DOMINO TILINGS OF GENERALIZED AZTEC TRIANGLES
SYLVIE CORTEEL', FREDERICK HUANGT, AND CHRISTIAN KRATTENTHALER*

ABSTRACT. Di Francesco [Electron. J. Combin. 28.4 (2021), Paper No. 4.38] intro-
duced Aztec triangles as combinatorial objects for which their domino tilings are
equinumerous with certain sets of configurations of the twenty-vertex model that are
the main focus of his article. We generalize Di Francesco’s construction of Aztec
triangles. While we do not know whether there is again a correspondence with con-
figurations in the twenty-vertex model, we prove closed-form product formulas for the
number of domino tilings of our generalized Aztec triangles. As a special case, we
obtain a proof of Di Francesco’s conjectured formula for the number of domino tilings
of his Aztec triangles, and thus for the number of the corresponding configurations in
the twenty-vertex model.

1. INTRODUCTION

Recently Di Francesco and Guitter [DG20] uncovered interesting combinatorics re-
garding the twenty vertex (20V) model, which previously was of interest to physicists
(cf. [Bax89] or [Kel74]). The 20V model considers all orientations on the edges on some
finite portion of a triangular lattice, shown in Figure [I} such that at each vertex the
number of ingoing edges is equal to the number of outgoing edges. Since each such ver-
tex is adjacent to six edges in the triangular lattice, of which three must be ingoing and
three must be outgoing, we see that there are exactly twenty possible configurations of
edges at a vertex — hence the name twenty vertex model. The 20V model is analogous
to the six vertex (6V) model (cf. [Bax89, Ch. 8] or |[CP06]), which uses a square lattice
(with six possible configurations of edges at a vertex). This 6V model is famously used
in a proof of the alternating sign matrix (ASM) theorem [Kup96], i.e., that the number
of n x n ASMs is given by H?:_Ol ((?Zil.l))!!. ASMs have long been and still are of interest
to combinatorialists, with the first proof of this theorem regarding their enumeration
in |Zei96).

In [DG20], Di Francesco and Guitter show that the number of configurations of the
20V model on a square domain (with particular boundary conditions; see the left of
Figure [1)) can be counted by (a weighted enumeration of) configurations of the 6V
model on an analogous domain (in fact, the ones from the ASM theorem). Later
on, Di Francesco |Di 21] establishes that configurations of the 20V model on another,
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FIGURE 1. On the left a domain of the 20V model considered in [DG20)]
is shown, in which configurations of various boundary conditions are
counted. On the right is an example of another domain of interest, which
is considered in [Di 21].

FIGURE 2. On the left, an example of a domain considered by
Di Francesco in [Di 21] whose domino tilings are equal in number to
20V configurations on the domain on the right in Figure [l On the right,
a domain whose domino tilings are equinumerous with domino tilings of
the domain on the left, as in Theorem [I.3]for n = 4.

similar domain (see the right in Figure[l|for an example) are equal in number to domino
tilings of a particular domain that he calls Aztec triangle. An example of such an Aztec
triangle is shown on the left in Figure . (We povide the precise definition of an Aztec
triangle further below in the introduction, respectively in Definition It is the special
case n = k of an (n, k)-Aztec triangle of type 1.) There is no combinatorial bijection
between these two sets of equal size, though. On the other hand, Di Francesco |Di 21]
conjectured an explicit product formula for the common size of these sets, namely

n—1

02 T : i+ 2! (1.1)

St (n+2i+ 1)V
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a formula which strikingly resembles the one from the ASM theorem. The formula
has been recently proved by Koutschan (cf. Section 4 in [KKS25]). He starts with the

formulal' i -
det (2" THTH_ ('™ (1.2)
0<i,j<n—1 27 +1 25 +1

that Di Francesco found in [Di 21, Theorem 8.2] for the above number of 20V configu-
rations respectively domino tilings. Then he uses Zeilberger’s holonomic Ansatz [Zei07]
for proving determinant evaluations (more or less) automatically with the help of a
computer.

In the present paper, we generalize Di Francesco’s Aztec triangles to domains that
are indexed by two parameters, n and k with n > k:E] We introduce in fact two such
families of domains, and we show for both that their number of domino tilings is given
by closed-form product formulas, thus generalizing Formula (1.1]).

We now describe these domains, which are composed of unit square cells.

FIGURE 3. On the left, a (7,4)-Aztec triangle of type I. On the right, a
domino tiling of that domain.

We begin with the generalized Aztec triangles of type I. In order to better follow
the subsequent explanations, the reader is advised to consult Figure [3| which shows
an example for n = 7 and k = 4. The (n,k)-Aztec triangle of type I is defined as
the domain whose outer boundary is formed as follows. On top of the outer bound-
ary is a horizontal segment of length 2, on the far left there is a vertical segment of
length 2n — 1, and on the far right there is a vertical segment of length 3. These
i—1
2541
that this is not the convention that we follow in this article later on. This is rather (3.3)).

2Even more general domains are introduced in [CHK] and some partial results on the enumeration
of their domino tilings are given, including a bijection with super symplectic semistandard tableaux.

Further results on the enumeration of domino tilings of these more general domains are contained
in [CCY].

Here, the binomial coefficient ( ) with ¢ = 0 has to be interpreted as 0. We warn the reader
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segments are connected by staircase-like boundary parts; on the upper-left, the top
horizontal segment and the left vertical segment are connected by a staircase consisting
of k steps (including the top step); on the upper-right, the top horizontal segment and
the right vertical segment are connected by a staircase consisting of n—1 steps. Finally,
the boundary is closed up, starting from the right vertical segment by a double-step
staircase followed by a (possibly empty) ordinary staircase. More precisely, starting
from the right vertical segment, the boundary can be described by (in word notation)
(HHVV)*'H(HV)"*=1H where H denotes a (left-pointing) horizontal unit segment
and V denotes a (down-pointing) vertical unit segment. See again Figure . Ifn =%k,
the part (HV)"*'H at the end has to be interpreted as empty word. This latter
special case is in fact the case which corresponds to Di Francesco’s Aztec triangles; that
is, Di Francesco’s Aztec triangle of order n is the (n,n)-Aztec triangle of type I. An
alternative definition of the generalized Aztec triangles of type I in terms of diagonal
strings of cells is given in Definition [2.1]

FIGURE 4. On the left, a (6,4)-Aztec triangle of type II. On the right, a
domino tiling of that domain.

The (n, k)-Aztec triangle of type II is defined in a similar manner. Here, the reader
is advised to consult Figure [ which shows an example for n = 6 and k = 4. The
description of the outer boundary is almost the same as before: on top of the outer
boundary is a horizontal segment of length 2. However, on the far left there is a vertical
segment of length 2n + 1, and on the far right there is a vertical segment of length 2.
Again, these segments are connected by staircase-like boundary parts; on the upper-left,
the top horizontal segment and the left vertical segment are connected by a staircase
consisting of k steps (including the top step), and, on the upper-right, the top horizon-
tal segment and the right vertical segment are connected by a staircase consisting of
n steps. Finally, the boundary is closed up, starting from the right vertical segment, by
a boundary described by (in word notation) (HHVV)*H(V H)" %=1, where, as before,
H denotes a (left-pointing) horizontal unit segment and V' denotes a (down-pointing)
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vertical unit segment. In the degenerate case where n = k, the part H(V H)"*~! has to
be interpreted as the empty word. (In that case, a pending vertical segment of length 2
can be also removed from the bottom.) See again Figure . An alternative definition
in terms of diagonal strings of cells is given in Definition

The main result of this article is the following.

Theorem 1.1. Let n and k be positive integers with n > k. The number of domino
tilings of the (n, k)-Aztec triangle of type I is given by

— k42 2% —4i—2 k—1
11 ( [T @u+s) [ @n+ s)> [+ 0k (1.3)
20 \s=—2k+4i+1 s=k—2i i=1
On the other hand, the number of domino tilings of the (n, k)-Aztec triangle of type II
s given by

H( f[ (2n +s+1) H (2n+s+1)> 1:[(2¢+1)’f—i. (1.4)

120 \s=—2k+4i+1 s=k—21

Empty products over s in these formulas are understood to equal 1.

We prove this theorem by first setting up a bijection between these domino tilings
and certain families of non-intersecting Delannoy paths (see Section , by subsequently
using the Lindstrom-Gessel-Viennot lemma (cf. Lemma to find determinantal ex-
pressions for the number of these families of paths in Corollaries and [4.5] by showing
that it is sufficient to prove one of the formulas (see Section@, and finally by evaluating
one of the determinants in Section [7

As already mentioned, Di Francesco’s conjecture corresponds to the case of (n,n)-
Aztec triangles of type I. Consequently, we obtain the following corollary. For the formal
proof see Remark

Corollary 1.2. The number of 20V configurations on an Aztec triangle of size n is

(4i 4 2)!

n(n—1)/2
2 11 (n+2i+ 1)

n—1

There is in fact another family, namely domino tilings of the (n,n — 1)-Aztec triangle
of type II, which is counted by the same formula.

Theorem 1.3. Domino tilings of the (n,n)-Aztec triangle of type I are equinumerous
with the domino tilings of the (n,n — 1)-Aztec triangle of type II.

