WHITNEY APPROXIMATION: DOMAINS AND BOUNDS

MATTHIAS ASCHENBRENNER

ABSTRACT. We investigate properties of holomorphic extensions in the one-vari-
able case of Whitney’s Approximation Theorem on intervals. Improving a result
of Gauthier-Kienzle, we construct tangentially approximating functions which
extend holomorphically to domains of optimal size. For approximands on un-
bounded closed intervals, we also bound the growth of holomorphic extensions,
in the spirit of Arakelyan, Bernstein, Keldych, and Kober.

INTRODUCTION

In this paper we let a, b, s, t range over R, m, nover N = {0,1,2,...}, r over NU {oo},
and z over C. Let I = (a, 8), where —oco < a < 8 < oo, be an open interval. Every
C"-function I — R and its derivatives can be arbitrarily well approximated by an
analytic function and its derivatives; more precisely:

Theorem (Whitney). Let f € C"(I) and e, p € C(I) be such thate >0 andr > p >0
on I. Then there is a g € C¥(I) such that

(1) I(f — )™ (@) < e(t) for allt € I and n < p(t).

This theorem is implicit in the proof of a (more general) lemma in Whitney’s semi-
nal 1934 paper on extending multivariate differentiable functions [25]. In [3, Appen-
dix A] we included a self-contained proof of this fact, which makes it apparent that
there is an open subset U = Uy of C which contains I, independent of f, such that the
function g in the conclusion of the theorem extends to a holomorphic function U — C.
If I is bounded, then the open set U obtained through the proof of Whitney’s theorem
as in loc. cit. is also bounded. (See [3, Corollary A.4].) However, if I = R, then this
procedure yields U = C, so g can be taken as the restriction of an entire function.
Independently of Whitney, this fact had also been discovered by Hoischen [I4], and
for r = 0 had already been shown by Carleman [§] in 1927 and for » = 1 by Ka-
plan [15] in 1955. (See [20] for the history of such approximation theorems, going
back to Weierstrass.) By a theorem of Gauthier and Kienzle [I3, Theorem 1.3], in the
case 1 < oo one can always take U = I U (C \ R). Our first main result strengthens
this fact by showing that it is possible to choose U = C\ {«, 8} (even when r = co):

Theorem 1. For dall f, ¢, p as in Whitney’s Theorem, there is a g € C¥(I) satisfy-
ing which extends to a holomorphic function C\ {«, 8} — C.

The proof of this theorem, given in Section [2| below, involves a simple reduction
to Whitney’s theorem in the case I = R, by employing compositions with suitably
chosen rational functions and some estimates involving Faa di Bruno’s Formula. In
this section we also generalize Theorem [1| to other kinds of intervals:
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Corollary 1. Let I C R be connected and f € C"(I) (i.e., [ extends to a function
in C"(J) for some open interval J 2 I), and let €,p € C(I) be such that € > 0
and v = p = 0 on I. Then there is a g € C¥(I) satisfying which extends to a
holomorphic function C\ fr(I) — C, where fr(I) = cl(I) \ I is the frontier of I.

The second topic of this note are versions of Whitney’s theorem which include ex-
plicit bounds on the growth of the holomorphic extension of g to U. The following
example, due to Arakelyan [2| pp. 14-15], indicates why in the case of Carleman’s
Theorem (I =R and r = 0) one cannot expect to bound the growth of the entire
extension of g solely from information about that of f:

Ezample. Let 8 € C(R) be even and strictly increasing on R such that 3(0) = 0
and B(t) - oo as t — oo, and let ¢ € C(R) be bounded with € > 0. Then the
continuous function f: R — R, f(¢) := &(¢) cos 3(¢) is also bounded. Call an entire
function g real if g(R) C R. Suppose now that g is a real entire function such
that |f(¢) — g(t)] < (t) for each t. Then for each t we have

—1+cosf(t) < 9t < 1+ cosf(t),

e(t)
so between any two reals a, b with cos 8(a) = 1, cos §(b) = —1 there is a zero of g.
This implies that each interval [—t,¢] (¢ > 0) contains > (2/7)5(t) — 2 zeros of g.
Using Jensen’s Formula [6, 1.2.1] we obtain a C' € R such that

2 t
log||g: > */ @d87210gt+0 for each t > 1.
i 1 S

Here and below ||g||; :=sup {|g(z)| : |2| < t} for t > 0.

However, Bernstein [5] and Kober [I7] discovered that in this situation, for constant
error function €, the growth of the entire function g can be limited, provided that f
is not only assumed to be bounded, but also uniformly continuous. (See [11, The-
orem 2.1].) Keldych [I6] proved a similar result, assuming that f is C' and the
asymptotics of both f and f’ are known (see [12] p. 163]), and this was refined and
extended to more general error functions by Arakelyan [T, [2]. Our second theorem
provides a partial generalization of these facts to the case r > 0, under some natural
restrictions on g, p. To formulate it, we introduce some notation. Let f € C™(R).
For ¢ > 0 and p € R with 0 < p < m put

1f e p = sup {|fT(s)] = [s| <t n<p} €RZ, |flle:=If

Note that || fllt;;p0 < [ fllta;pe if 0 < t1 < t2 and 0 < p1 < p2 < m. By convention
we set 0o + 1 := o0, and for ¢: RZ* — R we let A¢: R** — R denote the difference
function ¢t — ¢(t) — p(t+1). (If ¢ is strictly decreasing, then A¢(t) > 0 for ¢t > a, and
if ¢ is convex, then A¢ is decreasing: see Section ) As usual log™ ¢ := max{0, log t},
where logt := —oo for ¢ < 0.

|t;0-

Theorem 2. For each f € C"*1(R) ande, p € C(R?) where e > 0 is strictly decreasing
and convex with e(t) — 0 as t — oo, and p with r > p > 0 is increasing, there are
some C, D € R” and a real entire function g such that

(f =)™ @) <e(lt)  for n < p(|t),

and

lglls <exp (C-s*-(1 +10g+\\f||s+3ﬁ + )\(5—1—3\/5))) fort>0,s=V2t+1,
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where

3
A(s) = (D(p(s) + 1)) P70 (W) '

Here C' can be chosen independently of p, and D independently of f, €, p, r.

The proof of this theorem is given in Section |5, and is obtained by making the al-
ready quite constructive argument of Whitney completely explicit. This requires some
bounds for derivatives of bump functions and for the approximation of functions of
bounded support by Weierstrass transforms, computed in Sections 3] and [4] after some
preliminaries in Section[I} In the rest of this introduction we collect some applications
of the previous theorem, and also state a variant for functions f € C"+1(R>).

First, for r < 0o, by Theorem [2[ applied to the constant function p(t) := r:

Corollary 2. Suppose r < oo. Then for each f € C"1(R) and ¢ € C(R?) such
that e > 0 is strictly decreasing and convex with £(t) — 0 ast — oo, there are C, D > 1
and a real entire function g such that |(f — g)™ ()| < e(|t]) forn <r, and

3
llgll: < exp (C e (1 +10g+Hf||s + D? <”fA|;(;;r1> >>

fort >0 and s = \/2(t +4). Here D can be chosen to only depend on r.

