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Maximum quantum work extraction is generally defined in terms of the ergotropy functional, no
matter how experimentally complicated is the implementation of the optimal unitary allowing for
it, especially in the case of multipartite systems. In this framework, we consider a quantum battery
made up of many interacting sub-systems and study the maximum extractable work via concurrent
local unitary operations on each subsystem. We call the resulting functional parallel ergotropy.
Focusing on the bipartite case, we first observe that parallel ergotropy outperforms work extraction
via egoistic strategies, in which the first agent A extracts locally on its part the maximum available
work and the second agent B, subsequently, extracts what is left on the other part. For the agents,
this showcases the need of cooperating for an overall benefit. Secondly, from the informational point
of view, we observe that the parallel capacity of a state can detect entanglement and compare it
with the statistical entanglement witness that exploits fluctuations of stochastic work extraction.
Additionally, we face the technical problem of computing parallel ergotropy. We derive analytical
upper bounds for specific classes of states and Hamiltonians and provide receipts to obtain numerical
upper bounds via semi-definite programming in the generic case. Finally, extending the concept of
parallel ergotropy, we demonstrate that system’s free-time evolution and application of local unitaries

allow one to saturate the gap with the ergotropy of the whole system.

I. INTRODUCTION

In the realm of classical thermodynamics, storage and
transformation of energy embody its very essence. Rapid
development of quantum technologies, however, requires
revisiting foundational thermodynamic principles in or-
der to address them at a microscopic level. In particular,
counter-intuitive phenomena such as quantum superpo-
sition and entanglement offer many-body quantum sys-
tems as energy storage devices that overcome limitations
of classical batteries [IH3]. Indeed, such quantum batter-
ies are characterized by increasing charging power and
energy storage capacity. The usefulness of a quantum
battery can be captured by two quantities: 1) ergotropy,
the maximal amount of work that can be extracted from
its state via cyclic unitary dynamics generated by the
Hamiltonian of the quantum battery [4], and 2) quantum
battery capacity, the maximal amount of work that can
be transferred via such unitary cycles [5].

Experimental implementation of a quantum battery
composed of several elements can be demanding since
the resulting unitary operations may be highly non-local.
This limitation can be faced by focusing on a subsys-
tem instead of the entire compound, hence, addressing
ergotropy with respect to unitary operations on this sub-
system [6]. However, it raises the following question:
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How much work can be extracted from the whole com-
pound via concurrent local work extracting unitaries with
respect to each subsystem? In this paper, we explore it
by introducing a more experiment-friendly notion of par-
allel ergotropy that captures concurrent work extraction
from each subsystem composing a quantum battery. In
particular, we provide its general lower and upper bounds
and calculate it explicitly for relevant specific classes of
quantum states. In a similar manner, we introduce and
study parallel capacity, i.e., quantum battery capacity
under concurrent local unitaries. We show that parallel
capacity can serve as an entanglement witness. Finally,
we prove that combining free time evolutions and local
unitaries on the subsystems, we can always close the gap
with the global ergotropy of the system.

The paper is organized as follows. In Sec. [[TI] we set
the necessary framework and introduce the ergotropy, lo-
cal ergotropy, and quantum battery capacity functionals.
In we introduce the figure of merit of the paper, the
parallel ergotropy and parallel capacity functionals. In
Sec. [[V] we establish general lower and upper bounds for
this quantity. In Sec. [V] we calculate parallel ergotropy
for locally maximally mixed states, or for arbitrary states
but with null local Hamiltonian terms, providing an an-
alytic upper bound for quantum systems of arbitrary
dimension and the exact value for two-qubit systems.
In Sec. [VI we introduce a general numerical technique
for upper bounding parallel ergotropy and we perform a
comparison among different estimates for two-qubit and
two-qutrit systems. In Sec.[VII, we demonstrate that the
parallel capacity functional can be used as an entangle-
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ment witness. A summary of the results together with
an outlook to possible future developments are presented

in Sec. X1

II. PRELIMINARIES

We start by recalling the definition of ergotropy. Let
us consider a d-dimensional quantum system S prepared
in a state p € D(#H), where D(H) denotes the space
of density operators on the Hilbert space H of S, and
equipped with a Hamiltonian H. Under cyclic control
of the Hamiltonian the state p evolves due to a certain
unitary operation U inducing a change

tr[pH| — tr[UpU' H| (1)

in the mean energy of S. The latter can be associated
with extraction of work from p, and the maximal amount
of work that can be extracted via unitary operations is
defined by the ergotropy functional

o o t
E(p,H) = tr[pH] Urg&&)(tr[UpU H})

— tr|(p-TpUH], (2)

where U(d) is the unitary group of degree d, and U is
the optimal unitary operation, whose closed form can be
provided in terms of the eigenstates of p and H [4} [7], [§].
Therefore, establishes an upper bound on energy that
can be removed from S in the state p. Substituting
minimization with maximization in provides a lower
bound on change in the mean energy of S charac-
terizing how much it can be charged in the state p. The
difference between these bounds characterizes, hence, the
maximal amount of work that S can transfer as a quan-
tum battery. It can be formalized as quantum battery
capacity functional

C(p,H) := max (tr[UpUTH]) — min (tr[UpUTH})

Ueu(d) Ueu(d)

= WU - TpU"H], (3)

where U and U are the optimal unitaries achieving upper
and lower bounds on change in the mean energy of
S, respectively, with U being defined in .
Experimental implementation of work extracting uni-
tary operation U (as well as work injecting U) can be
challenging, for example, if S is multipartite, so that
U can result to be highly non-local. Such limitations
for global work extraction have been recently explored
in Ref. [6] and motivate to consider local work extrac-
tion, where the unitary cycle is performed on a subsys-
tem of S. In particular, let us consider a bipartite system
S shared between two agents A and B. It is equipped
with a Hamiltonian H and initially prepared in a state
p € D(H,®Hy), where H, and H; are the Hilbert spaces
of subsystems of S associated to A and B, respectively.

(global) ergotropy local ergotropy

parallel ergotropy

~
FIG. 1. Schematic representation for a bipartite system of
parallel ergotropy: concurrent local unitaries on A and B;
compared to (global) ergotropy [4]: a single global unitary;
and local ergotropy from Ref. [6]: local unitary on A only. The
parts A and B interact via a Hamiltonian term represented by

a red double arrow. Unitaries are depicted as curly brackets
and the joint AB state by the yellow envelope.
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Then the maximal amount of work that A can extract
from S is given by the local ergotropy functional on A [0]

gLa(pa H) =

max
U, €U(da)

= tl(p- T L) eW)H], ()

(tf[(P — (Ua @ 1p)p(Ul @ 1b)>HD

where U, is the optimal unitary operation performed by
A, d, is dimension of the subsystem of S associated to
A, and 1, is an identity operator on H;. Therefore, for a
multipartite system S composed of n subsystems shared
among {A;}?_, agents, we formalize the maximal amount
of work that can be extracted from S by A; as local er-
gotropy functional on A;

Era;(p, H) :=  max )(tr[(P*ULa;PU;ﬂai)HD

Ua, €U(da,
= tr[(p~ UrapUra) H] . (5)

where we denote ULy, := 14, ®...QU,, ®...®1,, and
ULla; =10, ®...0U,, ®...®1,,, with U,, being the
corresponding optimal unitary operation on A;.

III. PARALLEL ERGOTROPY

Let us consider a multipartite quantum battery con-
sisting of many interacting subsystems 51, ..., Sy shared
between N agents. As anticipated, performing generic
global unitaries on the whole system might be experimen-
tally challenging, and it is reasonable to question work
extraction under restriction to operations performed lo-
cally by each agent. While local ergotropy quantifies
work that can be extracted by a single agent acting on its
subsystem, it cannot catch cooperative work extracting



strategies of the agents. In order to fill this gap, we intro-
duce the parallel ergotropy (PE) as the maximum energy
extractable via concurrent local unitary operations,

Elp H) = max tr[(p—UppUDH].  (6)
pEUp

where UL denotes the set of N-parallel unitaries, i.e.,
unitaries of form Up = @Y ,U;, with U; € U(d;) acting
on i-th subsystem. A schematics of parallel ergotropy for
a bipartite system, compared to (global) ergotropy [4]
and local ergotropy from Ref. [6], is reported in Fig.[T]

A comment on the definition is necessary. As for
the local ergotropy 7 the realization of such local uni-
tary evolutions is intended on time scales that are much
smaller than any other time scale in the problem. Put
differently, functional @ does not allow for slow driving
of the local Hamiltonian and thus is time-dependent on
the free dynamics of the system. In formulas, defining
Up(t) := exp(—iHt),

Ep(Uy(t) p Uo(t)T, H) # const . (7)

Therefore, PE can be regarded as the figure of merit for
work extraction only if operations are carried out instan-
taneously with respect to the dynamics of the system.

