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ABSTRACT. Given a compact Riemannian manifold (M ¢, g), a finite dimensional rep-
resentation p : w1 (M) — GL(V) of the fundamental group 71 (M) on a vectorspace V
of dimension [ and a Hermitian structure p on the flat vector bundle &€ 2, M associ-
ated to p, Ray-Singer [RS] have introduced the analytic torsion T' = T(M, p, g, ) > 0.
Witten’s deformation dg4(t) of the exterior derivative dq,dq(t) = e "tdgelt, with
h : M — R a smooth Morse function, can be used to define a deformation T'(h,t) > 0
of the analytic torsion T with T'(h,0) = T.

The main results of this paper are to provide, assuming that grad gh is Morse
Smale, an asymptotic expansion for log T'(h,t) for ¢ — oo of the form Z?J:ré ajtj +
blogt + O(%) and to present two different formulae for ag. As an application we

obtain a shorter derivation of results due to Ray-Singer [RS], Cheeger [Ch], Miiller
[Mul,2] and Bismut-Zhang [BZ] which, in increasing generality, concern the equal-
ity for odd dimensional manifolds of the analytic torsion with the average of the
Reidemeister torsion corresponding to the triangulation 7 = (h,g) and the dual
triangulation 7p = (d — h, g).

0. Introduction

Let M be a compact smooth manifold of dimension d without boundary and
p:m (M) — GL(V) a linear representation of the fundamental group w1 (M) of M
on a vectorspace V of dimension [. The representation p induces a smooth vec-
tor bundle & — M equipped with a flat canonical connection. Let AY(M;E) =
C*®(AY(T*M)®E) be the space of smooth ¢-forms with values in £ where T*M de-
notes the cotangent bundle of M. The above connection can be interpreted as a first
order differential operator ,d, : A9(M;E) — AITH(M;€) and its flatness is equiva-
lent to ,dg41.,dq = 0 for 0 < ¢ < d. Note that if p is trivial, ,d is the usual exterior
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differential d. In case there is no risk of ambiguity we will write d instead of ,d and
continue to call it exterior differential. Let A : M — R be a smooth Morse function.
For convenience we assume that A is selfindexing i.e. h(x) = index x, for any critical
point x of h. Following Witten [Wi] we introduce the deformation (A9(M;E), d,(t))
of the de Rham complex (A?(M;E),d,) where d,(t) = e d et = d, +tdhA. One
verifies that this complex in elliptic. Let g be a Riemannian metric on M and p a
Hermitian structure for € — M. The Riemannian metric g induces the Hodge oper-
ators Jy : A9(T* M), — A*~9(T*M), (x € M) and the Hermitian structure p on
£ together with the Hodge operators induce a Hermitian structure on AY(T*M)® E
given by (w®s, w' ®s’)(x) = Jg(w(x) AJw' (z))u(s(x), s'(x)). The formal adjoint of
pdq(t) with respect to this Hermitian structure is a first order differential operator
pdi(t) - AT (M E) — AY(M; E). More explicitly let p* be the dual representation
of p,p* : m (M) — GL(V*), with V* denoting the dual of V' and let u* denote the
Hermitian structure p when viewed as an isomorphism p* : & — £*. Then ,d; (1)
can be written as

pdi(t) = (=1)M ! (Jgg @ Id)(Id @ p*) " prda— g1y (1d @ p*)(Jg11 ® Id).
Introduce the deformed Laplacians, acting on g-forms,
Ag(t) = d5(O)dy(t) + dyor () (1),

The operators A, (t) are elliptic, non negative selfadjoint operators. Denote by
(A9);j>1 the set of all eigenvalues of A, (t), counted with multiplicities, and introduce
the corresponding zeta function

Cls) =D ()™

XI£0

The functions (4(s) are holomorphic in the half plane Res > d/2 and they can be
extended to meromorphic functions in the whole complex plane [Sel] with s = 0
being a regular point for all of them. Therefore one can define the regularized

determinant of A,

d
logdet A, = —EC,}(O).

Consider the function T'(h,t) = T (M, p, g, i1, h,t) defined by

d
(0.1) log T(h, t) = %Z(—l)q“qlog det A, (¢).

q=0

Note that T'(h,0) is independent of h and is equal to the analytic torsion T' =
T(M,p,g,p) as introduced by Ray-Singer [RS]. For ¢ # 0, T'(h,t) will be referred
to as Witten’s deformation of the analytic torsion. It is well known that the set
of eigenvalues of A4(t), when t — oo, separates into two parts. The part of small
eigenvalues, whose number is equal to myl (I = imV,mq = #Crq(h),Crq(h) the
set of critical points of h of index ¢), converge to zero at a rate of 2!/t and all large
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eigenvalues grow at a rate of O(t). Therefore one can decompose, for sufficiently
large t,(AY(M;E),dq(t)) as

AUM;E), dy(t) = (A1(M; E) sm, dg () D
(A(M; E)ia, dy (1))

where AY(M; E)g,, respectively AY(M; E), are the orthogonal subspaces of
AI(M;E), both depending on ¢, generated by eigenforms corresponding to small
respectively large eigenvalues. Accordingly one decomposes (4(s) = (4.sm(s) +
Cqia(s) and log T'(h,t) = log Tsm (R, t) +1log Tja(h, t). The main results of this paper
concern the asymptotic expansions of log T'(h,t), log Tsy, (h,t) and logTi,(h,t) for
t — oo. Before formulating these results we recall the notion of Reidemeister torsion
associated to (M, p, g, 1) and to a generalized triangulation of M, which is defined
as follows:

Definition.

A pair T = (h, g’) is said to be a generalized triangulation if

(i) h: M — R is a smooth Morse function which is selfindexing (h(z) =index(x)
for any critical point z of h);

(ii) ¢’ is a Riemannian metric so that grad ,h satisfies the Morse-Smale con-
dition (for any two critical points x and y of h the stable manifold W and the
unstable manifold W,~, with respect to grad g h, intersect transversely).

The notion of generalized triangulation is justified as it is a straight generalization
of the notion of a simplicial triangulation(*

Given a generalized triangulation 7 = (h, g’) we denote by 7p the generalized
triangulation 7p = (d — h,¢’) and extending the definition of dual triangulations
in combinatorial topology we call 7p the generalized triangulation dual to 7. The
Reidemeister torsion 7(7) = 7(M,p,g,u,7T), associated to (M,p,g,u) and the
generalized triangulation 7 = (h, ¢’), is a positive number given by

log 7(7T) = log Teomb(T) + 1og Timet (T)

where we refer t0 Teomb(7) = Teomb(M, p, g, 11, T) as the combinatorial part of 7(7)
and t0 Timet(7T) = Tmet (M, p, g, 11, T) as the metric part of 7(7).

In order to define Teoms(7) and Tynet(7) consider the universal covering p : M —
M of M. Choose an orientation of M and for each critical point & of h = h'p an
orientation for the unstable manifold W~ of grad g/iz, the gradient of h with respect
to the pull back of the metric ¢’ on M , again denoted by ¢’. The orientations on
M and on W, induce an orientation on W; . Consider the chain complex

C*(M7T> = {CQ(M7T)‘6Q : Cq(M7T) - Q*I(M7T)}

(*Given a smooth simplicial triangulation 7Z;.,, one can construct a generalized triangulation
T = (h,¢') so that the unstable manifolds W corresponding to grad ,h, with x a critical point
of h, are the open simplexes of Zg;m (c.f[Po]). Moreover, one may choose the metric g’ in 7 in
such a way that it agrees with a given Riemannian metric g near all critical points of h.
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where Cq(M ,7) denotes the free abelian group generated by the set er(ﬁ) of
critical points of A of index ¢ and 8q: Cy(M,T) — Cy_1(M,T) is a homomorphism

given by
(@)=Y Bysd-

geCrq_1

The integers ﬁg@ are the intersection numbers of W~ and Wiin h=l(qg —1/2).
The free action of 7y (M) on M makes C, (M, T) a chain complex of free Z[m (M)]-
modules. Let C*(M, p,T) := hom,, (C.(M,T),V) be the space of linear maps
C*(M ,7) — V which are equivariant with respect to the action provided by
71 (M) on C,(M,T) and on V, the underlying vector space of the representation
p. C, (M ,T) is a cochain complex of finite dimensional vector spaces. The vector
space C1(M, p, T) has dimension mgl, where [ =1limV and m, = #C'r,(h); it can
be identified with the space of sections of the restriction of £ to the discrete space
Crq(h) € M of critical points of h of index ¢. Therefore it is equipped with the
scalar product induced by the Hermitian structure p. An alternative description of
this scalar product is the following: For each critical point z4,; € Crq(h) choose a
p-orthonormal basis eg. 51, . .., eq;j1 of qu;j and select a lift 4.; of x4 in M. Define
Egir(1 < j < mg,1 <1 <) to be the unique element in hom, (Cy(M,T),V)
which satisfies Eg,jr(2q;i) = 0;i€q;jr Where €g,;r € V corresponds to the element
eq;5r uniquely determined by the commutative diagram

MxV —— &

M — M
The elements Eg.jr (1 < j < mg,1 <r <) form a basis of C?(M;p,7T) and the
scalar product which makes this basis orthonormal is identical with the one defined
previously. When equipped with this scalar product C*(M;p, 7T ) will be denoted
by C*(M;p,T,p). Denote by 6% : CUY(M;p, T, ) — CUM;p,T,p) the adjoint
of 6, : CU(M;p, T, p) — CITY(M;p,T,p) and form the Laplacians

A, =050 +0g-105_1,8,: CUM;p,T,p) — CUM;p, T, ).

g—1 =

Denote by det’ A, the product of all non zero eigenvalues of A, . Notice that
det’ A, is always a positive number and therefore we may introduce Teomp(7) =

Tcomb (M7 P, T7 ,U/) by

d

!
(0,2) log Teoms(T) = 1/2 Z(—l)‘”lqlogdetéq.
q=0

It remains to define 7,,.;. De Rham theory provides a canonically defined isomor-
phism between the de Rham cohomology HY(M;E) = HY(A*(M;E),d) and the
cohomology HY(C*(M, p,T),0)

R,: HY{(M;&) — HY(C*(M,p,T),9).
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Let A, respectively B, be the canonical isomorphisms between KerA, and
HI(M; &) respectively between KerA, and HY(C*(M,p,T),d). Denote by V, =
Vy(p, T) the volume V; = |det(r;')| ,where r; ' = A_' R ' B,. The metric part of
the Reidemeister torsion Tiet(7) = Tmet (M, p, T, g, 1) is defined by

d
(0.3) 10g Tmet(T) = Y _(=1)"log V

q=0
To state the first result we introduce the following definitions:
Definition.

A system (M, p, h, g, v) satisfies hypothesis (H) if:

(H.1) T = (h, g) is a generalized triangulation.

