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Introduction

The aim of this paper is to present results on the independence of the spectrum
of Schrodinger operators in different spaces. We treat Schrodinger operators of a
very general kind, namely —%A perturbed by certain measures pu.

In Section 1 we recall what measures can be used and we review results stating
the p-independence of the spectrum of the realizations of —%A + p in Lp(Rd),
1<p<oo

In Section 2 we show that the realizations of —%A + p in spaces of continu-
ous functions, e.g., the bounded uniformly continuous functions or the continuous
functions vanishing at infinity, again have the same spectrum, for suitable p. In
fact, this is derived in a much more general context, utilizing the semigroup dual
of a Banach space with respect to a strongly continuous semigroup.

In Section 3 it is shown thal Shnol’s method of constructing singular se-
quences can also be employed in a proof of the inclusions o(Hs ) C o(Hp,v) and
o0(Hav) C o(Hg,,v), for suitable potentials V. This establishes the connection
between the spectrum in L, and Cy and the existence of polynomially bounded
generalized eigenfunctions.
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1. Review of L,-results.

In order to state the results we have to recall some notations. Let

My :={u: B —[0,00]; p o-additive, pu(B) =0
for all sets B € B with capacity zero},

where B denotes the o-algebra of Borel subsets of R%.

For the definition of the extended Kato class S Kk C My of measures and of
the constant ¢(x) defined for y1 € Sk we refer to [StV]. We recall that for u, € Mo,
p_ € Sk with ¢(u_) < 1 a closed form in Ly(R?) is defined by

1 S — —
(h—p— + py)u,v] = 3 /Vu -Vodz — /u~v~d,u_ + /u~v~du+,
with domain
Db~ i+ 1) = {u € WHRY: [ o P s < o)

(v~ denoting a quasi-continuous version of u). The closure of D(h — u_ + u4)
in Ly(R?) is of the form Ly(Y), for a suitable set Y € B. The operator H, =
H, _,_ is the self-adjoint operator in Ly(Y") associated with h — p_ + p. It is
shown in [StV; Corollary 4.2] that the semi-group (e='#+; t >0) on Ly(Y) acts
also as a strongly continuous semigroup Up, ,(.) on L,(Y), for all p € [1,00); the
generators of these semigroups will be denoted by —Hp, ,. Also, He ) 1= HyJ,.
The corresponding unperturbed operators (for ¢ = 0) will be denoted by H),.

1.1. Theorem. With the notations introduced so far, we have

O'(Hp7u) = U(H27M)

for allp € [1,00].

We are going to give an outline of the proof of this result. In order to do so
we first collect several facts which are needed in the proof.

1.2. Remark. (a) Let € > 0. There exist constants C, w such that
€ e~ tHpw =], < C4Tes

forallt > 0,1 <p<qg< oo ¢ RY with €] < e, where v = %(% — %) (Here
Il - llp,q) denotes the norm in L(L,, Ly).)

The proof of this fact consists in two steps. In both of these steps it is essential
that there exists @ > 1 such that ap is also in the class considered above (in
particular, c(ap) < 1).

(i) One shows the inequality for & = 0, using Stein interpolation; cf. [StV;
Theorem 5.1 (b)].



(ii) From the fact that the desired statement is true for the unperturbed heat
semigroup (u = 0) one concludes it for the perturbed semigroup, again using Stein
interpolation; cf. [ScV; Remark 3.4 (b), (¢)].

(b) Let € > 0,w be as in (a). Then there exists C' such that

oS (H, — w)1e=6| <c<L+ ! )

P l—v —w-w

for all w € R with w < —w, p < g with v = %(% — %) < 1, [£| < e. Further,
(—o0, —w) C p(Hp,,) for all p € [1, 00], and

(Hppu — w)fl = (H, - 71’)71

on L,(Y)N La(Y), for w < —w.
The proof consists in integrating the inequality in (a) after multiplying by
e"t; cf. [HV; Proposition 3.7], [ScV; Remark 3.4 (d)].

1.3. Lemma. ([ScV; Corollary 3.3]) Let 1 <p < g < o0, 0 <€ <€". Then
there exists C' > 0 such that for each linear operator

A: LOO,C(Rd) i Loo,loc(Rd)
(Loo,c denoting Loo-functions with compact support) satisfying
|67 Ae™¢ ||, <1 forall €€ R with |6 <€’

one has

et Ae=s|| < C
forp<r<gq, [{<¢€.

The inclusion p(H, ) C p(Ha,;,) in Theorem 1.1 is obtained as in [HV; section
2], using Remark 1.2 (a) for £ = 0.