We point out two main reasons for which one may stick
to this restricted class of operations instead of the bigger
set Upey introduced in Section [VITI] which exploits both
parallel (hence, local on each subsystem) Hamiltonian
control and internal evolution induced H. First, one may
need to charge and discharge the battery on a faster time-
scale than the one characterizing the dynamics of the
system. Second, the precise time-keeping necessary to
perform free evolution operations has its own energy and
thermodynamic cost [9) [I0], which might be higher than
the advantage of reaching generic global unitaries over
the local ones. Notice that both arguments are also valid
for the local ergotropy introduced in Ref. [6].

In the rest of the paper, we mainly consider a bipar-
tite quantum battery (i.e., N = 2). Denoting both par-
ties A and B with associated Hilbert spaces H, and Hy,
respectively. It is described hence by a bipartite state
Pab € D(H, @ Hyp) and equipped with a Hamiltonian

H=H,+H,+ Vy,:=Hgy, (8)

where V,; is the interaction term acting on the joint
Hilbert space H, ® Hp, and H, and H, are the lo-
cal terms on A and B, respectively. Without loss of
generality, we will choose the tree quantities such that
tra[Vas] = trp[Vas] = 0. In what follows, we study the
properties of the considered quantum battery with re-
spect to action of 2-parallel unitaries U, ® U, where
U, € U(d,) and U, € U(dy). In particular, the PE func-
tional reduces to

Ep(pabs Hap) = max tr[(pay— (Ua®Up) pap(U; @U} ) ) Ha) -

Ua,Usp

(9)
Our choice is due to two main reasons. On the one hand,
it allows for a more straightforward comparison with the
local ergotropy functional . On the other hand, de-
spite its higher experimental accessibility compared with
the global ergotropy , both the analytical and numeri-
cal treatments of PE appear to be already rather involved
for N = 2.

IV. GENERAL PARALLEL BOUNDS AND
EGOISTIC WORK EXTRACTING STRATEGIES

In order to simplify expressions involving several uni-
tary operations, given a state p, we sometimes repre-
sent action of a unitary operator U as a superoperator
Ulp] := UpU'. By construction, the following hierarchy
of the ergotropic quantities introduced above can be es-
tablished,

E(p, H) > Ep(p, H) > Eralp, H) + ELb(Ualpl, H) > Eralp, H) , (10)

where U, corresponds to the optimal unitary U, on A
resulting from maximization in . Notice that the hi-
erarchy is constructed with respect to the party A.
Due to the symmetry, it remains naturally valid with re-
spect to B as well, i.e., when a and b are exchanged in
the ergotropic quantities of .

The new quantity Era(p, H) + ELb(Ualp], H) in
represents the maximum work that the agents A and B
can extract from the system under an egoistic strategy.
This kind of strategy implies a fixed order in which agents
act on the bipartite system, so that A applies the opti-
mal unitary U, maximizing local work extraction with
respect to its subsystem, and then B extracts work from

(

the resulting state. This contrasts with the PE imply-
ing a cooperative strategy, under which A and B agree
on applied local unitaries, optimizing thereby total ex-
tracted work. This leads to a natural question: can A
and B follow egoistic strategies in order to extract work
guaranteed by PE? Generally speaking, the answer is no
despite a misleading intuition suggested by commutativ-
ity of local unitaries of A and B.

Let us assume that the competing agents A and B
share a 2-qubit battery equipped with a Hamiltonian
and can either cooperate (achieving the value of PE) or
not on choosing the local work extracting unitary oper-
ations. We proceed to show that, for most H,p, there



exist states, for which a cooperative strategy is strictly
necessary to achieve the maximal work Ep(pap, Hap), and
the following strict inequalities hold,

Ep (paby Hav) > Eub(pab, Hav) + ELa(Uslpas), Hap) » (11)
Ep (Pab, Hab) > 5La(pab7 Hab) + ELb(Ua[pab]a Hab) . (12>

An interesting feature is that, sometimes, the first
agent acting on the system has to inject work in order to
enable the other agent to complete the optimal coopera-
tive gate. To show this, let us we pick here a specific pair
of states and Hamiltonians (see Appendix [B| for analy-
sis of egoistic strategies for a larger class of states and
Hamiltonians). Let us assume that the quantum battery
is equipped with the Hamiltonian H,; characterized by
the following eigenvectors,

|E0> = |00>? |E1> = |11>7 (13)
|E2) := [10), |E5) := [01), (14)

where FE; denote the corresponding energies fulfilling
Ey < By < Ey < E3, and {|0/1)} is the computational
basis of each qubit. In turn, the state of the battery is
given by pap = |E1) (F1]. In this case, the egoistic strate-
gies are highly inefficient: it is straightforward to verify
that any single local unitary increases the energy of the
battery. Therefore, the optimal egoistic strategy in this
setup is not implementing any work extracting unitary
by each agent at all, and

ELa(pPabs Hap) = ELb(pab; Hap) = 0. (15)

On the other hand, if A and B are allowed to cooperate, a
bit flip on each subsystem X ®X can be performed, reach-
ing thereby the ground state and extracting PE (which
is equal to global ergotropy (2) as well)

EP(pabv Hab) = S(Pam Hab) =FE; — Ey > 0. (16>

Apart from providing an example of a setup that opens a
gap between egoistic and cooperative strategies via (11))—
, this result demonstrates several interesting features.
First of all, we notice that it does not involve coherence,
being hence a classical result. On the other hand, it sug-
gests that, depending on the order in which the gates are
applied, an optimal strategy to extracted the maximal
total work requires that one agent has to invest work,
while another receives the entire work gain. Indeed, let
us assume that A acts first on its subsystem. Then it
can apply a bit flip X, reaching thus the state |Fs3) and
paying an energy cost F3 — Fp. After that, B applies
a bit flip X on its subsystem, reaching the ground state
and receiving the gain F3 — Ey. In turn, the total gain is
FE, — Ej as anticipated. Generally speaking, this results
form the fact that

E(pay) — E(Ualpab]) # E(Us[par]) — E((Ua @ Up)[pas)) »

where E(p) := tr[Hp.

At first, this might seem in contrast with the non-
signaling principle. Let us assume that A and B find
themselves in laboratories separated by a distance L. If
A performs U, just after Bob has performed Uy, amount
of extracted work by A could indicate the choice of U,.
However, it is necessary to take into account that the
non-local Hamiltonian H,, is a valid approximation of
the real interaction only on time scales longer than L/c.
Therefore, the effective non-relativistic H,;, does not pro-
vide a valid description of the dynamics of the system,
so that the energy of the quantum battery is not given
by tr[Hgpp] if A and B perform the local work extract-
ing unitaries in space-separated events. On time scales
longer than % the previous example is instead valid, and
energy can be transferred among the agents. Indeed,
LOCC protocols for energy transmission are known as
quantum energy teleportation and extensively studied,
e.g., in [I1].

V. PARALLEL BOUNDS IN SPECIFIC CASES

Despite its operational simplicity, generally speaking,
PE is a complicated functional to compute. In what fol-
lows, we provide analytic formulae and bounds for PE
for a relevant class of states and Hamiltonians which are
computable.

A. Locally maximally mixed states and/or
Hamiltonians with null local terms

First, we focus on the class of quantum batteries, which
can be described (i) by locally mazimally mized (LMM)
states, that play an important role in quantum infor-
mation, and/or (ii) in the limit of asymptotically strong
Hamiltonian interaction with respect to the Hamiltonian
local terms.

In the case (i), we consider a bipartite LMM state
pab € D(Hy ® Hyp), where dimH, = dimH;, = d. This
means that the reduced density operators correspond to
maximally mixed states [12],

1
R
The set of LMM states contains locally maximally en-
tangled states [I3] [14], which are pure states pqp satis-
fying , and form a convex set including pure max-
imally entangled states as well as mixed states such as
Werner states. Qubit Bell states are known to be the
only extremal points of the set of LMM states for d = 2.
For higher dimensions, the set of LMM states is strictly
larger: e.g., for d = 3 its extremal points are not neces-
sarily locally equivalent [12].

As detailed in Appendix [C] the analysis carried be-
low holds in the case (ii) as well, corresponding to the
condition

1
tra[pab] = Eb7 trb[pab] = (17)

H,=H,=0 (18)



on the Hamiltonian. In our notation , it can be seen as
the limit of asymptotically strong interaction, in which
local contributions are neglected with respect to the in-
teraction term. A paradigmatic example of a Hamilto-
nian that satisfies these conditions is provided by the
antiferromagnetic Hamiltonian

HAnt = w(&a ‘ 5:b)a (19)

where 7, /, are vectors, whose components O'i /b Are gen-

eralized Pauli operators [15] on H, 3, which reduce to the
usual Pauli operators for d = 2.

