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Rhombus Tilings of a Hexagon

Theorem (MACMAHON 1915)

Let a, b, c be positive integers. The number of rhombus tilings of a
hexagon with side lengths a, b, c, a, b, ¢ is given by
15[ (a+b+i—1)3i—1)
(a+i—D(b+i—1)"

i=1
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Domino Tilings of a Rectangle

Theorem (KASTELEYN 1961, TEMPERLEY AND FISHER 1961)

Let m and n be positive integers, with m being even. The number
of domino tilings of an m x n-rectangle is given by

m/2 n

. .\ 1/2
mn/2 2 T 2 T
2 HH(COS m+1+cos — .

i=1 j=1
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The Aztec Diamond Theorem

Theorem (ELKIES, KUPERBERG, LARSEN, PROPP 1992)

The number of domino tilings of the Aztec diamond of size n is

2("29).
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Proof Methods |: Non-Intersecting Paths

Theorem (MACMAHON 1915)

Let a, b, c be positive integers. The number of rhombus tilings of a
hexagon with side lengths a, b, c, a, b, ¢ is given by
15[ (a+b+i—1)3i—1)
(a+i—D(b+i—1)"

i=1
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Proof Methods |: Non-Intersecting Paths
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Proof Methods |: Non-Intersecting Paths

Theorem (KARLIN-MCGREGOR, LINDSTROM,

GESSEL—VIENNOT, FISHER, JOHN—SACHS,
GRONAU—JUST-SCHADE—SCHEFFLER—W OJCIECHOWSKI)

Let G be an acyclic, directed graph, and let Az, Ay, ..., A, and
Ei, Es, ..., E, be vertices in the graph with the property that, for
i <j and k <1, any (directed) path from A; to E; intersects with
any path from A; to E,. Then the number of families

(P1, P2, ..., Pp) of non-intersecting (directed) paths, where the
i-th path P; runs from A; to E;, i =1,2,...,n, is given by

det ([P(A; = E)l),

1<ij<n

where P(A — E) denotes the set of paths from A to E.
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Proof Methods |: Non-Intersecting Paths
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Proof Methods |: Non-Intersecting Paths
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We have A; = (—i,i) and E; = (a—i,c+1i),i=1,2,...,b.
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Proof Methods |: Non-Intersecting Paths

Theorem (KARLIN-MCGREGOR, ;

GESSEL—VIENNOT, FISHER, JOHN—SACHS,
GRONAU—JUST-SCHADE-SCHEFFLER—WOJCIECHOWSKI)

Let G be an acyclic, directed graph, and let A1, A, ..., A, and
Ei, Ep, ..., E, be vertices in the graph with the property that, for
i <j and k < I, any (directed) path from A; to E; intersects with
any path from A; to E,. Then the number of families

(P1, P2, ..., Pn) of non-intersecting (directed) paths, where the
i-th path P; runs from A; to E;, i =1,2,...,n, is given by

1§3t§n(|P(Aj — Ei)),

where P(A — E) denotes the set of paths from A to E.
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Proof Methods I|: Non-Intersecting Paths

Theorem (KARLIN-MCGREGOR, ;

GESSEL—VIENNOT, FISHER, JOHN—SACHS,
GRONAU—JUST-SCHADE-SCHEFFLER—WOJCIECHOWSKI)

Let G be an acyclic, directed graph, and let A1, A, ..., A, and
Ei, Ep, ..., E, be vertices in the graph with the property that, for
i <j and k < I, any (directed) path from A; to E; intersects with
any path from A; to E,. Then the number of families

(P1, P2, ..., Pn) of non-intersecting (directed) paths, where the
i-th path P; runs from A; to E;, i =1,2,...,n, is given by

1§3t§n(|P(Aj — Ei)),

where P(A — E) denotes the set of paths from A to E.

The resulting determinant in our case:

a+b
det .
1<ij<c a—I1+j
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The resulting determinant in our case:

det . .
1<ij<c a—1I+]J
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Proof Methods |: Non-Intersecting Paths

The resulting determinant in our case:

det . .
1<ij<c a—1I+]J

This determinant can be evaluated in several ways.
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Proof Methods |: Non-Intersecting Paths

The resulting determinant in our case:

det
1<ij<c\\a—1i+J

This determinant can be evaluated in several ways.

The result is:

Theorem (MACMAHON 1915)

The number of rhombus tilings of a hexagon with side lengths
a,b,c,a,b,c whose angles are 120° is equal to

S (@a+b+i—1)(i—1)
1;[l(aJri—l)!(bJri—l)!'
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Proof Methods |: Non-Intersecting Paths

Theorem (ELKIES, KUPERBERG, LARSEN, PROPP 1992)

The number of domino tilings of the Aztec diamond of size n is

2("29).
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These are Delannoy paths.
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Proof Methods |: Non-Intersecting Paths

Delannoy paths are paths on Z2? using only steps (1,0), (0,1) or
(1,1).
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Proof Methods |: Non-Intersecting Paths

Delannoy paths are paths on Z2? using only steps (1,0), (0,1) or
(1,1).

Let D(i,j) denote the number of Delannoy paths from (0, 0)
to (i,/).
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Proof Methods |: Non-Intersecting Paths
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These are Delannoy paths.
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Proof Methods |: Non-Intersecting Paths

By the Lindstrom—Gessel-Viennot theorem on non-intersecting
lattice paths, we obtain

M(AD,) = det (D(i,)))

0<ij<n’

where D(i,j) denotes the number of Delannoy paths from (0, 0)
to (7,J).
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Proof Methods |: Non-Intersecting Paths

By the Lindstrom—Gessel-Viennot theorem on non-intersecting
lattice paths, we obtain
M(AD,) = det (D(i,j))

0<ij<n’

where D(i,j) denotes the number of Delannoy paths from (0, 0)
to (7,J).
Claim. We have

(D(i’j))ogi,jgn =Ly 4 Ly,

with L, = ((j))ogugn'
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Proof Methods |: Non-Intersecting Paths

By the Lindstrom—Gessel-Viennot theorem on non-intersecting
lattice paths, we obtain

M(AD,) = det (D(i,)))

0<ij<n’

where D(i,j) denotes the number of Delannoy paths from (0, 0)
to (7,J).
Claim. We have

(D(i’j))OSi,an = Lp 4 LE‘I?

ith Lo = ((})) .
WIER En (J) 0<ij<n
The claim is equivalent to D(/, /) = > ;>0 (,’() ({;)2".



Proof Methods |: Non-Intersecting Paths

Theorem (ELKIES, KUPERBERG, LARSEN, PROPP 1992)

The number of domino tilings of the Aztec diamond of size n is

2("29).

