollary 4.5. Let `(µ) = ` and a = (a1, . . . , ak). Then P(µ; a) is the set of points (α1, . . . , αk) ∈
Z`k
≥0 satisfying the following linear conditions.

∑
j

αi
j = ai, for i ∈ [k]; (4.3)

αi
j ≥ αi

j+1, for j ∈ [`− 1], i ∈ [k]; (4.4)

∑
(i,j)∈D(I)

(
n(k− i) + αi

j

)
≤ ∑

j∈J
µj + ∑

(d,r)∈D(K)
n(k− d), (4.5)

where the last inequalities hold for all LR-consistent triples I, J, K ∈ [`k].

4.3 The case for k = 3

As we know the values of LR coefficients for the triples of partitions ρ(I), ρ(J), ρ(K)
when |I| ≤ 6, we can write all the linear inequalities defining the set of (λ, µ, ν) with
`(λ), `(µ), `(ν) ≤ 6 and see that they are the integer points in a convex polytope. In
general this polytope is quite complicated and it is not known whether it has any integral
nonzero vertices. We will approach the first cases beyond Section 3.

We will restrict ourselves to the Kronecker product of a two-row and a three-row
partition and monomials xa1

1 xa2
2 xa3

3 . Let `(λ) = 2 and `(µ) = 3. Our goal is to describe
P(λ; a1, a2, a3) ∩ P(µ; a1, a2, a3). Applying Corollary 4.5 to λ, (a1, a2, a3) and µ, (a1, a2, a3),
we have

cµ

α1,α2,α3cλ
α1,α2,α3 > 0 if and only if (4.6)

max{α1
1, α2

1, α3
1, α1

2 + α2
2, α1

2 + α3
2, α2

2 + α3
2} ≤ µ1
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max{α1
2, α2

2, α3
2} ≤ µ2

α1
2 + α2

2 + α3
2 ≤ λ2

max{α1
1 + α2

2 + α3
2, α1

2 + α2
1 + α3

2, α1
2 + α2

2 + α3
1} ≤ min{µ1 + µ3, λ1}

max{α1
1 + α2

1 + α3
2, α1

2 + α2
1 + α3

1, α1
1 + α2

2 + α3
1} ≤ µ1 + µ2

max{α1
1 + α1

2 + α2
2 + α3

2, α1
2 + α2

1 + α2
2 + α3

2, α1
2 + α2

2 + α3
1 + α3

2} ≤ µ1 + µ2.

4.4 The set P(λ; a) ∩ P(µ; a)

The linear inequalities (4.6) describe a polytope in R6 for the variables (α1
1, α1

2, . . .). By
Section 4 a monomial xa occurs in sλ ∗ sµ if and only if the set P(λ; a) ∩ P(µ; a) has a
nonzero integer point. This set corresponds to the set of lattice points of the section of
the polytope in (4.6) with αi

1 + αi
2 = ai for i = 1, 2, 3, as well as αi

1 ≥ αi
2, which comes from

αis being partitions. Let x := α1
1, y := α2

1, z := α3
1. Define P(λ, µ, a) to be that polytope,

substituting the new constraints in (4.6), it is defined by the following inequalities

P(λ, µ, a) :=

{
(x, y, z) ∈ R3 s.t. a1 −min(µ2, λ2,

a1

2
) ≤ x ≤ min(a1, µ1) (1)

a2 −min(µ2, λ2,
a2

2
) ≤ y ≤ min(a2, µ1) (2)

a3 −min(µ2, λ2,
a3

2
) ≤ z ≤ min(a3, µ1) (3)

max(µ3, a1 + a2 − µ1) ≤ x + y (4)
max(µ3, a1 + a3 − µ1) ≤ x + z (5)
max(µ3, a2 + a3 − µ1) ≤ y + z (6)

λ1 ≤ x + y + z (7)
max(µ2, λ2)− a1 ≤ −x + y + z ≤ µ1 + µ2 − a1 (8)
max(µ2, λ2)− a2 ≤ x− y + z ≤ µ1 + µ2 − a2 (9)

max(µ2, λ2)− a3 ≤ x + y− z ≤ µ1 + µ2 − a3

}
(10)

We can summarize these descriptions and derivations in the following.

Proposition 4.6. The monomial xa occurs in sλ ∗ sµ if and only if P(λ; a)∩ P(µ; a) 6= ∅. When
`(λ) = 2, `(µ) = 3 and µ1 < λ1 this is equivalent to P(λ, µ, a) ∩Z3 6= ∅.

5 Integer points in P(λ, µ, a)

We are now ready to prove the counterpart of Proposition 3.2 by analyzing the polytope
P(λ, µ, a). By considering P(λ, µ, c) as a fiber of a linear projection from a polyhedral
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cone, we have the following proposition.

Proposition 5.1. Suppose that P(λ, µ, ai) 6= ∅ for some vectors ai, i = 1, . . . , 4 and c = ∑i tiai

for some ti ∈ [0, 1] with t1 + t2 + t3 + t4 = 1. Then P(λ, µ, c) 6= ∅.