(H.2) In a neighborhood of any critical point of index ¢ of the function h one
can introduce local coordinates such that

h(z) =q— (22 + xfl)/Q + (I(21+1 + ...3:3)/2,

and the metric g is Euclidean in these coordinates.
(H.3) p is parallel with respect to the canonical connection in a neighbourhood
of any critical point of h.

Definition.

A continuous function a : R — R is said to have a complete asymptotic expan-
sion for t — oo if there are sequences i1 > i3 > ... with limy_,o i = —00, (ak)k>1
and (bg)k>1 such that, for any L > 1,

L—1 L—1
(0.4) a(t) =Y apt™ + > bpt™ logt + O(t'" log ).
k=1 k=1

In that case we write

a(t) ~ Z apt™ + Z byt log t.

k>1 k>1

The function a(t) is said to have an asymptotic expansion for ¢ — oo if there exists
i1 > -+ > iy = 0> iny41 and sequences of numbers (ax)r>1 and (by)g>1 such that

N N

(0.5) a(t) =) agt™ + Y byt logt + O~ ).
1 1

For convenience we denote by FT(a(t)) the coefficient of the asymptotic expan-
sion of a(t) corresponding to t°.

Both Theorem A and Theorem B concern the asymptotic expansions of
log T(h,t), log Tsm (h,t) and logTj,(h,t). There are two different methods to an-
alyze these expansions. Theorem A contains results which can be obtained by
applying the analysis of Helffer-Sjostrand [HS] of Wittens’s deformation of the de
Rham complex. Theorem B contains results which can be obtained from the the-
ory of families of pseudodifferential operators elliptic with parameter. As usual
By = B4(M, p) denotes the gth Betti number, 3, = dim HY(M;E).
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Theorem A. Assume that the system (M, p, h, g, 1) satisfies (H) and let T denote
the generalized triangulation (h,g). Then the following statements are true:

(i) The function logT'(h,t), log Tsm (h,t) and logTi,(h,t) admit asymptotic ex-
pansions for t — oo.

(i) The asymptotic expansion of logT(h,t) is of the form

d
logT(h,t) =logT — log Tiet (T <log7rz d 2q q> +
q=0
d d—2 d
+14— +1g
+ <Z(—1)q T >logt+ (Z )e )t
q=0 q=0
d+1 / d 1
0.6 + t/+0|(—
(06) > (Z p> (%)

where the py.;’s are local terms (of Lemma 2.3) which all vanish in the case M is
of odd dimension.
(#ii) The asymptotic expansion of log Tsm(h,t) is of the form

d

(0.7)  log Teomp(T) + 1 (Z(l)qq(mql - ﬂq)> (2t —logt +logm) + O (%) .

2
q=0

Theorem A is proved in section 2 using, as already mentioned, results due to
Helffer-Sjostrand [HS] concerning the asymptotic analysis of the complex
(A*(M)sm, d(t)). Actually, we use a generalization of their results to the case of
vector valued differential forms. It has been verified by Bismut-Zhang [BZ] that
all the arguments of Helffer-Sjostrand carry over for the asymptotic analysis of the
complex (A*(M, E)sm, d(t)). For the convenience of the reader the auxiliary results
needed for the proof of Theorem A are reviewed in section 1. However the paper
can be well understood without reading section 1.

Concerning Theorem B we first remark that the family of operators A, (%) is a
family with parameter of order 2 and weight 1 (see [Sh] [BFK] or section 1). If
A, (t) were a family of operators elliptic with parameter, then logdet A,(¢) would
admit a complete asymptotic expansion for ¢ — oo, whose coefficients would be
given by local expressions, involving the symbol of the resolvent of A,4(t) ([BFK],
Theorem A.(iii)). This would lead to the false conclusion that the analytic torsion
itself is a local expression.

However, the family Ay(t) fails to be elliptic with parameter precisely at the
critical points of the Morse function h. We therefore can use the Mayer-Vietoris type
formula for determinants [BFK], reviewed in section 1, to localize the failure of the
family A,(t) to be elliptic with parameter and to obtain a relative result, comparing
the asymptotic expansions corresponding to two different systems (M, p,h, g, )
and (M s Dy h, g, ft). In view of the application in section 4 we only present a result
concerning the free term of the asymptotic expansion for log T}, (h,t) —log Tla(ﬁ, t).
In section 3 we prove
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Theorem B. Suppose (M9, p,h,g, 1) and (Md,ﬁ,ﬁ,g,ﬁ) satisfy both hypothesis
(H) and further assume that 1(5) = I(p) and Cry(h) = Cry(h)(0 < q < d). Then
the following statements hold:

(i) The free term FT(log T, (h,t) — log ﬂa(iL,t)) of the asymptotic expansion of
log Tia(h,t) —log Tia(h,t) is given by

FT(log Tiq(h,t) —logTia(h,t)) = / ag(h,e = 0,2)dx
M\Cr(h)

(0.8) - / ao(h,e = 0,%)dz
M\Cr(h)

where the densities ag(h,e,xz) and ao(ﬁ,s,i:) are forms of degree d and are given
by explicit local formulae (see (3.5)); the difference is taken in the sense explained
below.

(iW)If B’ : M — R is another self indexing Morse function with the same critical
points as h, which is equal to h in a neighborhood of the critical points, and gradgsh’
generates the same cochain complex as gradysh then ag(h,e = 0,2) — ap(h/,e =
0,z) = db(z) with b(z) a differential form of degree d-1 which vanishes in a neigh-
borhood of Cr(h,).

(#ii)If d is odd then aog(h,e =0,2) 4+ ag(d — h,e = 0,2) =0

The integral fM\CT(h) ag(h,e = 0,z)dz is not convergent so the difference on
the right hand side of (0.8) should be understood in the following way: in view
of the hypothesis (H) there exist neighborhoods V of Cr(h) and V of Cr(h), a
diffeomorphism 7 : V' — V and a bundle isomorphism y : £|y — & | so that 7 and

X intertwine the functions A and fz,the metrics g and g,the hermitian structures p
and /i and the differential operators ,d and ;d. Define

/ ao(h,es:(),:c)f/ ap(h,e =0,%)
M\Cr(h) M\Cr(h)

(0.9) ::/ ao(h,azo,m)—/ ao(he = 0,7)
M\V M\V

Clearly, this definition is independent of the choice of V and V.
As an immediate application of Theorem A and Theorem B we obtain the fol-
lowing Corollary which will be proved in section 3 as well:

CorollaryC. Suppose (M%,p,h,g,p) and (]\;[d,ﬁ, B,g,ﬂ) both satisfy (H). More-
over assume that d is odd, I(p) = I(p) and #Cry(h) = #Cry(h) for 0 < ¢ < d.
Denote by T respectively T the generalized triangulation (h,g) respectively (E,g),
Then, with T := T(M%, p, h, g, iv)

logT —log T = (log 7(T) + log 7(Tp)) /2
(0.9) — (log 7(T) + log 7(7p))/2.
Section 4 contains an application of Corollary C. We prove a theorem due to, in
increasing generality, Ray-Singer, Cheeger, Miiller, Bismut-Zhang.
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Theorem 4.1. ([RS], [Ch], [Mii 1.2], [BZ]) Assume that (M4, g) is a Riemannian
manifold of odd dimension, p a representation p : m (M) — GL(V'), u a Hermitian
structure of € — M and T = (h,g') a generalized triangulation. Then

(0.10) logT = (log 7(7) + log 7(7p)) /2.

The formula (0.10) is not true for n even.However in view of Theorem B,i)
the same arguments as in the odd dimensional case imply that logT — log T can
be expressed by a local formula. Such a formula has been obtained by Bismut-
Zhang [BZ]. We can also obtain such a formula by explicitely evaluating the density
ap(h,e = 0,x),a calculation which might be of independent interest.

In forthcoming papers we will provide further extensions and applications of
Theorem A, B and Corollary C to analyse the G-torsion of a compact G-manifold
(G a compact Lie group) and to treat the case (in collaboration with P.Macdonald)
where p is a finite type Hilbert module. As a particular case this extension includes
the L2-torsion.

A few historical comments concerning Theorem 4.1 are in place. The above
result was conjectured by Ray-Singer [RS] and proved independently by Cheeger
[Ch] and Miiller [Mii 1] in the case where the Hermitian structure yp is parallel with
respect to the canonical connection induced by p. We point out that in this case
7(T) = 7(7p).

The result in the generality stated is implicit in the work of Bismut-Zhang ([BZ],
Theorem 2) (see also [Mii 2] for a less general version). Their proof is rather involved
and lengthy while our proof is an application of Theorem A and Theorem B and is
considerably shorter. This paper was preceeded by [BFK-2](unpublished) where a
new proof of the Cheeger Miiller theorem was given on the lines presented in this

paper.

1. Auxiliary results

In this section, for the convenience of the reader and to the extent needed in this
paper we review in the first part Seeley’s work on the value of the zeta function
of an elliptic operator at zero [Se 1,2], previous results of ours concerning the
asymptotic expansion of log det of an elliptic family of pseudodifferential operators
with parameter and a Mayer-Vietoris type formula for determinants [BFK].

In the second part we review results due to Helffer-Sjostrand [HS] concerning
the analysis of Witten’s de Rham complex.

Let M be a compact smooth manifold of dimension d, possibly with nonempty
boundary OM and let E -2, M be a smooth complex vector bundle of rank N.
A pair (p,%) of smooth maps ¢ : X — ¢(X) = U C M, U an open set and
¢Y: X xCN — E/U, with X = R? or RY = {(z1,...,24)/xa > 0}, is said to be
a coordinate chart of (M, E £ M) if ¢ is a chart of M and 4 is a trivialization
of E — M above U, ie. pip = pp; where p; : X x CN¥ — X is the canonical
projection.

Let Q : C®(E) — C*(F) be a classical pseudodifferential operator of order
m; this means that with respect to any chart of (M, E £, M), the symbol ¢ of
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Q, ¢: X x RT — End(C"), (x,¢) — q(x,¢), admits an asymptotic expansion
Z;io gm—;(2,&), where gm,—j(z,&) is positive homogeneous of degree m — j in &.
Any differential operator is a classical pseudodifferential operator. The principal
symbol o(Q) = gm(z,&) of a classical pseudodifferential operator @ of order m is
invariantly defined as a map T M — End(E;).

Definition.

Q is called elliptic if g, (z, ) is invertible for all (z,£) € T M\0.