See Theorem for an equivalent statement and for a proof. After a first version of
this article appeared on the aryiv, Byun and Ciucu [BC] found in fact a bijection that
explains this coincidence of numbers of domino tilings.

Our article is organized as follows. As already announced, in Section [2, we pro-
vide alternative definitions of our generalized Aztec triangles that allow for further
generalization, given in |[CHK]. Section [3| introduces Delannoy paths and Delannoy
numbers and collects basic properties about them that we are going to use in the se-
quel. The announced bijections between domino tilings of generalized Aztec triangles
and non-intersecting Delannoy paths are explained in Section [l In the same section,
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we use these bijections in combination with the Lindstrom—Gessel-Viennot lemma to
obtain determinants for the numbers of domino tilings that we are interested in; see
Corollaries and [4.5] The purpose of Section [f] is three-fold. First, we convert the
product formulas in Theorem into differently looking products which are more con-
venient for later treatment in Section |7, Second, we prove Theorem in that section
(under the condition that Theorem holds). Third, we verify in Remark that
Di Francesco’s conjectured formula (|1.1]) arises indeed as a special case of our first for-
mula in Theorem [I.I} In Section [6, we show that there is a simple relation between
the two determinants that we obtained in Corollaries and by the method of
non-intersecting paths. Hence, for a proof of Theorem [L.T], it suffices to evaluate one of
the two. This is what we do in Theorem in Section [7]] We close our paper with a
conclusion section, where we provide an overview of open questions and open ends to
be explored at these crossroads of domino tilings and 20V model configurations.

2. ALTERNATIVE DEFINITION OF GENERALIZED AZTEC TRIANGLES

Here we provide alternative definitions of the (n, k)-Aztec triangles of types I and II
using diagonal strings of cells, in the style of the definitions in [CHK].

A diagonal string of cells (diagonal, for short) is a sequence of square unit cells
pointing from south-west to north-east, one cell touching the next in a corner. See
Figure [5| for examples. For a domain, we label the diagonals by 0,1,2,..., starting
from top-left.

I I
] ) ]
] ] ! ]
| o

F1GURE 5. Diagonal strings of cells of lengths 6, 7, 8, respectively.

We begin with the (n, k)-Aztec triangle of type L.

Definition 2.1. Let n and k be positive integers with n > k. The (n, k)-Aztec triangle
of type I is defined by its diagonals as follows:

(i) Diagonal 0 is of length k.

(i1) The length of each odd diagonal 2i+1 is one more than the length of the previous
diagonal 2i. The first (i.e., left-most) cell of diagonal 2i + 1 lies directly below
the first cell of diagonal 2i.

(#1i) Fach even diagonal 2i has length equal to the length of the previous diagonal
27 — 1. The first cell of diagonal 2i lies directly below the first cell of diagonal
21— 1.

(iv) The last diagonal, labeled 2n — 1, follows (i) above, but not all of its cells are
part of the domain: to be precise, it is only the 2-nd, the 4-th, ..., the 2k-th cell
counted from top-right that are contained in the (n, k)-Aztec triangle of type L.
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An example for n = 7 and k = 4 is given in Figure [3]

The alternative definition of the (n, k)-Aztec triangle of type II using diagonal strings
of cells is very similar, with the difference appearing in Condition (iv).

Definition 2.2. Let n and k be positive integers with n > k. The (n, k)-Aztec triangle
of type II is defined by its diagonals as follows:

(1) Diagonal 0 is of length k.

(77) The length of each odd diagonal 2i+1 is one more than the length of the previous
diagonal 2i. The first cell of diagonal 2¢ + 1 lies directly below the first cell of
diagonal 2i.

(i1i) Each even diagonal 2i has length equal to the length of the previous diagonal
21 — 1. The first cell of diagonal 2 lies directly below the first cell of diagonal
21— 1.

(iv) The last diagonal, labeled 2n, follows (ii) above, but not all of its cells are part
of the domain: to be precise, it is all cells except for the 2-nd, the 4-th, ..., the
2k-th cell counted from top-right that are contained in the (n, k)-Aztec triangle
of type II.

An example for n = 6 and k = 4 is given in Figure [4]

3. DELANNOY PATHS

As we outlined in the introduction, we will construct a bijection between the domino
tilings of our generalized Aztec triangles and families of non-intersecting Delannoy
paths. In this section, we define these paths, and we collect several facts about numbers
of Delannoy paths that will be used later on.

FIGURE 6. A Delannoy path from (0,0) to (4,4).

Definition 3.1. A Delannoy path is a lattice path in Z? consisting of steps of the form
(0,1), (1,1), or (1,0).

For i,j € 7Z, the Delannoy number D(i,j) is the number of Delannoy paths from
(0,0) to (i, ).

See Figure [0] for an example of a Delannoy path.

Remark 3.2. The Delannoy numbers D(i, j) can also be defined recursively by
(1) D(i,j)=0ifi <0 or j < 0;
(2) D(0,0) =1;
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(3) D(i,j)=D(i—1,5)+D(i,j— 1)+ D(i—1,j—1), for i, j > 0, not both ¢ and j
being zero.

We use the following standard formulas for Delannoy numbers (cf. |[Com74, Ex. 21
in Ch. I] for information on Delannoy numbers; the equalities are easily derived by
standard generating function calculus):

1

D j) = [w'v']y———

for 4,5 > 0. In difference to Footnote [I| above, and in the sequel, we use

¢ 0, ' if ¢ <0,

(3.3)

as definition for the binomial coefficients. In view of this, the expression in tells
us that D(i,7) is a polynomial in j of degree 1.

The Delannoy numbers will appear in the enumeration of certain tilings. For others,
we will need a slightly different family of numbers.

Definition 3.3. For i,j € Z we define numbers H (i, 7) by
(1) H(i,j) =01if i <0 or j <0, except for (i,7) = (0,—1);
(3) H(i,j) =2D(i—1,j)+ H(i,j—1)=D(i,j)+ D(i—1,j), for: > 0 and j > —1,
except for (i,7) = (0,—1).

We can also interpret H (i, j) as number of paths — H (4, j) is the number of Delannoy
paths from (0,0) to (¢, + 1) that do not pass through (i — 1,5 + 1) as illustrated in
Figure[7] We call these H-Delannoy paths. A number of identities exist for the numbers
D(i,j) and H(i,j).

(6,7 +1)
(4,7) (4,7)

(0,0) (0,0)

FIGURE 7. The paths counted by D(i, ) are those from (0,0) to (i, )
taking only north, northeast, and east steps on the lattice on the left. The
paths counted by H(i,7) are those from (0,0) to (¢, + 1) using north,
northeast, and east steps on the (restricted) lattice on the right.
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Proposition 3.4. For all non-negative integers i, j we have

D(i,j) = D(i—1,5) + H(i,j — 1) (3.4)

=S H(tj-1) (3.5)

=()()-

H(i,j):H(z’—lj)+H(z’j—1)+H(z’—1,j—1) (3.7)

=2 D(i—1,0) (3.8)

_ %:O(g B 1) (9 i 1) o fori> 1. (3.9)

Proof. If we consider the geometry of Definition and the observation above, Equa-
tion is obvious. Equation then follows by induction on ¢. To see Equa-
tion (3.6)), we first observe that (;) ( Tjn ) is the number of Delannoy paths from (0, 0)
to (i,7) that have exactly m turns consisting of an east step followed by a north step.
Then to count Delannoy paths, we obtain a factor of 2™ since at each of these turns we
can instead take a northeast step.

Now Equation (3.4) gives us H(i,j) = D(i,j+1)—D(i—1,j+1), and combined with
Item (3) in Rema we obtain Equation (3.7)). Equation follows from induction
on ¢ using item (3) in Definition Finally, the proof of Equation follows from
the argument for Equation (3.6)), noting that we are considering paths from (0,0) to
(7,7 + 1) where the east-most column must contain one of the aforementioned east to
north turns. O

4. DOMINO TILINGS AND NON-INTERSECTING DELANNOY PATHS

In this section we set up a one-to-one correspondence between our domino tilings and
families of non-intersecting Delannoy paths. This correspondence is well-known in the
tiling community; see [LRS01].

We begin again with domino tilings of the (n, k)-Aztec triangle of type I, an example
of which is shown on the right in Figure [3] We color the cells of the generalized Aztec
triangle in a checkerboard fashion so that the left cell on top of the triangle is white;
see Figure

By introducing this checkerboard coloring, we see that there are four types of dominos
in a tiling. Namely, a domino can be vertical or horizontal, and in each case there are
two ways to color their cells. These four types of dominos are shown in Figure 9] We
assign to each type of domino a step in a path, as indicated in Figure [9] by the red
segments. As can be seen there, no step is assigned to the second type of domino.

Now, given a domino tiling, we introduce these path segments. The result for the
domino tilling on the left of Figure [§|is shown on the right of the figure. As one can
see, we obtain a set of paths consisting of upward diagonal steps, downward diagonal
steps, and horizontal steps that connect the left boundary of the generalized Aztec
triangle with the right-bottom boundary. More precisely, it is not difficult to see that
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FIGURE 8. On the left, a domino tiling of the (7,4)-Aztec triangle of
type 1. On the right, the corresponding paths.