Christian Krattenthaler Enumeration of Tilings



Proof Methods Il: Kasteleyn Matrices

Christian Krattenthaler Enumeration of Tilings



Proof Methods Il: Kasteleyn Matrices

domino tilings
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Proof Methods Il: Kasteleyn Matrices

domino tilings
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perfect matchings
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rhombus tilings
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Proof Methods Il: Kasteleyn Matrices

rhombus tilings —_ perfect matchings
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Proof Methods Il: Kasteleyn Matrices

The Pfaffian of an upper triangular array A = (Ajj)1<i<j<2n is
defined by

Pf(A) = Z sgnm H Ajj.

m a perfect matching of {1,2,....2n} {ij}er

For example, for n = 2 there are three perfect matchings of

{1,2,3,4}, namely m
S 6 bevd LNy
1 2 3 4 1 2 3 4 1 2 3 4

and so

Pf ((Ajj)1<icj<a) = A12A34 — A13A2s + A1aAzs.
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Proof Methods Il: Kasteleyn Matrices

The Pfaffian of an upper triangular array A = (Ajj)1<i<j<2n is
defined by

Pf(A) = Z sgnm H Ajj.

m a perfect matching of {1,2,....2n} {ij}er

For example, for n = 2 there are three perfect matchings of

{1,2,3,4}, namely m
1 2 3 4 1 2 3 4 1 2 3 4
and so

Pf ((Ajj)1<icj<a) = A12A34 — A13A2s + A1aAzs.

Fact. Pf2(A) = det(A), where A is the completion of A to a
skew-symmetric matrix.
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Proof Methods Il: Kasteleyn Matrices

Let G be a graph with 2n vertices, with adjacency triangle
(Aij)i<i<j<2n. The Kasteleyn triangle arises from the adjacency
triangle of G by switching some of the signs of entries in a certain
systematic manner.

Let G be planar. A Kasteleyn orientation of the graph is one where
around each face an odd number of edges is oriented clockwise.
The corresponding Kasteleyn triangle K = (K j)1<i<j<2n arises by

Ko A,"J', Ifl—)j,
VU <Ay, ifie

Theorem (KASTELEYN 1961)
The number of perfect matchings of G equals |Pf K|.
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Proof Methods Il: Kasteleyn Matrices

Let G be a graph with 2n vertices, with adjacency triangle
(Aij)i<i<j<2n. The Kasteleyn triangle arises from the adjacency
triangle of G by switching some of the signs of entries in a certain
systematic manner.

Let G be planar. A Kasteleyn orientation of the graph is one where
around each face an odd number of edges is oriented clockwise.
The corresponding Kasteleyn triangle K = (K j)1<i<j<2n arises by

Ko A,"J', Ifl—)j,
VU <Ay, ifie

Theorem (KASTELEYN 1961)
The number of perfect matchings of G equals |Pf K|.

Lemma (KASTELEYN 1961)

A planar graph has always a Kasteleyn orientation.
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Proof Methods Il: Kasteleyn Matrices

Another fact.

for any b x b matrix B.

Christian Krattenthaler Enumeration of Tilings



Proof Methods Il: Kasteleyn Matrices

Another fact.
0 B b
Pf (—Bf o) = (-1)() det(B)

for any b x b matrix B.

Given a planar bipartite graph G, let A be its bipartite adjacency
matrix, that is, the rows of A are indexed by the black vertices
b1, by, ..., and the columns are indexed by the white vertices, and

A _J1 if by and w; are adjacent,
binvy = 0, otherwise.

As discussed before, we may construct a Kasteleyn matrix K from
A by changing the signs of the entries in a certain systematic way.
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Proof Methods Il: Kasteleyn Matrices

Another fact.
0 B b
Pf (—Bf o) = (-1)() det(B)

for any b x b matrix B.

Given a planar bipartite graph G, let A be its bipartite adjacency
matrix, that is, the rows of A are indexed by the black vertices
b1, by, ..., and the columns are indexed by the white vertices, and

A _J1 if by and w; are adjacent,
binvy = 0, otherwise.

As discussed before, we may construct a Kasteleyn matrix K from
A by changing the signs of the entries in a certain systematic way.

The number of perfect matchings of G equals | det K|.
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Proof Methods Il: Kasteleyn Matrices

In the case of the graph G being an m x n-rectangle (with

m even), it is possible to explicitly describe the eigenstructure
(that is, eigenvalues and eigenvectors) of the corresponding
Kasteleyn matrix.
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Proof Methods Il: Kasteleyn Matrices

In the case of the graph G being an m x n-rectangle (with

m even), it is possible to explicitly describe the eigenstructure
(that is, eigenvalues and eigenvectors) of the corresponding
Kasteleyn matrix.

Theorem (KASTELEYN 1961, TEMPERLEY AND FISHER 1961)

Let m and n be positive integers, with m being even. The number
of domino tilings of an m x n-rectangle is given by

m/2 n

. .\ 1/2
/2 2 T 2 TJ
2mn HH(COS m+1+cos T .

i=1 j=1
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Symmetry Classes of Rhombus Tilings of a Hexagon

Rhombus Tilings of a Hexagon can have several symmetries.
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There are 10 possible ways to combine these symmetries and
accordingly 10 symmetry classes of rhombus tilings.

Stanley proposed the programme of enumeration of the 10
symmetry classes of rhombus tilings.

Rather surprisingly, it turned out that for all the symmetry classes
there are nice compact product formulae.
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Symmetry Classes of Rhombus Tilings of a Hexagon

Class 1: Unrestricted Rhombus Tilings

Theorem (MACMAHON 1915)

The number of rhombus tilings of a hexagon with side lengths
a,b,c,a,b,c is given by

c

(a4 b+i—1)(i—1)
H(a+i—1)!(b+i—1)!'

i=1
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Symmetry Classes of Rhombus Tilings of a Hexagon

Class 1: Unrestricted Rhombus Tilings

Theorem (MACMAHON 1915)

The number of rhombus tilings of a hexagon with side lengths
a,b,c,a,b,c is given by
fI@+b+i—1ﬂU—1ﬂ
(a+i—D(b+i—1)1

i=1

Class 2: Vertically Symmetric Rhombus Tilings
Theorem (ANDREWS 1978)

The number of all vertically symmetric rhombus tilings of a
hexagon with side lengths a, a, c, a, a, ¢ is given by

a

2i — 1 itj—1

i=1 1<i<j<a
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Symmetry Classes of Rhombus Tilings of a Hexagon