We first review the case M = (. One can construct a parametrix R(u)
of the resolvent for an elliptic classical pseudodifferential operator (). This is a
family of elliptic classical pseudodifferential operators depending on p € C\ Uy ¢
Spec (gm(x,&)), (x,&) € T*M\O representing an inverse of ;1 — @ up to smooth-
ing operators. The symbol of R(u) in a chart (¢,) has an asymptotic expansion
determined inductively as follows

(1'1) T—m($7€7M) = (,u_q"t(x7£))_1a

and, for j > 1,
(1.2)

j—1
Tfm*j(xvgaﬂ) = T,m(x,f,,u) Z Z éagqul(xag) : (18ﬂ?)ar*m*k(x’€7ﬂ)

{
k=0 |a|+i+k=j

where « = (a1, ..., aq) denotes a multiindex, a! = a4!...ay!, and

o = 3?118?22 e 8?:. The component r_,,—;(z,&, 1) is positive homogeneous of
degree —m — j in (&, /™), e vy j(z, N, N 1) = NI, iz, €, ) for any
E£0, A>0.

Assume that the angle 7 is a principal angle for a classical elliptic pseudo-
differential operator @) of positive order, i.e. there exists ¢ > 0 so that for any
(x,&) € T*M\0 the spectrum of the principal symbol o(Q)(x, &) does not intersect
the solid angle V. = {# € C : Rez < 0,|Imz| < ¢|Rez|}. It is a well known
fact that at most a finite number of eigenvalues of the operator () may be in V, ..
Therefore, if the operator @ is invertible, one can find a closed solid angle

Voo ={2€C:0—e; <arg(z) <O+e1}, m—e<b<m+e

that does not intersect the spectrum of Q). To simplify notations, without loss of
generality, we assume that the angle V;; . itself and the ball B.(0) = {z € C||z| < &}
do not intersect the spectrum of Q. In this case we say that 7 is an Agmon angle.
In the case when 7 is not an Agmon angle, one can choose an Agmon angle 0 from
Vy <, and make all constructions with 7 replaced by .1

According to Seeley [Se 1] these conditions are more than sufficient to define the
complex powers of (). To do this denote by I" the contour I'y U 'y LI T'3 with

Iy :={z=pe™:00>p>ep} (ray towards origin)

INote that the zeta-function itself depends on the choice of 8 but the determinant is indepen-
dent of this choice as longas m —e <0 < 7+ €.
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[y :={z=¢epe? : 7> 60> —n} (circle with clockwise orientation)
I3 :={z=pe’™ : g9 < p < 00} (ray towards infinity)
and for s € C, with Res > d/m define Q~* : C*°(E) — C*°(E) by the formula

1
1.3 = —— | p (- Q) dp.
(1.3) Q omi )M (h—Q) 'du
Seeley [Se 1] proved that @~* is a pseudodifferential operator depending holomor-
phically on s, and it is of trace class when Res > d/m. For o € C*°(M;C) and
Res > d/m one defines the generalized zeta function

1 . -
(1.4) Ca,@(s) = o [P Tr(a(p— Q)" )du.

™ Jr
It is easy to see that (,(s) defined in the introduction is equal to (1,a,(s). The
following result is implicit in [Se 1].

Theorem 1.1[Se 1].

(1) Assume @ 1is a classical pseudodifferential operator which is elliptic and has
7w as an Agmon angle. If o € C°(M,C) then (u,o(s) admits a meromorphic
continuation to the entire s-plane. It has at most simple poles, and s = 0 is its
regular point. The value of (o q(s) at s =0 is given by

Caral0) = /M (@) Iu(z)

where I;(x) is a density on M. In a coordinate chart (p,v), I4(x) is given by

1 1 e
(1.5) Ii(x) = m @0 /|§|—1 d&/o Trr_pm—a(z, & —p)dp.

If Q is differential operator and dim M is odd, then I4(x) = 0.

(2) Assume Q(t) : H™(E) — L*(E) is a family of classical pseudodifferential
operators of order m depending in C"-fashion on a parameter t varying in an open
set of R (here H™(E) denotes the space of sections with derivatives up to order m
in L?>(E)). Assume Q(t) is elliptic and 7 is an Agmon angle for any t, uniformly
in t.2 Then Cow)(8) is a family of holomorphic functions in the neighbourhood of
s = 0, which depends in C"-fashion on t.

Theorem 1.1 (1) allows to introduce the (-regularized determinant of @

(16) e )

Theorem 1.1 (2) implies that det Q(t) is C" in ¢.
Let Q(t) : C*°(E) — C°°(FE) be a family of classical pseudodifferential operators
of order m depending on a parameter t € Ry, R, = [0, 00).

s=0

2Uniformity in ¢t means that there exists € > 0 such that both the angle Vi . and the ball
B:(0) do not intersect the spectrum of Q(t) for any ¢. Note that the condition of existence of an
Agmon angle uniformly in ¢ is not algebraic: it can not be verified by looking at the symbol of
an operator-valued family. An algebraic condition is that there exists a principal angle, say m,
uniformly in ¢. It may happen, however, that, as the parameter changes, the arguments of a finite
number of eigenvalues of Q(t) lying in Vi . cover all possible angles. If such a situation occurs, the
zeta-function as a continuous function of ¢ can be defined only locally (in a small neighborhood
of any to). Nevertheless, the determinant is a C"-function of ¢.
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Definition.

A family Q(t) is a family of operators with parameter of order m and weight
x > 0 if the following two conditions are met (see [Sh]):

(a) with respect to an arbitrary coordinate chart (@, ) of (M, E -2~ M), for any
compact set K C R% and multiindices « and 3 there exists a constant C' = Cap, K
such that

(L.7) 10502 (@, &, )] < Cap (1 +[€] + [¢])m 17

where g(z,,t) denotes the symbol of Q(t).
(b) The symbol g(z,&,t) of Q(with respect to an arbitrary chart (p,1)) admits
an asymptotic expansion ijo gm—j(z,&,t) with

(1.8) Gim—j (2, N, NXE) = X g (, €, 1)
for A >0, ¢ € RN\0,and t € R.

The principal symbol with parameter ¢, (z,§,t) is invariantly defined as a map
T:M x Ry — EndE,

Definition.

A family Q(t) is called elliptic with parameter [Sh] if the principal symbol
am(z, &, t) of Q(t) is invertible for all (z,£,t) € T*M x Ry with (§,t) € T M xR

In that case one can construct a parametrix R(u,t); this is a family of elliptic
classical pseudodifferential operators depending on ¢t and p, t € Ry, € C\ Ug ¢y
Spec gm(x,&,t), (z,€,t) € T*M x Ry, representing an inverse of (u — Q(t)) up
to smoothing operators whose symbol with respect to a chart (¢, ) is determined
inductively by

(1.1 T (2,6t 1) = (= g (2,€,1)) 7"

Jj—1

12) bt =g Y
k=0 |a|+l+k=j

1 @
a?mel(xagvt) (;az> Tfmfk(xvgvtvﬂ)'

The component r_,,_;(x,&,t, 1) is positive homogeneous of degree (—m — j) in
&, ut/™ /X The angle 7 is said to be a principal angle for the family Q(¢) if there
exists € > 0 so that for any (z,&,t), (,t) € T M xR the spectrum of the principal
symbol ¢, (Q)(x,&,t) does not intersect the solid angle V.. The angle 7 is said to
be an Agmon angle for the family Q(¢) if in addition SpecQ(t) N (Vz U B:(0)) =
(. In [BFK] Appendix, the following result concerning the complete asymptotic
expansion for ¢ — oo of logdet Q(t) is proven
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Theorem 1.2. ([BFK]) Assume that Q(t) is a family of pseudodifferential opera-
tors, elliptic with parameter of order m and weight x. Assume that 7 is an Agmon
angle for Q(t). Then the function log det Q(t) admits a complete asymptotic expan-
sion for t — oo of the form

(1.9) log det Q(t) Z atJ/X—l-Zb /X logt
j=—00
where a; = [, a;(x)dz,b; = [,, b;j(x)dz are deﬁned by smooth densities a;(x) and

bj(x) on M which can be computed in terms of the symbol of Q(t).
In particular, with respect to a coordinate chart, ag(x) is given by

(1.10)

0 1 1

i~ G (3 e o1 o)
-1

—(271_ /Rddﬁ/ Tr 71 ma(z, &t =1,—p)dpu.

Let us consider now the case OM # (. For the purpose of this paper we only
need to consider the Dirichlet problem for an elliptic differential operator of order
2.

Introduce the operator
Qp:CH(E)— C>*(E)
where
CH(E)=:{ue C®E)| ulom =0}.

The ellipticity of @ insures that Spec @Qp is discrete. Assume that 7 is an Agmon
angle [BFK]. In [Se 2] Seeley constructs a parametrix Rp(p) for Qp in a similar
fashion as in the case M = (), describing inductively the asymptotic expansion of
its symbol. The only difference is that to each term in the symbol expansion (1.1-
1.2) a term coming from the boundary conditions is added. These terms depend
only on the symbol expansion of @) and its derivatives along the boundary OM.
Having constructed a parametrix, Seeley [Se 2] introduces complex powers of Qp
(1.5) and the generalized zeta function {4,q,, (s) (1.6). As a special case one obtains
from Seeley’s results [Se 2] the following

Theorem 1.1'. Assume Q is an elliptic differential operator of order 2 so that
Qp has ™ as an Agmon angle. Then the function (g, (s) admits a meromor-
phic continuation to the entire s-plane. It has at most simple poles and s = 0
18 its regular point. The value of (a0, (s) at s = 0 is given by Cap(0) =
Sy a(@)Ia(x,0) + faMO‘ x)Bg(z) where in a coordinate chart of (M,E — M),
Ii(x) is deﬁned as in (1.5). In a coordinate chart of (OM, E|OM — OM), Bg(x) is
given by a formula [Se 2] involving at most the first d terms of the symbol expansion
of Q and its derivatives up to order d.