In order to analyze PE for a quantum battery satis-
fying (i) and/or (ii), we do the following observation.
Exploiting the generalized Pauli operator expansion [15],
the action of work extracting unitaries Up in @D can be
associated to rotations in real space (see Appendix |A)).
The latter form a subgroup SO(d?—1) of the correspond-

J

tr[pabvab] + (X‘Vl

Ep(pab, Hap) < <
P (Pabs Hab) {tr[pabVab]+(/\V|

where XMI — {Ang < ... < )\‘dl;/[_‘Q} denotes a non-
decreasingly ordered set of singular values of a generic
matrix M, i.e., eigenvalues of |[M| = tr[VMTM]. Since
there is a one-to-one correspondence (up to a global
phase) between qubit unitary transformations and 3D
rotations due to the isomorphism U(2)/U(1) = S0(3), the
upper bound is saturated in the case of a two-qubit
system.

B. Werner states

Werner states W are bipartite LMM states that are
invariant under parallel unitary operations of form U®U,

U U)W =W, (24)

for any U acting on the d-dimensional Hilbert space.
Werner states provide an important example of states
whose PE and local ergotropies coincide, i.e., for a bipar-
tite system AB,

8P(W; Hab) = gLa(VVa Hab) = ng(VVa Hab)- (25)

In order to see this, let us assume U ® V to be an optimal
parallel unitary that achieves the value of PE Ep(W).
Taking into account the invariance condition with
U=V and U = U, we obtain

U)W = UV ©1) [(V@V)[W]}

= (V' 21w, (26)

ing rotation group S0(d?—1),i.e. SO(d*>—1) C S0(d*—1).
Therefore, the optimization over parallel unitaries in
can be substituted by optimization over SO(d? — 1), and
PE in the case of systems satisfying (i) and/or (ii) is given
by

Ep(pap, Hap) = tr[VT] + max tr[(=V)0,TO!], (20)

where T and V are two-body components of the state
pap and the Hamiltonian H,p, respectively, i.e.,

T, = tr[pab(afl ® O’Z)]. (21)

1 . .
V= th[Vab(Ui ® ap)], (22)
and O, € SO(d? —1). The optimization in can be
carried out analytically (details are reported in Appendix
C]) over the entire rotation group S0(d? — 1), establishing
the following upper bounds on PE,

.XlTl) if det(—=VT) > 0, 23
XITE 22V if det(—VT) < 0, 29
[
and
UeV)W] = @eVU")[Ue W]
= (1eVUH W) (27)

so that the same amount of work can be extracted via a
local unitary U 'V on the single subsystem A as well as

VTU on the subsystem B, hence, proving the property

(25).

As an example, let us consider a Werner state of two
qubits, which can be written explicitly as

1,
W, = (1 —p)—b

4 +p |’(/)max> <wmam| ) (28)

with p € [0, ] and |Ymqz) being any of the four Bell states
|®F) = l 0) + [11)) and [¥%) = 1(]01) & [10)). The
state in is characterized by T = —pO, where O €
S0(3) | 16 Therefore, applying the upper bound .
which is saturated since a 2-qubit state is considered, we
obtain PE (as well as local ergotropy [6]) of the Werner

state (28)),



Ep(Wy, Hyp) = {

In particular, for the antiferromagnetic Hamiltonian ,
which is characterized by V = w1, it reads:

4 f max ¢:|: b \Ij+ K
[ <09

(30)

VI. NUMERICAL APPROXIMATION VIA
SEMIDEFINITE PROGRAMMING

Beyond the assumptions required for the bound on PE
provided by Eq. , a more generally applicable ap-
proximation method can be obtained with semidefinite
programming (SDP). SDP is a subclass of convex opti-
mization problems that allow for constraints in the form
of linear matrix inequalities and for which efficient al-
gorithms exist for its numerical solution [I7, 18], with
polynomial complexity in the number of constraints and
on the size of the matrix.

Directly performing the optimization required to com-
pute the PE can be a difficult task due to its nonlinear
nature and might depend on an adequate parametriza-
tion of the local unitaries according to the system under
consideration. Certain relaxations of the original prob-
lem might come at no cost, such as optimizing over the
convex hull of the set of products of unitaries, since the
functional @ is itself convex and, therefore, will have
as extreme points pure products of unitaries. Approxi-
mating the original optimization problem by an SDP has
the advantage of producing a reproducible upper bound,
since local optima are also global for convex optimization
problems, but also the constraints allowed retain some
nonlinearity, since linear matrix inequalities correspond
to polynomial inequalities in the entries of the matrices.
Furthermore, it is known that certain complex problems
can be exactly approximated by SDPs of increasing sizes
[19, 20]. As such, required approximations to formulate
the optimization of Eq. @ as an SDP aim to replace
constraints such as UUT = 1 and U = U, ® U, which
are nonlinear in nature, with relaxed forms that include
the ideal target unitary channels. Since the optimization
is performed on a larger family of channels than the ones
ideal for PE, the result is also an upper bound on its
actual value.

To optimize over channels and impose the relevant con-
straints, the Choi-Jamiotkowski isomorphism is used to
describe the superoperator A as a state-like operator Jy
[21], such that if A is a channel acting on £(®F_; HI™),
mapping operators that act on input Hilbert spaces to
operators in L(®F_; H™), then Jy is an operator in the
combined space £ [(®7_;H{") ® (@ H"*)]. Assuming
finite dimensions and choosing a particular basis for the

p( <wmaz| Vab |wmaw> + tI‘HV”)
p( <7pmaq¢| Vab |¢mam> + (tI"HV” — 2)\‘0\”)) if det(V) < 0.

if det(V) > 0, (29)

(

input space, the equivalence is established by the rela-
tions

Ia= lml @ A(w ), (31)

A(p) = Tra [a (7 ©1)]. (32)

where the transposition is performed in the chosen ba-
sis and the trace is over the collection of input spaces,
denoted here as in. Similarly, the collection of output
spaces will be denoted as out, and individual spaces by
in( and out .

Inspired by the technique of Ref. [6], we replace the
unitary property of the channel with unitality, adapted
here for the action on multiple input systems. Although
unital channels are, at first glance, a rough approxima-
tion to unitary maps, they satisfy some properties that
reveal they are good candidates for numerical approxi-
mation: not only can they be described in terms of a set
of simple linear matrix equations (as described below),
but they form a superset to the ideal channels—more pre-
cisely, to convex combinations of unitary channels. Not
only convexifying the set of unitary channels is a costless
approximation for computing PE, since the functional of
Eq. @ is convex in the unitaries applied, but further-
more, for channels mapping qubits to qubits, the sets of
unital channels and convex combinations of unitaries co-
incide [22]. In the last case, an extremal point of the
unital set should be reproducible by a unitary map, and
the approximation can be exact. For higher dimensions,
the sets do not coincide anymore and this approximation
would constitute a source of deviation to the exact value
of the PE. Given that the target channel is composed by
local unitaries, here we require the channel to be locally
unital, meaning it should be independently unital on each
subsystem it acts upon, a property that can be described
in the following formula:

Apol)=p®1; (33)

where p is a density matrix in B(®;,H71,) and p’ the re-
sulting state also acting on all but the i-th output Hilbert
space.

Another approximation required by the structure of
the SDP takes into account the fact that, ideally, A
should converge to a product of local unitaries. The ideal
Ja should also decompose in a tensor product of local
Choi operators acting each on each subsystem HI*@H"®.
Since ensuring such a structure is also usually a dif-
ficult task computationally [23], a double relaxation is
employed on J) that approximates the set of ideal chan-
nels from outside: first, we admit that J, can be a con-
vex combination of product Choi operators, a relaxation
similar from moving from pure product states to general



separable states in entanglement theory; secondly, we ap-
proximate the resulting convex set with the converging
hierarchy of simpler tests introduced in [I9], based on
symmetric extensions of the state with positive partial
transpose (PPT). In particular, although higher levels of
the hierarchy are too resource demanding to implement
computationally, already the “level zero” of just requir-
ing PPT for Jy results usually in a good approximation
to the target set in practical cases. And since the hier-
archy of approximations converges to the actual set of
separable states, the higher the level of the hierarchy im-
plemented, the closer should be the map to an actual
combination of product of unital maps.