For r = 0 and certain ¢, Arakelyan [2] has a qualitatively better bound:

Remark. Let ¢ € C*(R?) be decreasing with ¢ > 0, such that tlim te'(t)/e(t) € RS
—o0

exists, and let f € C1(R). Then by [2, Theorem 6] there are a C € R~ and a real
entire function g such that |f(¢t) — g(t)| < e(|t|) for each ¢ and

lglle < exp (c s (1 T log* (”5@)) ; ”j(t”)» 40,5 = V3t +4).

To facilitate the comparison with the bound in Corollary [2] note that if in addi-
tion ¢ is assumed to be C?, strictly decreasing, and convex, then we have 1/Ag(s) =
O((s+1)/e(s+1)) as s — co. (Lemma )

Before stating the next corollary, we define some quantities measuring the growth of
an entire function g introduced in [22]. First recall that except in the case where g
is a constant, the function ¢ + ||g||;: R® — RZ is strictly increasing with | g|; — oo
as t — oo. If g is given by a polynomial of degree n then ||g|l; = O(t") as t — oo,
and if A € R” is such that ||g|; = O(#") as t — oo, then g is given by a polynomial
of degree at most |A]. Suppose now that ¢ is non-constant. With log,, denoting the
m-fold iterated logarithm, define

1
Am(g) := limsup Ogm7||g||t

m su log t € [0, 0]
If A\n(g) < oo for some m, then g is said to have finite indez, and in this case the
smallest such m is called the index of g. Note that if g has finite index m, then m > 1.
By convention, constant functions C — C have index 0. The entire functions of index 1
are exactly the non-constant polynomial functions. The entire functions of index < 2
are also known as the entire functions of finite order, and As(g) is called the order
of g. (See [0, Chapter 2].) By [22, Theorem 1], if g has index m > 2, then A = A\,,(g)
may be computed from the Taylor coefficients g,, := g{™(0)/n! of g at 0 as follows:

nlo n
A = lim sup DO8m—a T
n—o00 —log\gn|
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For f € C(R) put || f|| := sup;>ollfll¢ € [0, 00]. From Corollarywe obtain:

Corollary 3. Suppose r < oo, and let f € C"t'(R) be such that |f™| < oo
forn < r+1, and € € R”>. Then there is a real entire function g of index < 3
such that |(f — )™ (t)] < & forn < r.

Proof. Consider ey € C(R?), go(t) := &/(t + 1); then Aey(t) = Ty for t 2 0.
Take C, D, g as in Corollary [2| applied to £y in place of e. Then with M :=
max{1, | fllo,.-,[[fllr+1}, for t >0 and s = V2(t + 4) we have

3
llgll: < exp <C~32- <1+logM+D5 (M(SHM> )) )

3

For suitable E € RZ! (only depending on C, D, ¢, M) we thus have ||g||; < exp(E®)
for all sufficiently large ¢t > 0, and this yields A3(g) < 1. |

Remarks. Let f € CY(R) and M € R?! be such that || f|,||f'|| < M, and ¢ > 0. Then
by the remark following Corollary [2| there is a C' € R> and a real entire function g
such that |(f — g)(t)| < e for all ¢ and

M M
lglle < exp <C~s- (1+log+ (€> + )) ift>0,s=v2(t+4),

9

“

thus A2(g) < 1. Therefore in Corollary 3| in the case » = 0 one can replace “in-
dex < 3”7 by “order < 17. (This is originally due to Bernstein [5] and Kober [17].) It
would be interesting to know whether in the case r > 0, one can improve “index < 3”
to “finite order” in the previous corollary.

The case r = 0o of Theorem [2]leads to an application to rapidly decreasing functions:
Let f € C*(R), and put ||f|lm.n = sup{|tmf(")(t)| :t € R} € [0,00]. Then f is
said to be rapidly decreasing if || f||m.n < oo for all m, n; equivalently, if for all m, n
we have ¢t f(")(t) — 0 as |t| — co. Examples: if f has bounded support, then it is
rapidly decreasing; and for each A € R> and m, the function ¢ — "™ e MR Ris
rapidly decreasing. The rapidly decreasing functions form a subalgebra S(R) of the
R-algebra C*°(R). The collection of sets

{g€SMR) :||f — gllmn <eform,n <N} where f € S(R), e € R”, and N € N,

is the basis of a topology on S(R), which makes the R-vector space S(R) into a
topological R-vector space (in fact, a Fréchet space), known as the Schwartz space
on R, which plays an important role in the theory of distributions (cf. [23]). It is well-
known that the set of rapidly decreasing functions which extend to entire functions is
dense in S(R); see [23, Theorem 15.5, p. 160]. From Theoremwe obtain an effective
version of this fact:

Corollary 4. Let f € S(R), ¢ € R”, and N € N. Then there is a real entire
function g such that glg € S(R) and || f — gllm.n < € for each m,n < N. Moreover,
we can choose g so that for some C, D € RZ! we have

I9]l: < exp (C - s*- (1+log+\\f||s+3\/§+)\(5+3\f2))) fort>0,s=2t+1,

where

As)==(D(r+1

))D(T+1)s _ ((N/G)N|f||0,h~+11

3
- ) where r = N + s.

Here C' can be chosen independently of N, and D independently of f, €, N.
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Proof. Put 6 := ¢/(N/e)N € R> and consider gy, pp € C(R?) given by &o(t) := de™*
and po(t) := N+t for t > 0. Take g as in Theoremapplied to €9, po in place of ¢, p.
Then for each m, n we have
g (O] < [ sl e |t =0 - N,

thus

HgHm,n < meg(")Hmax{o,an} + Hf”mm + 5(m/e)m < 0.
Hence g|r € S(R); moreover, if m,n < N then

[t (f — )™ < olt|™ e <otV et <& for each t,
hence || f — g|lm,n < €. The rest now follows from Theorem [2| Note that Aey(t) =
Se t(1—e 1) > eo(t)/2 and so 1/Aeq(t) < (2/€)(N/e)N et, for each t > 0. O
Finally, in Section [5| we also establish a version of Theorem [2| for f € C"t!(R>).
For such f, given £,p € C(R?) with ¢ > 0 and 7 > p > 0, Corollary |1| yields a
real entire function g such that |(f — g)™ ()| < e(t) for n < p(t), t = 0. Here
we will confine ourselves to constructing a holomorphic approximation of f with
domain U := {z € C: |Imz| < Rez} while at the same time controlling its growth,
as in Theorem [2, on a proper subset of U. Notation: for f € C™(R>), t > 0,
and p € [0, m] put

£l p :=sup {|f™M () :0< s <t, n<p} €RZ, |If]le:=lIfllss0-

Theorem 3. Let a € R”, f € C"TY(R?), and &,p € C(R™) where € > 0 is strictly
decreasing and convex with £(t) — 0 as t — oo, and p with r = p > 0 is increasing.
Then there are some C, D € R” and a holomorphic g: U — C such that g(R”) C R,

I(f —g) ™M (@) <et) forn<p(t) and all t >0,
and for all z € C with Rez > 0 and (Im 2)? < (Re2)? — a we have
lg(2)] < exp (C’ -5 (1 + log+|\f||s + /\(s))) fort>lz|, s= D(t* +1),

where

2 . . 1 3
\6) = (Dot + 1)) "0 (W)

Here C' can be chosen independently of p, and D independently of f, €, p, 7.