Class 3: 120°-Rotation-Invariant Rhombus Tilings

Theorem (ANDREWS ~ 1979)

The number of all rhombus tilings of a hexagon with all side
lengths equal to a that are invariant under 120°-rotation is given by

ﬁ3i—1 H Py H i+j+k—1
3i—2 25l j—2 itj+k—2

i=1 1<i<j<a 1<i<jk<a

Christian Krattenthaler Enumeration of Tilings



Symmetry Classes of Rhombus Tilings of a Hexagon

Class 4: Vertically Symmetric and 120°-Rotation-Invariant
Rhombus Tilings

Theorem (STEMBRIDGE 1995)

The number of all rhombus tilings of a hexagon with all side
lengths equal to a that are verrtically symmetric and invariant

under 120°-rotation is given by
H i+j+k—-1
i+j+k—2

1<i<j<k<a
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Symmetry Classes of Rhombus Tilings of a Hexagon

Class 5: 180°-Rotation-Invariant Rhombus Tilings

Theorem (STANLEY 1986)

The number Rs(a, b, ¢) of all rhombus tilings of a hexagon with
side lengths a, b, c, a, b, ¢ that are invariant under 180°-rotation is
given by

Rs(2a,2b,2c) = Ry(a, b, c)2,
Rs(2a+ 1,2b,2¢c) = Ri(a, b,c)Ri(a+ 1, b,¢),
Rs(2a+1,2b+1,2¢c) = Ri(a+1,b,¢c)Ri(a, b+ 1, ¢),

where Ry(a, b, ¢) is the number of unrestricted rhombus tilings in a
hexagon with side lengths a, b, c, a, b, c.
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Symmetry Classes of Rhombus Tilings of a Hexagon

Class 6: Horizontally Symmetric Rhombus Tilings

Theorem (PROCTOR 1984)

The number of all horizontally symmetric rhombus tilings of a
hexagon with side lengths a, a, c, a, a, ¢ is given by

<c+a—1> H 2c+i+j+1
a-1 1<i<j<a—2 et
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Symmetry Classes of Rhombus Tilings of a Hexagon

Class 6: Horizontally Symmetric Rhombus Tilings

Theorem (PROCTOR 1984)

The number of all horizontally symmetric rhombus tilings of a
hexagon with side lengths a, a, c, a, a, ¢ is given by

<c+a—1> H 2c+i+j+1
a-1 1<i<j<a—2 et

Class 7: Vertically and Horizontally Symmetric Rhombus Tilings

Theorem (PROCTOR 1983)

The number R;(a, b, ¢) of all vertically and horizontally symmetric
rhombus tilings of a hexagon with side lengths a, b, c, a, b, c is
given by

R7(2a,2a,2c) = Ri(a, a, ¢),
Rz(2a+1,2a+1,2c) = Ri(a+ 1, a,c).
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Symmetry Classes of Rhombus Tilings of a Hexagon

Class 8: Horizontally Symmetric and 120°-Rotation-Invariant
Rhombus Tilings

Theorem (MILLS, ROBBINS, RUMSEY 1987)

The number of all rhombus tilings of a hexagon with all side

lengths equal to 2a that are horizontally symmetric and invariant
under 120°-rotation is given by
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Symmetry Classes of Rhombus Tilings of a Hexagon

Class 8: Horizontally Symmetric and 120°-Rotation-Invariant
Rhombus Tilings

Theorem (MILLS, ROBBINS, RUMSEY 1987)

The number of all rhombus tilings of a hexagon with all side
lengths equal to 2a that are horizontally symmetric and invariant
under 120°-rotation is given by

2 (3i + 1)1 (6)! (2i)!
l% (40 + 1)1 (4i)!

The number of all rhombus tilings of a hexagon with all side
lengths equal to 2a that are invariant under 60°-rotation is given by

L (Bi+ 1)1

[I
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Symmetry Classes of Rhombus Tilings of a Hexagon

Class 10: Totally Symmetric Rhombus Tilings
Theorem (ANDREWS 1994)

The number of all rhombus tilings of a hexagon with all side
lengths equal to 2a that have all possible symmetries is given by

1:[ (Bi+1)!
P (a+ 1)
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Symmetry Classes of Rhombus Tilings of a Hexagon

How have these results been obtained?
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Symmetry Classes of Rhombus Tilings of a Hexagon

How have these results been obtained?

— Non-intersecting paths and determinant evaluations.
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Symmetry Classes of Rhombus Tilings of a Hexagon

How have these results been obtained?
— Non-intersecting paths and determinant evaluations.
Class 1:

o ((700) - LG ko

i=1
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Symmetry Classes of Rhombus Tilings of a Hexagon

Class 8:

. ((55)
0<ij<n-1 2i —j

_ (1)x(n=3 mod Ho("3") 'i—Il (417 + 1) (141)/2) ((I;M —3n+i+3) i/
i=1 !

where (&) == a(a+1)---(a+m—1) for m >0 and (a)o :=1,

and where y(A) = 1 if A is true and x(A) = 0 otherwise.
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Symmetry Classes of Rhombus Tilings of a Hexagon

Class 3:
5 .
det (5U+<”+,’“>>
0<ij<n—1 J

n—2
2ln/2] H(M + [1/2] + 1) |(i+3)/a)
i=1
n/2 i n
3 (e % = T30+ D) oy (e 3 = 1314 3) 1

i=1
H"/2 Y2i — 1)1 (2i + 1)

if nis even,

n—2
2ln/2] H p+[i/2] + 1) (i13)/a)
n— 1 2 3n 1= 3 i
H( )/ (ht+ 3 =P+ oy (4 F = 15D
H(” 1)/2(2/ 1)!!2

if nis odd.
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Symmetry Classes of Domino Tilings of an Aztec

Diamond?

There are 5 symmetry classes, but only 3 of them have nice
product formulae. These were established by Ciucu and YANG.

In his proofs, CIUCU uses his matchings factorisation theorem.
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Proof Methods Ill: Ciucu's Matchings Factorisation

Theorem
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Proof Methods Ill: Ciucu's Matchings Factorisation

Theorem

Let G be a bipartite weighted symmetric graph separated by its
symmetry axis.
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Proof Methods Ill: Ciucu's Matchings Factorisation
T heorem
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Proof Methods Ill: Ciucu's Matchings Factorisation

Theorem

Let G be a bipartite weighted symmetric graph separated by its
symmetry axis.
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Proof Methods Ill: Ciucu's Matchings Factorisation

Theorem

Let G be a bipartite weighted symmetric graph separated by its
symmetry axis.

Label the vertices along the symmetry axis a1, b1, az, bo, . . ..