With all approximations combined, the optimization
problem can be structured as the following SDP:

Minimize Tr [JA (pT ® H)]
s.t. Jp >0,
Trout[JA] = 1y,
d;
Jn € DPSy, (34)

Vie(l,...,n) Trym[Ja] = Trin6) out [Ja] ®

where the first two constraints ensure Jj represents a
proper CPTP quantum channel, the third line is a fam-
ily of constraints ensuring local unitality, and the last
line corresponds to the constraints imposed by the k-th
level of the Doherty-Parrilo-Spedalieri (DPS) hierarchy
for separable states. The level k& = 0 corresponds to
J,{i > 0, meaning partial transposition on the space of
each subsystem (in(? out(?) should preserve positive-
semidefiniteness. The last two families of constraints are
explained in more detail in Appendix [F} The result of
the above optimization should lower bound the applica-
tion of the more restricted class of channels that are pure
product of unitaries, since the optimization occurs on a
superset containing the latter. As such, the difference
Tr[p H] — Tr[J} (p* ® H)], with J} being the result of
the above optimization, should provide an upper bound
to the actually attainable PE with local unitaries.

A. Applications

In the following, we present some test cases to compare
the different methods for estimating PE. For direct com-
parison, we restrict the analysis to cases where Eq.
is applicable, first on the Werner state, then on generic
states but using Hamiltonians with no local terms.

Results for the first case are presented in Fig. [2]
where a range of upper bounds—corresponding to global
ergotropy, the SDP approximation of Eq. and the
analytical bound of Eq. fis calculated for different
visibilities of the two-qubit Werner state [Eq. (28)] under
the action of the Hamiltonian

1 1 1
H= 3Wa ol + iwbal‘f + 29 (0 @op +0Y®0ay), (35)
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FIG. 2. Comparison among different estimates for the two-
qubit Werner state. The analytical bound of Eq. is exact,
which is observed in the coincidence with the direct optimiza-
tion of the local unitaries (bottom curve). As for the SDP ap-
proximation of Eq. (middle curve), it clearly represents
an improvement with respect to estimating the PE via global
ergotropy (top curve), although it is insufficient to close the
gap with the actual value. Improving on the approximation
to separable channels seems to not provide an advantage in
the estimation of PE, indicating that the PPT criterion is al-
ready an efficient way of approximating separability.

with w, = 1.0, wp = 1.1, g = 0.33. Also a lower bound is
computed through direct optimization of local unitaries.
Coincidence of the latter with the bound of confirms
that the estimate is exact for two qubits, as expected.

The SDP method of Eq. shows a clear improve-
ment in comparison to upper bounding PE using global
ergotropy. Increasing the level of the DPS hierarchy for
testing separability however introduces no advantage, in-
dicating that the PPT criterion is already a good and rel-
atively low-cost approximation, also indicating that the
main setback of the method is the approximation to uni-
tal channels.

Applying the techniques to higher-dimensional systems
introduces computational complications since the dimen-
sions of Jy grow as the square of the local dimensions.
It is still possible, however, to perform tests for two-
qutrit and two-ququart systems in the O-th level of the
DPS hierarchy [Eq. ] In Fig. a comparison be-
tween the SDP approximation of Eq. and the bound
of Eq. is presented for two-qutrit states in terms
of the gap that each method produces with respect to
the same lower bound for PE, obtained with direct op-
timization of the local unitaries (See Appendix for de-
tails). For each point in the graph, a random state
and a random Hamiltonian are produced and all esti-
mates are computed on the produced pair. States are
obtained as pu, = X XT/tr[XXT], with entries on X
normally sampled [24], and Hamiltonians are produced
as H = vj; 0}, ® o1, with v;; normally distributed, aé/b
corresponding to a generalized (orthonormal) Pauli ba-
sis. For the particular sampling used, the SDP method
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FIG. 3. Comparison between the analytical bound of Eq.
and the SDP bound. Values are obtained for random two-
qutrit states and random Hamiltonians with no local terms
as detailed in Sec.@ Direct optimization of local unitaries
is used to lower bound the actual PE, and the gaps obtained
between the upper bound and lower bound for the different
methods are quantified in each axis: SDP (implementing uni-
tal approximation and PPT criterion for separability) in the
vertical axis and the analytical bound in the horizontal axis.
For the particular sampling of Hamiltonians realized, it is
observed that the SDP technique provides an advantage in
estimating PE, in some cases even attaining the exact value,
as inferred by having no gap with respect to the lower bound.

performs better in general, even closing the gap between
the upper bound and lower bound for some points.

VII. PARALLEL CAPACITY AS AN

ENTANGLEMENT WITNESS

Now we shift the focus to another quantity charac-
terizing the potential of quantum battery to store work,
which has been introduced in Section [[I, quantum bat-

J
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where equality holds for d = 2 (see Appendix @

Imai et al [25] showed that it is possible to detect en-
tanglement in a bipartite quantum battery statistically
by probing a large variance of average work extracted
under Haar-random parallel unitaries. We proceed by
demonstrating an alternative entanglement criterion via
detection of a large parallel capacity of the working
medium.

tery capacity [B]. We analyze it under restriction to local
unitary cycles, introducing thereby the quantity of paral-
lel capacity, and demonstrate its role as an entanglement
witness.

A. Parallel capacity

We start by formalizing the definition of parallel capac-
ity. Similarly to the definition of PE @ of a multipartite
quantum battery via restriction of work extracting uni-
taries to local ones, we define the parallel capacity of a
N-partite quantum system equipped with a Hamiltonian
H as the maximum energy gap that we can obtain be-
tween two states which are connected by parallel unitary
operations,

max
Up GL{{Y

Cp(p, H) := (tr[UppU}tH])f}nin

(tr[UppﬁliHD
Upeudy

(36)
where Z/lliv denotes the set of N-parallel unitaries, i.e.,
unitaries of form Up = ®N ,U;, with U; acting on i-
th subsystem. Notice that the parallel capacity (36| is
bounded from below by the corresponding PE (6)), be-
cause maxy, ey tr[HUppUE,] > tr[Hp]. On the other
hand, it is naturally bounded from above by the maximal
energy gap ||H||co := Fmax —Eo, which is the difference of
the highest Fy,.x and lowest Ey eigenvalues of H. There-
fore,

Ep(p, H) < Cp(p, H) < [|H o (37)
In what follows, we focus on bipartite interacting quan-
tum batteries equipped with the Hamiltonian and
described by the state pap € D(Ho @ Hyp). In particular,
for a class of bipartite setups characterized by a Hamil-
tonian without local terms and/or LMM states, which
have been analyzed in Section [[V]in the context of PE,
parallel capacity is bounded from above by

if d is even.
if d is odd and det(—=VT) > 0,
if d is odd and det(—VT) < 0,

B. Maximum parallel capacity of separable states
and entanglement gap energy

It is known that entanglement of a pure bipartite
quantum state |¥,;) can be captured by considering its
Schmidt decomposition [1a) = Zg(l‘y“b)\/ﬁwm) ®
i), where 37 p; = 1 and {|¢iq)}i and {|thip)}i are
certain orthonormal bases in ‘H, and Hy, respectively. In
turn, the state |U,;) is entangled if and only if its Schmidt



rank 7g(¥o,) > 1. For a mixed state pgp, the Schmidt
rank can be generalized to Schmidt number that captures
the pure states with the highest Schmidt rank from all its
possible ensemble realizations pap = D, Pi| Wi ab) (Vi ab]
[25] [26],

7s(pap) = infp(,, .y maxy, ., 7s(Vi ), (39)

where D(pap) = {Pi, |Viap)} is the set of ensemble real-
izations of pgup.

Bipartite density matrices pop with Schmidt number
7s(pay) = k establish a hierarchy of subsets S*¥ C
D(H, ® Hp) that are convex and satisfy S! C S* <=
Il < k. Conversely, we say that p,; has Schmidt num-
ber 7s(pay) = k if pa € SF\S*¥~!. Notice that S?
coincides with the set of separable states. Therefore,
7s(pap) > 1 implies that pgp is entangled, whereas higher
Schmidt number 7g(pqp) implies stronger entanglement
in pgp [27, 28]. In order to connect this observation to
parallel capacity of pup, we define the mazimum parallel
capacity of states belonging to S* as

CE(Hyy) := max Cp(pap, Hap) - (40)
PabESE

Consequently, any state p,p such that Cp(pap, Hap) >
CE(Hy,p) necessarily has Schmidt number higher than k.
This suggests that C can be used to check whether a
state has Schmidt number k£ > 1 and, hence, is entan-
gled. In the following theorem, we show that it is indeed
strictly connected to the entanglement gap energy [29],
which is a known entanglement witness and defined as
the energy difference between the separable state with
minimum energy and the ground state energy,

AFEsep(Hyp) = min Tr[pH,p) — Eo, (41)
peS!

where FEj is the energy of the ground state of H.