Proof sketch. The inequalities defining P(λ, µ, a) can be written in the form A[x, y, z]T ≤ v
for a 3× 3 matrix A with entries {0, 1,−1} and vector v = B1[λ1, λ2]

T + B2[µ1, µ2, µ3]
T +

B3[a1, a2, a3]
T. Assuming P(λ, µ, ai) 6= ∅ for all i, we can show that p := ∑i ti pi where

pi ∈ P(λ, µ, ai) satisfies the inequalities for P(λ, µ, c) and this polytope is hence nonempty.

We will now show this polytope is nonempty if and only if it has an integer point.

Theorem 5.2. If P(λ, µ, a) 6= ∅ then it has an integer point, i.e. P(λ, µ, a) ∩Z3 6= ∅.

Proof sketch. We first show that if a polytope P = P(λ, µ, a) is nonempty, it contains a
half-integer point by discussing cases for different types of matrices defining the poly-
tope and proving that, in each case, there exists a half-integer point near a vertex of
P . We then extend this result by showing that if P contains a half-integer point, it must
contain an integer point. Our proof considers perturbations of a given half-integer point,
showing that small adjustments lead to integer points within P . Exploiting the integer
bounds of the inequalities is key to bridge the gap between half-integer and integer
points.

Proof of Theorem 1.5. Let xai
1

1 xai
2

2 xai
3

3 be monomials appearing in sλ ∗ sµ(x1, x2, x3) with non
zero coefficients. By Proposition 4.6 we have that P(λ, µ; ai) ∩Z3 6= ∅. Suppose that
(c1, c2, c3) is in the convex hull of {ai}i, so c = ∑i tiai for some ti ∈ [0, 1] with t1 +
t2 + · · · = 1. By Proposition 5.1 we have that P(λ, µ, c) 6= ∅. Then if ci ∈ Z by
Theorem 5.2 we have P(λ, µ; c) ∩Z3 6= ∅ and thus xc appears as a monomial in sλ ∗ sµ.
By the characterization (snp), the polynomial sλ ∗ sµ(x1, x2, x3) has a saturated Newton
polytope.

6 Positivity of Kronecker coefficients

First, we will discuss the limiting case of the SNP property.

Proof sketch of Theorem 1.7. By Caratheodory’s theorem, it suffices to show that if every
point is a convex combination of k + 1 points from our set and is contained in the
set, then the set is convex. Consider points α1, α2, · · · , αk+1 ∈ ⋃∞

p=1
1
p Mk(pλ, pµ) where

Mk(pλ, pµ) := Mk(spλ ∗ spµ). For each αi, choose pi such that αi ∈ 1
pi

Mk(piλ, piµ). Let

p = lcm(p1, . . . , pk). Employing the semigroup property, establish that αi ∈ 1
p Mk(pλ, pµ)
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for all i. Suppose θ is a rational convex combination of α1, α2, . . . , αk+1. Apply the semi-
group property to show that θ is in 1

qp Mk(qpλ, qpµ) for some carefully chosen q ∈ Z,
implying convexity of the set by Caratheodory’s theorem.

We next consider positivity criteria for Kronecker coefficients. Suppose that g(λ, µ, ν) >
0, then sν appears in sλ ∗ sµ, and so its leading monomial mν also appears, so P(λ, µ, ν)∩
Zr 6= ∅, where r = min{`(λ), `(µ)}`(ν). Then from Section 4 we must have that
P(λ; ν) ∩ P(µ; ν) has an integer point. We can then apply Corollary 4.5 and its inequali-
ties to infer that the polytope P(λ, µ, ν) has an integer point.

We define an mLR-consistent triple (I, J, K) of subsets of [1, . . . , `k] as an LR-consistent
triple satisfying the condition that |I ∩ [`(j− 1) + 1, . . . , `j]| = |K ∩ [`(j− 1), . . . , `j]| for
every j = 1, . . . , k.

Theorem 6.1. Suppose that g(λ, µ, ν) > 0 and let ` = min{`(µ), `(ν)} Then there exist
nonnegative integers {αi

j}i∈[k],j∈[`] satisfying

∑
j

αi
j = λi, for i ∈ [k]; (6.1)

αi
j ≥ αi

j+1, for j ∈ [`− 1], i ∈ [k]; (6.2)

∑
(i,j)∈D(I)

αi
j ≤ min{∑

j∈J
µj, ∑

j∈J
νj}, for every mLR-consistent (I, J, K). (6.3)

Proof sketch of Theorem 6.1. For I, J, K to be an LR-consistent triple, we must have ρ(K) ⊂
ρ(I), which implies that if I = {i1 < i2 < · · · < is} and K = {k1 < · · · < ks} then k j ≤ ij
for all j. Thus in (4.5) we have ∑(d,r)∈D(K) n(k− d) ≥ ∑(i,j)∈D(I) n(k− i), with a difference
of at least n if the two sums are not equal. If they are not equal then the inequalities are
trivially satisfied. Thus we assume that we have equality. Thus I = ∪Ip and K = ∪Kp,
where Ij, Kj ⊂ [`(j− 1) + 1, . . . , `j] and |Ij| = |Kj| and for all such sets, and a set J with

|J| = |I| and cρ(I)
ρ(J)ρ(K) = 1 , which is the definition of mLR-consistent.
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