Publ. I.LR.M.A. Strasbourg, 1987, 340/S-15
Actes 15° Séminaire Lotharingien, p. 105-108

PFAFF-SAALSCHUTZ REVISITED
BY

JiaANG ZENG

Generalizing SURANYT’s proof [Sur| of LE JEN SHOO’s formula, SzZEKELY
[Sz] obtained the following binomial coefficient identity with five indepen-
dent parameters

(1) at+c+d+e\/b+c+d+e
c+d b+d

_Z at+b+c+d+e—n\[a+d\[/b+e

- a+b+d+e n+d/\n+e
and said that it was a common generalization of several cubic identities.
As the right-hand side of (1) contained only a product of three binomial
coefficients, it was very likely that identity (1) was nothing but the Pfaff-

Saalschiitz formula.
Let (a)n be the ascending factorial defined by

(@o=1, (a)n=a(a+1)---(a+n-1), (n21)

and let

a1,...,0r (a1)n - (ar)n =™
rFs ’ = A
(bla---abs x) ;(bl)n"'(bs)n n!
be the generalized hypergeometric series. Then, the Pfaff-Saalschiitz iden-
tity reads (see [Bai, p. 9]) :

a,b,—n 1\ _ (e=a)a(c—D),
(2) 3F2(c,1+a+b—c—n’1)_(C)n(c—a—b)n'

Note that Askey [Ask] found that identity (2) was already derived by
Prarr [Pfa], ninety three years before SaaLscuOTz [Sa], to whom it
is traditionally referred. See also a recent paper by Rovy [Ro]. Short
proofs of (2) have been given by several authors, such as DoucaLL [Do],
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NansunpiaH [Na], GESSEL-STANTON [Ge-St], and others. .. See [Ca-Fo|
and [Fo] for two combinatorial derivations.

Now rewrite (1) by expressing the binomial coefficients as ratios of
ascending factorials. This leads to :

—a,—b, —c, 1
F ) ) b _1
(3) 4 3<—a—b—c—d—e,d+1,e+1’ )

_(e+dte+1)(b+d+e+1),

~ (btctdtet1)(e+1),

o aldleld! (b+d+e)l(c+d+e)!
(a+d)!(b+d)(b+e) (c+d)(cte)’

a formula that apparently reduces to the Pfaff-Saalschiitz identity for
d = 0. However, the elementary transformation

_n>a1aa2,a3_ _ (al)n(a2)n(a3)n _o\n

@ B 9) = G )
——n,l—n~bl,1—n—bz,1—n—bg'1
X,4F3< l-n—-a;,l1-n—as,1 —n—a3 ’ac)

applied to the 4F3 occurring in (3) yields

—a,—b,—c,1 _1>
—a—b-—c—d-ed+1,e+1’
(=Da(=c)a(1)s e
(ma—b—c—d—e)y(d+1),(e+1),
—a,1+b+c+d+e,—a—d,—a—e
X4F3( 1)

: l—a+bl—-a+c —a ’
- (=0)e(—€)a(1)a (-1)°
(—a—b—c—d—e)a(d+1)s(e+1),
1+b+c+d+e,—a—d,~a—e_
Xan( l—a+b,1—-a+c ’1)

W (

But, applying the Pfaff-Saalschiitz identity to the last 3F, gives back
identity (3). Thus, (1) and (2) are truly equivalent.
Now introduce the g-ascending factorial

(@g)o=1, (a5¢)n=(1-a)l—ag) - (1—ag"™"), (n>1)

the Gaussian polynomial

(G Dn(GDm (G Dn-m ™, HO0<m < m
m 0, otherwise;
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and the basic hypergeometric series (see [Bai, p. 65])

n

igsaa (alaQ)n" a'r‘aq) T
r®s [bl, .., b ’q’ J T;) (01;0)n -+ (bs; On (¢ 9)n

Formula (1) can be ¢-ified in an obvious manner as :
5) a+ct+d+e|llb+c+d+e
c+d b+d

_Z (d+n)(e+n) @t O+ ct+d+e—n][a+d]|[b+e
a g , a+b+d+e n+d||n+el

Using an analogous argument, especially the g-version of the elementary
transformation (4), identity (5) can be shown to be equivalent to the g¢-
Pfaff-Saalschiitz identity (see [Bai, p. 68]) :

a,b,q™" _ (e/a;@)n(c/b;q)n
(6) 2%2 cabgi=n /' T T (¢ @)n(c/ab;q)n

Thus even the g-version of identity (1) brings nothing really new.

Several authors (e.g. [Wr, Go]) have rediscovered the ¢-Pfaff-Saalschiitz
identity in a form that involves products of Gaussian polynomials, as
in (5).

Recently, ZEILBERGER [Zei] gave a very ingenious combinatorial proof of
the ¢-Pfaff-Saalschiitz formula (other proofs are due to ANDREWS-BRES-
souD [An-Br] and GOoULDEN [Gou]), by “chineseing” the proof derived
by CARTIER-FoaTA [Ca-Fo] for the ordinary Pfaff-Saalschiitz formula. A
slight modification of ZEILBERGER’s argument can be used to give a com-
binatorial proof of identity (5). So this proof will not be reproduced in
this note.

Finally, it must be mentioned that the inverse bijection found by
SZEKELY [Sz] to prove identity (1) is in fact equivalent to the bijection
constructed by ZEILBERGER [Zei]. However the latter has been able to
implement a new ingredient to prove the g-case.
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