Notations and conventions. Let U C R be open and () # S C U. For f € C(U)
we set

I£lls == sup{|f(s)]: s € S} €[0,00],
so for f,g € C(U) and A € R (and the convention 0 - 0o = 0o -0 = 0) we have

If +glls < flls+llgllss  [IAflls = Al [[flls,  and [[fglls < [ fllslglls-
If ) £ 5" C S then || flls: < ||flls- Next, let f € C™(U). We then put
I flls;m = max {Iflls,-., [IF"™|ls} € [0, 00].
Then again for f,g € C"™(U) and A € R we have
1f + 9llsim < [ fllsim + 9llsims (A lsim = (AL~ (1]l 55m.

and

(0.1) 1fglls;m < 2" Flls;mllgls;m-

Also note that for f € C™(R), t > 0, and p € [0,m] we have ||f
where n = [r|.

tip — ||f||[ft,t];n



6 ASCHENBRENNER

Let f € C™(U). For U = R we set || f||m := || fllr;m and || f]| := || fllo. For k < m
and ) # S’ C S C U we have ||f||s/;x < ||f|ls;m- Moreover, | f|s,m does not change
if S is replaced by its closure in U.

1. PRELIMINARIES

In this section we collect various auxiliary results used later in the paper: some
remarks on difference functions of convex functions, estimates concerning factorials,
and an easy bound for a sum of square roots.

The difference function of a convex function. In the next lemma we let I be
an interval (of any kind) in R, and we let ¢: I — R be a convex function, that is,

(1= N)s+At) < (1= A)g(s) + Ap(t) for each A € [0,1] and s, € I.

We consider the function

o(s) — ¢(t)
s—t

Note that D and A are symmetric. The following fact is well-known:

A:D:={(s,t)yeIxI:s#t} >R, A(s,t) :=

Lemma 1.1. Let s <t < w be in I; then A(s,t) < A(s,u) < A(t, u).

Proof. We have t = As+pu where A := (u—t)/(u—s) and p:=1-A = (t—s)/(u—s).
Then ¢(t) < Ap(s) + pp(u) by convexity of ¢. Subtracting ¢(s) from both sides of
this inequality yields

$(t) — ¢(s) < u(d(s) — p(u)) = (t — 5)A(s, u),

and so we get A(s,t) < A(s, u), whereas subtracting ¢(t) + A(¢(s) — ¢(u)) from both
sides of this inequality yields

(u = )A(s,u) = A($(u) — é(s)) < d(u) — d(t)
and so A(s,u) < A(t,u). O
Suppose now that I is not bounded from above. Then by Lemmal[I.1] the function
t— AP(t) :=—-A(t,t+1)=¢(t) —p(t+1): I - R

is decreasing. Also note that if ¢ € C2(I), then ¢” > 0 by convexity of ¢, so A¢p(t) >
—¢'(t+ 1) for t € I, by the Mean Value Theorem. This yields:

Lemma 1.2. Suppose ¢ € C*(I), ¢ > 0, and C € R> are such that ¢'(t)/p(t) < —C/t
for each t € I witht > 0. Then A¢(t) = Cop(t+1)/(t+1) fort eI, t > 0.

Cheap approximations to the factorial. The following estimates for n! are not
as tight as Stirling’s approximation n! ~ v/27n(n/e)™ (as n — o0), but good enough
for our purposes:

Lemma 1.3. Suppose n > 1. Then
n n+1
e(ﬁ) §n1<e<n+1) i
e 4

Proof. For t > 1, from the inequalities t — 1 < |t] < ¢t we obtain log(t — 1) < log|t] <
log t. Hence by integration

n+1

n+1 n+1 n
/ log(t —1)dt < / log|t] dt = Zlogk < / logtdt
2 2 P! 2
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and thus
n(log(n) — 1) + 1 < log(n!) < (n+1)(log(n+1) — 1) — (2log(2) — 2).
and this yields the claimed inequality. O

Corollary 1.4. Let p € R with p > et > 0. Then

4 e pt+2 £
tr— < ) < forn < p.

e? n!

p+2
Proof. Put m := [p]. Then 0 < m —1 < p < m and thus
4 e pt2 4 e mtl 1
11 — | —= <5 (—— < —,
(1.1) e? (p+2> e2 (erl) m!

where the second inequality holds by Lemma[T.3] Since m > et, by Lemma|[I.3] again:

m m
Poeml()" < (et> <1
m! e \m m
Moreover, t"/n! < "1 /(n+1)! forn <t—1, and t"/n! > t"*1/(n+1)! forn >t —1.
Hence min{t"/n! : n < m} =™ /ml, so in particular,
(1.2) t"/m! <t"/n! for n < p.
Now if ¢ < 1 then for n < p we have t* < ™ and thus by (1.1)):

o e P+2<t”<t”
2 \p+2 Sl Sl

If t > 1, then ¢t” < t™ and so

pr( e Nt
ez \ p+2 S m! T ol

using both (1.1) and (1.2). O

Bounding a sum of square roots. For all o, 3 € R® we have

Va+B<vVa+/B<V2(a+B).

This observation easily yields the following fact, recorded here for later use:

Lemma 1.5. Ifa,b,c € RZ, then Va+ b+ /c < a++/2(0b+c).

2. PROOF oF THEOREM [I]

We begin with a general estimate coming out of a case of Faa di Bruno’s For-
mula [9, §3.4, Theorem B]. For this, let f € C>°(I) where I is an open interval in R
and g € C"(J) where J is an open interval with f(I) C J, and set h:=go f € C"(I).
Let Brn(Y1, - s Yn—m+1) € Qu1, -+, Yn—m+1] (m < n) be the Bell polynomials as
defined in [4, 12.5]. Then for n < r we have

n
21) B = 37 ("™ 0 f) - By (f', £, f7HD),
m=0
See, e.g., [9] §3.3] for basic facts about the B,,,. For example, they have coefficients
in N, with Bgg = 1, Bg, = 0 for n > 1, and for 1 < m < n, By, is homogeneous of
degree m. Let {;‘L} denote the Stirling numbers of the second kind, that is, the number
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of equivalence relations on an n-element set with exactly m equivalence classes; cf. [4,
p. 576]. They obey the recurrence relations

A ST RS PR

with side conditions {8} =1 and {g} = {7?1} =0 for m,n > 1. The numbers

B, = { " }
2 \m

are known as the Bell numbers. We have B, < n" for n > 1. To see this note
that B, is the number of equivalence relations on [n] := {1,...,n}, and there is a
surjection from the set [n](™ of all maps A: [n] — [n] to the collection of equivalence
relations on [n], which maps A to the equivalence relation ~ on [n] given by i ~ j i<
A(2) = A(j), for i,5 € [n]. (We won’t need this here, but much more is known about
the asymptotics of B, see, e.g., [7, p. 108].) We have By, (1,1,...,1) = {:1}7 cf. [9l
§3.3, Theorem B]. These observations yield:

Lemma 2.1. Suppose l <n<randt€el, andlet F,G € R, F' > 1 be such that
IfP<F fork=1,...,n, g™ () <G form=1,...,n.
Then |h™ (t)] < G - (nF)™.

