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COMPUTATION OF STANDARD BASES

OF Sn-MODULES CORRESPONDING

TO n-SUBSETS OF N2

BY

MICHAEL CLAUSEN AND JOHANNES GRABMEIER

All the classical module (. oiistnu-. Uon for the representation tlicory of Sn can be modcllRd

in t. hc polynornin. l ring Q[.Y, j] f»vfr ̂  in t, hc n2 commiitiiiR iiidct. cnninatcs A'',-,,. We recall
a. (lcfinitioii for gcnpralixed Spechi rri, oil, nlp. »:

7T . XiJ := A\(;)J , 7T   5n

defines a. ff^n-algcbra st, nict, ure on <Q[A',-j]. For n-siibse. t, s A ofBN x IN one can clcfinR
a, r.ycllc (Q5» siibmodulc SA of Q[A',-j] via A Uhkaux S, T : A -^ {l,.., n. } , where S is

XX X

bljcciivc, ?ind bidetenninant. f. We give a pcnrafligrn for A x x

x x

1 3
2 5

4 6

1 1
2 2

3 3

1

dot A" 1, 1 A 1,2 dei
X-<, 1 ^3,3
^1, 1 ^1,3

det ^r>,2
.

x^
A'r,, 3 ^ ,._
V-7- j A 7, 1-
L6,3/ "'-^2, 1 --^2,2

These bidcierminnnis share the propcrt, y:

7T. (5[r)=(7T. 5-|r), TTC^,.

Let P := PA : A -^ {1, .., n} flenoie the projcct. ion onto the first, coordinate.

5.4 := (1,)5,,, . (5|P) = {(7T. S\P} : 7T   5, )Q

This is a. gciicralization of t. lic -"lassical c. asps: H A is n diagram, t,hni 5.4 is isoinorpliic to
the classical Spcc. ht, morlulc involving Va.nflcnnondc clctcnniuants. If A is n skew diagram,
then f! \ is a .sjfcf w m. ndule.

We remark t. h.it, perrniiting row;; and coliirnns of A givos isninorphic module's. The smallest,
nnii-clcissical examples are
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x

x

XXX

x

nnd
x x

x x

x x

For a skew digram A a biJRctlvc A-tablcaii is callcrl »1. anda7-d, if the cnf. rics arc increasing
from left to right, in ea.ch row and from top t, o l)ott, om in each coliimn, e. g.:

1 2 3 12
459

6 7 8 10 13
11 14

Theorem. If A is askew dj agrnm, then {(S\P^ : S Ktandard} is a ^-hasis of S^. This
is even tnic over the intc^firs 7L.

Remark. Thishnsjs is the colnmn kxico^rapliical sjnaJ/rs< snhset of{(5|P^) : S : A^
{1, .., n} hi j. }, which is a (^-basis of S,^;

otherwise sorncwhore the following sitiiation occiirs:

A

A

>

A

A

and Laphce expan»ion Rxpresscs this bidetcrminant as a siim of column lexicographical
smaller bidctermlnant. s of shape A by ahuffl. c pcrmii^ations.
Therefore our aim is t.oconstnic^ the column-lcxlcographical smallest basis of ̂  in general,
the A-^tanda.rd basis. The tool for this will be sirnultajicoiis Laplacc expansions over more
tha. n 2 coliimns (bccaiisc of "holes").

Laplace Duality Theorem. Lc. h <f>: A-^ B be a hijcction of n-snhscts of IN x IN with
^wrsc ̂ , J^ 5, T be A-tahkanx. Then S':= S o ^, and T':= T o V, arc Uhh»ux of shape
B, and the following holds:

(S; ̂\T) := ^ -s^n(o-)(5 o a\T)
r^v(n)'i'mod v(n)'i'nv(A)

^ .''ign{r)(S'\Tlor)=:(S'\T'^/,)
r V(/t)*mod V(A)'l'nV(n)

(HarcV(BY!' mod V(B)'fr n V(A) denotes ,, n »rh, t. r»ry transvcrsal of the left cosc^ of
V{BfnV(A) inV{Bf:=^oV(B)o^. )
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Example. In the sequel we n'ill iflcntify the elements of RII n snhsct A with {l,..., n}
reflecting t. hc cnlnmn lexicngriiphicRl order. The mrrcsponA'ng ba.fic t, »hlf>fin will he
denoted by SQ = 5'o(A).

A=
, J9 , v^

3 4 |5 6
6 2 |3 1

1-3 ,7
2^ y

4^-6

1 1 1
2 2

3 3

, 734 1 1-3-
5 1
6

\2

2 1
i/ =0

ThfTfforc the column iRxlcographir. grcatpst, bldct.crminaiit, in t, hc siim can be expressed
as a linear comblna. t. idu ofsrnallFr ones, these «ro cxacUy t. hosc bidR t. crminnnt. s whose Ipft,

(, al)lcaiix S satisfy

-. ((5(1) > 5(3)) A ((5(2) > 5(6)) A ((5(5) > 5(7))

= ((5(1) < 5(3)) V ((5(2) < 5(6)) V ((5(5) < 5(7)),
i. e. dll .fiandard A-tdblcaux havR t, o satisfy thfse conditions.