Sketch of the proof of the inclusion p(H, ) C p(Hp, ) (compare [ScV]).
It is sufficient to prove the assertion for all p € [1,2]. According to Remark 1.2 (b)
we find w (< —w), C such that

||e§.$(Hu - w)_le_gvx”p,q <C

whenever 1 < p < g <2, %(%—%)g%, €] < 1.

Let K C p(Hz,) be compact, [O( connected, K = [(;', w 6[0( . Then there
exist € € (0,1] and a constant C’ such that K C p(e$®Hs ,e=5%) for |¢] < ¢, and
€5 (Hayp — 2)"re 7| = [[(e¥" Hape s —2)7Y|

< ¢ (&l<e zeK).



This follows from perturbation theory and analytic continuation. (Note that the
equality
T (Hyy —2) e 8" = (5" Hy e 4% — z)_l
on Ly(Y) N Ly (R?Y), whose validity for 2 = w is obtained by Laplace transform,
has to be extended to K by analytic continuation. The absence of this argument
in [HV] was pointed out to the authors by W. Arendt.)
Using the resolvent equation

(Hzpo—2) 7 = I+ (2 —w)(Hay — 2) ) (Hzu —w) ™"
together with Lemma 1.3 one concludes the existence of C” such that
||€£.w(H2,u - Z)_le_£.w||p,q <c”

for 2 € K, 1 <p<2with §(1 - 1) < ], [¢| < 5.
Tterating this argument one obtains the last inequality for all p € [1,2] and

small |¢|. Using this estimate for £ = 0 and the fact that
(HQ,M _w)_l = (HP/J« —U))_l on LpﬂLg(Y)

one obtains K C p(H, ). i

1.4. Remarks. (a) A slightly different situation has been treated in [ScV].
In this paper the perturbation p is the sum of a form small distributional part ug
(cf. [HS]) and py € My. This implies that the semigroup (e~ x; t > 0) acts as a
strongly continuous semigroup on L, (Y") for pg < p < p{, where py € [1,2) depends
on the form bound of pg (cf. [BS]). It is then shown that o(H, ,) = o(Haz,) for
all p € (po, pp)-

(b) The p-independence of the L,-spectrum of elliptic operators on certain
Riemannian manifolds was shown in [Stu]. In a similar context the p-independence
for 1 < p < oo was shown in [Sh; Proposition 2.6].

(¢) The p-independence of spectra has been shown in [Al] for perturbations
of certain translation invariant operators.

(d) If U(+) is a strongly continuous semigroup on L(2) (where Q C RY)
satisfying a Gaussian estimate, then it was shown in [Ar] that the spectra of the
generators of the corresponding semigroups on L,(€2) are p-independent.

2. The spectrum of —%A+ 1 in spaces of continuous functions
We want to show that under suitable hypotheses the spectrum of —%A + pin
Co(RY) = {f € CRY); f(z) = 0 (|2 — o0)}

(or in other spaces of bounded continuous functions) is the same as the L,-
spectrum.



It turns out that the main point which is specific about this situation is
the question whether (e~*#x: t > 0) acts as a strongly continuous semigroup on
Co(R%). The fact that then coincidence of spectra can be concluded will follow
from very general considerations presented next.

Let X be a Banach space, (U(t);t > 0) a strongly continuous semigroup on

X, and T its generator. The semigroup dual of X is then defined by
X :={o* e X*; T(t)'z* — 2% (t = 0)};

see, e.g., [HP; Chap. XIV], [BB; Sec. 1.4] (where X© is denoted by X¢), [Ne]. (We
use the adjoint space X ™ of continuous conjugate linear functionals on X in order
to stay consistent with duality in Ls.)

2.1. Theorem. LetY C X© be a closed subspace which is invariant under
U*(t) (t>0). Denote by Uy (-) the part of the semigroup U*(-) in Y, and by Ty
the generator of Uy (+).

(a) Then Ty is the part of T* in'Y,

D(Ty) = {«*e€YnNnDT"); T"z* €Y},
Ty = T*|D(Ty).

(b) poo(T) C poo(Ty), and (A — Ty )™ is the part of (A —T)"1)* inY, for
A € poo(T). (Here pso(T) denotes the component of p(T) containing a right half
plane; and similarly for Ty .)

(¢) If additionally Y is equi-norming for X, i.e., the norm

llzlly =sup{| <z™,z>|; z* €Y, ||z*|| <1} (zeX)
1s equivalent to the original norm in X, then

poe(T) = poc (T ).

Proof. (a) This is known for Y = X®, and the proof carries over to our
case (cf. [BB; p. 51], [Ne; Theorem 1.3.3]).