Theorem VIIL.1. Given a bipartite Hamiltonian H,p,
the corresponding maximum parallel capacity of separable
states is given by

Cp(Hap) = [ Haplloo — (ABsep(Hap) + ABsep(—Hap)).-
(42)

Proof. First, it is immediate to verify that the parallel
capacity (hence, also the maximal parallel capaci-
ties CE(H,p)) is convex in pup. Therefore, the maximum
in C}(Hap) can be always achieved by a pure separable
state, and the optimization can be performed over prod-
uct states |¥) = [¢), @ i),

Ch(Hyp) = max Cp(|W) (U], Hy), (43)
|T)es?t

On the other hand, for any pair of product states |¥) and
| W), it is possible to find local unitaries U, ®U,, that trans-
form them into each other, so that |¥) = (U, ® Uy) | ).

Therefore, the maximization over local unitaries in the
parallel capacity Cp(|V) (¥|, Hap) can be substituted by

maximization over the set of pure separable states. More-
over, any product state |¥) has the same parallel capacity
Cp(|¥) (|, Hap), therefore,

i _ _ .
Cp(Hap) = nax, (W] Hap | W) i (U] Hap [V) . (44)

Taking into account that entanglement gap energy
can be always achieved by a pure separable state as well,
we can connect the latter term in (44) to it as

i | Hyp V) = AFgsep(H, Ey. 45
|qf§1ér§1< | Hap | 0) Sep(Hab) + Eo (45)

On the other hand, the maximization in can be sub-
stituted by minimization with respect to the Hamiltonian
with the opposite sign,

max (V| Hgp V) = — min (V| (—Hg) |V), 46
max, (0| Hop[¥) = — min (V] (~Hu)|¥).  (46)
and, hence, connected to the corresponding entanglement
gap energy as

U| Hap |U) = —AFEsep(—Hap) + Frax, (47
‘g;gf;( | Hap V) Sep(—Hab) + (47)

where it is taken into account that the ground state en-
ergy of —Hygy, is equal to —Fpax, the maximal eigenvalue
of H,;, taken with the opposite sign. Plugging in and

into (44)), we obtain ([42)), hence, proving the thesis.
O

We remark that there exist efficient numerical tech-
niques to compute AFEse, [29], making the computation
of Ch(Hgp) efficient too. As a corollary, we get that
Ch(Hap) = ||Hapl| oo iff both the ground state energy man-
ifold and the maximum energy manifold contain at least
a separable state.

C. Entanglement witness

Theorem reveals that parallel capacity of a state
provides an entanglement witness under suitable choice
of Hamiltonian H,,. Performing optimization of the par-
allel capacity over all states of the battery,

Cp(Hab) = max CP(pab7 Hab) , (48)

Pab
we formulate the following criterion.

Observation VII.1. Given a Hamiltonian Hg, such
that

CP(Hab) > HHabHoo - (AESep(Hab) + AE‘Sep(_I{ab))7
(

fulfillment of condition

witnesses entanglement of pap.



As a paradigmatic example, we consider the antifer-
romagnetic Hamiltonian for 2 qubits, which can be
given as

Hppe = w(lab —4 |¢7> <w7|)’ (51)

where |¢p7) 1= %(|01) — |10)) is the singlet state. First,
let us show that Ha,y is a suitable Hamiltonian that ful-
fills . In order to calculate Cp(Hant), we recall that,
as a parallel capacity, it features the bounds , where
the lower bound is true for any state p,,. For the up-
per bound ||Hant|loo, we find that |[¢07) is the ground
state of Hany with associated energy Ey = —3w, while
the orthogonal subspace to |¢)~) is the maximum energy
manifold with associated energy Ey,.x = w. Therefore,

1 HAnt||oo = 4w. (52)

On the other hand, taking pe, = [¥F) (UF], it is straight-
forward to show that its ergotropy

Ep(|UH) (U], Hapg) = 4w, (53)

providing the lower bound on the maximal parallel ca-
pacity. Hence, we conclude that Cp(Hant) = 4w. In
order to check that it satisfies , we notice that the
maximum energy manifold can be spanned by the ba-
sis {|00),[11),|¥T)}. This implies AEgsep(—Hant) = 0,
because, e.g., the separable state |00) is a ground state
for —Hapt. On the other hand, the antiferromagnetic
Hamiltonian is known to provide the largest possible en-
tanglement gap for 2 qubits given by [29)

1
ABsep(Hau) = (1= ) 1Hanclle =20 (54)

In turn, applying Theorem [VIL.1} we obtain Ch(Hant) =
2w, which is strictly smaller than Cp(Hapt). Therefore,
H i fulfills the condition 7 and the corresponding
parallel capacity can be used to detect entanglement.
Now, let us consider 2-qubit Werner states , which
are known to be entangled iff p > 1/3. First, we take into
account that the representation of Hang suggests

1
that V is proportional to identity, and NVl = w [ 1],
1
. 1
while Werner states are described by XTIl =p | 1 |. Ap-
1

plying (D4)), where the equality holds, since we consider
qubit subsystems, we obtain

Cp(Wp, Hant) = 4pw . (55)

Therefore, the parallel capacity witnesses entanglement
if and only if

1
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D. Parallel capacity and work fluctuations

While entanglement in quantum battery can be veri-
fied by its high capacity under local unitaries, extraction
of work via randomly chosen local unitaries provides an
alternative statistical entanglement witness. Indeed, en-
tanglement in a bipartite d X d quantum battery can be
verified by detecting large fluctuations in the correspond-
ing work statistics [25]. Given a Hamiltonian H,y, fulfill-
ment of condition

AR > (LRI + 5Pl
2 _1\1 a a b b
Sl(dvﬁavéb)HVHQ
o1 ) 7)

where s1(d, Ra, ) = d = 1+ G (52 (Ral® + ) -
5 5 d?=2 |V

41 Ruf2 = 1Ry 2]) and V]l = ufVTV] = SEZ M2,

witnesses entanglement in p,;,. Taking into account de-

composition of the work variance into generalized Pauli

operators [25], the criterion can be given in a more

simple form, which depends only on the structure of the
state of quantum battery,

d L
Tﬁ”THQ > Sl(d, RmRb). (58)

In order to compare it with the parallel capacity crite-
rion , following Section we focus on a class of
2-qubit setups characterized by a Hamiltonian without
local terms and/or locally maximally mixed states. In
this case, for a given Hamiltonian H,y, it is always pos-
sible to find states that do not fulfill , hence, do not
lead to fluctuations of work high enough to detect en-
tanglement via , yet have a parallel capacity that
witnesses entanglement with respect to the criterion
(see Appendix [E]).

As an example, let us turn back to the case of antifer-
romagnetic Hamiltonian and 2-qubit Werner states
(28). For the latter, s; = 1, and the work fluctuation
criterion witnesses their entanglement if and only if

p> (59)

1
V3
Comparing it with the parallel capacity criterion , we
conclude that there exists a subset of Werner states with
% <p< % that are entangled due to their large parallel
capacity despite low work fluctuations.

VIII. EXTENDED PARALLEL ERGOTROPY

We conclude our treatment by discussing the concept
of extended parallel ergotropy (EPE). In close analogy
with the recently introduced extended local ergotropy
(ELE) [30], EPE is defined by setting as allowed oper-
ations free time evolutions and parallel unitaries. The



set of extended parallel unitaries is then

T
Upex 1= {U s.t. U =T exp [— '/Hab—l-Ha(t)—l—Hb(t)dt] } .
0

(60)
Interestingly, a seminal result of quantum computing
states that [31] for any interacting Hamiltonian H,;, this
set includes all unitary operations on the joint AB system
[31].
This means that Upex coincides with the set of unitaries
on the joint AB system [31], B2], implying

Vp, Epex(p, H) = E(p, H). (61)

Notably, a series of parallel unitaries together with the
entangling unitaries provided by internal time evolution
enable any unitary transformation on the joint system.
This comes as a result of quantum control theory [33], [34]
providing at least in some cases a practical way of im-
plementing the desired unitary. More specifically, since
U(d.dp) is compact, there exist a number N and a time
T (both finite) such that any U € U(d,dp) can be imple-
mented through a sequence of N parallel unitaries and
free time evolution, with a total free evolution non greater
than T. However, such N and T depend on the specific
model and might be large [33] [34].