FIGURE 9. For each domino, the path is indicated in red. A parity
argument explains why dominoes of the second type do not permit a path.

one obtains paths with steps (1,1), (1,—1), and (2,0) whose starting points are the
midpoints of the left sides of the gray cells along the left boundary, and whose ending
points are the midpoints of the right sides of the white cells along the right-bottom
boundary. Moreover, by construction, these paths have no common points; that is,
they are non-intersecting.

We rotate and subsequently reflect the paths so that, after dilation by a factor 1/ V2,
their starting points (originally along the left boundary of the generalized Aztec trian-
gle) become the points (—i,17), for i = 1,2, ...,n, in a standard coordinate system, and
their ending points become points aligned at height n; to be precise, the new ending
points are (k+1—2i,n), fori =1,2,...,k, and (—i,n), fori=k+1,k+2,...,n— 1.
The possible steps of the new paths are (1,0), (0,1),and (1,1); that is, the new paths
are Delannoy paths. See Figure [10| for the paths correponding to the domino tiling in
Figure [§

It is not difficult to see that this mapping from domino tilings to families of non-
intersecting Delannoy paths is a bijection.

A further observation that we make is that there is just one Delannoy path from
(—i,i) to (—i,n), fori=k+1,k+2,...,n — 1, namely the vertical path. Since these
vertical paths do not interfere with the other paths, we may simply drop them.
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FIGURE 10. On the left, the family of paths from the right of Figure [§|
On the right, the same family of paths after rotation/reflection.

We summarize our findings in the next proposition.

Proposition 4.1. Let n and k be positive integers with n > k. The domino tilings of the
(n, k)-triangle of type I are in bijection with families (Py, P,, . .., Py) of non-intersecting
Delannoy paths, P; running from (—i,i) to (k+1—2i,n),i=1,2,... k.

The Lindstrom—Gessel-Viennot lemma |Lin73; GV85] provides a determinantal for-
mula for the number of non-intersecting lattice paths with given starting and ending
points.

Lemma 4.2. Let Ay, As, ..., A, and E1, By, ..., E, be lattice points such that fori < j
and k < I any lattice path between A; and E; has a common point with any lattice path
between A; and Ey. Then the number of all families (P, Ps, ..., P,) of non-intersecting
lattice paths, P; running from A; to E;, 1 =1,2,...,n, is given by

det (P(A] — Ez))7

1<ij<n
where P(A — E) denotes the number of all lattice paths from A to E.

By applying this lemma to the non-intersecting paths in Proposition we obtain
the following explicit formula for the number of domino tilings that we are interested
in.

Corollary 4.3. The number of domino tilings of the (n, k)-Aztec triangle of type I is
given by the determinant det Dq(k;n), where

Di(k;n) = (D(k+1—2i+j,n—j)) (4.1)

1<i i<k’

Domino tilings of generalized Aztec triangles of type II can be mapped to families of
non-intersecting Delannoy paths in a similar manner. The important difference is that,
here, due to the slightly different geometry, we obtain non-intersecting H-Delannoy
paths.
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Proposition 4.4. Letn and k be positive integers with n > k. The domino tilings of the
(n, k)-triangle of type II are in bijection with families (Py, Py, ..., Py) of non-intersecting
H-Delannoy paths, P; running from (—i,i) to (k+1—2i,n+1),1=1,2,... k.

Here, the application of the Lindstrom—Gessel-Viennot lemma, Lemma [4.2] leads to
the following result.

Corollary 4.5. The number of domino tilings of the (n, k)-Aztec triangle of type II is
given by the determinant det Do(k;n), where

Do(k;n) = (H(k+1—2i+j,n— j))lgi’jgk. (4.2)

The arguments are similar to the ones in the proof in Section 4 of [Di 21].

5. PRODUCT FORMULAS

Theorem states that the number of domino tilings of generalized Aztec triangles
of both types are given by closed-form product formulas. There are two formulas to

prove, namely (1.3) and (L.4). We shall prove (.3) in Theorem [7.1] however the right-
(1-3)

hand side product is not stated in the form there; compare with the right-hand
side in ([7.1)).
In order to see that these two products are equal to each other, we need to note that

H( _1_[Z (2n + s) ﬁ 2n—|—s> H22+1

>0 \s=—2k+4i+1 s=k—2i

—k42i | ok—4i— k 2i — 1) )”
H H (2n +s) - H H (2n+s) - H Q=)
=0 s=—2k+4i+1 =0 s=k—2i =1
41 —k42i42 1552 ok—4i
= H [T (+s- H II (+5-1)
=0 s=—2k+4i+3 =0 s=k—2i+2
Lk (i— 1)
) i !
2 11 (20 —1)!
552 —kg2i42 1552] 2k—4i

:2k2ﬁ I I ®+3-1)- [T n+5-1). 6y

=0 s=—2k+4:i+3 1=0 s=k—2i+2
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where 4!! is the product of all integers from 1 to i with the same parity as 4, and (z); is
the shifted factorial defined by (2); = []._,(x + a). For even k we further evaluate

Bl k2it2 522) ok—ai
II II (+5- II II (+5-1)
=0 s=—2k+4i+3 =0 s=k—2i+2
B2 _Etinl k2 kg
:H H (n+s—1)- H H (n—i—s—%)
i=0 s=—k-+2i+2 =0 s=—k+2i+1
2 o E2 2
H H (n+s—1) H H n—i—s——
i=0 s—gferl i=0 s—ffz+1
k—2
— H(n — g — 1)min{L(k—S)/2J7L(8+2)/2J}
s=0

k—1
H n— s — Lymn{l(=s+D/2) [(s+1)/2))

CIJ

k—2
T+ k — s — 1yminilt=ar2le2)/20)

s=0
k2

. H(n +k— s — Lymin{le=s—1)/2),+D/2]}, (5.2)
s=0

On the other hand, for odd k& we have

k 2

—k+2i+42 3 2k—41
1T s 11 )
=0 s=—2k+4i+3 =0 s=k— 21+2
i iy B i
= (n—i—s—l)-H (n+s—3)
1=0 s=—k+2i+2 =0 s=—k+2i+1
B2 koo 2 k21
H (n—i—s—l)-H (n+s—3)
= szgfer% =0 s—ng»%
k—2
— T — s — 1)minilt=s)/20Le+0/20)
s=0
k—1
(n s )mln{|_(k s+1)/2],1(s+2)/2]}
s=0
k—2
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k—2
. H(n +k— s — Lymin{le=9)/2}L(+1)/2]} (5.3)

s=0

By (5.1)—(5.3)), we see that the right-hand side in (7.1]) agrees with (L.3]).
We shall show in Section [f] that it is sufficient to prove one of (1.3)) and (L.4)).

Next we restate — and prove, conditional on the truth of Theorem [I.I]— Theorem
from the introduction.

Theorem 5.1. The number of domino tilings of the (k + 1,k + 1)-Aztec triangle of
type I is equal to the number of domino tilings of the (k+ 1, k)-Aztec triangle of type I1.

Figure [2| shows the two generalized Aztec triangles for £ = 3 that, according to
Theorem [5.1] must have an equal number of domino tilings.

Proof of Theorem[5.1]. Using our formulas from Theorem [I.1] we wish to show that

3] ki 554 2k—ai L
H H (2k+s+2)- H H (2/{5+S+2)/H(2i+1)k+1—i

=0 s=—2k+4i—1 i=0 s=k—2i+1 i=1
55 —koi 1552 ] ok—ai— k—1

=1 I @+s+3)- ]I H (2k+s+3) / [ (2i+ 1)
i=0 s=—2k+4i+1 i=0 s=k—2i i=1

This is an equality of two fractions; we bring both numerators to the left-hand side and
both denominators to the right-hand side:

L&) fr—kt2i-1 |55 ) yr2k—4i k
[1:2 s:ir2k+4i—l(2k +s+2) ' [Ticg " Ili0ia (2k + s +2) - H<QZ 1)
|55 ) yp—k2it1 1552 ] y2k—4i—1 N ’
IT=o s=j2k14¢+2(2k +s5+2) [lieo [lici o2k +s+2) =1

If k£ is even this results in

20 (4 1) (4 4+ 2)(4i 4 3) (4 — i+ 2)
) I = oty - L&D

1=0

or, after cancellation,

’51:[1 (404 2)(4k —4i +2)
(B +204+2)(k+2i+3)

Similarly, if k£ is odd we have

D+ 4 Py (4 + 1)(4i + 2)(4i + 3)(4k — 4i +2)
2k+4g (k+2i+2)(k+2i+3) H(2+1)

or, after cancellation,

T i+ 2)(4k—4i+2)
(k+2i+2)(k+2+3)

@III
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We can verify that both of these identities do hold true. For even k the product on the
left-hand side expands as

1)” 2k/2 (2k+1)!!

2.6 (2k —2) - (2k+6)(2k + 10)--- (4k +2)  2"2(k -

(kD)1
- (2k+1)!
(k+2)(k+3)---(2k+1) 2L
2Pk —-DW(k+ 1) (2k+ DN
B (k+ ! (2k + 1)!
1
=2FKl. —— =1
b (2k)11 7

where again we use the double factorial to indicate a product of integers with the same
parity. Similarly, for odd k& we have

2:6--- (Qk) . (Qk + 4)(2k + 8) o (4l€ 4 2) B 9(k+1)/2 11 9(k+1)/2 (%1;11)”

.. o 2k+2)!
(k+2)(k+3)---(2k+2) 2

2k + 1)1
(2k +2)!