One defines the (-regularized determinant of Qp by

d
(1.6") det Qp :=exp <_£CQD(S)>S_0

As mentioned in [BFK, A.19,p64], a result analogous to Theorem 1.2 holds:
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Theorem 1.2'. Assume that Q(t) is a family of differential operators, elliptic with
parameter, of order 2 and weight x > 0. Further assume that w is a principal angle
for Q(t)p and Spec Q(t)p N (Vz e UB:(0)) =0 for some e > 0. Then the function
logdet Q(t)p admits a complete asymptotic expansion for t — oo of the form

d d
logdet Q(t)p ~ D (a@; +a)t/X + > " (b; + b))t/ X log t
j=—00 7=0

b

where @; and b; are given as in Theorem 1.2. The quantities a;

butions from the boundary conditions and are of the form

(1.11) ab = /aM ab(a); B = /W )

In a coordinate chart of (OM, E|op — OM), the densities a?(x),bﬁ’-(x) are given by
a formula involving the terms in the symbol expansion of Q(t) and its derivatives.

and b? are contri-

Next we recall a Mayer-Vietoris type formula for determinants [BFK]. We restrict
ourselves to the case needed in this paper. Assume that OM% = () and let T be a
smooth hypersurface in M?. Consider an elliptic differential operator @ of order
2, Q : C®(E) —» C*(FE). Denote by Mr the manifold whose interior is M\T
and whose boundary is O9Mpr = I't LUT'~, and let Er — Mr be the pull back of
E — M. Counsider Qr : C*(Er) — C*(Er) with Dirichlet boundary conditions,
and assume that 7 is a principal and Agmon angle for both @ and Qr. In [BFK]
we have introduced the Dirichlet to Neumann operator Rpy associated to the
vector field X along I" which is transversal to I'. This operator is defined as the
composition

C>(E|D) 24 ¢=(ETH) @ ¢ (E|r™) 22 ¢ (Br) 5

C(ET) & C(B|I™) 2% ¢ (E|T)

where A, (f) = (f, f) is the diagonal operator, Pp in the Poisson operator associ-
ated to Qr, N is the operator induced by the vector field X and A;g is the difference
operator Aig(f*, f~) = fT — f~. In [BFK], Proposition 3.2 and Theorem A the
following result has been proved

Theorem 1.3. [BFK]

(1) Rpn is an invertible elliptic classical pseudodifferential operator of order 1.
In a coordinate chart of (I, E|T' — T') the symbol of Rpn has an expansion whose
terms depend only on the terms of the expansion of the symbol of Q in an arbitrary
small neighbourhood of T and their derivatives as well as on the vector field X along
T.

(2) Denote by x = (2',w) coordinates in a collar neighbourhood of T such that
2’ are coordinates for T, and let X the vector field given by 0/0w. The principal
symbol a(Rpk)(2',€") of RpL\ can be computed in these coordinates [BFK, (4.6)]
in terms of the principal symbol o(Q~1)(z',w’,&",n) of Q71,

1

P(Rph) @ €) = 5= [ (@) 0. i
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(8) In the case when 7 is a principal angle for Rpn one has

det(QD) = Edet(Qr) det Rpn

c=enf [ o)},

and the density c(x), when expressed in a coordinate chart of (T'y E|T' — T), depends
only on the first d terms of the symbol expansion of Q and their derivatives in an
arbitrary small neighbourhood of T as well as on the vector field X.

(4) Assume that instead of a single operator Q,there is a family Q(t) : C*°(E) —
C™(E) of differential operators of order 2 with parameter t of weight x so that Q(t)
is elliptic and invertible for each t. Introduce, as above Q(t)r, Rpn(t) and assume
that SpecQ(t) N (Ve UB:) =0, Spec Q(t)r N (Vre UB:) =10 for somee >0 and
that 7 is a principal angle for Q(t) and Q(t)r. Then Rpn(t) is an invertible family
of pseudodifferential operators with parameter [BFK,3.13] of order 1 and weight x.

where

Now we review the analysis of the Witten complex developed by Helffer and
Sjostrand [HS].

As we have seen in the introduction, the system (M, p, h, g, i) provides a cochain
complex (CU(M,p,T,p),d) with 7T = (h,g) for which we have introduced an or-
thonormal basis Eq;, (1 < i < mg; 1l < r < ). Write §, : CUM,p,T) —
CI*1(M, p, T) in this basis

(112) 6q (Eq;iT') = E ’Yq;ir,i’T/Eq—i-l;i’r’ .
1<i' <mgy1
1<r’'<1

In [BZ], Bismut-Zhang have verified that the analysis of A4(t), done in the case
where V' = R and & is the trivial line bundle by Helffer-Sjéstrand, can be carried
out in the case where dimV > 1, p is an arbitrary representation of 71 (M), and
w1 is an arbitrary Hermitian structure for &€ — M. We begin by reviewing the ¢-
asymptotics of an orthonormal basis ag,; () (1 <@ <mg;1 <r <1) of AY(M;E)sm
as constructed by Helffer-Sjostrand.

Denote by Uy; a small connected neighbourhood of a critical point z4;; and
by U'qj the component of p~!(Uy;) containing #,.;. According to hypothesis (H),
which is supposed to hold throughout the remaining of this section, we can find
coordinates = (z1,...,24) in 0%]- so that h is given by

h(z)=q— (2 +...22)/2+ (a24 +...23)/2,

the Riemannian metric g given by g;; = d;;, and the Hermitian structure p is given
on Ug; x V by pi; = di5. The forms ag.j, are concentrated in Ugy; as the following
estimates show; they are versions of much more refined estimates due to [HS].

Theorem 1.4. ([HS, Proposition 1.7] [BZ, Theorem 8.15]) There exist n > 0 and
C > 0 such that, fort sufficiently large, 1 <r <1,

sup  [[agyr (@, 1)]] < Ce™™.
z€M\Uyg;
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Similar estimates hold for the derivatives of ag.jr(x,t).

Recall that W denotes the unstable manifold of the critical point Zg;; with
respect to grad giL. By choosing Uy; sufficiently small we may assume that 0qj N

Wq_;j, = () for j # j'. When expressed in the coordinates introduced above, ag.;r

admits the following expansion in t on Uy; N W,

Theorem 1.5. ([HS, Theorem 2.5] [BZ, Theorem 8.27]) On U,; N Wi
1
(1.13) agr(t) = (t/m) " e P21+ O(5))dar A+ A dageyr

with €q.jr defined as in introduction.
Moreover we need

Theorem 1.6. ([HS, Theorem 3.1, Proposition 3.3], [BZ, Theorem 8.30]) The
coefficients Ng.ir it (t) in the representation

(1.14) dg(t)agir() = D> Tgirire g (t)
1<i' <mgi1
1<r’' <l

satisfy, for t sufficiently large, the following estimate
Nasirares(8) = (Vg (8/7)/2 4+ O(1) ) ™"

where the i are defined in (1.12).

We conclude this auxiliary section with the following application of the above
results.

First, recall that by de Rham’s theory the linear isomorphism (see Introduction)
rq : KerAy — KerAjare induced by the linear maps o, : Z29(M;E) — Z9 where
Z9(M; E) denotes the space of closed ¢ forms Z9(M;E) C AY(M;E), and Z9 is the
space of cocycles Z¢ C C?. To define o4(a) for a € Z9(M;E), take the pull back of
a on M, view it as a 71 (M )-invariant form in AY(M, V), and define o,(a) € C? by
the formula

0g(a)(gy) = / a.

q;J

Here we use that, in view of hypothesis (H), c.f [L], the unstable manifolds W, ’s

provide a cell decomposition of M.

Corollary 1.7.

7ule" age (1)) = (/)42 By 4 O())

Proof.



16 D. BURGHELEA, L. FRIEDLANDER, T. KAPPELER

It is to show that for any .,

- _ 1
/ agge()eht = (¢/m) 0 e (655850 + O (¥>).

a5’

First, note that, due to Theorem 1.4 and to the choice of Uy, it suffices to consider
the case 7' = j. Moreover, it suffices to estimate

/ Qq;jr (t)@h't~
Wl;jﬁqu

Note that on W, ; N U,;, the function e is at the form
et — pat g—t(123)/2

By Theorem 1.5, we conclude that

/ C agg(®)e = (t/m) e / eI 0/ A deyFge
Wq jﬂqu Wq;jﬁqu

= et (t/m) " (t/m) "V (Egijr + O(1/1)).

2. Asymptotic expansion of Witten’s
deformation of the analytic torsion

In this section we prove Theorem A. Throughout we assume the (M, p, h,g, )
satisfies (H) as defined in the introduction.

We begin by deriving an alternative formula for the analytic torsion (cf[Ch]).
The space of g-forms AY(M;E) can be decomposed

AU(M;E) = ASI(M;E) @ Ay (M E) @ HY
where

AUM:E) 1= dgr (AT (M E€); Ay (M E) = dg (1) AT (M €);
Hi = {w e AI(M;E) : Ay(t)w =0}

Note that the spaces Ati (M E) are invariant with respect to the Laplacians A, (t).
Therefore the zeta function (, (¢, s) corresponding to A, (t) can be written as a sum

Cq(t’ 5) = C(;r(ta S) + C;(L 5)

where (F(t, s) is the zeta function of the operator A,(t), restricted to AEY(DME).
The operator d,(t) maps the space A; ¢(M;E) isomorphically onto A% (M; ),
and intertwines A, (¢) and Agyq(¢). This implies that

Cq_ (t,s) = C;+1(t7 s)
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which is used to write the zeta function ((¢, s), defined by

d
s) 1= > _(=1)"ag, (¢ )
q=0

in the following way:

d
C(ts) =D (—1)%q(¢ (£ 5) + ¢ (t9))

" a

=3 (=1)%¢) (t5) = > (=1 g — 1)¢F (8, )
q=0 q=0
d d

= (1% (ts) =~ (-1
q=0 q=0

Thus,
logT(h,t) = ¢(t, 8)s=0

(=1)?logdet A, (t)

N = N =
&=

M= 107

(—1)@ D log det AT (t)

N | =
Il
=}

q

where Aqi(t) is the restriction of A, (¢) to Ati’q(M; £). Note that

AJ(t) = dgr(t)dg—1(1)": Ay () = dq(t)"dg(2).

Let
WE(t) := log det Afzt (t).

q

Our first goal is to compute the variation qu (t) of WE(t) with respect to ¢ (- = 4)
by using the following well known variational formula for determinants [RS]: Let
Q(t) be elliptic pseudodifferential operator of order m with 7 a principal angle
and Spec Q(t) N (Ve U B.(0)) = 0 for some £ > 0. Further assume that Q(t) is
continuously differentiable when considered as a function with values in the space
of linear operators H™(M, &) — L*(M,E), where H™(M, ) denotes the Sobolev
space of L2-sections with derivatives up to order m in L2(E). Then TrQ(t)Q(t)~5!
is holomorphic in s for Res > d/m and has a meromorphic extension to the whole
complex s-plane with the point s = 0 being either a regular point or a simple pole.
Denoting by F.p.S:OQ(t)Q(t)’S*1 the 0’th order term in the Laurent expansion of
TrQ(t)Q(t)~*~1 at s = 0, the variational formula for log det Q(t) takes the form

(2.1) %log det Q(t) = F.p.o=oTrQ(t)Q(t) 1.
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To compute qu (t) consider the operator Af(t) which equals the restriction of

g1 (t)d:

C () = e Py (D (e

= e (dg—1 (t)d;_ 1 (t) + 2tdh A ds_y (t)e "
to the space
AP =d, (AT =7, tATTE = eTth AT
Note that the operator
eMdy_y(t)d; o (t)e " = M (dg_rds_y + 2tdh A d;_y)e >,

when restricted to A7, is isospectral to Af(t) and therefore, with [A,B] denoting
the commutator of two operators A and B we obtain

. d . N
W, (t) = F.p.SZOTT%(thh(dq_ldq_l +2tdh A df_y)e )

(€M (dgrdi_y + 2tdh A df_y)e )7t

= Fp.s—oTr{2[h,e*"dg_1d}_y + 2tdh A d;_;)e ™)

+ 22 dh A d_ e PP (dgord_y + 2tdh A d]_y)e )T

= 2Fp.—oTre* dh A d_ye > (e (dg_rd}_y + 2tdh N d},_))e ")

where we used that Tr[A, B)JB=*~1 = 0. Note that
(e2th(dq71d271 + 2tdh A d;71)6_2th)_5_1 = (ethA;(t)e—th)—s—l
and therefore
W+(t) = 2F.p.s—oTret"dh A d;fl(t)e_th(eth(dqfld;l + 2tdh A d;,l(t))e_th)_s_l

q
=2F.p.s—oTrdh AN dj,_(t)(dg—1(t)d;_,(t)) "

q—1

= 2Fp.smoTrdh Ady_1(t) " (dg—_1(t)dg_1(t)*)*
where the operator d,_1(t)~" is defined on A",
dya () AT A

Substituting
dq_l(t)hdq_l(i’)_l =h+dh A dq_l(t)_l

leads to

WH(t) = 2F.psoTrdy1()hdy1(£) " (AT (£)™* = 2F.p.o—oTrh(A7 (£) .