IX. CONCLUSIONS

Maximum quantum work extraction is generally de-
fined in terms of the ergotropy functional, which does not
capture potential difficulties in experimental implemen-
tation of the optimal unitary allowing for it, in particu-
lar, for multipartite systems. In this framework, we con-
sider a quantum battery consisting of many interacting
sub-systems and study the maximum extractable work
via concurrent local unitary operations on each subsys-
tem. It is defined in terms of a functional that we call
parallel ergotropy, a quantity that in many cases is ex-
pected to be experimentally more accessible than the er-
gotropy of the entire battery. Thanks to its properties,
we have derived useful bounds and exact analytical re-
sults for specific classes of states and/or Hamiltonians
and provided receipts for numerical estimation of upper
bounds via semi-definite programming techniques in the
generic case. In particular, we provided exact expres-
sions of parallel ergotropy of qubit bipartite batteries in
a locally maximally mixed state and equipped with an ar-
bitrary Hamiltonian or in arbitrary state and equipped
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with a locally null Hamiltonian. We have also observed
that parallel ergotropy outperforms work extraction via
egoistic strategies, in which the first agent A extracts lo-
cally the maximum work, followed by the second agent B
that extracts locally the remaining work. This indicates
that cooperation between the agents in work extraction
is necessary for an overall benefit.

Apart from ergotropy, we have studied another quan-
tity characterizing capability of a quantum system to
accumulate and supply work, quantum battery capacity.
Restriction to the concurrent local unitary operations has
revealed that its counterpart, parallel capacity, can serve
as a witness of entanglement. We have compared it with
another entanglement witness based on statistical prop-
erties of work extraction from a multipartite quantum
battery, namely revealing entanglement under large vari-
ance of the average work with respect to random Haar
parallel unitaries. We found that a high parallel capac-
ity that detects entanglement does not necessarily imply
fluctuations of work high enough to detect entanglement
via its large variance. Finally, we showed that if free time
evolutions and parallel unitaries are allowed, one can al-
ways extract the maximum work stored in the quantum
battery, i.e., saturate the gap between the parallel er-
gotropy and ergotropy of the entire system.

Our work leaves several open research problems. Al-
though we introduced the parallel ergotropy and quan-
tum battery capacity for a system composed of an ar-
bitrary number N of subsystems, our study has been
focused mainly on the case N = 2. Therefore, analysis
of these quantities beyond the bipartite case would be a
natural development of the present work. In particular,
their relation to multipartite entanglement and behavior
in the limit N — oo have to be examined.
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Appendix A: Generalized Pauli operator formalism for parallel ergotropy

In order to facilitate calculation of PE @ for bipartite quantum batteries of arbitrary dimension, we treat the
corresponding states and Hamiltonians exploiting the generalized Pauli operators (GPO) expansion formalism [I5].
Given a quantum system, let d be the dimension of the underlying Hilbert space. A GPO set is then a collection of
d? — 1 operators ¢/ such that

tr[o’] = 0, tr[o’o’] = 26;;. (A1)
For d = 2, this set can be reduced to standard Pauli operators, while for standard form of the GPO set for d > 3 we

refer the reader to [15]. Equipped with the identity operator, GPO form an orthogonal basis on the real vector space
of self-adjoint operators acting on the d-dimensional Hilbert space.

Let us consider a bipartite (d, x d)-dimensional quantum system in state p,, € D(H, ® Hyp) and equipped with
the Hamiltonian 7 where, without loss of generality, we assume

tra[Vab] = trb[Vab] =0. (A2)

Then we can represent the state and the local and non-local components of the Hamiltonian in the following way
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using the GPO,

d?—-1d?-1
1ab 1 = = 1b 1 1a — R 1 < b . .
ab — T = a " Oa - =\ 5 . — Tz (o J s A
Pab dadb+2<(R J)®db)+2<da®(Rb Ub))+4;j§_:1 (70 @) (A3)
d2-1d;—1
H, = (hq-34)® 1y, Hy = 1,®(h-3), Va = >, Y Viiloh®a]), (A4)
i=1 j=1
where
R, = tr[(&'a®1b)pab}, R, = tr[(1a®a,)pab}, Ti; = tr[(o} @ 07)pas), (A5)
and
fo = @] By = t|Qea)Ha|. Vi = tulVaied)l (A6
a 2db a a 9 2da a a ) 75t 4 a a b

Notice the swapped indices in the definition V;, so that introduction of transpose of V into the energy functional
can be omitted,

E(pab) = tr[Happab)
= (ha - Ry) + (hy - Ry) + tr[VT]. (A7)
GPO expansion of pu, and Hgp, in (A3) and (A4) suggests the following simplification of optimization over unitaries in
the PE functional (9). Since the adjoint representation of SU(n) (hence, the representation of U(n) on su(n) as well) is

a subgroup SO(n? — 1) C 80(n? — 1) [35], for any unitaries U, € U(d,), Uy € U(d,) acting on H, and Hy, respectively,
there exists a pair of associated rotations O, € S0(d? — 1) and Oy, € S0(d? — 1) transforming R,;, and T,

d?2—-1d2-1
. 1ab 1 = = 1b 1 1a N = 1 < < T i J
(Ve ® Us)lpws] = 7%+ 5((OaRa 5)® ch) + 5(d—a @ (0ufy - 54)) + 3 ; ; 0.T; ;07 (sl ®0l). (AS)

Therefore, the optimization over U(d,) and U(d,) in (9) can be substituted by optimization over SO(d2 — 1) and
SO(d? — 1), respectively,

EP(Pab, Hab) = E(pab) - min ((ﬁa . Oaéa) + (Eb . Obéb) + tr[VOaTOg}) (AQ)
0,€80(d2-1)
0,e80(di—1)

Since SO(n? —1) is a proper subgroup of SO(n? —1) (unless n = 2, when they coincide), we can establish upper bound
on PE by performing the optimization over the entire rotation group,

Ep(paps Hap) < E(pay) —  min ((Ea-oaéa)+(z‘i,,-obﬁb)+tr[V0aTog’]), (A10)
0,€50(d2—1)
0,€50(d; —1)

which is saturated for d, = d, = 2, i.e., bipartite qubit systems.

Appendix B: Egoistic strategies for quasi-generic Hamiltonians

Let us consider a bipartite quantum battery composed of two qubits. Using the decomposition of its state (A3)
and Hamiltonian (A4)) via Pauli operators, we assume that the latter is characterized by V with 3 distinct eigenvalues
and det[V] > 0. In turn, the state pqp is chosen to satisfy the following conditions,

Y (B1)

R, = 0, (B2)

(éb'ﬁb) # —@, (B3)
A

Ry = 1/2. (B4)
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Before to proceed with comparison of cooperative and egoistic strategies for this setup, let us verify of existence
of physical states defined by these conditions. The positivity and normalization of a bipartite qubit state can be
guaranteed by the following criterion [16],

3= (ITIB + 1R + |Ry2) 2 0, (B5)
2(RITR, — det[T]) — (ITI3 + | Ral? + R — 1) 0, (B6)
—, —_— = — — 2 — — — — —
8(BL(T + )Ry — det[T]) + (ITI3 + [l + |2 = 1) — 4(IBa2IRof2 + ITIZ(Ral® + [Rof?) + | TI3) = 0,
(B7)

where || X||; = /Tr[X7X], and T is the cofactor matrix of T defined by the identity TT =T T = det[T]1. The
chosen state pyp is straightforwardly characterized by det[T] = —n® and ||T||2 = v/37. Therefore, the corresponding
cofactor matrix is given by T = 1?1 with |T||s = v/3n?. Therefore, the criterion is reduced to

11
772 S T? (BS)
) 3
7B =) < (B9)
9
n*(15 — 161 + 61%) < 3 (B10)

The last inequality appears to be the most restrictive one, and the entire set of conditions is fulfilled if n €
[—|Mmin|, Mmax), Where Nmin ~ —0.241 and Nmax &~ 0.329, proving the existence of physical states in this range of

7.
Assuming 7 > 0, first, we calculate PE for the system satisfying (B1)—(B4),
Ep (P, Har) = (- o) +nul(=V)] = min_ (- O4Ffy) + 1 r](~V)0,0F]) (B11)
Oa,O,,GSO(S)

where we have taken into account that the upper bound (A10) is saturated for a bipartite quantum battery. Since
minimization over both O, and Oy in (B11)) is performed simultaneously, we can substitute it by minimization over
0O, :=0, and Oy := OaObT7

Ep(pap, Hay) = (hy - B tr[(—V —( in (hy- OyR8 in t —V0>7 B12
P (pab; Hap) = (hy - Re) + ntr[(=V)] o min (- Oply) +n min r[(=V)Oq] (B12)
Straightforwardly, the optimal O; is such that O.R, = — ‘If:‘ ﬁb. The second minimization is achieved by a unique
since V is non-degenerate) optimal O, such that tr[(—V)Os] = — tr[|V]] = — di_l )\l-v‘, where {\V/ ; are singular
( g =0 1 7 g

values of V| i.e., eigenvalues of |V| = vV VTV. Therefore, we obtain the following PE,
Ep(paby Hap) = (hy - By) + |h||Ro| + ntr[[V] = V. (B13)

Notice that the local unitary operation performed by A may require energy. In this case, some energy has to be
pumped by A into the system, so that B is able to extract the maximal work globally.