= 2"k 4+ 1) O

Remark 5.2. Finally, let us verify that Theorem is indeed a generalization of
Di Francesco’s conjectured formula (1.1) (proved by Koutschan, see [KKS25, Sec. 4]),
that is,

n—1 .
4i 4 2)!
F — 2n(n—1)/2 ( )
(n) 11 (n+2i+ 1)

Indeed, Theorem tells us that the number of domino tilings of the (n,n)-Aztec
triangle of type I is equal to

G(n):zH( 7H (2n + s) i_[ 2n—i—s> H22+

>0 \s=—2n+4i+1 s=n—21

n-+2i An—4i— n—1
(0T ) /e
i>0 \s=4i+1 s=3n—2i =1

Now we compute for n > 1

I
—

n

Fin+1) 0 (n+2!p(n+2i+ 1), (4n+2)!7 1
Fin) —° Gn+2)l it m+2i+2) ° @Bn+2)lidn+2i+2
2"(4n + 2)! nl!

" (Bn+2)! (3l

Next we compute % for all n > 1. We first note that for even n we have

-2
2 n+2i 2 4n 49— n—1

(I T ) /T

=0 s=4i+1 =0 s=3n—21 =1
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and for odd n we have

n—1
5 n+2i 2 4n 49—

(T 110 s H()

=0 s=41+1 =0 s=3n—21
Then, if n is odd, we have
2 n2itl An—4i+2 N e 1
G(n+ 1) o HZ:20 Hsillii_l Hz 0 Hs 3n +2@+3 /<H10(2Z+ ]‘) 1 )
G N 2l nt2i An—4i— n—lio; n—i
() [1.2 Hsi4i+1 Hz 0 Hs 3n— 21 [Tz (2i+1)

- . 2n+4) Hr (@n—4i—1)---(4n — 4i +2)
= L2 1) 5y ll (3n—2i)-- (3n —2i + 2) /<2"+1)”

‘ 3

I
o

n !
@) (2n+4)! e 1

T n—1n [ Gnr2)! Gl T
(n—=1!" (2n+ 3)! o DT (2n + 1)!!

_ 2"n! (4n + 2)! _2™(4n+2)!nl!

S (n=DNBn+2)!(3n)! (3n+2)! (3n)!

On the other hand, if n is even, we have

5 n4-2i+1 An—4i+2 n , ]
Gn+1)  [TILII00 s 112 Hs s / (Hizo<2z+ 1) )
G n 2 2 dn—4i— n—1lig; n—i
(n) [1:2 Hs+4i+1 Hz 0 Hs 3n— 22 HIZO (20 +1)

°r dn — 45 —1) - (4n — 4i + 2
(2n +1 H(n+2z+ ((3n_2i).)”(37<1_2i+; >>/(2n+1)!!

1=0

(4n+2)!
n ! n)!!
(n—1)N Egnigi' ) E;’n;u (2n + )N
_ 2"(4n +2)!nl!

 (Bn+2)!1(3n)!!

Along with the fact that F'(1) = G(1) = 1, we conclude that F'(n) = G(n) for alln > 1.
Hence indeed, Di Francesco’s conjectured formula |[Di 21, Conj. 8.1] in ([1.1) results as
a special case from Theorem

6. A DETERMINANTAL RELATION

Here we show that it is sufficient to prove one of and . In order to see
this, we observe that the formula for domino tilings of generalized Aztec triangles
of type II can be obtained from that for domino tilings of generalized Aztec triangles
of type I, namely , by replacing n in by n + % Hence, what we have to
do is to prove that the same relation holds when computing the determinants from
Corollaries[f.3)and 4.5, which provide determinantal formulas for the numbers of domino
tilings of the (n, k)-Aztec triangles of types I and II, respectively.

Theorem 6.1. For n,k € Z>,, we have
det(Dy (k;n + 3)) = det(Da(k;n)). (6.1)
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Remark 6.2. In order to make sense of this theorem — more precisely: of the left-
hand side of — we must recall that via the Delannoy number D(i7, j) can
be viewed as a polynomial in j of degree i, for 7, 5 > 0. In this sense, the substitution
of n by n + 3, a non-integer, in is well-defined. The reader should recall that our
binomial coefficients are defined according to the convention in (|3.3).

At the same time, we warn the reader that, by doing this polynomial extension, which
we still denote by D(i,7), we commit a slight abuse of notation. Namely, according
to Remark [3.2(1), the Delannoy number D(i,—1) equals zero. However, this is not
the case for the polynomial extension using (3.1); here we have D(i,—1) = (—1)".
Nevertheless, we prefer to keep the same notation for both the combinatorial and the
“polynomial” definition of the Delannoy numbers. Our justification is that no conflict
arises: in the definitions of the matrices Dy (k;n) and Dy(k;n) in and the
second argument of the involved Delannoy numbers is never negative — hence it is of
no importance whether we impose the combinatorial or the “polynomial” definition,
while in this sction we use the “polynomial” definition because the proofs require that.

Proof of Theorem[6.1 Our claim follows from Proposition below, where we show
that, for 4,7 € Z>_4, we have

[i/2]
DGij+ = X ()25
It then follows from our definitions of Dy (k;n) and Dsy(k;n) that Dy(k;n + 1) can be
obtained by row operations from Ds(k;n). Hence, their determinants are equal. [
For the proof of Proposition [6.4, we need the following auxiliary result.

Lemma 6.3. For alli € Z and j € R we have

D(i,j)=D(i—1,7)+ D(i—1,7—1)+ D(i,j — 1), (6.2)
where D(i,j) is defined by

p=3 (1) (2)en gorizo (63

m=0

and D(i,j) =0 for i <0.

Proof. We know from Definition [3.1] and Remark that, for 7,7 > 1, the number
D(i,j) in equals the number of Delannoy paths from (0,0) to (4, 7). Furthermore,
again according to Remark , the path numbers D(i, j) satisfy the recurrence (6.2)).
For every fixed i > 1, according to (6.3)), both sides of are polynomials in j of
degree at most 7. Since the equality holds for infinitely many j, it must hold for
all real values of j.

For i = 0, the equation reduces to 1 = 0+ 0+ 1. If i < 0, then both sides

of (6.2)) vanish. O

Proposition 6.4. Fori,j € Z>_1, we have

[i/2] 1
D(i,j+3) = Z(—l)l< ;)H(i —2(,7),

=0
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where D(1, ) is defined by

D(i,j) = Z (7;) (T]n) 2m fori >0,
0

and D(i,j) =0 fori <0.

Proof. We do an induction on ¢ and j. For the inductive step, we use Lemma to
find for 7,7 > 0 that

D(i,j+3)=D(i—1,j+3)+D(i—1j—3)+D(i,j — 3)
[i-1)/2] N
= ) @Jy(ﬁ)ﬂu—1—mg)

1
ﬁ)H@—l—%J—l)

S (-

= W](—l)l (‘f)ﬂ(i — 21, j),

where we used the fact that H(i,j) = 0 for ¢ < 0 and all j, and the recurrence ({3.7)) to
obtain the last line,
Now, for the base case, when ¢ = —1 we have

D(_laj_'_%) =0= H(_17.7>

for all 7, as desired.
It remains to be seen that the identity holds for the case where j = —1, that is

D(i,—1) = %(-1)1 <_z )H(z’ —21,—1)

=0

N

for all # > 0. Now

H (i, —1) 1, ifi=0,
1. — =
’ 0, otherwise,

so we wish to show

oe-£ (G-

m=0

0, if 7 is odd,
(6.4)

, if 7 is even.

Using the notation for hypergeometric series (cf. [Sla66]), we have

0 (L (= SR S T I

m=0 m=0
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The o F)-series can be evaluated by means of Gauf}’s second summation theoremﬂ (see
[Sla66, Eq. (1.7.1.9), Appendix (IIL.6)])

2a,2b '1} _TET(G+a+b) (6.6)

1
2F1|:l—|—a—|—b’§ _F% 1 ’
2 (3+a)T(5+0)

Thus, after simplification using the well-known facts that I'(3) = /7 and I'(z)I'(1—z) =
7/ sin(mzx), we obtain

m m -1

mio(z)(—%)gm: 2T sin? (in) o

Here we see that the sine vanishes for odd 2. On the other hand, if 7 is even, then we
have

2 () sin (Yin) 2 () () () I ()

71! !

which is equal to the second alternative on the right-hand side of (6.4)). This concludes
the base case of our induction on 7, and we have our result. [

7. PROOF OF THEOREM [L.1]

We have shown in the previous section (see Theorem that, for a proof of Theo-

rem [1.1], it suffices to prove one of (1.3)) and (L.4). In the theorem below we prove (L.3).
More precisely, we show that det D;(k;n), with the matrix D;(k;n) defined in (4.1)),

equals the product in ([1.3), in its equivalent form in (5.1)—(5.3)). For convenience, we
slightly relabel the rows and columns of D;(k;n) and denote the arising matrix by

D;(k;n). To be precise, we do the replacements i — i + 1 and j +— j + 1, to obtain

Di(k;n) == (D(k — 2+ j,n—j — 1))

0<i,j<k—1

31t may seem that the application of this summation theorem is problematic when a + % or b+ % is
an integer. (This happens for odd 7 in the o F;-series in ) However, a second look quickly resolves
this “problem”: if ¢ is odd, we do the limit a — —% in Gauf}’s formula . The left-hand side is
continuous in a, so we may simply replace a by —%. On the right-hand side, the gamma function
P(% + a) blows up, which implies that the expression on the right-hand side approaches 0, meaning
that the series o Fy [—i, 2b; % - % +b;1/2] vanishes. Now we can safely put b = —%. This is in agreement
with the result in where the right-hand side vanishes for odd q.
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Theorem 7.1. For all non-negative integers k and arbitrary n, we have
det Dy(k;n) = det Dy(k;n) =  det (D(k: —2i+j,n—7j— 1))

0<i,j<k—1

k k—2

2 1 min{| (s even —s

— ] o T(n — s — 1)mintlie+texth cven/a) L6—a)/20)
v s=0

=
—_

T
L

(n — s — Lymin{l(s+1x(k odd)/2] L(k=s+1)/2]}

T
N O

(n+k — 5 — 1)minL2)/2) s—s=x(k odd))/2])}

T
C L
N O

(n +k—s— %)min{I_(8+1)/2J,\_(k—s—x(k even))/2j}.