Proof. By we have
RO <D G B (F/(), £/ (1), ..., f™ D (1))

m=1

n
gZG-an(1,1,...,1).FmgG.Bn.ana-(nF)". O
m=1

We now prove Theorem [1] Thus let I be an open interval, f € C"(I), and ,p € C(I)
wheree > 0,7 > p > 0. We first assume that I is bounded, say I = (a,b) where a < b,
and we need to show the existence of a holomorphic function g: C\ {a,b} — C such
that g(I) C Rand |(f — 9)™(t)| < e(t) forall t € T and n < p(t). Tt is straightforward
to arrange that I = (—1,1): Set a = %3¢, 8 := min{a,1}, and J = (—1,1),
and consider the holomorphic bijection ¢: C — C, ¢(z) := a -z + 3(a + b), with
compositional inverse ¢™V. Put fo := (fo)|s: J — R and let €9, pg € C(J) be given
by eo(s) := BPPE)e(p(s)) and po(s) := p(é(s)), respectively. Suppose we have a
holomorphic function gg: C\ {£1} — C such that go(s) € R and

|(fo = 90)™ (s)] < eo(s) for s € J, n < po(s).

Consider the holomorphic function g := go o ¢™¥: C\ {a,b} — C. Then for t € I
and n < p(t), setting s := ¢™(¢) € J we have g(t) = go(s) € R and

(fo = 90)™(5) = ((f = 9) 0 9) ™ (5) = (f = 9) " (1) - 0"
and so
(f =)™ (@) < B#Da e(t) <e(t).
Hence replacing f, €, p by fo, €0, po, respectively, we may arrange I = (—1, 1), which
we assume from now on. The rational function
2z 1 1

®: C\ {£1} = C, ‘1>(Z)::1_z2:1—z7z+1
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restricts to an analytic bijection ¢: I — R. Let ¢™¥: R — I be its (analytic) compo-
sitional inverse. An easy induction on n shows that for each n and t € I,

1 1
M@y =n! | ———— o —
" (t)=n <(1_t)n+1+( ) (t+1)”+1>
and thus
(t+ )"+ (1 — )Tt n!.2ntt
(1—¢2)ntl S (1= g)nl

Consider the function e, € C(I) given by

_ 4 e(1 - ) )"0\
e <<p<t> TR Eror) ortel

Whitney’s Theorem (in the case I = R) applied to f. := f o ¢ € C"(R) as well
as £, 0 ¢V, po ¢ € C(R) in place of f, €, p, respectively, yields an entire func-
tion g.: C — C such that ¢,(R) C R and, with h, := fi — g«|r:

(2.2) 6™ ()] < n!

(2.3) \h&")(s)| < e (™ (5)) whenever n < p(¢™(s)).

Consider the holomorphic function g := g, 0o ®: C\ {£1} — C and put h := f —g|s,
$0 hy = ho¢. Then for t € I we have |h(t)| < (), and if 1 < n < p(t), then

n-nl-2ntIN"
0] < .0 (T e )

nez [(2(n+1)\"" !
“*“"(4'(e<l—tz>> )

9 p(t)+1\ P
<€*(t)_<(p(t)+1)e .<2(pl(t)+1)> +> o

4 e(l —t2)

using and in combination with Lemma for the first inequality and
Lemma for the second inequality.

This shows Theorem [I| in the case of a bounded interval. Now suppose I C R is
unbounded, say I = (a,00). Replacing a, f, €, p by 0, t = f(t +a), t = &(t + a),
and t — p(t + a), respectively, we first arrange a = 0, so I = R”. Now consider the

rational function
1
U: C\ {0} - C, U(z) :=2— —,
z
which restricts to an analytic bijection ¢: R — R with (analytic) compositional

inverse ¥'™v: R — R>. For ¢t > 0 we have

: 1 . L
Wt =1+, ¢<>(t):(_t”T ifn> 1.

For t > 0, putting

2 £)+2 p(t)+2
t) := p(t t ) =1 t*(P+(t)+1)ei L
p+(t) = p(t) +et,  B(t) + . .

we obtain [1)(™) (¢)] < B(t) for 1 < n < py(t), by Corollary Consider

e  €CR™),  en(t):=c(t)- (p(1)B(1) " fort>o0.
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As in the previous case, Whitney’s Theorem applied to f. := f o™ € C"(R) as
well as &, 0™, p o™ € C(R) in place of f, &, p, respectively, yields an entire
function g.: C — C such that g.(R) C R and, with A, := f, — g«|r:

()] < (W™ () whenever n < p(¥™™(s)).

Let g := g« o ¥, a holomorphic function C\ {0} — C, and h := f — g|g> € C"(R”),
$0 hy = ho. Then for t > 0 we have |h(t)| < (t), and if 1 < n < p(t), then

RO < at) - (0B(1)" < 2u(t) - (081" = e(t)
as required. This finishes the proof of Theorem O

Next we prove Corollary [I[] Let I, f, €, p be as in the corollary. The case where I is
open is covered by Theorem (1} and the case where I is closed and bounded is a con-
sequence of the Weierstrass Approximation Theorem [I8, p. 33]. Suppose I = [a, )
where —0o < @ < < co. (The remaining case where I = (a, 8] with —oco < a <
B < oo is treated in a similar way.) Then fr(I) = {8}. We set I; := (—o0, 8) and now
use a well-known fact:

Claim: There is a C"-function f1: I; — R which extends f.

To see this take § € R~ and an extension of f to a C"-function (« — 6, 3) — R, also
denoted by f. Let § € C*°(R) be such that 6(¢t) =0 for t < a— (§/2) and 6(t) =1
for t > a. (See, e.g., Section [3| below.) Then fi: I; — R given by fi(t) := f(¢)0(t)
ifte(a—46,8)and fi(t) :=0if t < a— 9 is C" and extends f|;.

To finish the proof, take f; as in the claim and extend e, p to e1,p1 € C(Iy)
by €1(t) := e(a), p1(t) := p(a) for t < «; then Theoremapplied to fi1, €1, p1 in place
of f, e, p yields g1 € C¥(I;) which extends to a holomorphic function C\ {f} — C
such that |(f1—g1)"™ (t)] < e1(t) for each t € I; and n < p1(t). Then g := g1|; € C¥(I)
has an extension to a holomorphic function C \ {8} — C and satisfies |(f —g)™(¢)| <
e(t) for t € I and n < p(t) as required. O

3. BOUNDS ON THE DERIVATIVES OF BUMP FUNCTIONS

By a bump function we mean here a C*°-function «: R — R which is 0 on (—o0, 0],
strictly increasing on [0, 1], and 1 on [1, +00). Such bump functions play an important
role in many constructions in analysis, e.g., partitions of unity. In this section we give
a construction of a bump function a with controlled growth of its derivatives a(™).
As an auxiliary result we first establish the following formula for the derivatives of
reciprocals of nonzero elements of a differential field K:

