Bijective proofs of (skew) Schur polynomial

factorizations

Ilse Fischer

Universitat Wien

Joint work with Arvind Ayyer



I. Ciucu’s factorization theorem for perfect
matching generating functions



Ciucu’s factorization theorem 1

Suppose & is an edge-weighted graph and we want to compute the perfect matching
generating function M(G).

Assume ' has the following properties:

e Planar, bipartite and connected.

e (7 symmetric w.r.t. a vertical symmetry axis 7/,
including the edge-weights!

e Removing 7/ disconnects .

e W.l.0.g. there are an even number 2 N((') of
vertices on the symmetry axis. (If not, ¢ has
no perfect matching.)




Ciucu’s factorization theorem II

For a vertex v on /7, we define cutting opera-
tions:

e “Cutting left/right of v"" means that we delete
all incident edges left/right of /.

NI~

Now we define two subgraphs of ¢ as follows:

e \We perform the cutting operation right of
all ¢;’s and b;’s, and left of a;’s and b;’s.

e Reduce the weights of the edges on /7 by half
and leave all other weights unchanged. We ob-
tain two disconnected graphs, and denote by *
the left graph and by ¢ the right graph.

Theorem (Ciucu 1997). We have the following factorization for the perfect match-
ing generating function M(G).

M(G) = 2NE M(GH) M(GD).



II. Two Schur polynomial factorizations



Two families of partitions

A1 A1

(A1 +1,..., A+ 1, =M,y e e, “A1) + A1
(11,9,2,0)

(10,8,2,0)

for ()\1, )\2) = (5,3)
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8(11,9,2,0)(T1,T1,%2,72) = %
1 T2
X (mioxg + 2198 + 2198 + 21923 + 2323 + 22928 + 22923 + 22923 + 220 + 28230 + 32828 + 42825 + 42823 + 32823
+x§ + 22 xd + 4xlxl + Sxlad + dxlad + 2xxs + 28220 + 42828 + 62525 + 62923 + 42023 + 28 + 22323 + 52l
+62313 + 5r3ws + 2x3ws + 27230 + 4TS + 627w + 607w + 4xtesd + 2] + 22323 + 4xdal + Badad + d4adad + 223xs
+x2230 + 32228 + 42228 + 4x322s + 32303 + 2T + wyad + 2wyal + 2wyad + 2x1a3 + 170 + 25 + 2§+ 2h + x%)

x (:c%%c%o + 21222 +xiledt v ellad v ailed + ollas + 21%82 + 210220 + 21028 + 21028 + 21022 + 210 + 2921t + 2923
+xixl + 2923 + 2373 + 2w + 25230 + 2825
3. .4 10, 4.8

+ 22828 + 2823 + 2823 + x2S + 22T 2l + 22723 + 223 + 22528 + 22825

4.6 4. 4 4.2 3,11 3.9 3,7 3,5 3.3

3

+22875 + 2373 + 22328 + 22373 + 373 + 7230 + 2128 + 2272 + 272t + 2T23 + pIAt + 232 + Il + 2323 + 2323 + 2320

+xiwd? + o3al0 + xfad + xix] + xias + 27 + v1wd + 312 + 2123 + x120 + 230 + 23)

(Notation: z=x71)



_ — 1
3(10,8,2,0)(x17 T1,T2,T2) = 1010
1772

X (m%m%o ~2l210+ 28210 - 23210 + 25210 - 3210 + 23210 + 232 - 22829 + 3xlx] - 3282 + 3x32] - 3252 + 33’

2.9 9 10,.8 9,.8 8,.8 7,8 6,.8 5.8 4_.8 3,.8 2,..8 8 8 10,.7

—2x5x] + Tox] + T3 x] — 2x5x] + drsx] — dryx] + 6xox] — 61377 + 62577 — Swsx] + 4rsw] - 2T02] +X] — TS5 Ty
+3z321 - 582l + Txlel - 8282! + 9x3x] - 8x52! + Tx3x] - Sx3x] + 3zox! — 2! + 23028 - 32328 + 62528 - 822xF
+10252% - 102328 + 102329 - 82328 + 62328 - 32028 + 2§ - 22%23 + 32323 - 6282F + 92023 — 102823 + 112323

~10x%x3 + 92323 - 62327 + 30w — 23 + 202F - 3232t + 62827 - 8xlxt + 102527 - 10232 + 102327 - 823x]