@
I
—

(7.1)
Here, x(8) =1 if S is true and x(S) = 0 otherwise.

Proof. We apply the identification of factors method as described in [Kra99, Sec. 2.4]E|
An outline is as follows. In Steps 1-4 we show that the products over s in (7.1)) are
indeed factors of det Dy (k;n) as a polynomial in n. In Step 5 we prove that the degree

of det Dy (k;n) as a polynomial in n is at most (kgl) Since the total number of factors

provided by the products over s in ([7.1)) is exactly (kgl), the two sides in ([7.1)) must be
the same up to a multiplicative constant. This constant is then computed in Step 6 by

determining the leading coefficient of det Dy (k;n).

STEP 1: The term (n — s — 1)min{lls+1dx(k even)) 2L, L(k=9)/2]} s ¢ factor of det Dy(k;n) as
a polynomial in n. We claim that, for 0 < a <s, k> 2s —a+ 2, and k = a (mod 2),
we have

j—a
The validity of these linear relations does indeed imply that the mentioned power of
(n — s — 1) divides det D;(k;n) as a polynomial in n. For, with varying a, all these
linear relations are linearly independent of each other since all of them start with a
different column. Hence, the number of these linear relations — that is, the num-
ber of different a’s satisfying the above conditions — gives (a lower bound of) the
exponent of (n —s — 1) (cf. [Kra99, p. 13]). Now, on the one hand, the condition
0 < a < s together with the restriction £ = a (mod 2) implies that there are at most
| (s + 1+ x(k even))/2] such a’s. On the other hand, the conditions k > 2s —a + 2
and a < s together with the restriction k¥ = a (mod 2) imply that there are at most
| (k — s)/2] such a’s. Consequently, the minimum of the two is (a lower bound for) the
exponent.

Since there will be a very similar claim to prove in Step 2, we start the required
computation at a more general level than needed for the current step. Namely, we

2s—a+1
25 — 2 1 _
Z < st ) - (column j of Dy(k;s+1)) = 0. (7.2)

j=a

4We point out that Zeilberger’s holonomic Ansatz [Zei07) that was used by Koutschan to prove that
Di Francesco’s original determinant in (|1.2]) equals (|1.1]) is not able to prove the determinant evaluation
of the theorem, at least not on today’s computers.
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compute the entry in row ¢ of

a+b

> (j, f a) - (column j of Dy (k;n)), (7.3)

j=a

with the understanding that, here, we need the case where b = 2s—2a+1 andn — 1 = s.
Indeed, using the expression (3.2)) for D(k,n — 1), the entry in row 7 of ([7.3)) equals

ai b ’“22:“ n—1+4k—2i—/
j—a) & \n—1—j—lk-2i+j—01

j:a /=

_“i““’ n—1+k—2i—/( i b n—1+k—2i—20
N 14 a+b—j k—2i+j—¢

=0 j=a
_k%iﬂrb n—1+k—2i—0\(n—-1+k+b—2i—20 (7.4)
= 2 / k+a+b—2i—t ) '

We now substitute n = s+ 1 and b =2s+ 1 — 2a with 0 < a < s in (7.4). We see that
the entry in row ¢ of ((7.2)) is given by

k2i4§a+1 s+k—20—0\(k+3s—2a+1—2i—20 (7.5)
2 / kt2s—a+1-2i—0) '

We reverse the order of summation (that is, we replace ¢ by k — 2i + 2s —a + 1), and
obtain that it is also given by

k—2i+225—a+1 Csta—14¢ —k—s—1+2i+2/
s k—2i+2s—a+1—/¢ ¢

k—2i4-2s—a+1

— Z (—1)k-2i+2s—a+i—t <k +3s—2a—2u1— 20+ 1) (—1)f <k‘ +5— 20— €>.

£ k—2i+2s—a+1—¢ ‘
Since we assumed that £ = a (mod 2), the sum in (7.5)) vanishes, proving our claim.

STEP 2: The term (n — s — 1)min{llstlix(k odd)/2LLk=s+1)/20} s ¢ factor of det Dy (k;n)
as a polynomial in n. We claim that, for 0 < a < s, k > 2s—a+1, and k #Z a (mod 2),
we have

2s—a
Z <2j : za> - (column j of Dy (k;s + 1)) =0. (7.6)

j=a

We (re)use the earlier computation and let n —1 = s —

1
29
in ((7.4). We see that the entry in row ¢ of ([7.6|) is given by

k—2§s—a 3—%+/€—2i—€ ]{+33—2a—%—2i—2€ (77)
i k+2s—a—2i—0 ) '

£=0

b=2s—2awith0<a<s
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We reverse the order of summation (that is, we replace ¢ by k — 2i + 2s —a — /), and
obtain that it is also given by

k%%“l —s—34a+/ —k—s—3+2i+20
k—2i+2s—a—/ 4

£=0
k—2i+2s—a

_ Z (_1)k_2i+23_a_z k_22+35—2a—2£—% (_1)[ k‘_|_5_2l_€_%
- =0 k—2i+2s—a—"/ / )

Since we assumed that k£ # a (mod 2), the sum in (7.7)) vanishes, proving our claim.

STEP 3: The term (n+k — s — 1)™n{l(s+2)/2)L(k=s=x(k 0dd))/2]} 45 ¢ factor of det Dy (k;n)
as a polynomial in n. We claim that, for 0 < 2a < s and k > 2s — 2a + 2, we have

1T—a

s+1—a
. 1—-2 _
Z (—1)* (8 + a) - (row i of Dy(k; —k + s+ 1))

i=a

k—1 .
—a—1 _
-5 () oo Byl ka4 1) =0 (79
i=s+1—a

Here we use a contour integral expression for D(k,n). Namely, by (3.1]), we have

e 00

S+ 2)F (1 +y)"
27r1 /cz /c (xy)ttt dr dy

Yy £>0

(1+ )5 (1 +y)"
dz dy. .
27r1 /Cz/ xy — 2 vy (7.9)

In order that the geometric series in the next-to-last line be convergent, we need to
have |zy| > 2. Furthermore, since later we want to use this integral expression also for
negative values of n, which causes a singularity of the integrand at y = —1, the contour
C, must not contain —1 in its interior. Thus, a valid choice isﬂ

C,=1{5e":0<t<2r} and C,={0.5¢":0<w <27} (7.10)

5This choice affords actually two wanted properties: (1) as mentioned, it interprets D(k,n) as a
polynomial in n; (2) the expression on the right-hand side of vanishes if k is a negative integer.
To see the latter, suppose that k is a negative integer. Then the numerator of the integrand in
does not contain x, while the denominator is a polynomial in = of degree at least 2. Taking recourse
to a classical argument, we now blow up the contour C, to A\C, with A\ — oo. The integrand being of
the order O(x~2), we see that, in the limit, the integral vanishes. However, since (at A = 1) we started
with a circle of radius 5, we encounter no singularities when performing this blowup, showing that the
original integral vanishes.
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Next we compute the entry in column j of the first sum in (7.8]):

s+1—a
- 1—-2
Y (=1t (Sf “)D(k—2z’+y‘,—k+s—j>

T—a

_Sia(_uura s+1-2a // (L) (A +y)
B 1—a 27?1 . Je, Ty — 2 Y

1 k 2a+7(q —k+s—j 1 s+1—2a
/ / to) 4y) R dz dy
(27i)2 xy — 2 (14 z)?