Proposition 3.1. For ¢ € K* and n > 1 we have

) N N1\ k1 ke (n
(3.1) (60 = 0 e e

Proof. We work in the setting of [4, Chapter 12] and assume familiarity with the
concepts and the notations introduced there. Let ¢ range over K* and i, j, k, [
over N. Put
ho = S (E2) 2 1 4ok < K1)
o= 2 (%) <Kl € KB
By the generalized Leibniz Rule, ¢ — hy: KX — K][[2]]* is a group morphism, so
we obtain a group morphism ¢ — [hg]: K* — trx whose image is contained in the
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Appell group A over K (cf. [ p. 565]). For i < j we have [hy)i; = ()= /6.
Since A C 1+ tr, we have ([hy] — l)k €tk for k> 1, and

k
o] = )™ = S (=1 (1h] = 1) = S (-1)* (j{j (§)<1>k%h¢4>

k k
For n > 1 this yields

where for the last equality we used the well-known identity

2": (k) B (n + 1)
— l I+1
which has an easy proof by induction on n. O

Remark. The previous proposition also holds if K is any differential ring (in the sense
of [, 4.1]). To see this let Y be a differential indeterminate over Q. Then the iden-
tity (3.1) holds for Q(Y'), Y in place of K, ¢, respectively. It now suffices to note that
given any differential ring K and a unit ¢ € K* we have the morphism S~'Q{Y} — K
of differential rings with Y +— ¢, where

STIQ{Y} = {Y"P: PeQ{Y},n >0} CQY)
is the localization of Q{Y'} at its multiplicative subset S := {1,Y,Y? ... }.
In the rest of this section we prove:

Proposition 3.2. There are a bump function o and constants c,d € R” such
that ||al|,, < cn for each n > 1.

We begin our construction by studying the function §: R — R> given by 0(t) := e~ /¢
if t > 0 and 6(t) := 0 otherwise. For each n and ¢t > 0 we have

9( ) = £2n e(t)v

where p,, € R[T] is the polynomial given recursively by pp = 1 and

(3.2) Ps1 = T?p), = (2nT — 1)p,.

Thus

pr=1, po=-2T+1, p3=6T?—6T+1, ps=—24T>+36T%—12T+1,

In general, degp, = n — 1 for n > 1. Since for each m we have t=™ e/t — 0
as t — 0%, this yields that 8 (t) — 0 as t — 0%, so 6 is C*°. We now want to bound
the quantities [|§(™)[|;g 1;. First, some notation and a lemma.
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Notation. For a polynomial p = ag + a1T + -+ - + a,, 7™ € R[T] (ao,...,a, € R) we
let |p| := max {|aol, ..., |an|}.

Lemma 3.3. |p,| < 2" !n! forn > 1.

Proof. This is clear for n = 1. Suppose we have shown the inequality for some n > 1.
Let ag,...,0n-1,bg,...,b, € R with p, = ag +a1T + -+ ap,_1T" ' and p,q1 =
bo —+ blT + -+ bnTn Then

T2p'n = Z (m—1Dapy,_1T™,
m=1

n—1
2nT —1)p, = —ag+ Z (2nam—1 — am)T™ + 2na,T".

m=1

Hence by the recursion relation we have

bo=—ag, bm=am—+(—2n+m—1)ay,_1 form=1,....n—1, b, = —2na,

and this yields |pp+1| < 2™(n + 1)! as required. O

Next, given A € R>, consider the function ¢ + ((t) := t~*e~!/*: R> — R>. Then
C(O/C() = =Mt +1/t* = (=A+1/1)/t,

so max((R>) = ((1/A) = M e *. Since the function A — AMe *: RZ! — R> is
strictly increasing, this yields, for ¢ € [0, 1] and n > 1:

n(t) _
Oy

0 1)) = |

<nclpal - (4 1)" e (Y

and thus

log [0 (t)| < logn + (n —1)log2 + nlogn + (n + 1)(log(n+ 1) — 1) < 3nlogn.
Therefore
(3.3) ||9(”)||[0’1] <" forn > 1.
Let € R>. Then 0(t)* = 0(t/p) and thus (8*)) () = 60 (t/u)/u™, hence

16) ™ Nlj0,1) = 16|

Also using , this yields:
(3.4) 10# 0,17, < 2*" if pym > 1

01/ < 10[jo ifp>1.

We note that (3.4) also holds with 6 replaced by the C*°-function 6, : R — R given
by 0.(t) := 6(1 —t). Since 0 + 6, > 0, we obtain the C*°-function

a:=0/0+0.):R—-R,

and this is a bump function: we have a(t) = 0 for ¢t < 0 and «(t) =1 for t > 1, and
since for ¢ € (0,1) we also have

oy = LD =) + 0O (1L—0) et
(o)) +0(1 1))’ (0(t) + 001 —1))°

the restriction of « to [0,1] is strictly increasing. Our goal is now to compute bounds
on ||a||n, using (3.4). For this we apply the remark after Proposition to the

= 0(t)0(1 —t
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differential ring K = C*°(R) and the unit ¢ := 0 + 0, of K. Suppose n > 1. We first
note that

Mk
k __ k—lpl
o =3 ()
=0
where by (0.1) and (3.4) we have
165710 | 0,1, < 270" for1=0,....,kand m=0,...,n,

hence [|¢*|0,1);n < 2871, Next we note that for ¢ € (0,1) we have

B 0.
¢(t)_tT_(1_t)27

hence ¢/(t) < 0if t < 1/2 and ¢'(t) > 0 if t > 1/2. This yields ¢ > ¢(1/2) = e~2 and
so [[(¢~ 1) 10,1y < e2*FD < 23¢*+D) | Using (3.1)) we thus conclude:

- 1
1™ ™ 0,1 < Z <n+ ) @ oy - 15 ™ 0.1y

— k+1
< Z n+1y 93(k+1) | gh-tn 6  obn-+4,,6n
k+1

k=1

Now a =6 - ¢~ ! and thus
lalln = Ha”[O,l];n <2 ||9||[0,1];n ) H(b_l‘ [0,1];n
g on . nSn . 26n+4n6n — 27n+4n9n g Cndn

where ¢ := 2", d := 16. This concludes the proof of Proposition O

Remark. Note that the bound in this proposition is qualitatively optimal in the fol-
lowing sense: there is no function v: N — R> with v(n) = o(n) such that ||a(™]| =
O(Tﬂ(")). To see this suppose g is any bump function. Let n be given and put M :=
8™ Ifn > 1 then |3V ()] < Mt for t € (0,1), hence if n > 2 then |[3("=2)(t)| <
Mt2/2for t € (0,1), ete., thus |3(t)] < Mt"/n! for t € (0,1). Hence there is no ¢ € R~
such that [|3™ || < ¢™n! for all n, since for such ¢ we would have 5(t) = 0 for
each t € [0,1/c], contradicting that 3|jo 1) is strictly increasing. Now the claim follows
from this observation and Lemma [[.3l

Let a, ¢, d be as in Proposition where we may assume ¢ > 1. With 00 := 1,
put Cp, :=cn?,s01 =Cy < C; < ---. For a < bin R, we define the increasing
C*>-function agp: R — R by

(3.5) agp(t) = a(2_3>

80 g b(t) =0 for t < a and o p(t) = 1 for ¢ > b. Also,

m C
|o¢¢(z,b) )| < ﬁ for all m and .
The case most relevant for us later is when b — a < 1; then we have
C,
(36) ||aa,b n <

(b—a)"
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Next let a < b < a, < b, be in R, and with € := (b — a),&, = (b, —a,) € R~
define the (hump) function oy p.q. 5, : R = R by

(3.7) Qaba. b (t) = Qatep—e(t) if £ < b,
e 1 — g, e, b.—e, (t) otherwise.