Method. Mcilcc systematic use of the Laplncc (Innlity tbcorcm, right. hfind side equals 0,
to construct conditions for .lianiard A tahlcfinx.

A combin. ttnrial (lc-s<Tipt, ion of all rliagrt i.ms B such Uiat, for nil bljnc. tions <f) : A-> B the

righh }ia.nd side equals 0 is given hy t, hc following.

Theorem. Let A find B ho n-subsets of IN x IN, i? a A'agrarn wjf.h column lcngtlis //, I- n.
For T : A -» {1,.., n} with con{T) := (JT-'(1)|, ..., [T-'(n. )|) |= 7;, tAc followins two
stfitcmcnis are cqnivfi.lcnt,:
i) (5'; <f>\T) = 0 holds for a]l hijcc. t. wns (f) : A-^ B find for aJJ bijcct. ions 5 : A ^ {l,.., n}.
ii) ii. ̂  (con(T) \)' (\ mcanf; rcordcring to gat, a proper pnrtition)

Example.

1 1

P= j 2 2 con(P)'-(3, 2, 2)f=(3, 3, l)
3 3

t. hereforc {//, h- n : /, ̂  (3, 3, 1)} = {(4, 1, 1, 1), (4, 2, 1),.., (7)}.
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Remark. However there exist (5, ^) snch tlifii //, ̂  (r.Ym(r) \)' mid {S-^\P} -- 0, c. ^.

1-3

^
./ 7 3 6

1|=0

bccaiise of (3) ^ (2, 1), so t. his irivinl ('xaini)lc indicates tiow also "locn. l"' versions of the
theororn may be derived.

Algorithm. Input: n subset A, SQ = 5o(A).
j'^ 7?. := {(!, t'+ 1) : !', ?"+ 1 both in one column of So}
ii) Construct the set, J of »J1 pairs (ij) , where the cohinn HI whic. li i appears is on tlic

left of the column of j.
iii) For v .= 1 ton div 2 do: To cfic.h v-suhscf, J C J (.. (mstrnct (J3, ^) snch that /i, =

colvmn lengths of B is mfiximal in the (lominancc order nn(l J is cxfict. ly the set of
jumps" oft/): for each column of B there is n jnmp from the lowest ckment involved

in one column to the highest element in the next involved column to the left. If
//, ^ (ron(P) \)' for at least one //, Uicii add . 7 to the list 7?. of rnJah'ons. More
general one has to consider "local" rpr.si'ojis, too. (intcrprcte J = ((?'i ,. 7"i), (?'2, ;2), ...)
as.T= ((?:i <ji)v(t-2 <J'2)V... ).

iv) Construct. »11 S : A-^ {l,.., n}, which s»tisfy the rations m 7?.. To do this, split tlw
relations to get a Boolcan normal form.

Examples: dimension

x x

x x

x x

x

XXX

x

x

x x

XXX

x

x

42

47

56

inimhcr of
staiidard t, abloniix

"R. H. S. = 0"

42

47

56
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x

x

XXX

x

x

XX X

x x

x x

XXX

x x

x x
.* x x

127 -= 127

12G < 137

1278 < 1299

XX X

As an illiistrdtion we yvp. tl-ic list of rcbtjons for t, h(* case A =-- x x wliicli of
x x

x x

coiirsc covers t, he casR A = x x , t, oo:
x x

x x

x'^^!
x ^-x

XX ,X

x

x-A

r-x /x
X X'

X" X

(1<4)

(1<7)

(3 < 7)

¥- x x

^\^,
x "^<

x K . x
x 1\I

.k \

^-X. X

^ 'X

x x

XX ^

(2 < 4) V (3 < 5) x^ f
'X-f<.

(1<3)V(4<7) ^
x x

x ^ ^x
(2 < 6)V (5 < 7) x ! "x-

^ x

Y-x
(4<6)V(5<7) ^ ,x

x

/x

(1 < G)

(3 < 6)

(1 < 3) V (3 < 5)

(2 < 4)V(4 < 6)

(1 < 5) V (5 < 7)

(3 < 5) V (5 < 7)

(1 < 3)V(4 < 6) V (6 < 7)

XX X

(1 < 3)V(4 < 5)V (5 < 7) x^ ^ (2 < 4) V (4 < 5) V (5 < 7)
x

The table above showes t. hat, those relations arc iiot, oiiough. Tlx'rcforc oiic })<is to dpvcloji
(. ortil)inntorlal descriptioiis of rnorp. compllcatod coTistriiftiotis. For ('\-;uiti)1c oiic C;ITI nsc
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1 1 1

t, hc fact, that, 22 is the only cohimn increasing tableau of shape (3, 3, 1)' and content,

(3, 2, 2).

'?'<
-1

7-6

1 5
2 6
3 7

3 3

1 1 1
2 2

3 3
2 6
3 7

1 5 4i 2, 1 ,1
1 ^3,
2 3/

1 5 4
2 6
3 7

1 1 1
2 2
3 3

1^ 1 ^3
1 2
2 I

2-1 ^5, 11
i - 6

4 7
2 2

3 3

As 5'(3) < 5(4) holds for all 5 we can add rplaUon ((1, 5), (4, 6), (6, 7)) to 7?..
Similarly we receive ((2, 3), (3, r)), (4, 6), (6, 7)) .
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