4 4 10,.3

T5T1{ — 3Tox{ +XT{ — X5 X 517 — drsw THT] — BTHT T5T] — BT5T Tr5xy] — drsx ToT] —
+6x3x] — 3rox] + ] — 23023 + 32323 - 5253 + Twled - 82523 + 92323 - 8xdad + Tadad - 5a2a? + 3uoad - 23
€T L1 — LT/ LAXLT — O~ L1 — O~ LrXLqT — IO LoXLq — LT X LHXL1 — LL>T1 T
+%O%28%+4§%5Z%+6g%6%%+6§'%5%%+4%%2 %+%+g 2§+3Z

8 7 6 5 4 3 2)

9

~3xSx1 + 323x1 - 3xhay + 3x3x1 - 22321 + oy + 25 — 2L+ 28 - 23 + 25 - 3 + 23

><(810 7,10 6,10 5,10 4,10 3,10 2,..10 9.9

8.9 7.9 6.9 5.9 4,9 3.9
T5L]" + THoT]" + T +XTIX] + XLy +THT] +T5x] +x5x] + 2x527 + 3xox] + 3xox] + 3x37] + 3577 + 3T577

+2x3x) + xox? + 23028 + 20328 + 40828 + 52528 + 62528 + 62528 + 62328 + 52328 + 42328 + 22528 + 28 + 2102]
+3x5x] + 5x8x] + Taxlx] + 8xSx] + 9xdx! + 8adx! + 732! + 53zl + 3xox! + 2] + £392% + 32328 + 62828 + 8272
+102528 + 102328 + 102328 + 82328 + 623525 + 3x028 + 2§ + 23023 + 32323 + 62523 + 92023 + 102823 + 112323
+10z5323 + 9x323 + 62373 + 3wow3 + 23 + 23077 + 31377 + 62507 + 8xlxt + 102527 + 102327 + 102527 + 823xT
+6x32T + 3xox] + 2] + 23023 + 30323 + 5a8a? + Txlad + 82523 + 9xdad + 8xdad + Tadad + 5a3xd + 3woxd + 23
+23927 + 20323 + 42822 + 5xlx? + 62523 + 62327 + 6151 + Badx? + dadx: + 2woxs + 3 + xax1 + 2x5w1 + 3ThT)

+3xSx1 + 3232y + 3xdxr + 3xdx1 + 22321 + Toxy + 25 + L+ xS+ a3+ 5+ 23+ x%)
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Characters of classical groups
e Symplectic characters (Sp2,(C)):

Aj+n—-j+1  =Aj+n-j+1

Sp)‘(xl’ T :Cn) - n-j+1 fﬁ,—]ﬁrl)

detlgi,jgn (xl i
e Even orthogonal characters (02,(C)):

)\‘/'-‘r’rl—j —)\j-‘r’rl—j
detlgzjjgn (CUZ- + xi

oSV (x1,...,xn) = (1 + [\, £0])

detlgi,jgn (iU?ij + f?ij)
e Odd orthogonal characters (502,,1(C)):

T

odd _
SOX (:Ul’ U CU,L) B n—j+1/2 —=n-j5+1/2
detiq jen |, - T;

e A half-integer is an odd integer divided by 2, and a half-integer partition is a finite weakly decreasing
sequence of positive half-integers. In the case of the even orthogonal group, the character formula
has a representation theoretic meaning as characters of spin covering groups when X is a half-integer
partition.

e General linear characters (GL,(C)):

Aj+n—j
detlg’i,jén(xi ! )

detiq j<n (xnij)

1

s,\(scl, Ce ,xn) =



The factorization theorem

Theorem (Ayyer, Behrend, 2019). Let A =(Xq,...,,) be a partition.

e FOr A=(My+1, 0+ 1, ... Ap+1,-Np. =Xy, 1,....-A1) + A1, we have
s5(21,1, .-, T, Tn) = sPA(TL, .-, @n) 0517 (X1, -+, Tn).
e FOr A= (Xi,..., 0. ~An,....,~A1)+ A1, we have
T0.1/2 =1/2\-1__odd
S/X(xl,xl,...,ajn,ajn)zn(xi +Z.'7) " s08 (xl,...,mn)oi\ieln(ajl,...,xn).
i=1 >

Extends work of Ciucu and Krattenthaler.

Goal of our work: Bijective proof
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III. Graphical models of characters
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Trapezoidal honeycomb graph

(Edge weight z; is abbreviated by i.)