Then agpa.p.(t) = 0if t & [a,b], agpa,p.(t) = 1 i ¢t € [b,a.], and g p.a.p, 1S
increasing on [a,b] and decreasing on [a, b.]. Suppose ¢,e, < 1. Then by (3.6),

1 1
. a a n < nC’n k) M
(3.5) Jasacsl < 3" Comax{ ot ot

In particular, for suitable reals ¢;,d; > 1 (depending only on b — a, b, — ax, ¢, d) we
have ||aapa..b.[ln < cin®™ for each n.

4. WEIERSTRASS TRANSFORMS

Recall that the ﬁupport supp f of a function f: R — R is the closure in R of the
set {t eU: f(t)# 0} Let f € C™(R) be such that supp f is bounded; let also A
range over R”. The function fy: R — R given by

(4.1) ) = (A\/m)/? /jo f(s)e 2507 gg

is known as the (generalized) Weierstrass transform with parameter X; below we
sometimes denote fy also by W (f). We could have replaced the bounds —oo, oo in
this integral by any a, b such that supp(f) C [a,b]. A change of variables gives

Al) = (\/m)H? /700 F(t—s)e™s" ds.

From the Gaussian integral [~ e~ ds = 7'/2 we get (\/m)/2 1= e ds = 1,
hence || fall < ||f]]- Also, fx extends to an entire function; in particular, fy € C¥(R).
For k < m we have (fA)® = (f®)y, so [[frllm < [[f]lm- See [B, Appendix A] for
proofs of these facts. (Entire functions which arise as Weierstrass transforms have
been studied extensively [10] 19, 21, 24].) Next we record an explicit version of [3|
Lemma A.2], for which we let f € C™"1(R) have bounded support.

Lemma 4.1. Let ¢ € R”, and set
AE) = 8(1 e log" (2VE [fllm ) € B,

Then for each A > M) we have ||fx — fllm < €. (In particular, ||fx — fllm < €
provided X > 167/2(|| f|lmy1e~ )% + 1.)

Proof. Put ¢ := (¢/2)/|| fllm+1. By the Mean Value Theorem we have
1F®(s) — f® ()] < e/2 whenever |s —t| < & and k < m

An easy computation shows that A\ > A(¢) implies v/2||f ||, e~ (/29 5/2 and by
the argument in the proof of Lemma A.2, this guarantees ||f,\ —fII < O
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5. WHITNEY APPROXIMATION WITH BOUNDS

Let (an), (bn), (en) be sequences in R and (r,) in N such that

(i) ap = bo, (an) is strictly decreasing, (b,,) is strictly increasing,
(ii) &p > eny1 with &, — 0 as n — oo, and
(iil) ry < rpg1 < 7 for each n.
Set
K, = [an, bn], L, = n+1 \ K, = [an+1, an) U (bn, bn+1}.
Then I := J,, K, is an open interval in R. Let f € C"(I). The proof of Whitney’s
Approximation Theorem given in [3, Appendix A] then produces a g € C¥(I) such

that || f — g|lL,.;r, < &n for each n. We recall the main lines of this argument. First, we
introduce some hump functions ¢,, as follows: for n > 1, employing the C*°-functions

introduced in (3.7)), we set

Qn 1= Qa, 0,00 11,8n,0n-11 Br = Qb 1,6y ,brt1,bng29 Pn = Qn + Bn,

and also set ©o = Qag,a1,b1,6, € C(R). Then for each n we have ¢, = 0 on a
neighborhood of K,,_; (satisfied automatically for n = 0, by convention), ¢, =1 on
a neighborhood of cl(L,) = [an+1, an] U [by, bnt1], and supp ¢, C Ky 1o, With M, :=
14 2™ |onllr,, choose &, € R~ so that for all n,

(5.1) 20n41 < On, > oMy < £n /4.

We inductively define sequences (A,,) in R> and (g,,) in C¥(R) as follows: Let A, € R~
and g, € C*(R) for m < n; then consider h,, € C"(R) given by

_ Jea® - (F(O) = (90(6) + -+ gaa (1)) iftET,
ha(t) = ;
0 otherwise.
Thus supp h,, C supp ¢, C Kp42 is bounded. Put
gn =Wy, (hy) € CY(R)

where we take )\, € R~ such that ||g,, — hy||,, < d,: any sufficiently large \,, will do,
by Lemma The argument in [3, Appendix A] then yields a function

(o)
g: I =R, g(t):Zgi(t) for each t € T
i=0

with g € C"™(I) and || f — gllL,,;r, < &n for each n. Next set
Hyy = 2()‘m/7r)1/2||hm||(bm+2 — amt2) € RZ,

and fix a sequence (cp,) of positive reals such that M =3 -, cn < co. Then we
can and do choose the sequences (gp,), (M) so that in addition

Hp, exp(=A\m/m) < ¢y forallm > 1.
Therefore

ZH” exp(—A,p) <oo  for each p € R”.
n

Now g, is the restriction to R of the entire function g,, given by

3.(2) = O/ [

An 42

bn+2

hn () e Mn(s=2)% g,
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In the following we let * = Re z, y = Im 2. Then Re(s — 2)? = (s — 2)? — 32 and so

oo
62 A< OV [ (e ds <
—00
Put
pn = 2min{(an, — an+1)?, (bag1 — bn)?} € R>
and

Up = {z:an11 <Rez <byi1, Re((z — ans1)?), Re((z = bns1)?) > pn},

an open subset of C containing K, such that Re((s — z)2) > p, for all z € U,
and s € R\ Kp,41. If p, = ppt1, then U, C Upyq. The argument in [3, Appendix A]
shows that for each n the series ) g, converges uniformly on compact subsets of U,
and so we obtain a holomorphic function

2 G(2) =Y Gmlz) s U={JU, > C

which extends g, as claimed. Indeed, if z € U, and m > n + 2, then supp h,,, C
Kmio\ Km—1 CR\ K, 11 and 50 |§i(2)| < H,, e~ hence

(5.3) [Gm (2)| < Hpe /™ ey ifm > ky o= max {[1/p,],n+ 2}

and so Zm>k7L|§m(z)| < M.

In the proofs of Theorems [2| and [3| (given at the end of this section) we need to
control the growth of |g(z)| for z € U, and this requires us to choose the quanti-
ties 0, Ap, ¢p in a more explicit way. With this in mind we focus now in particular
on the two cases I = R and I = R~>, where we assume that a,, b, are chosen as
follows, for some § € R”:

(R) a, =—b, = —dn for each n;

(R”) ap, =6/(n+1), b, =5(n+1) for each n.
Below we will label various displayed statements pertaining to these two cases accord-
ingly. For example, note that

(5.4 R) pn = 0%/2, U=C.
This follows by observing that given z, for sufficiently large n we have a,+; = —d(n+
1)<z <d(n+1)=byqs as well as
(= ant1)? =92 = pn = (z+0(n+1)* = y* = (8%/2) >0
and )
(@ —bpi1)’ —y° —pn = (x = 8(n+1))" —y* = (6%/2) > 0,
so z € U,,. We also have

2 2

(5.4 R”) Pn = % (W) , U={z:|Imz| <Rez}.