As the operator d, 1 (t) intertwines A (t) and A;“_l(t) one concludes that

Trdg—1(t)hdg—1(t) "' AF(t) ™ =TrhA_(t)~%,
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and obtains

(2.2) W, (t) = 2F.p.s—oTrhA,_ (t)° — 2F.p.o—oTrhA} (t)~°
From (2.2) we derive the following variational formula for log T'(h,t):
d
d — —s

JlogT(h,t) = > (1) Fop—oTrhA,  (t)
q=0

d
- Z(—l)‘”lF.p.s:OTrhA;L (t)~*

—Z 1)IF.p.s=oTrhA,(t)~°

where the operator A,(t)~* is defined as the (—s)th power of A,(t) on A 7@ A,
and 0 on H{. Denote by P,(t) the orthogonal projector onto H{, the space of
t-harmonic g-forms. Note that

lir% Fop.s=oTrh(Ay(t) +€)7° = F.p.s=0Trh(Ag(t)) ™% + TrP,(t)h Py (t).

We point out that according to Theorem 1.1, F.p.,—oTrh(Ag(t) + €)~° can be
computed in local charts and is identically 0 in the case M is of odd dimension.
We summarize the above considerations in the following

Lemma 2.1.

d

d
(1)—=log T'(h,t) :Z qhmeé oI rh(Ag(t) +¢)~°
dt =
d
+ ) (=) Py (4)h Py (t).
q=0
(i5)If M is of odd dimension,

d d

pr log T'(h,t) = ;(—l)q“Tqu(t)th(t).

Next we want to express the terms TrP,(t)hP,(t) in a more explicit way. Let
wi, ..., wg be a basis in the space H1(M;E) of harmonic g-forms where 5 = 3, =
dim H? is the ¢'th Betti number. Introduce the 5 x [ matrix Kq(t) = (H;;(t)) with
(2.3) Hj(t) =< Py(t)e " w;, e Mw; >=< Py(t)e™ " w;, Py(t)e™Mw; > .

We claim that the matrix K,(¢) is nonsingular for all values of ¢t. To see it, note
that the forms w;(t) = e *w; are t-closed, i.e. are elements in A;"? @ H{. If K,(t)
were singular a nontrivial linear combination

8 5
> ajwi(t) =e " ajw;)
1 1

would belong to the space A;“q and, therefore, Z’f ajw; would belong to A*+? which
contradicts the choice of the w;s. Next we show the following
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Lemma 2.2.

(2.4) TrP,(H)hP,(t) = —1/2% log | det K, (1)

Proof. Denote Py(t)w;(t) by n;(t) and let 75 (t) be the basis which is biorthogonal
to n;(t), i.e.

(2.5) <n; (8),m; () >= i

Expressing the forms 7 (t) with respect to 7;(t)(1 < i < 3) one obtains

B
n;(t) = Z aji(t)mi(t)
i=1
where, by (2.2), A(t) := (a;i(t)) is given by K,(¢)~'. This leads to

B
(2.6) TrP,(t)hP,(t) = Z < hﬁj,n; >= Z aj; < hn;,n; >= Tqu_12
Jj=1 1<4,5<B
where ¥ = X(t) = (04;(¢)) is the matrix with o;;(t) =< hn;(t),n;(t) >. Formula
(2.4) follows, once we show that

(2.7) »(t) = —%Kq(t).

To verify (2.7) note that
ni(t) = wi(t) + e 0;(t) = e hw; + e M;(t) € HI @ A
where 0;(t) € A9, Therefore —n;(t) = hn;(t) + e 0;(t) and < 7;(t),n;(t) >=
— < hn;(t),n;(t) > . Hence we obtain
Hij(t) =< 0:(t),m; () > + < ma(t), 05 (t) >= =2 < ha(t), 1, () > .

which is (2.7). O

The right hand side of (2.4) has a simple geometric interpretation. Denote by
Cy(t) the canonical isomorphism Cy(t) : H{ — H9? which maps a ¢-harmonic form

7 to the unique harmonic form w cohomologous to e*n. Note that C,(t)n;(t) = w,
and, therefore we conclude that

1
(2.8) log V4, (t) = 3 log | det K4 ()]

where V,(t) denotes the volume of the parallepiped in H{ spanned by the forms
n;(t). Note that V;(0) = 1. Introduce the positive numbers C(t) > 0 by setting
d
(2.9) log C(t) :=» (—1)%log Vy(t).
q=0

Integrate Lemma 2.1 (i) with respect to ¢ we obtain, combined with Lemma 2.2

e—0

d t
(2.10) logT(h,t) —logT = log C(t) + Z(—l)q lim / Fop.s—oTrh(Ay(t) +e)°.
q=0 0

To prove Theorem A we provide an asymptotic expansion for each of the terms on
the right hand side of (2.10).
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Lemma 2.3.
(i) For d odd,

t

liII(l) Fp.s=oTrh(Ayt)+e) =0 (0<¢<d)
E— 0

(ii) For d even
t

lim [ F.p.s—oTrh(Ag(t)+¢e)~°
e—0 Jo

is a polynormal in t of degree at most d+ 1, Zj: py:jt? where the coefficients pq.;

can be computed in local charts (see Theorem 1.1). Moreover

(2.11) Pgo =0 (0<¢g<d).

Proof. Note that (i) is already contained in Lemma 2.1. Concerning (ii), re-
call from Theorem 1.1. that for ¢ > 0, F.p.,—oTrh(Ag(t) + ¢)7° is given by
Joy M@)Iq(x,t,e)da where, in a local chart, I(z,t,e) can be computed by a for-
mula of the type (1.7), which is obtained from the d-th term in the expansion of
the symbol of the resolvent of A,(¢) + . The symbol of (A,(t) + ¢), in a chart is
given by
az(w, &) + (| VA|[PId + ay(x,€) + tLg + ¢

where L, is a certain multiplication operator acting on A?(T*M) ® V. The symbol

expansion of the resolvent, which we want to consider, is constructed inductively
as follows

T72(:L‘7£7 )‘7t75) = ()‘ - ag(l',f))_l

and for j > 1
_ 1
7'727j($7£a)‘7tv5) = (ag(l',f) - )‘> ! Z 0
1<]al<2
I+|al=j

S| =

Bgag(x,ﬁ) ( ax) T727l(xa€7>‘at75)

+ (ag((z,€) — /\)_1) Z 8?@1(1‘,6) (%690) r_o_y(x, &\ t,€)

0<al<1
I¥lal=j

+(az(@,€) = N7 Y (@PIVAIP + Ly +e)r—ami(w, € A e).
2+1=j

This shows that
r_o_g(x, &\ ) = lir%r_z_d(x,g,)\,t,e)

is a polynormal in ¢ of degree at most d. Integrating in ¢ we conclude that (ii)
holds. O

Recall that we have introduced in section O the volumes V; = |detr, 1 and we
denote by 3, the g-th Betti number, 3, = dim H¢.
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Lemma 2.4.

(i)

log det Cy () = log Vy + afiyt + iy -2 log(t/m) + 0(1/V/D).

(i)

d d
d—2q
log C(t) = = (~1)?log V, + (Z(—l)q+1Tﬁq> logt/m
q=0 q=0
d

+ (oD as) + 0V,

q=

Proof. Summing with respect to g, statement (ii) follows from (i), together with
log V,(t) = —logdet C,(t). To compute det Cy(t) we express Cy(t) with respect
to orthomormal bases of H! and H,. We decompose Cy(t) = 7, o Cy(t). Where
Co(t) : H{ — KerA,. To describe C{(t) we choose a fixed orthomormal basis of
KerA,, Hqei(1 < j < Bg) and express it with respect to the orthomormal basis
Ey.ir of C7 constructed in the introduction. One has

(2.12) Hoj = Y bjirEgir(1 < § < By).

i,

In section 1 we introduced an orthonormal basis of g-forms ag;;,(¢) in AU (M, E)sm
constructed by Helffer-Sjostrand. Define

(213) w(l]j (t) = ijiraq;ir(t)

where the coefficients bj;rare the same as in (2.12). To prove that wy;(t) is close to
a t-harmonic g-form we write wy;(t) = Py(t)(wy;(t)) + w;(t) and estimate wy(t)
by

wg; (1) = Ag (1) TH (A (g, (1) = O(1/V)

where we used that, according to Theorem 1.6, the operator A4(t) when expressed
in the orthonormal basis ag,;, is given by

(19) 9@ + a0 (e )

- {(”(WV('” + 4D ()T 4 0 <t11/2) }

™

Therefore, we can find an orthonormal basis wg;(t) of H{ such that

wl]j(t) wq]( ) (1/\/_)
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Note that Cf(t)(wq;(t)) = m4(0oq4(t))(e™wy;(t)) where the map o4(t) has been in-
troduced at the end of section 1 and 7, denotes the orthogonal projection from the
space Z? of closed g-cocycles into KerA,. Using that mq(Hq;) = Hgj, We obtain
(2.14) Cy(tywy; (1) = (¢/m) 7204 (Hy; + O(1/VT))

and, by estimating o4(t) (e wg;(t) — e w] ;(t)) in a straightforward way,

(2.15) ClL(t) (we; (1) — wl; (1) =t~ V2e"0(1/V).
From (2.14) and (2.15) we conclude that, for ¢ sufficiently large
det C)(t) = (t/m)Pa(d=20/4ea8t (1 4+ O(1/V/2)
or
log det C(t) = B, (d — 2q)/4log(t/m) + 4Bt + O(1/VE).