2 s+1—2a 1 k+2a+j—2s—2 1 —k+s—j
// + 1)) (1+2) (1+y) dz dy.
27r1 . Je, Ty — 2

i=a

We apply the residue theorem with respect to y. There is only one singularity inside
the contour C,, namely y = 2/z. (Recall that we chose C, so that it does not contain
—1 in its interior.) Therefore, the above integral equals

1 (@(2+ @) H1-20(1 4 )kt 2ai=2-2(] 4 2)~kts—j ]
27 Je, x x

1 pk—2ati 1—2a—k+2s5—j k+2a+j—2s—
— ati (2 a-k+2s-3(q R g (7,11
=i ), (2+2) (1+2) . (T11)

The entry in column j of the second sum in ([7.8)) is given by

_ a1
Z 228+24a(28 a )D(k_22+j7_k+s_j)

, — 2a
i=s+1—a

k—2i —k+s—
N et // ) O ) B
s—2a 27?1 . Je, Ty — 2

1>s+1—a

22s+2 4a 1 + I’ k 25—242a+j 1 + y) k+s—j 1 —s5+2a—1
- l—— dx dy
27’(’1 Ty — 2 (1 + ZL’)

225+2 4a/ / 2+Z‘ —s+2a— 1(1+$)k—2a+j<1_|_y)—k+s—j dxdy
o (2mi)? e, c, xy — 2 '

It should be noted that the convergence of the infinite (binomial) sum in the second
line is guaranteed by our choice of contour C, which implies ’H%r' < 1.

Also here, we apply the residue theorem with respect to y. Again, the value y = 2/x
is the only singularity inside the contour C,. Therefore, the above integral equals

dx

271

225+2—4a/ (x(2+x))fs+2a71(1+x)k72a+j(1+%)fk+sfj
xr

228+2—4a

— i / xk72s+j+2af2(2 + x>fkfj+2afl<1 _|_x)k72a+j dr.
27 Cu

2(1+x)
24x

We perform the substitution z — — . This transforms the above integral into

225+2—4a

. o / 272s+4a72<2_'_x)fk+257372a+1(1+x>k723+]+2a72xk72a+J dl’,
1 /
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where the contour C., is given by

C;Z{—Q(;j—;’jf):ogtgwr}.

This contour encircles —2, the only singularity of the integrand (z = —1 is not a
singularity since k—2s+2a—2 > 0 by assumption), in negative direction. Consequently,
we see that the above expression is equal to (7.11)). This means that the two sums
in cancel each other, as desired.

STEP 4: The term (n+k—s— 3)min{l(s+D/2L1(k=s=x(k evem)/2J} 4 ¢ factor of det Dy (k;n)
as a polynomial in n. We claim that, for 0 < a < s and k > 4s — 2a — 1, we have

k—1
ch(s—a,i—a)~ (row i of Dy(k;—k+2s—1)) =0 (7.12)

i=a

and, for 0 < a < s and k > 4s — 2a + 1, we have

202(3 —a,i—a)- (row i of Dy(k;—k+2s+3)) =0, (7.13)

where

oy = LA+ D D0 =Dt (), By

R (20 —4s+ 1) 1! (s — 1)!

22 (2 — 1) (2r — L)1mser
+<4l_48+1); (s—r)(l—s—r+1)!
and
C W= 4s =D (1) = Dt (5)s1 (5i-s
co(s,l) = i

(20 —4s— 1)1 (s — 1)

21 (2r + 1), (2 + )y
_(45—43—1); (s=m)(l—s—r7) '

Here we need an extended definition of shifted factorials that is also applicable for
negative indices, namely

z(x+1)---(x+i—1), for i > 0,

<x>2 — 1, ) for i = O,

(x —1)(x—2)-(x+1)’

We begin with the proof of (7.12)). We must show that, for all integers k, j, s, a with
0<a<s, k>4s—2a—1and j >0, we have

for 7 < 0.

k—1
D ei(s—ai—a) - D(k—2i+j,—k+2s—%—j)=0. (7.14)
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Working towards a simplification, we observe that it suffices to prove for j = OH
Furthermore, after the replacements s — s+ a, i = i+ a and k — k + 2a, we see that
to prove for 7 = 0 is equivalent with showing that, for all integers k£ and s with
0 <sandk >4s—1, we have

T
L

ci(s,i) - D(k — 2i,—k 4+ 2s — 3) = 0. (7.15)

@
I
=)

Explicitly, using the definition of ¢;(s,) and the formula (3.1)) for D(k,n), this means
to prove the identity

S () ()

M
OM

[y

_ s 247‘—3(271_ l) _ (27,._ l), B
49 — 4 1 3)s—r )iz L 9i k49 8) —
+i:0(2 T ); (s—r)(i—s—r+1)! ( i,—k+2s—3) :

(7.16)

for all integers k and s with 0 < s and k > 4s — 1. Here, given the formula for
D(k —2i,—k + 2s — %), the second sum is a triple sum. We are going to simplify that
sum to a double sum. Namely, by using the contour integral representation with
the contours again as in , and by observing that, due to the term (i —s—7r-+1)! in
the denominator of the summand, the summation over ¢ actually starts at i = s+r —1,

This is seen by first observing that the sum over ¢ may be restricted to a < i < Lij due to
the first argument in the Delannoy number D(k — 2i + j, —k 4+ 2s — 3 — j). Since Lk%j <k-1,a
consequence of this observation is that the sum is a function of k£ 4+ j. Consequently, we may replace
k + j by any symbol we like, for example k. Phrased differently, we have put j = 0.
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we see that
k—1 1
2 — 9 )i—s—r .
Z —4s+1) (2r —35) D(k—2z,—k+25_%)
Iy
= Z (41_484—1) (27“_%>i—s—r 1 / / (1+I)k_2i(]_—|—y)_k+28—% dxdy
RS VAT
24(2T_ - // 1+fL’k 221+y) —k425— dd
- X
i>s+r (Z—S—T' 27“ Cy xy—2 Yy
zsr—l—l 1+$k211+y> k+2s_7
dx d
+1>;1 2_8—7“—|—1 27Tl //Cy xy—Z T ay

k 2s—2r 1 —k4+2s—3 1 72r+%
/ / L+ ) (Ly) ™2 (0 dody
27” e JCy Ty — 2 (1+x)?

1 k 25—2r+2 1 k+25_7 1 _2T+%
/ / + ) (I+y)~ N Lo dy
27” /Oy ry — 2 (14 z)?

Copal
1 —f—l’ k72s+2r71 ($(2 —f-l‘)) 2 +2(1 + y)—k+25—%

dx d
Ty — 2 v
_opy3
2 (1+ )22 (24 2)) 2 (L4 y) FH23
+— dx dy.
27i)? Cy Ty — 2

Here we used Property (2) in Footnote [5]in order to be allowed to sum over all i (instead
of stopping at i = k — 1).
Now we apply the residue theorem with respect to y. With our choice of the con-

tour C,, the value —1 is outside the contour, making y = 2/z the only singularity
inside C,. Hence, the above expression is equal to

_orgl
4 (1 + m)k—2s+2r—1(x(2 + x)) 2 +2(1 + %)—k+23—§ ;
— X

27 Je, x

oy 3
N 9 (1 +x>k—2s+2r—1<x(2+x)) 2 +2(1 + %)7k+2573 p
27Ti Co X v
4

o k—2r—2s+1 1 k—2s+2r—1 2 —k—21’+2s—1d
=5 . (1+2) (2+ 2) x

+ l mk—2r—2s+2<1 4 x)k—23+2r—1<2 4 $)_k_2T+28 dr.
27 Ca

Here we apply the residue theorem with respect to x. Since r < s and k > 4s — 1 by
assumption, we have k — 2s —2r +1 > k —4s 4+ 1 > 0. Hence, the only singularity is
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xr = —2. Consequently, by the shift z — x — 2, we obtain
4 <xk+2r723> ($ _ 2)k72r72s+1(l, - 1)k:+27'72571

+9 <xk+2r72571> (SC . 2)]{:72T*28+2 (.CIZ' _ 1)k+2r72371

k—2r—2s+1

kE—2r —2s+ 1\ /(k+2r—2s—1
= (=1 k 2k‘—2’r‘—25+3—€
SIE> g
k—2r—2s+2
k—2r —2s+2\ (k+2r —2s—1
_1) ok—2r—2s+3—¢
+(=1) ; , ,

k—2r—2s+2

— (—1) Z ok—2r—2s+3—( (k—2r—2s+ 1) (k+2r—2s—1)!
02 (kE—=2r—2s+2—-0!(k+2r—2s—10)!

(=07 4 2k + K* + 4r — 4% — 4s — 4ks + 457),

/=0

where we used the notation (z™) f(x) for the coefficient of ™ in the polynomial f(z).
If we substitute this back in (7.16]), then we see that we have to prove the double sum
identity

k—1 k—2 (4’i —As+ 1) (_1)571“ _ i)g—l (%)S (%)i—s k — 23 —k + 2s — % )
2 (2i —4s + 1) il (s — 1) < ¢ )< t )2

=0
LS k k72r725+37824r_3(2r — 3)s—r
+; — (=12 (s —r)!
(k—2r —2s+ 1) (k+2r —2s—1)!
02 (k—2r —2s+2—0)l (k+2r — 25 — {)!
(=P 42k + K* + 4r — 4r® — 4s — 4ks +45*) =0, (7.17)

for all integers k and s with 0 < s and k& > 4s — 1. With the help of Koutschan’s
Mathematica package HolonomicFunctions [Kou09], this is a routine task. The short
version is that it allows us to find a linear recurrence in k (with polynomial coef-
ficients) of order 6 (with non-vanishing leading coefficient in the relevant domain)
that is satisfied by both double sums. Thus, the identity would be proved if we are
able to confirm it for six initial values, that is, for k = 4s — 1,4s,4s + 1,4s + 2,
4s+ 3,45+ 4. For each of these six values of k, the package HolonomicFunctions may
again be used to find a linear recurrence in s (with polynomial coefficients) of order 5
that is satisfied by both (specialized) double sums. Now we are down to verifying the
identity for all pairs (k, s) in

{4s+a,s): =1 <a<4and 1 <s <5},
which is straightforward to do. More details are described in the appendix.