Fix the bipartition so that the left-most vertex on the symmetry
axis is white.

Now delete the edges above all white a;'s and black b;'s and below
all black a;'s and white b;'s.
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Proof Methods Ill: Ciucu's Matchings Factorisation
T heorem
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Proof Methods Ill: Ciucu's Matchings Factorisation
T heorem
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Proof Methods Ill: Ciucu's Matchings Factorisation

Theorem

Let G be a bipartite weighted symmetric graph separated by its
symmetry axis.

Label the vertices along the symmetry axis a1, b1, az, bo, . . ..

Fix the bipartition so that the left-most vertex on the symmetry
axis is white.

Now delete the edges above all white a;'s and black b;'s and below
all black a;'s and white b;'s.
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Proof Methods Ill: Ciucu's Matchings Factorisation

Let G be a bipartite weighted symmetric graph separated by its
symmetry axis.

Label the vertices along the symmetry axis a1, b1, az, bo, . . ..

Fix the bipartition so that the left-most vertex on the symmetry
axis is white.

Now delete the edges above all white a;'s and black b;'s and below
all black a;'s and white b;'s.

Let GT be the upper part and G~ the lower part, in both cases
with weight 1/2 on the edges that lie on the symmetry axis.

Theorem (Crucu 1997)
With the above assumptions, we have
M(G) = 2" M(GT)M(G™),
where M(H) denotes the (weighted) number of perfect matchings

of H, and w(G) is half the number of vertices of G along the
symmetry axis.
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Proof Methods Ill: Ciucu's Matchings Factorisation

Theorem

Application: A proof of the product formula for Class 3 (rhombus
tilings that are invariant under 120°-rotation).

Christian Krattenthaler Enumeration of Tilings



Proof Methods Ill: Ciucu's Matchings Factorisation

Theorem

Cyclically symmetric tilings

AVAVAVAYA
VAVAVAVAV

AVAVAVAVAVAVAVA
AVAVAVAY, VA
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Proof Methods Ill: Ciucu's Matchings Factorisation

Theorem

Application of the factorisation theorem

Christian Krattenthaler Enumeration of Tilings



Proof Methods Ill: Ciucu's Matchings Factorisation

Theorem

The resulting regions

S AVAVAY AVAVAT:\
JAVAVAVAV/VAVAVAVAG:\

JAVAVAVAVAVAVAVAVAVAVAVAS::\

AAVAVAVAVAY VAVAVAVAVAVAY

VAVAVAVAVAVAVAV/
\(: TAVAVAVAVAVAV/
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Proof Methods Ill: Ciucu's Matchings Factorisation

Theorem

Two special regions on the triangular grid

\/ A N/ N\
A LS /. LS
A3 B34

)
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Proof Methods Ill: Ciucu's Matchings Factorisation

Theorem

Using non-intersecting lattice paths, determinantal formulae can be
obtained for both (weighted) numbers of matchings:

n—1
B (x+i+j—1)! .
M{An) = 5 o 8 <(x +2i —j)1(2j —i)! E(X 30,
. . n—1
(x+i+j—1) :
= — 2 .
M(Bnx) = 25 5 42, <(x+2i—j)! 2/ — i) [](2x+3)

i=
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Proof Methods Ill: Ciucu's Matchings Factorisation

Theorem

Using non-intersecting lattice paths, determinantal formulae can be
obtained for both (weighted) numbers of matchings:

: . n—1
(x+i+j—1) .
MAnX =~ 5n . - . . 5
(Anx) 20 0<iC,JI'e<tn—1<(x+2,_1)!(21_l)! H)(X+3I)
: : n—1
(x+i+j—1)! _
M an = == det . - - . 2 ]
(Bn.x) 2n0§iJ%n—1<(X—{—2,_J)!(2J_I)! H( x + 3i)

i=0
A more general determinant had been earlier evaluated (C.K. 1997)
(x+y+i+j—1)
det — —
0<ij<n—1 \ (x +2i — ) (y +2j — i)!
_”ﬁ N(x+y+i—1)(2x+y+2i)i(x+ 2y +2i);
B (x +2i)! (y + 2i)! '

i=0

Christian Krattenthaler Enumeration of Tilings



Proof Methods Ill: Ciucu's Matchings Factorisation

Theorem

Theorem (ANDREWS ~ 1979)

The number of all rhombus tilings of a hexagon with all side
lengths equal to a that are invariant under 120°-rotation is given by

ﬁ3i—1 H 2i+j—1 H i+j+k-1
i =2 1<i<j<a ) =2 1<iZikeal farie=2
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Propp’'s Open Problems

Christian Krattenthaler Enumeration of Tilings



Propp’s Open Problems

In 1996, Jim Propp circulated a manuscript of the title
“Twenty Open Problems on Enumeration of Matchings”.

This inspired a lot of work on rhombus and domino tilings of
regions “with defects.”
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Rhombus Tilings with Defects

b+m
4
c+m
m
c
\/
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Theorem (Crucu, E1SENKOLBL, C.K., ZARE 2001)

| Let a, b, c, m be non-negative integers, a, b, c of the same parity.
The number of rhombus tilings of a hexagon with side lengths
a,b+ m,c,a+ m,b,c+ m, where a triangular hole of size m is
removed from the centre is equal to

H(a+ m)H(b+ m)H(c + m)H(a+ b+ c+ m)
H(a+ b+ m)H(a+ c+ m)H(b+ c + m)
H(m + [#=5<]) H(m + | =5
H(ZE2 + m) H(2{< + m) H(25< + m)

N

y H([SDH(ZD H( 5D H LJ (13)) H(5))
H(Z + [31) H(Z + [3]) H(5 + [5]) H(F + [3]) H(Z + [2]) H(Z +[5)
y H(%)2 H(a+g+m) H(a+c+m)2 H(b+c+m)2
. H(% + |’a+l23+c‘|)H(% 4 L +b+cJ)H(a+b)H(a;C)H(¥)7

H(n) [1=sT(k+1) for nintegral,
n).—= 1
Z o F(k+3) for n half-integral.
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Rhombus Tilings with Defects

The region SC, -(a, b, c, m):

