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ASM = Alternating sign matrix

Square matrix with entries in {0,4+1} such

0 1 O O O that in each row and each
1 -1 O 1 O
0 1 0 -1 1 e the non—zero entries appear with alter-
O 0 1 O O nating signs, and
0 O O 1 O
e the sum of entries is 1.
n 1 2 3 4
O 1 O
?
How many (1) (cl) ?)(&J é) 341 21 140
O 1 O
1 /3i+1
1417 3n=2)t  _ "= (C7)
# of n x n ASMs = A1) (2n=1)1 — igl Q)
— 1



Symmetry classes of ASMs

Stanley, Robbins, 1980s: Symmetry group of the square
D4 — {1-7})7%72)747 Rﬂ-/QJRTﬁR—ﬂ-/Q}

reflections rotations
{Z} V)~ H) | (V,H) (Rx) (Rx/2)
Zeilberger | Kuperberg | Okada n even. n even.
1995 2002 2004 Kuperberg Kuperberg
2002 2002
n odd: n odd:
Razumov & | Razumov &
Stroganov Stroganov
2005 2005
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23.11-.277

n | #
11
210
3|1
410
5|1
6|0
712
8|0

9 | 22
10 | O
11 | 13
1210
131 2-23
14 |0
15 | 23.31
16 | O
17 | 22-379
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23.31-.1303
2.32.11-.-132.17



DASASMs

The
(0 0 _11 8 ? 0 o\ number of (2n + 1) x (2n + 1)
1 -1 1 1 0 DASASMs is
0 0 1 1 0 O
0 1 1 -1 1
0 1 0 -1 0
\0o 0 0o 0 1 0 0

e It suffices to know the entries in the fundamental triangle:

e Conversely, a triangular array is the fundamental triangle of a
DASASM if 1s and —1s alternate and add up to 1 along paths
of the following type:

,,,,,,,,,,,,,,



DASASM-triangle — 6-vertex configuration

oo 1 0 00O L%J
1 -1 0 1 O

O 1 -1

—1

Transformation:

1) Top edges are oriented upward.

2) Work through all paths of type

e Along straight lines, change orientation iff 1.
e As for turns, change orientation iff O.



Triangular 6-vertex configuration

We obtain orientations of triangular graphs s.t.
e all degree 4 vertices are “balanced”,
e all top edges are oriented upward.

1<—>+¢+

Dictionary: —1 < -<¥>—

0 o o e b 4



Weighted enumeration
e Assign to each vertex v a weight W(v).

e Weight W(C) of a configuration C: W(C) = J] W(v)
vel

e Generating function=partition function:

Ty = > W(C)

C 6-vertex configuration

e Specialize parameters — # of 2n+ 1) x (2n+ 1) DASASMs

e The vertex weights W(¢,«) depend on the
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LLabel of a vertex

Each colored path is assigned a parameter u; as follows.

ul Uuo U3 u4q us U6 us u4q U3 Uuo Ul
I o ® o [ o ® o I
S S S S - e A degree 4 vertex is con-
— 6 000 oo tained in two colored paths
U2U5
u; and Uj = label Uiy
® @ @ @ @ @ o _
e All boundary vertices have
o @ @ @ o .
ua a unique path u; = label v,

Generating function: Zn(ui,...,un; Up41)-



w1 U U3 Ug U3 UD U]

U1

ool

Ug U3 Up U]

u1

oo

Ugq4 U3 UD UL

Symmetry in uq,uo, ..., un

Ul Ug U3 U U7

(5] Uq4 U3 U Ul ° >~< .

ul Ugq U3 U UL
[ ] T
w1 U4 U3 U U
[ ® L] ¢
(51 Ug u1
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Vertex weights

rl=Zando(z) =2—7=

bulk

W (ke u) = W(<,u) =
W (<, u) = WP, u) =
WO u) = W(<de,u) =

1

o(q?w)
o(q*)
o(q*u)
a(q*)

W(te, 1) =W, u) =1

W(te,u) = W(h, u) = 20

Wt w) = W(<hu) =1

WY, u) = W(< u) = 200

g

Degree 1 vertices have weight 1.
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Yang-Baxter equation

Theorem. If zyz = ¢2 and o1, 09,...,06 € {in,out}, then
01 01
Yy Z
06 02 06 02
X — xZ
05 03 05 03
< Y
04 04
A diagram stands for the of all orientations of the graph
such that the have the prescribed orientations
are , and the vertex weights are as given in the
table, where the letter close to a vertex indicates its (rotate until the

label is in the SW corner).