We turn to the proof of (7.13). We must show that, for all integers k, j, s,a with
0<a<s, k>4s—2a+1and j >0, we have

k—1
D (s —ayi—a) - D(k—2i+j,—k+2s—§—j)=0. (7.18)
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Given that the definitions of ¢i(s,1) and cy(s,[) are very similar, and that the equa-
tions and are very similar, also their proofs are similar. However, the
details differ.

Working towards a simplification, we observe that it suffices to prove for 7 = 0.
Furthermore, after the replacements s — s+ a, i — ¢ + a and k — k + 2a, we see that
to prove for j = 0 is equivalent with showing that, for all integers k and s with
0 < sand k >4s+ 1, we have

k—1
> eals,i) - D(k — 20,k +2s — §) = 0. (7.19)

1=0

Explicitly, using the definition of c(s, ) and the formula (3.1)) for D(k,n), this means
to prove the identity

N (i —ds — 1) (=) (1 = i)st (B)osr (B)iian (= 20\ [~ + 25 — L
ZZ (2i —4s — 1)al (s — 1)! ( l )( ¢ )24

=) (@i—4s—1))

St e+ N (2r+ L)
(2r+3)s-r (2 +3) "D(k — 20,k + 25 — 1) = 0,

(7.20)

for all integers k and s with 0 < s and k > 4s + 1. Here, given the formula (3.1]) for
D(k —2i,—k + 2s — %), the second sum is a triple sum. We are going to simplify that
sum to a double sum. Namely, using the contour integral representation (|7.9) with the
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contours again as in ([7.10]), we have

k—1
(2r+ )z s—r—1 . 1
; 4s — 1) i—s—1) D(k —2i,—k + 25— 3)

2 + PN 1 k 2i 1 k+2s—
:Z(4¢—45—1)<r 3)izort v // a4 y) dacdy
7Tl

i (1—s—r)! xy — 2
42r+ 1), o 1 1 k—2i(] —k+2s—1
- ¥ e .2//“@ U oy
S (i —s—r—=1!(2m)* Jc, Je, xy — 2

2(2r — 5)i-sr (14 2)k=2(1 4 y) 253
dz d
+Z (z—s—'/" 2771 /x/cy Ty — 2 vay
1 k 25—2r—2 1 —k12s— 1 1 _QT_%
// + ) Lty 221 ddy
(2mi)? Je, Je, zy — 2 (1+x)?

1 k 25—2r (1 —k+25— 1 —27°+%
/ / +2) (1+y)” - dz dy
27r1 Yy — 2 (1+x)?

_op_1
4 1 +x k72s+2r71<x(2+x)) 2 2(1 _‘_y)—k+2s—%
2 dz dy
2mi . Je, Ty — 2

—optl
1+x k—2s+42r— 1( (2+£C)) 2+2(1+y)7k+287%
dx dy.
27r1 . Je, Ty — 2

Now we apply the residue theorem with respect to y. With our choice of the contour C,,
the value —1 is outside the contour, making y = 2/x the only singularity inside C,.
Hence, the above expression is equal to

oy 1
4 (1 + ‘,L,)k72s+2r71 (l‘(? + x)) 2r—3 (1 + %)—k-ﬁ-?s—% p
— a

27i Jo. x

—opal
9 (1 + x)k—25+2r—1 (x<2 + x)) 2 +2(1 + %)—k+2s—% ;

_ i ph=2=2sml(] g g )h2s42—Lig | )—h-2r+2s—1 g,
2mi Co

2
+ xk72r72s<1 4 w)k72s+2r71(2 4 x)fk72r+25 dr.
27 Cu

Here we apply the residue theorem with respect to x. Since r < s and k > 4s + 1 by
assumption, we have k — 2s — 2r > k — 4s > 0. Hence, the only singularity is x = —2.
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Consequently, by the shift z — z — 2, we obtain

4 <xk+2r—2s> (I _ 2)k—2r—2s—1(x _ 1)k+2r—2$—1

+9 <xk+2r 25— 1> k 2r— 23(1, o 1)k+2r72571
= (_]_)kk 2§S ' 2k—2'r—25+1—é k—2r—-2s—1 k + 2r —2s —1
l !
/=0
k—2r—2s
_ )k Z ok—2r—2s+1— k—2r—2s\(k+2r—2s—1
=0 ¢ 4

k—2r—2s

Z Qh—2r—2s+1-¢ (k—2r—2s— 1! (k+2r —2s—1)!
02 (k—2r—2s =0 (k+2r —2s—1)!

(=0 4k — 4r® — 4ks + 45%).

If we substitute this back in ([7.20]), then we see that we have to prove the double sum
identity

= “fil (4i —4s — 1) (=1)* 11— )sm1 (31 (3)imsn (k: — 22') (—k + 25 — %) of
e (20 —4s —1)il (s — 1)! 14 14
s k—2r—2s r—
4 1)k712k727“728+1 524 1< )
r=1 (=0 (s —n)!

(k—2r —2s — D! (k+2r —2s—1)!
02 (k—2r—2s—0)! (k+2r —2s—{)!
(=P K —4r® —4ks +45%) =0, (7.21)

for all integers k and s with 0 < s and k > 4s+1. This identity can be proved in the same
way as (7.17)), again using Koutschan’s Mathematica package HolonomicFunctions.

STEP 5: The determinant det Dy(k;n) is a polynomial in n of degree at most (kgl)
From (3.1)), we see that D(k,n) is a polynomial in n of degree k. The expansion of
the determinant according to its definition implies that the degree of det D;(k;n) is at

most

max (Z(k — 21+ U(z))) = max <k2 Zz) kk + 1).

=0 =0

STEP 6: The coefficient of n**+D/2 in det Dy (k;n) is 2 T2, 5.~ The argument of
Step 5 shows that we obtain the leading coefficient of det Dy (k;n) — the coefficient of

nFE+HD/2 if we compute the determinant of leading coefficients of the entries. That
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is, we must compute

T

1

det (=2 ) oI Tt det ((h—2i4 41
0<ij<h-1 (k—2i+35)!) o (2k —2i = 1) 0<ivjh1 ((k =20+ 54 D)
(41 k-1 1
_ _on\k—i—1
2 g (2k —2i —1)! OSi(,:}'egtk—l ((=2i) )
N 1
= o(7) 2k —2i = 1) IT (20— (-2))
i=0 T 0<i<j<k—1
k—1 |
—o()HETT——
L or—2i—1)
LI

=TT =,
ZH (2)s
where in the step from the first to the second line we used elementary column opera-
tiond], and the subsequent step is just the Vandermonde determinant evaluation. O

8. CONCLUSION

In [Di 21|, Di Francesco initially introduces Aztec triangles as a combinatorial object
for which there exists a bijection to a certain set of configurations of the 20V model,
though the explicit bijection has not been found yet. Now we have generalized this
construction of the Aztec triangle, as well as established a bijection to several other
combinatorial objects. A natural question now is how these generalized Aztec triangles
relate back to the 20V model, and if that explicit bijection can be found.

In particular, does there exist a domain on which 20V model configurations are
in bijection with domino tilings of these generalized Aztec triangles? Of note, in
[DG20| there is a conjecture that equates the number (actually the partition function)
of domino tilings of the Aztec triangle with the first £ — 1 rows removed (consistent
with Di Francesco’s [Di 21| definition of 7, ,,—x) with the number (partition function) of
20V model configurations on particular pentagonal domains. In fact, in [Di 21, Sec. 7]
Di Francesco proves this conjecture for & = 2,3 through combinatorial means (with
k = 1 being the case of the entire Aztec triangle). The conjecture remains open for
larger values of k, and combinatorial proofs in these cases seem much more complicated.

While we have not been able to find other “nice” product formulas, Chen, Chern and
Yoshida consider in [CCY| weighted enumeration of domino tilings on some generalized
Aztec triangles defined in [CHK], and they prove product formulas in these cases.

We finally point out that our product formulas in Theorem appear in another
context, not unrelated to the 6V model. Namely, in [FS24], Fischer and Schreier-
Aigner consider the (—1)-enumeration of arrowed Gelfand-Tsetlin patterns. These are

"The determinant in the first line has the form deto<; j<kp—1(p;(—2i)), where p;(x) is a monic
polynomial in z of degree k —j — 1, for j =0,1,...,k — 1. Thus, all entries in column k — 1 are 1. We
may then use this column to eliminate the constant terms in column k — 2, so that the entry in row ¢
and column k — 2 becomes —2i = (—2i)!. Etc.
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intimately related to alternating sign matrices, and thus to configurations in the six-
vertex model. The main results in [F'S24] “overlap” with our results in Theorem [1.1{in
that, up to a certain scaling, they contain the same products. However, this coincidence
is at this point unexplained and remains mysterious.
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9. APPENDIX

9.1. Proof of identity ([7.17). We denote the summand of the first sum by U (k, s, i, (),
and the summand of the second sum by V(k,s,r, /), so that, for all integers k and s
with 0 < s and & > 4s — 1, we have to prove

k—

._\

<L

k—21 s k—2r—2s+2

U(k,s,i,0) +Z Z V(k,s,r,0)=0. (A.1)
r=1

=0

~
Il
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In order to achieve this, we wuse Koutschan’s Mathematica package
HolonomicFunctions [Kou(09] to find a recurrence relation that is satisfied by both
double sums. In the following, we let S denote the shift operator in k, that is,
Sk(g9(k)) := g(k + 1), and similarly we shall use the shift operators S;, S,,S¢ in the
variables 7, r, ¢, respectively.