To see the latter note that if = > 0 and 32 < 22, then
(x—an+1)2—y2—pn—>x2—y2 >0asn— oo,

and thus Re ((z — an+1)2) = (z — any1)? — y*> > p, for sufficiently large n, and

likewise, Re ((z — bn+1)2) > p, for all sufficiently large n. Conversely, if z € U,,

then 2 > an1 > 0and 22 — 4% > (2 —any1)? —y% > pp > 0.
It will be convenient to assume, in addition to (i)—(iii) above:

(iv) &n + €nt2 = 2e,41 for each n, and
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(v) by — an = O(n).
(Here (iv) will hold in the settings of the proofs of Theorems [2{and [3] and (v) clearly
holds both in the cases (R) and (R>).) We shall also assume f # 0 below, and
let t =Rez, y=Imz.
We now estimate the growth of the derivatives of the ,,. Let C,, € R be as defined
in Section [3| Suppose first we are in the case (R). By the remark after we can
take ¢,d € R?! such that

(5.5 R) llnllm < cmd™  for all m, n.

In the case (R”) we note a, — apy1 = ) for each n, hence for n > 1 we

P
(R D)(n¥2
have o [|m < (3/5)mCm((n—|—2)(n+ 3)) and ”BnHm < (3/6)"Chn, s0 Hﬁpn”m <
(3/8)™C((n+2)(n+3))™; we also have ||@ol|m < (18/8)™Cy,. Thus in this case we
obtain ¢,d € R” such that
(5.5 R”) @ollm < cm®™, lenllm < c(mn)®™ ifn > 1.
Going forward we assume that we have real numbers D,,, such that

Do, =1, 2™|onllm < Dimn < Dimt1.ns Dmont1 for all m, n.

(In the case (R), by (5.5 R)), for suitable ¢,d € R*! we can take D,,, := cm®™. In
the case (R™) we may similarly take D,,o := cm™ and Dy, := c¢(mn)™™ if n > 1,
for suitable ¢,d € RZ1.) Now put

D, =D, ,, N, :=2"t'D,,.

Then N,, > 2D, thus M,, = 14+ 2™||@,||,, <14+ D, < N,. Also note: 2N,, < Np41.
We now assume that in the construction of g above we chose

En — En+41
Op i= ——— > 0.
4ZVn-l—l
Note that these J,, indeed satisfy the requirements ([5.1)): we have
i 5mMm+1 < i 5mNm+1 = 1 i (Em - 5m+1) - 1 lim (sn - 5k+1) < 1571
—=n m—n 4 m—n 4 k—oo 4 ’

and we also have 26,11 < §,, since by (iv):

Nn+2 5n+1 - En-‘,—2
>1> .
2Nn+1 €n — En+1

In order to deduce from Lemma a lower bound on just how large A, needs to be
taken, we need an upper bound on ||hy ||, for m < r, which we establish next. For
this we note that supp ¢, C K12 and ||gn||m < ||hn||m for each n yields

1l < 27 l@nllm (1f a6 2m + Vol + -+ + [Von—1llm)-
An easy induction on n now shows that
[hnllm < Gmn == 27l(Dmn)n-H N s m-
In particular ||h,|| < Gon = 2"||f||k,,.- Also note that
Ifllnse < Gmn < Gmgin, Grmnet-

Next put
fn = 128V2(5,1Gy i 10) + 1
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Then fin+1 = pn = 1, and for each A > p, we have |Wx(hyp) — hullr, < 0n/2 < dp
by Lemma Below we assume that in our construction of the sequences (A,), (gn)
we always chose A\, = . Note that §, < 5y < 9/2""3 and so

Ao = (651 Gon)® = 8" 3¢ %G .

Since f # 0 by assumption, we can take ng with Gon, > 0. Then with ¢ := &3 /G§,,,
we have c\, = n°Gy, for each n. The function ¢t — t2e~': R> — R takes on its

maximum value de 2 < 1 at t = 2,s0te”t < ¢t~ for each t > 0. Hence for n > 1:

)\}/2 e M/m L. (An/n) e An/m < n2/)\n
and so A% e~ /" Gy, < ¢/n3. We have H,, = O(/\}/ZGOH (n+2)) by (v), so we
obtain a constant ¢, > 0 (not depending on the sequence 7,,) such that

H, exp(—X\p/n) < c./n* forn > 1.

Hence in the construction of § above we may choose ¢, := c,/n? for eachn > 1.
Proof of Theorem Let f, €, p be as in the statement of Theorem We
choose a,, by, as in (R) above, with § := /2, and set &,, := e(by41) = (v2(n+1))
and r, := |p(bp41)]. Then conditions (i)—(v) hold, with (iv) a consequence of the
convexity of . We also have p, =1 and U = C by (5.4 R)). We now construct the
real entire function g and its restriction g € C¥(R) as described above, in the process
choosing the quantities D,,, §,, \n, ¢, as indicated, in the case (R). (In particu-

lar, ¢, = c*/n2 for n > 1, where the constant ¢, > 0 doesn’t depend on p.) Then
for t € L, and k < p(|t|) we have |t| < by11, thus k < 7, and so

(f =)W O <NF = 9llzasr, < en = e(bngr) <e(lt]).

Thus |(f — ¢)®)(t)| < e(|t|) for all t and k < p(]t]). We now aim to estimate |§(z)|
when |z| < t. We need two lemmas. In the first one we bound

Ao = 128v2(6, ' Grpg10)” + 1
from above:

Lemma 5.1. There is a D € RZ!, independent of f, €, p, such that for each n,

3
A < (D(p(s) + 1))D(p(5)+1)S . M +1 where s 1= \/2(n + 2).
Ae(s)

Proof. As we are in case (R), we can assume that we have ¢,d € R*! (independent

of f, e, p) such that D,,,, = cm™ for all m, n. We have
1 2n+3Dn+1

En — 5n+1

o where D1 = Dy ) ng1-

Since ¢ is convex and decreasing,
En —ent1 = (s —V2) —e(s) > e(s) —e(s + 1) = Ae(s).
Now 741 < p(8), thus

23 (1 4 )9t o 2¢ 23/‘/5,0(3)‘1”(8)

5t = <
" En — Entl Ae(s)

and so .
2(3/V2)s dop(s)
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Moreover, using that p is increasing:
GTnJrl,n = 2n(DTn+1,’ﬂ)n+1 : Hf||Kn+2;rn+1

<2"(e(ra + 1) iple

25/\/5—2 (c(,o(s) + 1))d(9(5)+1)(5/\/§_1)

N

: HfHS;p(S)—H

d(p(s)+1)(s/V/2—1
< (2e(p(s) + 1)) CETVEVED ey o

So with ¢1 := 2¢, dy := 3d/\/§ we have

(Groin)® < (er(pls) + 1) g3 L

Combining these estimates for 4,2 and (G, +1.,)> yields D with the required prop-
erties. g

In the following we set U_; := ().
Lemma 5.2. Suppose z ¢ U, _1. Then v/2n < |z| + /1 + 92 <142z