12



Reflection equations

Theorem. Suppose o01,0p,03,04 € {in,out}. If x
y = uv, then
01 02 01 02
P
é 03 = 03
u (
o 94 U’ 04 ,
and if © = ¢%uv and y = v, then
03 04 03 04
] =
xr
o1 Y Ol—u
= Symmetry of Zn(uy,...,Un; Up41) iN U, ..., un.

q2ﬂv and
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Another important property

— % ((V\/(J, ’u,l) —I— V\/(#, ’U,l) —I— W(J, U1) —I— VV(J, Ul))Zn—l(UQ ----- U, ul)

+(—1)" T WA ur) + WA ur) — WY u) — W(<tu1)) 2,1 (us
X W (4, u1) H W, uius) W, ¢aiu;).
=2

........
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Zn(u1, ... un; upr1) at upgq =

Theorem (BFK 2015).
Zn(Ul, o« o ,Un; 1)

B O'(Q)UQ(Tqu'(q4)n2 H 0(quz)0(quz)0(q uZ)U(q ui)

U, U u 62
x 11 (J(q uitt;)o (470 J)> dt1<ij<n<q+ Sl )

1<i<y<n O-(uz J) a(q Uil j)a(q2_ _])

2)n

9
(ul,...,un):(l,...,l)ia
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Schur function expression for Z,(u1,...,un; 1) at

g = ¢™/6 3 la Soichi Okada

Theorem (BFK 2015).

2

2 —
X Stnn—1n-1n-2n-2..11) UL, U7, ..,

Now we may use the formula

NV
S)\(la"'al): H ' J—I_j ‘
1<i<j<k J

to conclude the proof of the DASASM (ex-)conjecture.

2 =2
Upy Up,s 1)
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Stroganov’s refined DASASM conjecture

Observation: The central entry of an odd order DASASM is +1.

7 of DASASMs (ai7j)1§i,j§2n_|_1 with An4+1.n+1 = —1 _n

# of DASASMs (a’i,j)lgi,jSQn—I—l with An4+1.n+1 = 1 n—+1

Combinatorial proof?
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n

Lemma.

Zpy (ut, ..

ZE(uq, ...

Refined generating functions

,Un; Up41) = gdenerating function where we restrict to
DASASMs that have a +1 in the center.

1
.y U, un—l—l) — 5 (Zn(ula ooy Un, un—|—1)
+(=1)"Zn(us, -, tn; —tp41))
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Zn(uy,...,un; uy41) at arbitrary u, 44

a(g®)" = o (ui)o(qui)o(qii) o (qPuiting1) o (g2 Uitin41)
T Ui AT i
— N\ 2 d . 1 <n
2 . . Q,au . (q2uiuj) o—(q2uiuj)’ -
y H (a(q u@u])a_(q i J)) dety<ijcnt1 ZnH—l i=n41
o (uit;) w17
1<i<j<n — 2
T, i<n
2uiuj o q2uiuj o
+deti<; j<nt1 %nfl—l 1=n-+1
w1
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Schur function expression for Zn(ui,...,un; up41) at

g = REAS
Zn(ula ey Uny, un+1)|q:6i7r/6

n u™

— 3~ (2)( _“ntl 2 =2 2 =2 =2

T 3 (2 (un_|_1—|—1 S(n,n—l,n—l,...,2,2,1,1)(ul7 u]_? o 7un7 una un_l_]_)

L

n+1 2 =2 2 =2 .2

ﬂn_|_1-|—1 S(n,n—l,n—l,...,2,2,1,1)(ula u17 ceey Uy Uy, un_|_1)) .

This implies Stroganov’s conjecture.
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