(b) For A € C with Re) larger than the type of U(:), the resolvents of T'
and Ty are given by the Laplace transform of U(-) and Uy (-), respectively, and
therefore

<z*A-T)lz> = <(A-Ty) ‘2", 2>

for all z € X, z* € Y. Therefore (A — Ty)~! is the part of (A —T)71)* in Y.
This implies that (A —7)71)* maps Y to Y for all A € po (7). By uniqueness we
obtain the claimed assertions.

(c) The equivalence of || -|| and || ||y implies that there exists a constant c
such that



IO =D))< ellA=Ty)7H| forall A€ poo(T).
This implies d(poo(T)) C o(Ty ), and therefore poo (T) = poo(Ty)- |

2.2. Remark. The assymptions made in the previous theorem are satisfied,
in particular, for Y = X©. For this case, however, one has p(T®) = p(T); cf. [Ne;
Theorem 1.4.2].

2.3. Corollary. Assume that p satisfies the hypotheses of Theorem 1.1.
Let Y be a closed subspace of Lo, which is equi-norming for Ly, invariant under
(e7tHiu)* (t > 0) and such that

I(e™rw)*f = flloe — 0 (t —0)

for all f € Y. Denote by —Hy,, the generator of the strongly continuous semigroup
on'Y induced by ((e~tH11)*; t > 0). Then

o(Hy,u) = o(Hz,).

2.4. Remarks. (a) The semigroup dual of L;(R?) for the unperturbed
Schrédinger semigroup (e~ tH1; ¢ > 0) is

Cyu(RY) = {f € C(R?); f bounded and uniformly continuous}.

The generator is then the part of —H in Cp 4,
1
D(He,,) = {f € Cou(R"); Ho,,, [ = —5Af € Cpul-

For V € Cb’u(Rd), the multiplication operator by V is a bounded operator in
Ch.u(R?), and therefore Theorem 2.3 is applicable to H + V with Y = C;,(R%).

(b) The space Cy(R?) is invariant under the unperturbed Schrédinger semi-
group, and

D(Ho,) = {f € Co(RY; Ho,f = —3Af € Co}.

For bounded V' € C(R?) the multiplication by V' is a bounded operator on Cp(RY).
Therefore Theorem 2.3 is applicable to H + V with Y = Cp(R%).

(¢c)For V.=V, —-V_, Vo >0, Vo € Ky, Vi € Kgjoc it is shown in [S;
Theorem B.3.1] that e *#v maps L.-functions to continuous functions, for ¢ > 0.

As a consequence,
Y := L;(R)®

consists of continuous functions, in this case.



3. An application of Shnol’s method.

In order to establish a connection with the PDE-world, we will now discuss an
alternative proof of the inclusions

O’(Hp,v) D) O'(HQJ/), O'(HCO,V) D) O’(Hg’v). (31)

To this end, we will produce rather explicit “Weyl sequences” in L, and also in
Co which are obtained by applying suitably chosen cut-offs to generalized eigen-
functions associated with the expansion theorem for Hs v ([B], [S], [PStW]); this
requires some mild modifications of Shnol’s method (cf. [Shn], [S; Section C.4], and
[HSt]). Therefore, we learn that properties of the Schrodinger operator in Hilbert
space Ly fully determine the spectra in L, and even in Cy: while estimates for the
resolvent kernel (Ha v — 2) 7! (z,y) give the inclusion o(H, v) D o(Ha,v), the con-
verse inclusion will now be a consequence of the eigenfunction expansion theorem
for Hy v. Related ideas are also discussed in [Sh].

It should be stressed, however, that the approach proposed here requires
more restrictive assumptions on the potential V', as compared with the “duality
and interpolation”-proof described in Section 2. In the following, we will restrict
the discussion to the case V € Lo (R?) where it is easy to obtain L,-bounds for
the gradient of a generalized eigenfunction.

We first collect a few facts (where we always assume that V' is bounded):

(1) For 1 < p < oo, we have ([HV1])
D(Hpyv)=D(H,) ={ue L,; Aue L,}. (3.2)
If, more strongly, V' is bounded and continuous, then (cf. Section 2)

D(He,v) = D(He,) = {u € Co; Au € Cy}. (3.3)

(2) From the generalized eigenfunction expansion theorem for Hs v ([B], [S],
[PStW]), we can draw the following conclusion: for any u € o(Hoz,y) and any € > 0,
there exists a A € (u—e, p+¢) and a (non-trivial) distributional solution u of the
PDE

1
—§Au +Vu=\u, (3.4)
satisfying a polynomial growth bound
u(z)] < er(1+ J2])¥, (3.5)

with some constants ¢; > 0 and K € N. For V bounded, it is also known that u
is (equivalent to) a continuous function (cf., e.g., [S]).