Proof. The first inequality is clear if x| > v/2n, so suppose |z| < v/2n. Then n > 1,
and thus z ¢ U,_; yields Re(z — v2n)? < 1 or Re(z + v2n)? < 1. In the first
case (v2n — x)? < 1+ y? where v/2n — 2 > 0 and thus

Von <z 4+ 1+ 32 <o+ V1492

In the second case, similarly (\/§n + :v)2 <1 +y2 where v2n 4z > 0 and thus v2n <

—x++/1+y? < |z|++/1+ y2 The second inequality is a consequence of Lemma
]

Now take n such that z € U, \ U,—1. From (5.3) and the remark after it recall
that >, >, |gm(2)] < M where k, = n + 2, thus

G < Y G+ Y [Gm(2)]
m<n+1 m>2n+2

where the second (infinite) sum is < M, so we focus on the first sum. With s := v/2t+1
we have vV2n < s by Lemman7 son < s/\f < t+1 < s. Recalling that K, 13 =
[—V2(n +3), V2(n + 3)], we get Gopi1 = 2 | flurs < 27711 fllssvz hence
by (5.2), for m < n+1:

[gm (2)| < Gom - eXp(/\th) < Gon+1 -exp()\n+1t2) < 2S+1Hf||s+3\/§ ’ exp(/\n+1t2),
This yields

D 1G] < (s+2) - 27 fll 1 aya - eP(Angat?),
m<n+1

hence

Il < (5 +2) - 2Ly - exPasi ) + M

<exp ((5+2) +1og" || fll 435 + Ans1t®) + M

<exp (N + 10g+||f||s+3f + Ant+15°)  where N :=log(1+ M) + 3,
<

X (N -5 (1 + 10g+||f||s+3ﬁ + /\n+1))-
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Next take D as in Lemma Since p and 1/Ae are increasing and s + 3V2 >
V2(n 4 3), we obtain A\, 41 < A(s + 3v/2) 4 1 where

3
D s)+1)s s p(s
A(s) = (D(p(s) + 1)) 77D (Ag(s))
Hence with C := 2N we have

9]l < exp (C - s (1+log+||f\|s+3\/§+)\(s+3\/§))) for t >0, s = V2t + 1.

Here C does not depend on p, and D does not depend on f, €, p. This concludes the
proof of the theorem. O

Proof of Theorem [3} Let «, f, &, p, V be as in Theorem [3] so
V={z:Rez >0, (Imz)> < (Rez)? — a}.

We choose (ay), (b,) as in (R”) with § := /a/2, and we set &, = €(bpy1) =
e(6(n+2)) and r,, := |p(bpy1)] for each n. Then (i)-(v) hold, and by (5.4 R”]) we
have V. C U = {z: [Imz| < Rez} and

o= (o)

We now construct the holomorphic function g: U — C with g(R”) C R as described
before, and set g := glg> € C¥(R”). As in the proof of Theorem [2| we see that
for t € L, and k < p(t) we have |(f — g)®| < e(t). Since U, L, = R>, this
yields |(f — ¢)®)(t)] < e(t) for all t > 0 and k < p(t). Now put V,, := U, NV,
so V =1, Va, and set V_; := 0.

Lemma 5.3. Let z € V\ V,_1. Thenn < (2//a)lz|.

Proof. We may assume n > 1. Note that z € V gives 22 > y> +a > aand > 0,
sor = a>d>a, faex>b,=0n+1),thenn <n+1<(1/0)x, hence n <
(2/y/@)|z|; thus suppose x < by, We first show that Re ((z — an)?) > pp—1. To see
this note z € V also yields y? < 2% — a, and together with a,z < a,b, = 6> = a/2,
Re ((z —an)?) = (z—ay)* —y* > al — 20,2+
52
)2

fi
/ ) = Pn—-1
< pn

as claimed. Now z ¢ V,_1 yields Re ((z — by)?)

>a2:

_1, and so
(m—é(n+1))2—y2=Re((z—bn)2) pn—1 < /16,

hence §(n+1)—z < /(a/16) + y2. UsmgLemmaweget6 (n+1) < (Va/4)+v2|z|
and thus dn < \[\ [, hence n < (2/+/@)|z] follows. O

Lemma 5.4. There is a D € RZ!, independent of f, €, p, such that for each n > 1

5 3
o < (D(p(s) + 1) 7O (L) e = 60 +3),
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Proof. Since we are in the case (R™), we can assume to have ¢, d € RZ! (independent
of f, &, p) such that D,,, = c(mn)?™ for all m and n > 1. Suppose n > 1, and recall
again that

23D

1 n+1

ool=" where Dy 1= Dy, nt1-
En — En+1

Using Lemma [T.1] from the convexity of & we obtain
En —eng1 =(s—20) —e(s —8) = 0(e(s) —e(s+1)) =& Ae(s).
We also have r,4+1 < p(bnt2) = p(s) and thus

2/ (p(s)(s/8 = )" _ (0/0)2% (p(s)(s/9)) "

5, < :
" En — En+tl Ae(s)
SO dop(e)
(3/6)s op(s
_3_ 2@/ (p(s)(5/9))
20 < Ac(s)? with co := (¢/0)3, = 3d.
Moreover,
Grn+1,n = 2”(Drn+1,n)n+1 . ||f||Kn+2;rn+1
n d(Twr"‘l)("‘*‘l)
< 2" (e(rn + 1)n) Nk saira
d(p(s)+1)(s/6—3)(s/6—2)
< (QC(p(S) + 1)) ’ : Hf”s;,o(s)—l—l
and thus (6 +1)5?
d +1)s
(GTV,L+1,7L)3 < (Cl (p(S) + 1)) e ||f||s p(s)+1
where ¢; 1= 2¢, di := 3d/§?, and this yields the lemma. O

Recall that
ky, = max {[1/p,],n +2} < max{(4/a)((n+ 1)(n+ 2))2’71 + 1} +1,
S0 we obtain a constant ¢y € R, only depending on «, such that
kn+2<co(t? +1) for all n and t > (6/v/2)n.

Let now z € V with |z| < ¢; we aim to estimate |g(z)| in terms of ¢. Take n with z €
Vi \ Vi1, 50 t = (6/+/2)n by Lemma We have 3, -, [g(z)| < M by (5-3). Also
Kpio = [5/(m +3),0(m + 3)] and so Gom = 2" fll ki < 2™ fll5(m+3), hence if
m < k,, then Gg,, < 2C0(t2+1)|\f||cl(tz+1) where ¢; := dcg. This yields

D (Gm ()] < k- 20D fllscoe2 1) - exp(An, —112)
m<knp

< oot +1) - 29D £l a1y - exp(Ae, —182),
and hence for suitable N € R”, not depending on p:

I < D Mgm@+ Y- [Gn(2)

m<ky m2ky
< co(t? +1) - 29| fllsey 241 - exp(Ar, —182) + M
<exp (N - (8 +1) - (L+log* || flley241) + Aka—1))-
Now put C' :=2N/cy, take D as in Lemma and let

R 3
= +1),  As) = (Dlp(s) + 1)) 7T (W)
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Then Ay, —1 < A(s)+1, and so [§(z)| < exp (C-s- (1+1og™ || f[ls+A(s))). Here C does
not depend on p, and ¢y, D only on a. This concludes the proof of Theorem O
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