Theorem. For a partition A= (Aq,...,),), we have

S>\(:C1 a’;n) — M(—I—A’rﬁ‘l,)\nl—ﬁ-z ..... Al—}—n(
g oo ey

nAq X1y---yTn)),

where M((') denotes the perfect matching generating function of the

edge weighted graph .
12



From a tableau of shape )\ to a matching of TAntLAn-192, A1 4m

n,A1
_ 111121255
Semistandard tableau of shape (8,6,4,4,2,0): 6
212|133 |5]|6
314114\ 4
51566
6| 6
3
2 5
1 4 5

Corresponding Gelfand-Tsetlin pattern:

13



12

14

11

.,:136)1

7y

14

L < =

7 )

diagonal:

We add 2 to the -th ~-

Corresponding perfect matching of T61’§’7’8’11’14(a:1,..

\.
8
8g88




Symplectic characters

The half-trapezoidal honeycomb graph HT—2’3’5(:U1,...,$6):

Theorem. For a partition A= (X1,...,A,), we have
PN, I VS, JUND WrE ) — _
spa(T1,...,xp) = M(HT_27:A1 o L, X1, Ty X))

Similar results exist also for even orthogonal and odd orthogonal characters (also for
half-integer partitions when needed). The graphs are always approximately half of
the original trapezoidal graph with possibly some edge weights close to the ‘cut’.
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IV. Symmetrizing
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Trapezoidal honeycomb graph with different edge weights

147811.14
ST7777 y

1,4,7,8,11,14
T (1,...,T6) 6.8.4 (z1...,%6)

6,8

Important: Vertical line contains “peak vertex’ in top row!
Lemma. Let 1<j5<k. Then the matching generating function
M(TIQ)TLk(xlafla---aajnafn))

is equal to

1 _ _
on > M(o STgn?kz,j(ml’ Tly-eesTnyTn)),
o€l,

where 7, denotes the permutations of the edge weights {1, 71, 22,75,...,2,,7,} that
are generated by the transpositions (z1,71), (2o, 22), ..., (x,,%,).
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“Randomized” bijection

e Suppose A, B are finite sets, then a randomized map from A to B is a randomized
algorithm that assigns to each element a ¢ A an element b e B with some probability

Pa.p Such that
Z Pab = 1

beB
for all a < A.

e A randomized map is a randomized bijection, if there exists a randomized map
from B to A such that the corresponding randomized algorithm sends be B to ac A
with probability p,; (which implies then also ) ,.,p,, =1 for all be ).

e A randomized bijection can only exist if A and B have the same cardinality, as

[Al=>1=3 Y pap=>. Y pap= . 1=|B].

acA acA beB beB acA beB

18



Typical “move”

Reflecting the matching edges vertically and the edge weights horizon-
tally leaves the total weight of z2 unchanged...

. after all it is just a rotation by 180° of the whole picture.

“Randomized” : For each 2, we randomly choose either the left or the
right side of the fixed vertical line (if possible) to which we apply this
Mmove.

19



First identity: sy (z1,%1,...,%n,Tn) = spr(T1,---,Tn) oSV (1, -, 7n)

For n=2 and A= (2,0) we obtain the graph ST,2%%(x1, 71,22, %2):

The weighted graph is symmetric with respect to the vertical symmetry axis!

20



V. Doubling for the second case
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Second identity:

_ _ 1/2 _-1/2\_
s5(21,%1, -+, @n, Tn) = [11L4 a:i/ +xi/ ) 180())\dd(331,...,33n) oi\ieln(azl,...,xn)
>

Example )= (5,3), X=(10,8,2,0):

Wrong type of symmetry axis: In this case, the lemmma cannot be applied to
achieve symmetric edge weights!

22



A graph operation

Lemma. Let ay-ar=a, by-bo=b, y1-y> =y and z1-2- =2z. The following
replacement rule in a weighted graph leaves the matching generating
function invariant, where in the replacement the degree of the black
vertices does not change and the red vertices are the connecting points.

\/ yip ai y2 a2
' t L
a121+boyo a121+boys

/\ by 21 bo 22

23



1368

Application to T (x1,T2,x3,24)

By DT}, (z1,....2,) we denote the graph that is obtained from T (x1,...,2,) by

applying the rule to the vertical edges in all odd rows 1,3,5,... and choose the
weights cleverly.

The graph D'I'1 3,6, S(ml,xg,xg,m4):

The vertical edges in row 1 carry the weight <$1/2+I;/2) , while the vertical edges in row 3 carry the

1/2

weight (953 :

+:pi/2)7 , and 7 stands for /.

Final steps:
e Symmetrize weights.
e Apply Ciucu’s factorization theorem.
e Reverse “doubling” for the two halves.
24



T he skew case

e Edges sticking out at the top encode the inner shape.

e The “power’” of bijective proof: Everything goes through without any changes
(except for the edges at the top of course).
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Thank you !
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