/N
INONINININININININININININ/N
AVAVAVAVAVAVAVAYAVAVAVAVAVAVAN
(NINININININININININNNINN/NN
ININININENINININININININININ/N/N/N
AVAVAVAVAVAVAVAVAVANANANANAVAVAVAVA
\VAVAVAVAVAVAVAVA,  AVAVAVAVAVAVAVA\
\VAVAVAVAVAVAVAVA. AVAVAVAVAVAVAVAVAN
\VAVAVAVAVAVAVAVA. AVAVAVAVAVAVAVAVAVA
\VAVAVAVAVAVAVAV VAVAVAVAVAVAVAVAVAVA
\VAVAVAVAVAVAV _ VAVAVAVAVAVAVAVAVAY,
\VAVAVAVAVA AVAVA.  AVAVAVAYAVAVAY,
\ SO N NN N NNINISNNNS
\SANNNNNNNININNIN/NS
\SANNANINININININININ/NS
VAVAVAVAVAVAVAVAVAVAVVAV
AAAAAAAAAA
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Proof Methods IV: Kuo Condensation

Theorem (Kuo 2006)

Let G = (V4, Vi, E) be a planar bipartite graph in which
|Vi| = |Va|. Let vertices o, B, v and & appear cyclically on a face
of G. Ifa,v € V1 and 3,6 € V>, then

M(G) M(G - {a7ﬁ77a5})
= M(G —{a, BH)M(G —{,6}) + M(G —{, 6}) M(G — {5, 7}),

where M(H) denotes the number of perfect matchings of the
bipartite graph H.
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Proof Methods IV: Kuo Condensation

Application: Another proof of the Aztec diamond theorem.

Theorem (ELKIES, KUPERBERG, LARSEN, PrROPP 1992)

The number of domino tilings of the Aztec diamond of size n is

2("3h).
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Proof Methods IV: Kuo Condensation
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Proof Methods IV: Kuo Condensation
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Proof Methods IV: Kuo Condensation
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Proof Methods IV: Kuo Condensation
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Proof Methods IV: Kuo Condensation
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Proof Methods IV: Kuo Condensation

M(G) M(G - {O[,B,’}/, 5})
= M(G —{a, B}) M(G —{7,0}) +M(G —{e, 5}) M(G —{5,7}).
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Proof Methods IV: Kuo Condensation

M(G) M(G - {O[,B,’}/, 5})
= M(G —{a, B}) M(G —{7,0}) +M(G —{e, 5}) M(G —{5,7}).

Let G = A,, with A, denoting the Aztec diamond of size n. Then
we get

M(A,) M(A,_2) = M(A,_1) M(A,_1)+ = 2M?(A,_1).
Hence, by induction,

1 n ("4 1dn(n—1 n+l
M(A,,):2("21)2.<2(2)>:2 ("27)+1+n( ):2(2),
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Proof Methods IV: Kuo Condensation

The region SC, -(a, b, c, m):

x+a+b+c

y+m
x+z
a+
3 a+c
X
) z+a+b+c
= b+c

X+m
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Proof Methods IV: Kuo Condensation

Theorem (Crucu, C.K. 2013)

Let x, y, z, a, b, c and m be nonnegative integers. If x, y and z
have the same parity, we have

H(m)* H(a) H(b) H(c)

H(m + a) H(m + b) H(m + ¢)

y HECR +m+a+b) HEEE +m+a+c) HEE+ m+ b+ c)
H(XEE + m+ ¢) H(*Z + m+ b) H(XEE + m + a)
H(X5L + ) H(XEZ + b) H(XE + a)

HCEY +a+b) HZE2 +a+c) H(XEE + b+ ¢)
" Hx+m+a+b+c)H(y + m+a+b+c)
Hx+y+m+a+b+c)H(x+z+m+a+b+c)
" Hz+m+a+b+c)H(x+y+z+m+a+b+c)
Hy+z+m+a+b+c)

M(SC,y z(a,b,c,m)) =
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Proof Methods IV: Kuo Condensation

H([S2) + m+a+b+c)
HC +m+a+b+c)HEE + m+a+b+c)
H(LX+y+ZJ +tm4+atb+ C)H(y+z + m+a—2i-b+c)2
H(5Z + m+a+ b+ o) HEFE) H(X2) H(5E)
HIZTHAZ ) B3
H([%-I + m+a-2|-b+C) H(L%J + m+a—2|-b+C) H([%W + m+a-2|-b+C)
y H(Lz))H( 5D H(5))
H(LXJ + m+a+b+6) H((;‘| + m+a+b+c) H(L;J + m+a+b+C)

2 2 2 2 2 2
H(m+a;—b+6)2 H(% + m+a-2|—b+C)2 H(% + m+a;—b+C)2

X

H([Xﬂ;rﬂ £ m+33-b+C) H(LX+)2/+ZJ I m+33—b+C) y

where
1_5T(k+1), forn a positive integer,

H(n) := a1 ) N '
[1,_5T(k+35), forn a positive half-integer,




Proof Methods IV: Kuo Condensation

The region SC, -(a, b, c, m):

x+a+b+c

Z+m

y+a+b+c

z+a+b+c

1
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Proof Methods IV: Kuo Condensation

Theorem (Crucu, C.K. 2013)

Let x, y, z, a, b, c and m be nonnegative integers. If x has parity
different from the parity of y and z, we have

H(m)3 H(a) H(b) H(c
M(5Cxy.2(a, b, c,m)) = H(m 4(— a)) H((m)+ 15) )H(’(" 1‘ c)
("3 +m+a+b) H(PFE] + m+a+c) HE S + m+ b+
(11 + m+ ¢) (2] + m+ b) H(*5 + m + a)
H(*3 + ) H(UF2) + b) H(4* + a)
(1% +a+b) H([X 2 +a+c) HEEE + b+ ¢)
H(x+m+a+b+c)H(y+m+a+b+c)
“Hxty+mtatbtc)H(x+z+m+atb+c)
Hz+mtatbtoHxty+z+mtatb+o)
Hy+z+m+a+b+c)
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Proof Methods IV: Kuo Condensation

H(* 2]+ m+a+b+c)
H(X +m+a+b+c)H([XE]+m+a+b+c)
H( X |+ m+a+b+c)
HEZ +m+a+b+c)
H(3DHAZDH(ED
H(%W—i— m+3<2kb+C)H(L%J+ m+a<2|>b+C)H([%+ m+az+b+C)
H(L3)) H(TET) HILSD)

H L%J m+a+b+c) H(( ~| m+a2+b+c) H(L%J + m+a;rb+c)

(

H(

H([XJFYJFZ‘I + m+a+b+C) H(£X+}2/+ZJ + m+a-2kb+C) H([%-‘)
(

+a+b+C) H((x+y'| + m+a—2|-b+z:) H(L%J + m+a;b+6)

H "x—i—z“ m+a§—b+c) H(LXT—i—ZJ 4+ m+a3—b+c) H(yTJrz + m+a3—b+c)2

H([*%2 ) H(*52)
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Proof Methods IV: Kuo Condensation

Since then, a whole industry of discovery and proof of exact
enumeration results for rhombus tilings with defects developed, the
proofs being based on Kuo condensation.