Now let us calculate the ergotropy EL.(p, H)+Ery(Ua[p], H) under egoistic strategies, as introduced in the hierarchy
(10). The maximal work that can be extracted by the agent A is given by

Eva(pun Har) = (- ) + (V)] = min (o o)+ tr](~V)Ou])

n [V~ V], (B14)

where we have taken into account that the optimal unitary U, of A is associated to Og. In turn, the maximal work
that B can extract after A is

Eub(Ualpas), Hap) = (B - By) + ntr[(—V) O] — Obrgéag)((ﬁb - OyRy) 41 tr[(—V)ﬁzobT])

f— 7 . 3 P — 1 7 . 3 P T
= (- ) = ul]VI) = min_ (B, - Oufy) — r[[VIOF]). (B15)
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Minimization of the last term in (B15]) requires O, = 1. On the other hand, in order to minimize the term (f_ib . Obﬁb)
it is necessary to apply a unitary associated to Op. Therefore, the optimal values of both terms cannot be achieved
simultaneously, and the maximum work that can extracted by B is strictly upper-bounded by

Eun(Ualpas), Hav) < (b, - By) = ntr[[V[] + [Ro||Bo| + 1 tr[[V[] = (B - By) + [hy|| By,
and we obtain a strict inequality for PE and the ergotropy under egoistic strategies with respect to A,

gLa(paby Hab) + 8Lb(Ua [pab]v Hab) < gP (paba Hab)~ (B16)

Following the same steps, it is straightforward to demonstrate that egoistic work extracting strategies in the swapped
order of the agents does not allow to achieve PE as well. Indeed, if agent B acts first, it cannot find a unitary that
minimizes both last terms simultaneously since O; # Os. Therefore, it can extract maximal work

Eup(pas Har) = (o Bo) + mtnl(=V)] = min_ (B - Oufy) 41 trl(~V)OF )

= (- By) + nt[(=V)] — (i - OpRy) + 1 tx[VO, ], (B17)

where Oy, is associated to the optimal unitary. After that, A can extract maximal work
— - = —T ) - ~ —T
ELa(Us[pas], Hap) = (hy - OpRy) +ntr[(=V)0, ] — Oﬂelég(s)((hb -OpRy) + 1 tr[(—V)0,0, ])
— nte[|[V[— VO, |. (B18)

Summing both contributions up and taking into account that O, # Oy, we find that PE is a strict upper bound in
this case as well,

Evb(Pavs Hap) + ELa(Uppas), Hap) = (B - By) + (7 - O Ry) + tr[|V| — V] < Ep (pavs Hap)- (B19)

For det[V] < 0, choosing n < 0 leads to the same results. Therefore, we conclude that except for particular
Hamiltonians characterized by det[V] = 0 or degenerate spectrum, there exist states that open the gap between
cooperative and egoistic work extracting strategies.

Appendix C: Upper bound on parallel ergotropy in specific cases
Considering bipartite systems with d, = dp = d, we assume that one of hypotheses
() Ro=Ry=0 = trofpa] = L trylpar] = &,
(i) hy =hy =0 = H, = H,=0.

Hypothesis (i) refers to the assumption of a bipartite system being in a locally maximally mixed state, while the
Hamiltonian is left generic. Hypothesis (ii), instead, assumes a specific non-local Hamiltonian (e.g., the antiferromag-
netic Hamiltonian ), while the state is left generic. Although requiring both hypotheses to be true simultaneously
is natural from the mathematical point of view, it lacks physical relevance. Therefore, in what follows, we require only
a single hypothesis to be true. This cancels out the local terms in , and the PE functional is upper-bounded as
follows,

Ev(pu Hor) < Elpua) = min — (ix[VO,TOf])

_ o T
- E(pab)+0moggggd2_l)(tr[( V)OaTOb]). (C1)

Therein, it is necessary to distinguish between two cases depending on signs of eigenvalues of —VT.
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1. Case det(—VT) >0

In this case, either both —V and T have an even number of negative eigenvalues or both have an odd number
of them. In the first case, we can decompose both matrices as —V = OyZyvOy and T = OpXpOr, where
Ov, 0%, 01,0% € S0(d?> — 1), and Xy and X1 are diagonal, positive, and having eigenvalues of [V| and |T|,
respectively, in non-decreasing order. In the second case, we use a similar decomposition, however, the value of the

smallest eigenvalue is left negative, so that Xy = diag(—/\(‘)vl, /\‘1V|, e /\‘(1\2”_2) and Xp = diag(—/\‘OT‘,)\llTl, ce, )\Id"l2“|_2).
In both cases, the optimization (C1|) reduces to
gP(pab; Hab) < E(pab) + max tr[2v012T02} R (CQ)

0;,0,€50(d2—1)

where O; = Oy 0,04 and Oz = O10,0f,. Finally, the Von Neumann trace inequality [36] allows us to provide the
following upper bound for any Oy, Oy € S0(d? — 1),

tr[Sv 0, 2105] < AV XITH, (C3)
where XVI and XTI are the vectors composed by {)\LV‘}Z- and {/\LT‘}i, respectively. Therefore,

Ep(pabs Hap) < tx[papVap] + AVE XTI 1 if det(—=VT) > 0. (C4)

2. Case det(—VT) <0

In this case, the proof proceeds in the same way as above. Nevertheless, it is necessary to take into account that
the decomposition of V and T via S0(d? — 1)-matrices results in diagonal matrices Xy and S that have an odd and
even number of negative eigenvalues, respectively, or vice versa. This means that, in their product not all negative
signs cancel out, and the maximum is achieved thereby by leaving the smallest eigenvalue of |Zv/| (or |Xr|) negative
in v (or X), leading to

Ep(pa Ha) < trlpayVan) + (XY X1 — 20V IAT) it det(~VT) <0, (C5)

and concluding the proof of inequalities .

Appendix D: Upper bound on parallel capacity in specific cases

Similarly to parallel ergotropy, parallel capacity can be decomposed as follows,

Co(pap, Hap) = max (ha - Ou Ry + hy - Oy Ry, + tr[VO,TO!)
0,, 0,€80(d2 ,—1)
- min (ha - OuRo + hy, - Oy Ry + tr[VO,TO! ), (D1)

0., 0,€50(d2 ,—1)

and, by enlarging the domain from SO(d? — 1) to S0(d? — 1), bounded from above,

Cp(pab, Hab) < max (Ea . OaRa + f_ib . Obéb + tr[VOaTObTD
O, Obeso(dgyfl)
- min (ha - Ou Ry + hy, - Oy Ry, + t[VO,TO] ), (D2)

O,, 0,€80(d2 ,—1)

where the equality holds iff d = 2. Applying hypothesis (i) or (ii) of Appendix to the state and Hamiltonian,

Co(pap, Hap) < tr[VO,TO! tr[(—=V)0,TO!], D3
Plpar, Hap) < - max ] bl t o, orax ) tl=V) b (D3)
Taking into account the linearity of the trace, so that tr(—X) = — tr(X), it is enough to consider optimization of one

of the terms in (D3). Without loss of generality, we perform the optimization of the second term that coincides with
(C1)), hence, is given by (C4)) for det(—VT) > 0 and (C5)) det(—VT) < 0. Then, we take into account multilinearity
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of determinant of a matrix, so that det(—X) = (—1)" det(X), where n = d? — 1 is dimension of V and T. Therefore,
for even d, the optimization of the first term in (D3)) will be given by (C4)) for det(—VT) < 0 and (C5|) det(—VT) > 0.
This leads to
(XIVECXITH 4 (XIVELXITH) — 9p[VIAITT

N N VI[y|T
= (XY X1 — AN, (D4)

Cp (pab7 Hab)

IN

On the other hand, for odd d, the optimization of the first term in (D3)) will be the same as for the second one, so
that

o(NIVI. XTIy, if det(—V'T) > 0,

L D5
2((XIVEXITHY — 2AVIAITH it det(—VT) < 0. (D5)

CP(pabv Hab) S {

Appendix E: Comparison of entanglement criteria in specific cases for two qubits
First, we write down the parallel capacity criterion, taking into account the saturated upper bound for d = 2,
2((X\V| XITH - AgV‘A(')T‘) > C1(Hap), (E1)

where we have taken into account decomposition (D4)) in terms of eigenvalues of V and T. In order to decompose in
the same way the maximum parallel capacity of separable states, we recall that it is convex, so that it is enough to
optimize the parallel capacity over pure separable states,