Applying the command

CreativeTelescoping[Annihilator [U(k,s,,/),{Sk,S:,Se}|,S¢ — 1,{Sk,S:}]

we find operators A;(k, s, i, S, S;) and B;(k,s,i,0, Sy, S;,S¢), j = 1,2, where A, is a
polynomial in the given terms and B; is in Q(k, s, 4, £)[Sk, Si, S|, such that

Aj(k,s,i, Sk, Si)U(k,s,i,0) + (S¢ — 1)B,(k, s,i,€, Sk, Si, Se)U (k, s,4,0) = 0,
for j =1,2.
This relation is then summed over £ in the range 0 < ¢ < k — 2¢. Since this range has
natural boundaries — in the sense that we could equally well sum over all integers ¢

because the boundaries are caused by the binomial coefficient (k_zzl) — the sum over /¢
of the second term is a telescoping sum, which drops out. Thus we arrive at

k—21
Aj(k, 5,1, Sk, 8:) Y Ul(k,s,i,0) =0, forj=12.
/=0

Next we use the command
CreativeTelescoping[{A;(k, s,i, Sk, S;), Aa(k, s,4, Sk, S;)}, S — 1,{Sk}]

to find operators C'(k, s, Si) and D(k, s, i, Sk, S;), where C'is a polynomial in the given
terms and D is in Q(k, s,)[Sk, Si], such that

C(l{?, S, Sk) + (SZ - 1)D(II€, S, i, Sk, Sl)

lies in the left ideal generated by A;(k,s,i,Sk,S;) and As(k,s,i,Sk,S;) in
Q(k, s,1)[Sk, Si]. In particular, we have

k—2i k—2i
C(k,5,80) Y Ulk,s,i,€) + (Si = 1)D(k, 5,4, 8, Si) > _ Uk, s,i,) = 0.
/=0 =0

If we sum this relation over all ¢ in the range 0 < i < k — 1 — which is again a range
with natural boundaries in the above sense — then we obtain

k—1 k-2

Clk,5,5) Y > Ulk,s,i,t) =0, (A.2)

=0 {=0

where the operator C(k, s, Sy) has the form

6
C(k,s,8) =Y _ nlk,s)S},
=0
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with leading coefficient

Yo(k,s) = (k+6)(k — 4s 4+ 7)(2k — 4s 4+ 7)(2k — 4s + 11)(2k — 45 + 13)
x (k—2s+3)(k — 25+ 4)(k — 2s + 6) (425613 + 518672k -+ 230896k
+ 44800%> 4 3200%* — 10842805 — 946880ks — 272128%>s
— 25600k°s + 1048112s* + 590336ks? + 82432k%s* — 3873285
— 96256ks® + 4096k%s® — 44288s* — 45056k s*

— 4096k?s* + 675845° 4+ 16384ks” — 122885%). (A.3)

We observe that v4(k, s) is non-zero for k > 4s — 1 since the larger irreducible factor is
visibly an odd integer and thus non-zero.

Now we turn to the second double sum in (A.1)). The arguments will be more involved

here since the sum over r has no natural lower boundary. Still, we start in the same
manner. We apply the command

CreativeTelescoping[Annihilator [V (k,s,r, ), {Sk,5,5¢}],5¢ — 1,{Sk,S:}]
to find operators Ej;(k,s,r, Sk, Sy) and Fj(k,s,r, ¢, Sy, Sy, S¢), j = 1,2, where E; is a
polynomial in the given terms and F} is in Q(k, s, 7, £)[Sk, Sy, S¢], such that
Ei(k,s,r, Sk, Sp)V(k,s,r,0) + (S¢ — 1)Fj(k,s,r, £, Sk, Sy, Se)V (k, s,i,0) =0,
for j =1,2.

Subsequently, we sum this relation over /. The summation over ¢ does have natural
boundaries due to the terms ¢! and (k—2r—2s+2—/)! in the denominator of V(k, s, r, ¢).
Hence, we obtain

k—2r—2s+2
E;(k,s,r, Sk, Sy) Z V(k,s,r,0) =0, forj=1,2.
=0
Next we use the command
CreativeTelescoping[FE(k,s,r, Sk, S:) ;S — 1,{Sk}]

to find operators G(k, s, Sy) and H(k,s,r, Sk, S,), where G is a polynomial in the given
terms and H is in Q(k, s, r)[Sk, S;], such that

G(k,s,Sk) + (S, — 1)H(k, s,r, Sk, Sy)

lies in the left ideal generated by FE\(k,s,r, Sk, S,) and FEs(k,s, i, Sk, S;) in
Q(k, s,7)[Sk, Sy]. In particular, we have

k—2r—2s+2 k—2r—2s+2
Gk,s,8) > Viks,r0)+(Se— DH(k,s,7,5,5) Y V(ksr)=0.
=0 =0

(A.4)
If we sum this relation over all r in the range 1 < r < s, then only the upper boundary
is natural due to the term (s — r)! in the denominator of V(k,s,r,¢). On the other
hand, the sum over r of the second term in (A.4)) is still a telescoping sum. Even if it
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does not vanish entirely, it is only a term for r = 1 (with a negative sign) that survives.
More precisely, we obtain

s k—2r—2s+2 —2s

G(k,5,5) ) Z Vik,s,rl)— Z H(k,s,1,8, 8)V(k,s,1,0)=0. (A.5)
r=1

=0
One simplifies H(k, s, 1, Sk, S;)V(k,s,1,¢) to
(—1)k22-6Fk=25(k — 25 + 3)2(4s — 1)?Pol(k, s, ()
(2k —4s+1)(2k —4s+3)(k — 25+ 1)?
(k=25 — )1 (k—2s+1)1(2)sy
X
02 (k—2s =0 (k—2s— 0+ 4)(s— 1)

where Pol(k, s, ¢) is a huge polynomial in k, s, . In principle, the sum over ¢ of this
expression can be evaluated by means of Chu—Vandermonde summation. However, it
is more effective to use again Koutschan’s HolonomicFunctions in the form

CreativeTelescoping[Annihilator [W(k,s,¢),{Sk,S¢}1,Se — 1,{Sk}]

where W(k,s,?) is the right-hand side in (A.6)), to find operators I(k,s,Sk) and
J(k,s, €, Sk, Se) such that

I<k7 S, Sk)W(k7$7€) + (SK - 1)‘](ka Svga Sk7Sg)W(k’7S,£) =0

Summing this over ¢, we obtain

H(k,s,1,5;,8)V(k,s,1,0) =

(A.6)

k—2s
I(k,s,80) > W(k,s,€) =0.

=0

Consequently, if we apply the operator I(k, s, Sk) on both sides of (A.5)), we arrive at
the desired recurrence for the second double sum in (A.1)),

s k—2r—2s+2

I(k, s, S,)G(k, s, Sk) Z Z Vik,s,r () = (A.7)

Using the command OreTimes of the package HolonomicFunctions, one finally sees
that

I(k, s, Sk)G(k,s,Sy) = (18237 + 21392k + 9328k + 1792k> + 128k* — 459445
— 39104ks — 11008k?s — 1024k3s + 34352s* + 18944ks* + 2560k s>
+ 427525 + 26624ks® + 4096k?s® — 105728s* — 45056k s*
— 4096k?s* + 675845 4 16384ks" — 122885°)
x (50877 + 45936k + 15472k* + 2304k° + 128k* — 970805 — 64192ks
— 14080k*s — 1024k>s + 558565% + 24064ks> + 2560k s*
+ 734725 + 34816ks® + 4096k?s® — 154880s* — 53248k s*
— 4096k?s* 4 83968s° + 16384ks — 122885%) x C(k, s, Sy),

so that I(k, s, Sk)G(k, s, Sk) is a multiple of the recurrence operator for the first double
sum in (A.1). However, the multiplicative factor is visibly an odd integer and can thus
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be canceled in (A.7]). We have therefore proved that both double sums in ({A.1)) satisfy
the same recurrence relation in & (of order 6) for k > 4s — 1, namely

6
> k. s)F(k+1,5) =0,
=0

with the coefficients v;(k, s) being defined in (7.19).

For verifying for k =4s —1,4s,4s + 1,45 + 2,4s + 3,4s + 4, one proceeds in
exactly the same way. The only difference is that, now, one searches for recurrences
in 5. Hence, in the corresponding computations that closely follow those of the previous
paragraphs, instead of S one has to put S, everywhere, together with a few other small
modifications. It turns out that, for each of the above specializations of k, both double
sums in satisfy a linear recurrence of order 5 (obviously, a different one in each
case).
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