TRI LAT alone wrote over 10 such papers; other authors include
Byun, Crucu, ROHATGI.
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Ciucu's Electrostatic Conjecture
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Ciucu's Electrostatic Conjecture

It predicts that, in a scaling limit, the correlation of (microscopic)
holes is given by the 2D Coulomb energy of the system of charges
obtained by regarding each hole as a point charge of magnitude
equal to the number of right-pointing triangles minus the number
of left-pointing triangle in the hole.
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Ciucu's Electrostatic Conjecture

It predicts that, in a scaling limit, the correlation of (microscopic)
holes is given by the 2D Coulomb energy of the system of charges
obtained by regarding each hole as a point charge of magnitude
equal to the number of right-pointing triangles minus the number
of left-pointing triangle in the hole.

Consider holes O1, O», ..., Op in a triangular grid, and put them
into a finite subregion (for example, a hexagon).
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NANANNNNININININININ/NN
(NONONINININININININININININ/S
NANANNNNININININININNN
(NONININININININONINININININ/
NANNINININNINONONNINONN B
INONINININININONONINININININLE
NANNNNNNNONONONONN NN E
CNONONUNENONINONINONININININE
NANNNINONININONONONINONNE
(NONONININININININONONINININ. R
NANNNINONININONONONONONNE
INONINININININONONONININININCE
NNANNINONININONONININONN E
INONONONONINONONINONONONONNCE
NANANNNNININININININANN
(NONININININININONINININININ/
NANANNNNININININININNN
(NONININININININONINININININS
NANNNANNINININININININN




NANANNNNININININININ/NN
(NONONINININININININININININ/S
NANANNNNININININININNN
(NONININININININONINININININ/
NNANINININININONONNINONN B
NONONONONONONOLNON N NN B
NANANNNNN I NNNNNNE
CNINONONENONINCININININININE
NANNNINONININONONININONNE
AVAVAVAVAVAVAVANAVAVAVAVAVAVA
\VAVAVAVA AVAVAVAVAVAVAN :
NN N NN NNNNNE
NANNN N NONNNNONNE
INONONONONCINONINONONONONNCE
NNNNNONINNINONINININONN
(NONININININININONINININININ/
NANNNNONNNINONINININONN
(NONININININININONINININININS
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NANNNINININNINONNNNAN
(NONONINONONONONONONONINONON,
N NNNINININININONONNINON
(NONONONONONONONONONONINONON,
\VAVAVAVAVAVAVAVAVAVAVAVAVAVAY
JAVAVAVAVAV AVAVAVAVAVAVAVAVAVA -
NNNANNINN/ N NNNNANE
INONINININONINCININININON/N B
NANNINONONININONNNINONN E
JAVAVAVAVAVAVANANAVAVANANAYAV
\ANNY AVAVAVAVAVAVAN :
JAVAVAVAVA NN NANINONINCNE
NN NN N NANNNONONNE
INONONONINCYINONONONONINONONCE
\ NN NNNADNADLNDNIN NN/
(NONONONONONONONONONONINONON/
NANNNNONNNINONINININONN
(NONONONONONONONONONONINONON,
NANNNNINNNINONINININON




Ciucu's Electrostatic Conjecture

number of rhombus tilings
of hexagon with holes

number of rhombus tilings
of hexagon without holes
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Ciucu's Electrostatic Conjecture

The correlation of the holes Oy, O, ..., O,, is defined as

number of rhombus tilings
of hexagon with holes

O1,...,0) = limit
(01 m) number of rhombus tilings

of hexagon without holes

when the size of the hexagon tends to infinity, leaving the position
of the holes fixed.
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Ciucu's Electrostatic Conjecture

The correlation of the holes Oy, O, ..., O,, is defined as

number of rhombus tilings
of hexagon with holes

O1,...,0) = limit
(01 m) number of rhombus tilings

of hexagon without holes

when the size of the hexagon tends to infinity, leaving the position
of the holes fixed.

Subsequently, one performs a “scaling limit,” which one may think
of making the grid finer and finer, and at the same time shrink the
holes to points.
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YAVAVAVAVAVAVAVAVAVAVAVAV,
\VAVAVAVAVAVAVAVAVAVAVAVA
YAVAVAVAVAVAVAVAVAVAVAVAV
\VAVAVAVAVAVAVAVAVAVAVAVA
YAVAVAVAVAVAVAVAVAVAVAVAV,
\VAVAVAVAVAVAVAVAVAVAVAVA .
VAVAVAVAVAVAVA  AVAVAVAV
\VAVAVAVAVAVAVA AVAVAVAVA'
YAVAVAVAVAVAVAVAVAVAVAVAV,
\VAVAVAVAVAVAVAVAVAVAVAVA
YAVAVAVA AVAVAVAVAV,
\VAVAVAVA  AVAVAVAVAVA'
VAVAVAVAVA AVAVAVAVAVAY,
\VAVAVAVAVA AVAVAVAVAVAVA
YAVAVAVAVAVAVAVAVAVAVAVAV,
\VAVAVAVAVAVAVAVAVAVAVAVA
YAVAVAVAVAVAVAVAVAVAVAVAV,
\VAVAVAVAVAVAVAVAVAVAVAVA
YAVAVAVAVAVAVAVAVAVAVAVAV,




INONONONONONONONONONONONOONONONONONONONONNDNOOA
AN NNNNNANNNNNNNNNNNANNNNNNNNG
INONINNNNNANNANNONNN NN NONNNNON NN
NN NNNNANNNNNNNNNNNNNNNNNNIN
INONINNINNINONONANNINNNNN NN NN NN
AN NNNNNANNINNNNNNNNNANNNNNNNNG
NN NNNINNNANNONNONNONNONNONONON/ NN
NN NNNNNNNNNNNNANNNNNNNNNNLN
INONINNINNONONDNNNONNDNNN NN NNNNNN Y
\WAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAV
INONINNINANNANNANNONNNNNNONNNNIN NN
NN NNNNNNNNNNNNNNNANNNNONNNN
JAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVA &
\NNNNNNNNNNNNN NN NNNNNNNNEE
INONONANNANNANNANNONNN YN NNNNANNNN B
NNANANNNNNNANNNNINONNNNINNINONNNES
JAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVA ©
\VAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAV <
JAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVA &
NNNNNNNNNNNNNNNNNNNANNNNNNG
INONINNININININININININONINONDNNINNNNONANDN B
\NNNNNNNNNNNNN/NNANNNINNANNNNN u
INONNANNNININY INNNSNNNNSNNNN N E
\NNNNNNNN/N/Y AVAVAVAVAVAVAVAVAVAVAVAVAY :
JAVAVAVAVAVAVAVAVAVA.  AVAVAVAVAVAVAVAVAVAVAVAVAVA <
MAAANANANNNNNYNANANNONONONONONNANNNONNEE
NN NNNNNINNNNNNNNNNNNNNNNNE
NNNNNNNNNNNNNNNNANNNNNNN NN
JAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVA
A NNNNNANNANNNNNNNANNNNNNNNNN
JAVYAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVA
N NNNNNNNANNNNNNNNNNNANNN NN
NN/ NNNINININININON NN NONININNNNNANN
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NN NINININANDNNDNNNONNNNNNNNNNN
\WAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAV
NN NNNINNONON NN NN NONNINNNNNANN
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VAVA' AVA' \VAVAY/ \VAYAVAVAVA' NNINNIN/