Ch(Hy) = max Cp(|0) (U], Hy) . (E2)
|w)est

Since |¥) = |¢a) ® |thp) are product states, the corresponding matrix T is a Kronecker product of the corresponding
Bloch vectors 7y, and 7iy,. In turn, such a matrix has a single non-zero eigenvalue, which is equal to the scalar
product (7ig, - fly,). Therefore, only a single term in the eigenvalue decomposition (D4)) survives, and the optimal

state corresponds to the case when the highest eigenvalue )\lgv‘ of V survives,

C(Hap) =20y max (g, - ity,). (E3)

Npq My,

Since the optimization is performed over pure states, so that both Bloch vectors have magnitude 1, the maximum is
achieved for 7ig, = 7iy,, and we obtain the following form of the parallel capacity criterion,

AV YIS S ALV (E4)
On the other hand, the work fluctuation criterion for d = 2 requires
. o2
Ao )%+ A+ 1) > 1 ||Raf? — B (E5)

We question whether there exist entangled states that can be detected by the parallel capacity criterion but do not
lead to large variance of stochastic work distribution. Inverting the previous inequality and taking into account that

)\loTl < /\‘1T‘ < )\|2T|, we find that entanglement in the states satisfying

= o 2
1= |[Ral? ~ \RbIQ) 1 AV 1
|T| |T| 2
A < — U —_— > — E6
(o < 3 —\/§> (2 >)\|1v+)\2v|—2> (E6)

can be detected by parallel capacity, yet not by the work fluctuations criterion.
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Appendix F: Constraints for local unitality and approximate separability

The constraints that establish the relevant properties for Jj as an approximation to a product of unitary channels
are given by the last two lines in Eq. . In what follows, we prove that the condition for local unitality [Eq. ]
in terms of its Choi operator is equivalent to

1
Trine [Ja] = 7 Trin), our(® [Ja] ® Loysr- (F1)

Further below, we comment on the remaining constraint, which approximates separability of the channel A.
In what follows, we restrict our discussion to the bipartite scenario to simplify notation, but the result can be
straightforwardly adapted to the n-partite case.

Lemma F.1. Eq. is equivalent to Eq. (F1))

Proof. First, note that, in terms of Choi states, local unitality [Eq. } is equivalent to
Trin [Ja (pT ® Lino @ lowe)] = 9" @ Loyecor- (F2)

By tracing subsystem out(”? on both sides of the equation above, it can be deduced that p/ =
% Trip out [JA (pT ®Li0 ® 10ut)]7 and the condition for local unitality can be equivalently rewritten as

Trin [Ja (p7 ® Linr @ Lows)]| =
1
A Trip out [JA (pT ® Lo ® 101.11:)] ® Loy - (F3)

Assume all spaces involved to be finite-dimensional and let {B}“ ® Biz} u1,ue D€ @ orthogonal basis for operators

acting on the input spaces, where Bé =1, and TY[B;T B}j] =d; 0y, Let then Jy be decomposed as

Jy= Y Bl @B ® A ., (F4)

1,2

where A,,, ., are the remaining part of the decomposition, acting on the output spaces. Extend the action of Ju to
any bounded operator on the input spaces and use the basis elements (transposed) as inputs for the channel A, so

that, e.g., for p = (B}“)T, it is obtained

1
ﬁTr-m [JA (BIIL1 & 1in(2) 02y 1out)] = A}L1,07 (F5)
1 02

which, combined with Eq. (F3), implies

1
Am,O = d—2 Tr e [Am’o] ® 1 - (FG)

These are equations relating the basis components of Try,2)[Ja], adjoining the elements B}” in the corresponding
input space and summing over the free index, the basis-independent expression is found

1
Trine [Ja] = A Trine  our [JA] @ Logeca. (F7)

A similar reasoning can be applied for the identity on subsystem 1 and Eq. (F1)) is obtained.

On the reverse direction, assuming Eq. valid, it suffices to multiply the resulting operators on both sides by
p§_g, (meaning a state that acts on all subsystems except for in®). Use that Try, [Ja] - p5_ o = Trino [Ja (pE_ 5, ®
1., )], and trace out the remaining input subspaces. The resulting relation is precisely Eq. (F3)), which is the local
unitality condition. O
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1. Approximate separability

The remaining constraint in Eq. specifies that Jy should be approximately fully separable, considering each
party to be composed by the pair input and output subsystems. To simplify the discussion, a bipartite system is
considered with subsystems A and B. Extending the results to channels that act on more subsystems is immediate.

A separable channel A is a channel with the structure

sz ® Alp(e), (F8)

where p; are the coefficients of the convex combination of the product channels A’ @ A’s, such that A4 @ A (pa®pp) =
Ay (pa)®A'5(pp). Channel separability immediately translates into separability of the corresponding Choi state across
the different pairs of input and output subsystems:

Ta =Y pilur, ug)(vr, v @ Ay (Jur) (v1]) @ Al (Juz) (o)
= piday ® Jay, (F9)

%

where the sum in the first equality is done on all variables ¢, u1, us, v1,v2. On the second equality, J Ai, are the Choi
states for each local channel (X = A, B): Jy =3, , [u)(v[® A% (Ju) (v]).

Therefore, a test for separability on Jj similar to tests for separability on quantum states must be applied to ensure
the ideal structure for the channel A. Since product states are extremal points in the set of separable states, it is
expected that an approximation that converges to the set of separable channels should also converge to a pure product
of unital channels. The hierarchy of tests introduced in [I9] simplifies the problem of separability to linear restrictions
on extended states, that represent a replication of the information used to produce the original state, a feat that can
only be faithfully performed in an indefinite manner for separable states [37].

Each level of the hirearchy includes the previous ones, with the “level zero” representing postivity of partial transpose
(PPT), meaning that not only Jy must be positive semidefinite, but also the transposes over in( out™®, for any
subsystem i. This is so because a full transpose of a channel preserves its positive-semidefiniteness, consequently,
the partial transpose of a separable Choi state should correspond to the transposition of a local channel, mapping a
valid separable channel into a different valid separable channel. Failure in complying to this criterion implies that the
channel cannot be taken as separable.

Let DPSy, correspond to the set of Choi states that pass the k-th level of the test hierarchy, level 0 corresponding
to operators Jy with PPT. For k£ > 1, the set DPS;, is also characterized by the operators that possess a k-symmetric

extension in all parties, i.e. operators Jj that admit a Choi state JA ®) > 0 acting on the extended space "HA(kH) QHp
such that

SWAP,;, J{¥) SWAPab =J", Va,be{0,... .k}, a<b
(749)" 7 2 0. vi e 0. k),

Tra, 4 [I0] = Ja, (F10)

where SWAP, ;, is the swap operator for swapping subsytems A, and A, (indexed from 0 to k) and Tp.; is partial
transposition over all 7 + 1 first copies of the subsystem A.

The hierarchical structure of the test can be seen from Eq. (F'10): a state that admits a (k+ 1)-symmetric extension

necessarily admits a k-symmetric extension, since tracing JI(\IH_1 over any of the copy subsystems results in a Choi
state that satisfies all the required properties for the k-th extension. Furthermore, a state is separable if and only if
it passes the tests for all £ > 0 [19] [37], thereby ensuring completeness to the test. Any channel that is not exactly
separable will fail the test for some given k.

Although finding this certification could be costly if higher levels of the hierarchy become necessary, in practice it
is observed that the 0-th level test already bounds well the separable set for bipartite, low-dimensional systems. With
this, a convenient approximation to separable channels is attained.
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Appendix G: Details on lower bounding PE and comparison between upper bounds

For the results in section [[V] a lower bound on PE was computed by direct optimization of the local unitaries
applied on each subsystem. For qubits, a convenient parametrization is given by

U _ ef(7_¢)/2 cos(6/2) e_i(‘7+¢)/2 sin(6/2) (1)
0.00 7 | i +9)/26in(9/2) —e={=9)/2cos(0/2) |’

with 6 € [0, 7] and ¢,~ € [0, 27]. This parametrization has been used for optimization using the Werner states (see Fig.
in the main text), where direct nonlinear optimization using the Nelder-Mead algorithm was performed over Up 4 - .
Given the symmetries of Werner states [Eq. ], optimization only over subsystem A was considered, although, given
the small number of parameters, good convergence can also be obtained in more general cases, with optimization over
both parties. In Fig. [2| convergence is observed, as the lower bound from direct optimization matches the upper
bound given by the analytical formula of Eq. . For higher dimensions, an alternative parametrization in terms
of generators of SU(N) has been used. For a given orthonormal basis of Hermitian N x N matrices, {aj}lgjgdz,l,
with traceless o/, unitaries are given by U = exp(—i }_; z;07), with x; € [0,7]. Lower bounds for double qutrit
systems (Fig. [3) were obtained using the parametrization in terms of generators. Closure of the gap between estimates
indicates that the approximation is effective for given pairs of states and Hamiltonians produced.

(
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