This fact together with logdet Cy(t) = logdet C;(t) + log|detr;'| and together
with log V, = log | det rq_1|, as defined in the introduction, yields statement (i). O

Lemma 2.5. Fort sufficiently large,

d

> (=1)%q(mgl — 5,)(2t = logt/m) + O(1/V/1).

=0

N | =

1Og Tsm = IOg Tcomb(T) +

Q

Proof. Recall that

M=

1
log Tsm(h,t) = 3 (=) qlog det Ay(t)|as (arse)..

Il
<

q

and that KerA, as well as KerA, have both dimensions ;. Using Theorem 1.7
we conclude that (with det” denoting the product of nonzero eigenvalues)

/
log detAy (t)[p2(arse).,,, = logdet((n@) (@) 4 nla=b (nla=1)T)
A
= log( /t/m—t)ﬂmql—ﬁq) det((v(q))TV(Q) + W(q—l)(v(q—l)ff + 0(1/\/2))

— 2(myl — By)t+ 2myl — ﬂq)% log(t/r) + logdet A, + O(1//1)

where the matrices 77 and 7(4) have been defined in (1.14) and (1.12). O

The proof of Theorem A now follows easily. First note that logTj,(h,t) =
log T'(h,t) —log Tsm (h,t). Therefore the asymptotic expansion of log Tj, (h, t) is ob-
tained from the expansions of log T'(h,t) and log Ts;, (h,t). The asymptotic expan-
sion (1.4) for logT'(h,t) follows from (2.10) together with Lemma 2.3 and Lemma
2.4 where we use the definition of log 7, (7) = Zg(—l)q log V. The expansion
(1.5) is contained in Lemma 2.5.
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3. Comparison theorem for Witten’s
deformation of the analytic torsion

In this section we prove the comparison result stated in Theorem B. Through-
out this section we assume that all systems involved satisfy hypothesis (H). Let
(M, p,h,g,u) be such a system.

Let z4,; € Cry(h) be a critical point of h of index ¢ and U,; an open neighbour-
hood of zg;;.

Definition.

U,; is said to be a H-neighbourhood if there is a ball Ba, := {z € R?: |z| < 2a}
and diffeomorphisms ¢ : Baq — Uy and ¢ : Bog XV — &/ Uy with the following
properties:

(i) ¢(0) = gy

(i) When expressed in the coordinates of ¢, h is of the form h(x) = q — (23 +
e x) /24 (2 A ) /2

(iii) the pull back ¢*(g) of the Riemannian metric g is the Euclidean metric;

(iv) 1 is a trivialization of £|y,;, and the pull back ¥*(u) of the Hermitian
structure  is given at any point in By, by the scalar product ¥*(pz,.;)-

For later use we define U, ; := ¢(B,).

Definition.

Uy (0<¢g<d,1<j<#Crq(h)) is said to be a system of H-neighbourhoods if
(i) Uy, are H-neighbourhoods
(ii) Uy, are pairwise disjoint

Given a system of H-neighbourhoods Uy; introduce the manifolds

My =M\ Ug; Ul;;  Myp:=Ug;U,

J? qj’

where U [;j is defined as in the above definition. Both manifolds M; and M;; have
the same boundary, given by a disjoint union of spheres of dimension d — 1.

Fix ¢ > 0 and consider the auxiliary operator Ay(t) +¢. Its symbol with respect
to arbitrary coordinates (g, ) of (M,€ — M) is of the form

(3.1) as(x, &) + t2||Vh||> + a1(z, &) +tL(z) + ¢

where a; : Bay X RY — End(AY(RY) ® V) (i = 1,2) are homogeneous of degree i
in ¢, where ||Vh||? : By, — R is given by

oh oh
VAP = > g7

XT; OX;
1<i,j<d Oi O

and where L : By, — End(A9(R?)) is the operator L = Ly, + L%, of order 0 with
Ly, denoting the Lie-derivative of ¢-forms along the vector field

Z . Oh 0
;; = 1‘7 _—
h i g (%vz &vj'
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The operator L3, is the adjoint of Ly, with respect to the metric g and is given
by

(3.2) vn =~ Ju Loy

where J, : AY(Bag) — A979(Ba,) is the Hodge operator associated to the metric
©*g. Recall that we have denoted by Cr(h) the set of all critical points of h. Set
M* := M\Cr(h). For an arbitrary chart (p,t) of (M*,&|ap~ — M*), define, as
discussed in section 1 for operators elliptic with parameter, the symbol expansion
> js0T—2—j(h.e, 2, & t, 1) of the resolvent (1 — Ag(t) — )1 inductively as follows:

r_a(h,e, @, &t 1) = (1 — az(x, &) — 2| |VA|*) !

and, for j > 1,
(3.3)
2 2\—1 1 feY 1 “
roaoj=—(u—ay—£|[VRIP)TN Y —0¢ay (=0x ) T2
1<al<2
I+[al=j
1 «
—(u—ag —t3||Vh|)>) ! Z 0 (ay +tL) (—ﬂ,) r_2_y
> 1
0<]e|<1
I+]al=j

— (1= az — || VA|R) er.
Note that 7_s_; have the following homogeneity property: for A € R4
(34) r—2—j (h, £,%, A, AL, )‘1/2,“) = AizijT—Q—j (ha ez, 1, h)

For later use, we introduce the densities ag(h, e, z) on M* with values in R, defined
with respect to the chart (p,1) and arbitrary € as

d
35  ao(he,x) = %/SZO (%) % /R dg

/duu*STrhzfd(h,s,x,&t =1,u)

r
7]_ oo

= d duTrr_o_g(h t=1,—pu).
(27T>d Ad EA HLTT 2 d( , €, T, ) ,LL)

Proposition 3.1. Assume that (M?, p, h, g, ) and (Md, 5, h, g, @) both satisfy (H)
50 that Cry(h) = Cry(h) (0 < ¢ < d) andl =1=dimV. Then for any e > 0

(i) log det (A (R, t)+e)—log det(A,(h, t)+€) has a complete asymptotic expansion
for t — 0o whose free term is denoted by @y := ao(h, h, &)

(i) The coefficient ag can be represented in the form

M

(3.6) o = /MI ao(h,e, z) — / ao(hy e, 7)
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where ag(h, e, ) and ag(h, e, Z) are the densities introduced in (3.5) for arbitrary e.
(iii) In the case, dim M = d is odd

(3.7) ao(h, h,e) +ao(d—h,d—h,e) =0 (alle>0).

Proof. The proof is based on a Mayer-Vietoris type formula (Theorem 1.3). Note
that Ag(h,t) + ¢ is a family of invertible, selfadjoint elliptic operators with param-
eter of order 2 and weight 1 for any ¢ > 0. The same is true for the operators
(AL(h,t)+¢)p and (AT (R, t) +¢)p obtained by restricting Ay(h,t) +¢ to My and
My respectively, and by imposing Dirichlet boundary conditions. Therefore we
can apply Theorem 1.3. Denote by Rpn(h,t,¢) the Dirichlet to Neumann opera-
tor defined in section 1 where the vector field X is chosen to be the unit normal
vector field along OMj. We conclude from Theorem 1.3 (iv) that Rpy(h,t,€) is
an invertible pseudodifferential operator with parameter of order 1 and weight 2
and from Theorem 1.3 (ii) we conclude that Rpy(h,t,¢) is elliptic with parameter.
According to Theorem 1.2, logdet Rpn(h,t,€) has a complete asymptotic expan-
sion for ¢ — oco. Inspecting the principal symbol of (Al(h,t) 4+ )p one observes
that (AL(h,t) +¢)p is a family of invertible, selfadjoint differential operators with
parameter of order 2 and weight 1 which is elliptic with parameter. From Theorem
1.2” we therefore conclude that log det(Aé (h,t)+¢)p admits a complete asymptotic
expansion as t — oo. Finally (Aél(h,t) + ¢)p is a family of invertible selfadjoint
operators with parameter of order 2 and weight 1, which is however not elliptic
with parameter.

Of course the same considerations can be made for the system (M P, h, G, i)
to conclude that log det Rpy(h,t, ) and log det Aé(ﬁ, t) +¢)p have both complete
asymptotic expansions for ¢ — oo. Applying the Mayer-Vietoris type formula
(Theorem 1.3 (iii)) for log det(Aq4(h,t) 4+ ¢) and log det(A,(h,t) + ¢) we obtain for
the difference

(3.8) log det(Ay(h, t) + ) — logdet(Ay(h, t) + €)
= log det(Aé(h, t)+e)p —log det(Aé(fL, t)+¢e)p
+logdet(AL (h,t) +€)p) — logdet(AL (h,t) +€)p
+logdet Rpn(h,t,e) — log det RDN(iz, t,e)
+log C(h,t,e) —log C(h,t,¢).
Note that M;; and MH are isometric and S‘MH as well as S‘MH are trivial. Con-

sequently ~
log det(Aél(h, t)+e)p =log det(AéI (h,t)+¢€)p.

Due to our definition of H-coordinates the isometry between M;; and M 17 extends
to neighbourhoods of M;; and M;j;. As a consequence we conclude from Theorem
1.2 and Theorem 1.3 (iii) that C(h,t,e) = C(h,t,¢) and that logdet Rpn(h,t,e)
and logdet Rp N(il, t,e) have identical asymptotic expansions.

Therefore we have proved that

log det(A(h,t) + ) — log det(A,(h,t) + €)
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has a complete asymptotic expansion as ¢ — oo which is identical with the complete
asymptotic expansion for log det(A!(h,t)+¢)p —log det(Aé(iL, t)+¢)p. According
to Theorem 1.2’ the free term in the asymptotic expansions of both log det(Aé(h, t)
+¢)p and log det(Aé(ﬁJ) + ¢€)p consists of a boundary contribution and a con-
tribution from the interior. Recall that M and OM; are isometric and that in
collar neighbourhoods of dM; and of dM; the symbols of (Al(h,t) + €)p and
(Aé(iz, t) + €)p are identical when expressed in (H)-coordinates. Therefore the
boundary contributions are the same and the free term in the asymptotic expan-
sion of log det(Al(h,t) + ) —logdet(AL(h,t) + ¢) is given by

M

(3.9) a0 = /MI ao(h,e, z) — / ao(hye, 7)

where the densities ag(h, e, 2) and ag(h, ¢, &) are given by (3.5).