AVAYA' A VAVAVAVAVAVAVAVAVA
AVA MWANNNNNINNY
N \ANNANN AVAVA 'AVAVAVAVAVAVAYA'

AVA' \VAVAVAVAVA' AVAVAVA' \VAVAVAVAVAYAVAY,
> \VAVAVAYA W \VAVAVAVAVAVAVAVAVAVAYA

\ANANN AVA \VAVAVAVAVAVAVAVAVAVAVAVAYAVAVAY,
>1>4>4>4><><>4>4>1> AVAYA' \V\/ l>4>1>4><>4>4><>4>4>4>4><>
VAVAVAVAVAVAY, AVAVAYA' AVAYAYA \AN/
AVAVAVAVAVAYA A l><><><><><><b N AN
VAVAVAVAVAVAVA NSAANN AVAVAVAVAVAVAVAVAVAVAVAVAVAY,
><><><><><><><> AVAYA AVAVAVAVAVAVAVAVAVAVAVAYAVAYA

AVAVAVA NN/ NN/
A’ A AVAVAVA
YAVAVAY, AVA INNN/N/
><><><><><><><><><> AVAYA' TAVAVAVAVAYA AVAVAVAVAY
VAVAVAVAVAVAVAVAVAVA' \VAVAY, \/\/ \AANN/
AVAVAVAVAVAYA \/ W\
\/\/ \/\ \/
AV, AVAVA' TAVAVAVAYA' TAVAVAVAYA'
Vs \YAVAY; \ANNAANAN \/\/\/ \VAVAVAVAY,
\/ VA \YAYAVAVA
VAVAYAY, AVA' INNIN/N/
: \VAVAVAVAVA' AVAYA' AVAVAVAVAY
\VAVAVAVAVA' AVAVAVA' ><>4><><><

VA AVAYA'
AVA \VAVAVAVAVA' >4b<><>4>4><><><>4>4><><>4>4>4><
4 ANAN \\/ l><><> A AANNANAN
AVAVAYA AVA \VAVAVAVAY,
AVAVAVAY, l> WANANAN MVANANAN
<><><>4><><>4><>4> AVA' AVAVAVAYAVA' INNN/NY
NANNNNANANNIN ANN ANANANNNN AVAVAYAYA
'AVAVAVA AVAVAVAY, INININ/NIN/
NANANNNNNN AYA
AVAVAVAVAVAVAVAVAYA' IN/N/

AVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVA!
AANNNANNININNINNINNINININININININNINININNINININY
MNNNANNNINING WVANAN
AVAVAVAYAVAVAVAYA' INNIN/N/
AN/SANNNNNNNNNNNNANNNNNNNNANNANN

AANAS AAAARAAN AAAN7
AVAVAVAVAYAVAVAYA' VAl
'AVAVAVAVAVAVAY, AVA' \/
\VAVAVAVAVAVAY, AVAVA' \VAVAVAVAVA'
AVAY, AVAYAYA \VAVAVAVAY,

; AVAY, MVANAN
VAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVA ~ AVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAY,
><><><><><><><><><><><><><><><><><><><><> ><><><><><><><><><><><><><><><><><><><><><><><><><><>

INININ/NINY
VA VA AVA
AVA AVA VAVAVAVAVAY,
4 ANN ANN \VAVAYAVAYA
” AVAVAVA AVAVAVA NANNN)
NANN VAVAVAV,
IN/N/\/\/
AVAVAYAVAVAVAYAVAYA' \VAVAYAVAYA' \AAN
\VAVAVAVAVA' \VAVAVAVAVA' \VAVAVAYAY,
><><><><><><><><><><><><><><><><><><> W \/ VA
VAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVA' AVA \/
AVAYA' AVAVAVAVAVAVAYA AVAYA' AVAVAVAYA'
WNNAANNNANNNNNNNNNNNNN \VAVAY, \VAVAYAVAY,
AVAYAVAVAVAVAVAVAVAVAVAVAVAVAVAYA VAVAYAYA
VAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAYA' INNIN/N/
AVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVA! AVAVAVAYA' AVAVAVAY A
VAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAYAYA' \VAYAVAVAVA' \YAVAVAYAY,
INANNANINNINNINININING VA AVAY
VAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVA' AVA' INNNIN/N/
><><><><><><><><><><><><><><><><>4 \\/ AVAYA VAVAVAVAYA'
INNININININY N/ \VAVAVAYAY,

AVAVAVAY, INNN/NY \/

NANNNNNG AVA! VAVAVAVAVA
INNNANNINNNININNY ANN MANANNA/N A
\VAY. AVAVAVA \/\/ \/
\/ INNANN \\ A
AVA'
'AVAY, \VAVAVAVAYA' VA A

WANANNNNNNNNNNNANNNNN VAN
AANANANNNN/N W \/
T T T T Y Y T Y Y. T YY.Y . VY.W Y., % v ...

Enumeration of Tilings

Christian Krattenthaler



Ciucu's Electrostatic Conjecture

Conjecture (Ciucu 2008)

For holes O1, Oy, ..., O, in this scaling limit we have
w(R- Ol,...,R-On)

~ const. X H d(R -0, R - OJ)X(O,‘)X(OJ')/2
1<i<j<n

as R — oo, where x(O) is the charge of the hole O and
d(R - O;, R - Oj) is the distance between the (shifted) holes R - O;
and R - O;.
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Ciucu's Electrostatic Conjecture

Conjecture (Ciucu 2008)

For holes O1, Oy, ..., O, in this scaling limit we have
w(R- Ol,...,R-On)

~ const. X H d(R -0, R - OJ)X(O,‘)X(OJ')/2
1<i<j<n

as R — oo, where x(O) is the charge of the hole O and
d(R - O;, R - Oj) is the distance between the (shifted) holes R - O;
and R - O;.