(3) To control the cut-off errors, we need an Ly-bound on Vu, for u satisfying
(3.4), (3.5). Note that there is no L,-analogue of the Ly-gradient bound given in



[S; Lemma C.2.1]. Here we proceed as in [HV1], using an argument of L. Schwartz,
to obtain the following lemma.

3.1. Lemma. Let p € [1,00], and suppose that Q C Q' are open sets in R?
with the property that dist(2,00) > 1. Then there exists a constant C = C(p),
which is independent of both Q and Q', such that

19l 5,0y < € (Il oy + 180l ) (36)
for all uw € L,(QY) with the property that Au € L, ().

Proof. We proceed as in [HV1]: letting 7' denote the usual fundamental
solution for —A, and picking some y € C2°(RY) with support in the unit ball and
x(x) =1 for |z| < 1/2, we have

Vu=(V(xT)) * Au— V( *u, (3.7)

(where ¢ = (AX)T + 2Vyx - VT € C®(R%)), and the required estimate follows
from Young’s inequality ([RS]). Furthermore, it is clear from eq. (3.7) that Vu is
continuous, provided u and Au are continuous functions. |

Now let u be a (continuous) generalized eigenfunction of Hy and ¢ € C2°(R?).
Then it follows from Lemma 3.1 and A(pu) = pAu + 2VeVu + (Ap)u that pu
will belong to the domain of H,,, for 1 < p < oo. Similarly, if V' is bounded and
continuous, then pu will belong to the domain of H¢, v .

(4) Central to Shnol’s method is the observation that the growth bound (3.5)
implies that the Lo-norm of u, considered on a suitable sequence of balls, will
not grow too rapidly (cf. [S]). While the exposition given in [S; Section C.4] can
directly be carried over to the Lj-case for 1 < p < oo, it has to be modified for
p = oo and, similarly, also for the space Cy. We therefore change the scenario used
in [S] and consider

En = {z e RY; 2| < 2"}, Fon=En1\En  (neEN). (3.8)
We then have the following lemma.

3.2. Lemma. Let1 < p < oo, and let u be as in (3.5). Let a > 2 and set

d

ca = ca(p) = aF v
that

. Then there exists a sequence (nj)jen C N, n; — 00, such

|ulz,, | <efule,| — Gem. (3.9)
p p

Proof. If the statement of the lemma were not true, there would exist
some ng such that

lulz,ll, = c2 llule, l, >0 (n = mno), (3.10)



so that

>

l[ule, I, Faoall, Z ez [Jule, ||, (n>mno). (3.11)
This leads to
[ule, lp = 3™ [lule,, [lp (7 =n0), (3.12)

in contradiction with the polynomial growth bound of w. |

With these preparations, it is now easy to prove the inclusions stated in
eq. (3.1).

Proposition 3.3. Let V € Lo(R%). Then o(H,v) D o(Hay), for all p €
[1,00]. If, moreover, V is (bounded and) continuous, then o(Hc, v) D o(Ha,v).

Proof. We first choose a function ¢ € C°(—2,2) with the property that
p(x) =1, for |z] <4/3, and ¢(z) = 0, for |z| > 5/3, and we define

n(@) =27 "2]), zeR?

Then G,, := supp(Vy,) C F, and dist(G,,0F,) > 1, for n > 2. Furthermore, we
have [V, < 327" and [|[Ap,|l < ca272"

Now let 41 € o(Hs,v) be given, and let € > 0. By what was said in point (2),
there exists some A € (u — ¢, 4+ €) and a (non-trivial) generalized eigenfunction
u of Hy y that satisfies (3.4), (3.5). For given p € [1, 00], we will prove that there
exists a sequence (n;) C N so that

[(Hp,v = N (en, 0|, / [l engull, =0, j— oc. (3.13)

Therefore, Hy, v — A does not have a bounded inverse, whence A € o(H,, ). Taking
e — 0 then gives u € o(Hp v).

Applying Lemma 3.2 to u, we find a constant ¢, and a sequence (n;) such that
(3.9) holds. As ¢, u € D(H,v) and (Hp v —A)(¢n,u) = —(Ven, )Vu—3(Ag,, u,

we have

H(Hp,V - )\)(cpnqu) ||p

IN

1960 .. || Vule,, ||+ 10wl e,

527 (Hu ) ,
P

by Lemma 3.1. From V € Lo, and $Au = (V — A\)u we now conclude that

p

IN

r |+ i,
J p J

(Hpy = N(gn,u)]], < 27"

’U|fn.H <cp27™M
Zip

dle |, < 2 llowul,

and the result follows.
The proof in the case of the space C is essentially identical with the p = co
proof and omitted. [
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