Noting that ag(h, e, z) and ag(h, €, &) are identical on M \Cr(h) = M \Cr(h)
statement (ii) follows. Towards (iii), note that if M is of odd dimension, the quantity
r_g—2(h,e,x,&,t, 1) defining ag(h, e, x) satisfies according to (3.3) and (3.4)

(310) T—d—Q(d —h,e, 2,81, u) = T—d—Z(hv &, z,§ —t, /L)
and
(311) T*d72(h7 &, z,—§ —t, ;U') = _T*d*Q(hvga z, &, t, :U’)

Therefore r_g_s(h, e, 2, &, t, 1) + r_g—2(—h,e,x,&,t, 1) is an odd function of . In-
tegrating over || = 1 we conclude that ag(h,e,2) + ag(d — h,e,z) =0. O

Introduce the following perturbed version of log T'(h,t) for any € > 0

d
(3.12) Alh,t,e) = % 3 (= 1)+ glog det(Aq (A, £) + ).

4=0
Note that A(h,t,e) can be written as a sum
A(h,t,e) = Agm(h,t,e) + Ao (hyt,€)
where Ag,, is defined similarly as log T, (h,t),

d
1 ;
Asm(h,t, ) 1= 5 > (—1)" qlog det(A;™ (. t) + €)
q=0
with
A;m(hv t) = AQ(ha t)|Aq(M;5)
and A, (t, h, ) is given by A(h,t,e) — Asm(h,t,€). Note that the eigenvalues of the
operator A (h,t) tend to 0 as t — oo and therefore by Theorem 1.5

sm

1
log det(A;™ (h,t) + ) = myloge + O <gte_2t>
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for t — oo. This shows that Ag,,(h,t,e) — Asm(ﬁ,t,e) is exponentially small as
t — oo and hence, for any fixed € > 0, it has a trivial complete asymptotic expansion
for t — oo. In view of (3.13) and Proposition 3.1 we conclude that for any ¢ > 0
A(h,t,e) — A(h,t,e) and Ay (h,t,e) — Aja(h,t,€) have both complete asymptotic
expansions for ¢ — oo and, moreover, these expansions are identical. In particular
we conclude that the free terms of the two expansions are identical

FT(Aj(h,t,e) — Ayg(h,t,€)) = FT(A(h,t,e) — A(h,t,¢)).

Use Proposition 3.1 (ii) and the fact that the densities ag(h,e,z) and ag(h,e,x)
((3.5)) are continuous in ¢ to obtain

Lemma 3.2.
(i) For any e >0, Ajq(h,t,e) — Aza(il,t,s) has a complete asymptotic expansion
fort — oo and it is identical to the one for A(h,t,e) — A(il,t,{-j).
(ii) The limit
lim FT(Aja(h,t,€) — Ag(hyt,€))

ezists and is given by

(3.14) lim FT(Ara (h, t, €) - Aia(h,t,€))
E—

:/ cm(h,gzo,x)—/~ ao(hne = 0,7).
MI MI

We have to investigate the left hand side of (3.14) further. For this purpose we
need the following estimate for the counting function N4(¢, X) of Spec A4(t),

Ny(t,A) == #{k e N: X[(t) < A}

Lemma 3.3. There exists a constant C' > 0 independent of t and \ such that, for
t sufficiently large
N, (t,\) < O\

Proof. First note that for ¢ sufficiently large and M;; given as in (3.1), Ay(t) >
A4(0) = A, on Myr. By Weyl’s law, we conclude

11 11 d/2
NH (N < NH(0,)) < 0xY

where N//(t, ) is the counting function for the spectrum of the operator A(t)
restricted to My, when considered with Neumann boundary conditions (Neumann
spectrum). Recall that M; = Uy ;Ug;. On each of the discs Uy;, Ag4(t), when
expressed in (H)-coordinates, is the direct sum of shifted harmonic oscillators of
the form

§ 2,2

a2 +t7z° +tc

with —a < z < a (« as in (3.1)). Following [CFKS, p.218] introduce the scaling
operator S; defined by

Ht =

Sef(w); = "2 f (tz).
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Then LS'tl/z.tK.St_l/l2 = H,; where

R 2

Therefore the Neumann spectrum of H; on the interval —a < x < « is the same as
the Neumann spectrum of ¢t when considered on the interval —vta < = < /ta.

Denote by N, . \/{()\) the counting function of the Neumann spectrum of tK on the
interval —/ta < 2 < V/ta and by N 36 \/E()‘) the counting function of the Dirichlet
spectrum of tK on the interval —Vta < z < V/ta. Note that for all ¢ > 0 and A
sufficiently large

Nixi®) < N

i) FLS2NG S(A1).

Comparing the Dirichlet problem for K on —Vita < z < ta with the one on
the whole real line we conclude that NI?\/E()\/t) < CoA/t < CoA for t > 1 with a

constant Cy > 0 independent of A and ¢. Hence we have shown that the counting
function N/ (t,A) of the Neumann spectrum of the operator Ag4(t) on M; can be
estimated by

NI(t,A\) < CsA?

for a constant C3 > 0 independent of ¢ and A\. The subadditive property of the
Neumann counting function [CH] implies that

Ng(t,A+0) < NIt A +0) + N (t,A+0) < CA?

for some constant C' > 0 independent of ¢ and A and for ¢ sufficiently large. O

Let us introduce the following version of the trace of the heat kernel

(3.15) Oyt p) = Y e Nl

k>mgl+1

where mq = #Crq(h) and (A{(t))r>1 denote the eigenvalues of Ay(h,t). From
Lemma 3.3 we obtain

Corollary 3.4.
(i) There exists a constant C' > 0 independent of t and p such that, for t suffi-
ciently large

(3.16) Ot ) < Cu?.

(ii) There exists a constant C > 0 independent of t and u such that, for t
sufficiently large, and p > 1//t

(3.17) 0,(t, ) < Ce= Pt

Proof.
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(1) Recall that for £ > m4l + 1 there exists a constant C; > 0 such that
AL(t) > Cyt.

Therefore

0,(t, 1) = / e MAN, (1, \).
Clt

Integrating by parts we obtain

(3.18) 0,(t, 1) :u/ e AN, (t, N)dA.
Clt

By Lemma 3.3, one then concludes

04t 1) < %/ e \d\ < C/p.
w Citp

(ii) From (3.18) and Lemma 3.3 we obtain
0 <C —Citp/2 > —uA/2>\dd)\ < é —C1tu/2
Gt 1) < Cue - e < F@ .

By choosing 3 < C1/2 and C > 0 sufficiently large we obtain (ii). O
Recall from Theorem A that logTj,(h,t) has an asymptotic expansion for ¢ — oo.

Proposition 3.5.

hl% FT(Ala(h; t, 5) - Ala(%ﬂ tv 5)) = FT(IOg Tla(ha t)) - FT(lOg Tla(ilv t))

Proof. We verify that the function, defined for € > 0 and ¢ sufficiently large by
H(t,e) := Ag(h,t,e) — Ao (ht,e) +log Tia(h, t,e) —log Tia(h, t,€)

is in the form
d
(3.19) H(t,e) =Y " filt) + g(t.e)
k=1

where g(t,e) = O(1/+/t) uniformly in e. The statement of the proposition can
be deduced from (3.19) as follows: Recall that for € > 0, H(¢,¢) has a asymptotic
expansion for ¢ — co. As g(t,e) = O(1/+/t) uniformly in & we conclude that for any
e >0, 22:1 e f1.(t) has an asymptotic expansion for ¢t — co. By taking d different
values 0 < €1 < -+- < gq for € and using that the Vandermonde determinant

g1 ... Eil
det | D] #0
Ed .- Eg
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we conclude that for any 1 < k < d, fi(t) has an asymptotic expansion for ¢ — oo
and that for any € > 0

d
FT(H(t,2)) = Y0 FT(fi(t)).
k=1

Hence lim. .o FT(H (t,¢)) exists and lim._,o FT(H(t,€)) = 0. It remains to prove
(3.19). For this purpose we introduce the zeta function (4, corresponding to the
large eigenvalues of A4 (t) + ¢,

Cpaalties) = Y (M) +e)°.

jZmgl+l

Using the heat kernel representation, (4 (t, €, ) can be written as

1 > S— —&
(3.20) Gutaltoe9) = g5 [ 10t

with 0,(¢, ) given by (3.15). The integral in (3.20) can be splitted into two parts

-
(3.21) Ghaaltie.5) = 55 / T )
and

| UV
(3.22) ot = g [ w0 e

First let us consider

1 o e~ —1
3.23 iate s) =L (te=0,s :—/ 120, (t, p) ——dp.
(3.23) a1a(t:6,8) = (g1 ) ' v q(t, 1) .

Note that
Cé,la (t’ g, S) - C(ila (t, g = 07 S)

is by Corollary 3.5 (ii) an entire function of s. Therefore, with

i (7).~

d
‘%(C;,la(tvgﬂ S) - <z§,la(t’5 =0, S))S:0|

and 1 — e ** < ey,

eeu—l

1 ot —du
1/VE H

< 60/ =Bt gy, — eC —pvi
1/t pt
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where we have used Corollary 3.4. Concerning the term

d
%( qla(t & 8) qla(t e =0, 3))5:0,

expand (e " —1)/pu

d Kk

(™ =1)/p=2  —eut + e ule(e, )
k=1

where the error term is given by

= (_1)kkk71 d+1,,d
e(s,m(Z et )/ew.

k=d+1

Note that %0, (t, 1) < C according to Corollary 3.4. Therefore

1V
/ 10 (t, e ple(e, p)du
0

is an entire function of s and, for ¢ sufficiently large

d 1 1/\/2 d+1,,.d
mg [ e me e an) |

s=0
S Ed-‘rlc/\/g

where C is independent of ¢ and €, 0 < & < 1. Finally, recall that 6,(¢, u) admits
an expansion for g — 0+ of the form

d
Oq(t, ) =Y Ci(t )=/ 4+ 0, (t, )

Jj=0

where 9(’1(75, () is continuous in p > 0. Therefore, for 1 < k < d,

IEACE (=1* & ke
m/@ WO (t p) e W du

is analytic with respect to s at s =0 and

d 1/\/{ k
d 1 (=" 1
g:l a5 \T(s / o0, p) e T dp)s—o

is of the form 22:1 e f1.(t). This establishes (3.19). O
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Proof of Theorem B. From Theorem A we know that logTj,(h,t) — log Tla(iz,t)
has an asymptotic expansion for ¢ — co. By Proposition 3.5, the free term of the
asymptotic expansion @ is given by

ap = ;E}I(l) FT(Ala(hat7€) - Ala(i%tvs))'

By Lemma 3.3 (ii) we conclude that

60:/ ao(h,zs:O,x)—/ ag(h,e = 0,%).
M;

Equation (0.9) is proved in Proposition 3.1 (iii). In view of the equality
FT(logT(h,t) —log Tsm(h,t)) = FT(logTi.(h,t))

one can see that ag is independent of h and h within the class of functions h
and h which give rise to the same cochain complexes C*(M;p, 7T, u) respectively
C*(M; p, T, f). This combined with the locality of a¢ implies that sz ag(h,e =
0,2) = [y, ao(h';e = 0,z); this implies (ii). O

Proof of Corollary C. Choose a bijection © : Cr(h) — Cr(h) so that ©(z4;) is
a critical point Z4; of h of index ¢. By assumption © extends to an isometry

© : U, Uy — Ug,;Uq; where (Uy;) and (Uy;) are systems of H-neighbourhoods for
h respectively h. Denote by 7 respectively T the triangulation induced by (h, g)
respectively (fu g) and the dual triangulation by 7p respectively Tp.