Why “Electrostatic Conjecture”?
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Ciucu's Electrostatic Conjecture

Conjecture (Ciucu 2008)

For holes O1, Oy, ..., O, in this scaling limit we have
w(R- Ol,...,R-On)

~ const. X H d(R -0, R - OJ)X(Oi)X(Oj)/2

1<i<j<n

as R — oo, where x(O) is the charge of the hole O and
d(R - O;, R - Oj) is the distance between the (shifted) holes R - O;
and R - O;.

Why “Electrostatic Conjecture”?

Coulomb’s Law of 2-Dimensional Electrostatics. Given point
charges C1, Gy, ..., C, in the plane, the electrostatic potential
energy of the point charges is proportional to

G)x(G
> MG (e ),
1<i<j<n
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Ciucu's Electrostatic Conjecture

The conjecture is expected to hold as well for domino tilings of
square grid graphs. Moreover, it is expected to hold more generally
for dimer configurations on (infinite) periodic graphs.
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Ciucu's Electrostatic Conjecture

The conjecture is expected to hold as well for domino tilings of
square grid graphs. Moreover, it is expected to hold more generally
for dimer configurations on (infinite) periodic graphs.

In general, the conjecture is wide open.
However, it has been proven in several special instances.
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Ciucu's Electrostatic Conjecture: proved special cases
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Ciucu's Electrostatic Conjecture: proved special cases

A symmetric case (Crucu 2005):

AVAVAVAVAVAVAV VAVAVAVAVAVAVA
INONININININININININININININ/N/N
/NONINININININININININININININN/N
AVAVAVAVAVAVAVAVAV VAVAVAVQVAVAVAVAVA

A\VAVAVAV.
VAVAVAVAVAVAVAVAVAV

ININININL
VAVAVAVAVAVAVA‘AVAVAVAVAV
AVAVAVAVAVAVAVAVAVAVAVAVAVA AVAVAVAVAVAVAVAVAVAVAVAVAVA

NAININININININININININININININININN/N

VAN Vav4
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Ciucu's Electrostatic Conjecture: proved special cases

A symmetric case (Crucu 2005):
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Ciucu's Electrostatic Conjecture: proved special cases

A symmetric case (Crucu 2005):

Method of proof:
@ Use Ciucu's Matchings Factorisation Theorem
@ Apply non-intersecting lattice paths to the factor regions
@ Do an asymptotic analysis of the resulting closed-form
product formula
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Ciucu's Electrostatic Conjecture: proved special cases

Rhombus tilings on the infinite torus with even-size holes (Ciucu
2009):
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Ciucu's Electrostatic Conjecture: proved special cases

Rhombus tilings on the infinite torus with even-size holes (Ciucu
2009):

Method of proof:
@ Use an asymptotic formula of KENYON for the entries of the
inverse Kasteleyn matrix
@ Do heavy determinant evaluations
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Ciucu's Electrostatic Conjecture: proved special cases

Rhombus tilings on the infinite torus (Crucu 2009):

Theorem

Let si,8,...,5m > 1 and ty, tr, ..., ty, > 1 be integers. Write
S=>",sT= Zf:l tj, and assume S > T. Let x1,X2,. .., Xm
and y1,yo,...,yn be indeterminates. Define N to be the S x S
matrix

N=I[A B]

whose blocks are given by
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Ciucu's Electrostatic Conjecture: proved special cases

A=
© 6 (%)
y1;x1 0 ,2X1)2 G =t )1
(1) (3) ( 115
b1—x)? 01—x)? p—xpft
() (M) (i)
b= ()1t (rp—x)1ta =1

(©)

y1—Xm (y1—>xm)?
(1) (2)
(y1—>xm)? (y1—xm)3

Yn—x1 (Yn—x1)2 (vn—x1)Tp
(1) () (1)
(,Vn*Xl)2 (Yn*X1)3

G (1) ()
n=x)T  (yp—xp)tH (vn—x)1 1

(%)

S (yn—xm)? (vn—xm)n
(1) @) (1)
2 (yn—xm)3
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Ciucu's Electrostatic Conjecture: proved special cases

and
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Ciucu's Electrostatic Conjecture: proved special cases

Then we have

[licicjem( = x)59 Tlicici<alyi — ¥;) 59

det N = —
T4 TTma (g — xi)*8
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Ciucu's Electrostatic Conjecture: proved special cases

Dimer model on isoradial graphs with singleton gaps (DUBEDAT
2014):
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Ciucu's Electrostatic Conjecture: proved special cases

Dimer model on isoradial graphs with singleton gaps (DUBEDAT
2014):

Method of proof:

@ Kasteleyn method
@ 777
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Ciucu's Electrostatic Conjecture: proved special cases

Rhombus tilings with free boundary (Crucu, C.K. 2011): the
result is analogous to the situation of a charge near a conductor,
which in electrostatics is solved by the method of images.
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Ciucu's Electrostatic Conjecture: proved special cases

Rhombus tilings with free boundary (Crucu, C.K. 2011): the
result is analogous to the situation of a charge near a conductor,
which in electrostatics is solved by the method of images.
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Ciucu's Electrostatic Conjecture: proved special cases

Rhombus tilings with free boundary (Crucu, C.K. 2011): the
result is analogous to the situation of a charge near a conductor,
which in electrostatics is solved by the method of images.

Method of proof:
@ Non-intersecting lattice paths
@ Heavy determinant evaluation
@ Asymptotic analysis of the result
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Ciucu's Electrostatic Conjecture: proved special cases

The key result:
Theorem (Crucu, C.K. 2011)

For all positive integers n, x and nonnegative integers k < n—1,
we have

4k-+-1> (n+ k)! ]f[(2x-+-2s)4n_45+1
(x+n—kKar1 5 (25)an—sst1

M(Fp\(K)) = (

1
n—k—1
% Z (%):
— M(n—k—i=1)2(n+k—it1)ps(n+k—i+1);(2n—it3)

’ ((X)i (X +i+ 1)n—k—i—1 (X +n+k+ 1)n—k

() mk (X kD) ki (X 20— i+ 1),-).
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Ciucu's Electrostatic Conjecture: proved special cases

There are a few more special cases and variations that have been
proved (Crucu, FISCHER, GILMORE, C.K.), only very few
concern domino tilings.
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Random Tilings: Arctic Curve Theorems
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Random Tilings: Arctic Curve Theorems
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Arctic Curve Theorems
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