Using Theorem A for both A and d — h, we obtain

2logT — 2log T = FT(log T'(h,t) — log T(h,t))
+ FT(logT(d — h,t) —log T(d — h,t))

+1log et (T) — log Timet (7))
+ IOg Tmet(T’D) - log Tmet(j—p).

Decomposing log T'(h,t) = log Tiq(h,t) + log Ts, (h, t) and taking into account the
asymptotics (0.7) of log Tsp, (h,t) we conclude that

2logT — 2log T = log 7(T) — logT(’j')
+ log 7(7p) — log T(’f’p)
+ FT(log Tia(h, t) — log Tia(h, 1))
+ FT(log Tia(d — h,t) — log Tia(d — h,t))

from which the Corollary follows by (0.9) and (0.10). O
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4. Application

In this section we present a new and short proof of results due to, in increasing
generality, Ray-Singer, Cheeger, Miiller and Bismut-Zhang concerning the relation
of the analytic torsion and the Reidemeister torsion. To the best of our knowledge
the result as formulated can not be found in literature.

Theorem 4.1. (Ray-Singer; Cheeger; Miiller; Bismut-Zhang). Assume that (M?
, ) 1s a compact Riemannian manifold without boundary of odd dimension d, p is a
representation of the fundamental group m (M) on a vectors space V' of dimension
I, p:m(M) — GL(V), u is a Hermitian structure on the flat bundle € — M
(€ induced by p) and T = (h,g’) is a generalized triangulation of M with Tp =
(d— h,g") denoting its dual. Then

logT = (log 7(7T) + log 7(7p))/2.

For the derivation of Theorem 4.1 from Theorem A and Theorem B we need a
number of well known results which we state for the convenience of the reader.They
can be proved in a straight forward fashion, or found in literature as mentioned.

Lemma 4.2. Let (M, g) be a Riemannian manifold. Assume that T = (h,g’) is a
generalized triangulation of M.

Then there exists a triangulation T' = (h,g") of M with the following properties:

(1) For any critical point x4,; € Crq(h) there exists a neighbourhood Uy; so that
g" and g coincide on Uy;.

(i) For any two critical points x,y, in Cr(h) the intersections W, (g") "W, (g')
and W, (¢")NW, (¢") are diffeomorphic where Wt (g') respectively W, (g") denote
the stable manifold associated to the critical point x and the gradient vector field
grad 4 h respectively grad ,oh and where W, (g') respectively W, (g") denote the
unstable manifold associated to the critical point y and the gradient vector field
grad o h respectively grad gh

Definition.

Given generalized triangulations 7 = (h,g) and 7' = (K/,¢'), T’ is called a
subdivision of 7 if

(i) Cr(h) € Cr(h')

(ii) WE(K,g") = WE(h,g) for any = € Cr(h).

The following result is implicit in [Mi2].

Lemma 4.3. Let T = (h,g') be a generalized triangulation, 0 < ¢ < d—1 an
integer and x,y two distinct points in M\Cr(h). Then there exists a generalized
triangulation T' = (h',¢") with the following properties

(i) Cr(h') = Cr(h) U{x,y};

(it) x € Cry(h'); y € Crgqp1(R');

(1ii) T' is a subdivision of T ;

(i) W, "W, is connected.

As a consequence one obtains

(4.1) (T) =7(T")
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for any Riemannian manifold (M, g), any representation p : w1 (M) — GL(V) and
any Hermitian structure p for &€ — M where £ is the flat bundle induced by p.

For a Riemannian manifold (M, g), a set F C M and r > 0, denote by B, (F)
the following neighbourhood of F', B,.(F) :={x € M : dist 4(z,F) < r}.

Lemma 4.4. Assume that (M,g) is a Riemannian manifold, F = {x1,...,znx} a
finite set of points of M and E — M a vector bundle of rank . Then the following
statements hold:

(1) There exists a 1-parameter family g, (le| < 2e0,e0 > 0) of Riemannian
metrics of class C in (e,2) with the following properties:

(i) g = g on M\ By (F);

(i) ge is flat on B:(F);

(iii) lim. . g. = g in C'-topology.

(2) There exists a 1-parameter family ue, (le| < 2e9,e0 > 0) of Hermitian struc-
tures of class C in (¢, ) with the following properties:

(i) pe = p on M\Ba.(F);

(ii) pe is a parallel on Boo(F') with respect to the canonical connection induced
by p;

(iii) lime g pe = p in Ct-topology.

The following result is a slight, but immediate generalization of [RS, Theorem
2.5].

Lemma 4.5. [RS] Assume that for j = 1,2 we are given Riemannian manifolds
(Mj,g;), representations p; : m(M;) — GL(V;) and Hermitian structures pi; :
Ej — M; where £; denotes the bundle induced by p;. Then

log T'(My x Mz, p1 ® p2, g1 X g2, 1 @ piz)
= x(M2)log T(My, p1, g1, 1) + x(My1)log T (M, p2, g2, 112)

where x(M;) denotes the Euler characteristic of M;.
We use Lemma 4.5 only to prove the following

Corollary 4.6. Let T? .= Rd/L be a d-dimensional torus,with L a lattice in RY,
go the Buclidean metric on T?, py : 71 (T%) — GL(R?) the trivial representation
and pio the Hermitian structure on & — T? parallel with respect to the canonical
connection of pg.

(i) If d > 2, then logT =0 .

(i) If d = 1, then logT = lloga where a > 0 is such that L = aZ

Proof.

(i) follows from Lemma 4.5 together with the fact that the Euler characteristic
x(T?) satisfies x(T?%) = 0 for d > 1.

(ii) For d = 1, T* is the circle {a/2m(cosf,sinf) : 0 < § < 27} and with
l=dimV,

ld a \2s d a o
—logT = 5@3—01;)(%) = EE:O(g) ¢(2s)
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where ((s) is the Riemann zeta function. Recalling that ((0) = —1/2 and -£¢(0) =
—log v/2m we obtain logT = lloga O

The result analogous to Lemma 4.5 for the Reidemester torsion is implicit in
[Mil]:

Lemmad4.7. [Mil] Assume that for j = 1,2 we are given Riemannian manifolds
(M;, g;), representations p; : w1 (M;) — GL(V;), Hermitian structures p; on £ —
M; and triangulations T; of (M;, g;). Then

log 7(7T1 x T3) = x(M2)log 7(T1) + x (M) log 7(73).

Again we use Lemma 4.7 only to prove the following:

Corollary 4.8. Let T? := R?/L be a d-dimensional torus,with L a lattice in RY,
go the Euclidean metric on T?, p : m(T%) — GL(V) the trivial representation
and o the Hermitian structure on € — T? parallel with respect to the canonical
connection of py. Moreover let hy : T* — R be given by

d
ho(01,...,0q) := Zcosﬁj
j=1

Then Ty = (ho, go) is a generalized triangulation with the following properties:
(i) If d > 2, then 7(Tp) =0
(i1) If d =1, then 7(Ty) = llog a where a > 0 is such that L = oZ.

Proof.

(i) follows from Lemma 4.7 together with the fact that the Euler characteristic
x(T?) satisfies x(T?) =0 for d > 1.

(ii) It is easy to see that Tcoms»(Zo) = 1 and log Tynet (7o) = logVy — logVy =
lloga. O

The last result we need concerns the metric anomaly of the analytic torsion. In
the form needed for the proof of Theorem 4.1 it is a slight generalization of a result
due to Ray-Singer.

Lemma 4.9. ([RS]). Let M be a manifold, p: 71 (M) — GL(V) a representation
of the fundamental group of M on a vector space V and i a Hermitian structure
on the bundle & — M induced by p. Let g(u) be a 1-parameter family of class C* of
Riemannian metrics of M. Then logT(M, p,g(u), 1) is a C*-function of u whose
derivative is given by

d d d
- _ _1\9 2
T log T(M, p, g(u), i) E (-1 duloqu(U)

q=0

where Vg (u) is the volume defined by

Vy(u) = wvol g(u) (Aq(u)_l(aq;j)7 cees Aq(“)_l(aq;ﬁq))'
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Here (aq;j)1<j<p, 5 a basis of the ¢'th cohomology group HI(M;E), chosen inde-
pendently of u and Ag(u) : KerAg(u) — HI(M;E) is the canonical isomorphism
provided by Hodge theory between the null space KerA,(u) of the g-Laplacian A,y (u)
and HI1(M;E).

Proof. Taking into account Lemma 4.1 it suffices to verify the statement for the
case where the generalized triangulation 7 = (h,¢’) has the additional property
that ¢'(x) = g(z) for any critical point « € Cr(h).

In view of Lemma 4.4 and Theorem 1.1 we may assume in addition that in
sufficiently small neighbourhoods of any of the critical points of h, g = ¢’, g is flat
and p is parallel with respect to the canonical connection induced by p. According
to Lemma 4.9 and the definition of the Reidemeister torsion 7 = Tyt Teoms it suffices
to verify the statement under the additional assumption that g = ¢’ on all of M.
Moreover, due to (4.1) it suffices to verify the statement for a subdivision 7’ of
T of our choice. Denote by ﬂq(Td) the ¢ th Betti number of the d-dimensional
torus T¢ = R?/Z%. Note that for any smooth Morse function h : M — R with
#Cr(h) > B,(T?) (0 < g < d) there exists a smooth Morse function ' : T — R
such that #Crq(h) = #Crq(h') (0 < ¢ < d). Therefore, by Corollary C, we
conclude that it remains to verify the statement of Theorem 4.1 for M = T¢, g
the Euclidean metric on T, py the trivial representation of 71 (7%) on V, g the
Hermitian structure on & — T'¢ which is parallel with respect to the canonical
connection induced by p and the generalized triangulation 7 = (h, go) where h :
T?¢ — R is a Morse function. In the case where p is a trivial and p is the Hermitian
structure, parallel with respect to the canonical connection on & — M it is well
known [Mil] that the Reidemeister torsion 7(7") is independent of the generalized
triangulation. In particular 7(7°) = 7(7p). It then follows from Corollary 4.6 and
Corollary 4.8, that for any d > 1,

T(Tdap07g()7,u0> = T(Tda p07907/’1'0776)

where 7y = (ho, go) with h(61,...,04) = 31_ cos; O
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