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We prove a regularity result for steady periodic travelling capillary waves of small amplitude at the
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1. Introduction

The papers [19-21] make clear that nonuniform currents give rise to water flows with vor-
ticity. There is an extensive research literature in the area of water waves with vorticity,
see [2-4] for existence results, [13,22] for matters of uniqueness, [5,6,8] and [18] for symme-
try results and [11,14,17] for regularity results. We would also like to mention the important
numerical simulations from [15] and [20].

We consider in this paper steady periodic capillary water waves with constant vorticity
under the assumption that there might be stagnation points in the fluid domain and that
the free surface is not necessarily a graph. More precisely, we study the regularity of periodic
traveling capillary waves at the free surface. The local existence of such waves was proved
n [16]. We base our approach on method developed in [10] and which uses conformal map-
pings to transform a free boundary problem into a quasilinear pseudodifferential equation
for a periodic function of one variable.

It is worth to point out that zero vorticity means either no underlying current (a situation
corresponding to swell due to a distant storm and entering a region of still water cf. the
discussion in [7]) or a uniform underlying current (cf. the discussion in [9]), while constant
vorticity is the hallmark of tidal currents cf. the discussion in [12,20].

Let us now present the free-boundary problem of steady periodic traveling capillary water
waves with constant vorticity v in a flow of finite depth. The waves that we consider here
are two-dimensional and propagate over water with a flat bed. We will use variables (X,Y)
where X represents the direction of propagation and Y denotes the height. The water
domain €2 in the XY -plane is bounded below by the impermeable flat bed

B ={(X,0); X € R},
and above by an a priori unknown curve

S(t) = {u(t,s),v(t,s);s e R}, t >0 (1.1)
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with
(us(t,5))? + (vs(t,5))? >0 forall s € R,t>0 (1.2)
and
u(t,s+ L) =wu(t,s)+ L, v(t,s+ L) =v(t,s) for all s € Rt >0, (1.3)

representing the free surface of the water, which is L-periodic in the horizontal direction.
In addition to (1.1), (1.2) and (1.3) we ask that u,v € C*% where by CP® (p > 0 an integer
and a € (0,1)) we understand the standard space of functions whose partial derivatives
up to order p are Holder continuous with exponent « over their domain of definition. The
equation of mass conservation for water waves gives rise to the existence of a stream function
¥(X,Y) which is L-periodic in X throughout € and moreover (¢y, —1x) gives the velocity
field. Choosing a parametrization such that v and v are independent of ¢ in the moving
frame we have the following governing equations and boundary conditions (see [16]).

Ay = —v in Q,
¥ = —mon B, L4
Yv=0 ondS, (1.4)
V|2 — 20 R T (S)szu);)}?’” =@Q onS.

where « represents the constant vorticity, m denotes the relative mass flux, o is the coeffi-
cient of surface tension (see [12]) and the constant @) is related to the hydraulic head E by
the relation @ = 2(F — FPy), where Py represents the constant atmospheric pressure.

Definition 1.1. We say that a solution (€2,1) of the water wave equation (1.4) is of class
C?< if the free surface satisfies (1.1),(1.2) and (1.3), with u,v € C*% and ¢ € C%(Q) N
C%e(Q).

In order to deal with (1.4) we need a reformulation of it as a quasilinear equation in a
fixed domain for a periodic function of one variable. We need first a few notations.
By C’f)o’g we will denote the set of functions of class CP® over any compact subset of their
domain of definition. By C5** we denote the space of functions of one real variable which
are 27 periodic and of class C’lpo’ca in R. By C’g;rofo we denote the functions that are in CL*
and have zero mean over one period. For any d > 0 let

Rg={(z,y) e R?: —d < y < 0}.
For any w € C) let W € CP*(Ry4) be the unique solution of

AW =01in Ry,
W(x,—d) =0,z € R, (1.5)
W(z,0) =w(z),z € R.

The function (z,y) — W (z,y) is 2m-periodic in = throughout R4. For p € Z,p > 1 and
a € (0,1) we define the periodic Dirichlet-Neumann operator for a strip Gq by

Ga(w)(z) = Wy(z,0), z € R.
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We have that G, : Cg;ra — C’g;l’a is a bounded linear operator.
If the function w takes the constant value ¢ then

Ga(c) = =. (1.6)

Let Z be the unique (up to a constant) harmonic function in Ry, such that Z + iWW is
holomorphic in Ry. If w € C'g;rofo it follows from the discussion in Section 2 of [10] that the
function (z,y) — Z(z,y) is 2m-periodic in x throughout R 4. We specify the constant in the
definition of Z by asking that x — Z(x,0) has zero mean over one period. We define C;4(w)
by

Ca(w)(x) = Z(x,0), x € R.

The obtained mapping Cy : Cy;, — C5.", is a bounded linear operator and is called the

periodic Hilbert transform for a strip. If w € Cg;rofo for p > 1 we have
Ga(w) = (Cq(w)) = Cq(w'). (1.7)
It also follows (see [10]) that for p > 1,

Ga(w) = [?l] + Ca(w'), (1.8)

where [w] denotes the average of w over one period.
Definition 1.2.

e We say that Q C R? is an L-periodic strip like domain if it is contained in the upper
half (X,Y)-plane and if its boundary consists of the real axis B and a parametric
curve S defined by (1.1) and which satisfies (1.2) and (1.3).

e For any such domain, the conformal mean depth is defined to be the unique positive
number h such that there exists an onto conformal mapping U +iV : Rj, — Q which
admits an extension between the closures of these domains, with onto mappings

{(z,0) : 2 € R} = S,
and

{(z,—h) :z € R} — B,
and such that

Uz + L,y) = U(z,y) + L,

Vie+L,y) = V(z,y), (z,y) € Ry, (1.9)

The existence and uniqueness of such an h was proved in Appendix A of the paper [10].
We are now able to formulate the equivalence of (1.4) with a quasilinear equation for a
periodic function of one variable in a fixed domain.
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Theorem 1.1. If (2,%) of class C*® is a solution of (1.4) then there ewists a positive
number h and a function v € 0227}0‘ such that

{47 (9005) — 000} = (@ + 202 0007) (12 + Gun(0))

(v 2+ Gy, (v)2)3/2

[v] =h
v(z) >0 for all z € R, (1.10)
the mapping x — (¥ + Cpn(v — h)(2),v(x)) is injective on R,
v'(2)? 4+ Grn(v) ()2 # 0 for all x € R,
where k = %’T Moreover
x
S = {(a—i—E%—Ckh(v—h)(x),v(m)) .:ce]R}, (1.11)

for some constant a € R, whose presence in the formula (1.11) is due to the invariance of
problem (1.4) to horizontal translations. Conversely, let h > 0 and v € 0227}0‘ be such that
(1.10) holds. Assume also that S is defined by (1.11), let  be the domain whose boundary
consists of S and of the real axis B and let a € R be arbitrary. Then there exists a function
Y in Q such that (,%) is a solution of (1.4) of class C**.

For the proof of Theorem 1.1 we refer the reader to [16] for the case of capillary water
waves, and to [10] for the case of gravity water waves. Concerning the existence of solutions
to the problem (1.10) we refer the reader to [16] (Theorem 3.3). There we proved the
following theorem.

Theorem 1.2. For any h >0, k>0, v € R and m € R satisfying k> > %2, kh > % there
exists laminar flows with a flat free surface in water of depth h, of constant vorticity v and
relative mass flurz m. The laminar flows of flux

Yh*  vyhtanh(kh) 72 tanh?(kh)

my = - 5% + h\/ 02 + ko tanh(kh)

are exactely those with horizontal speeds at the flat free surface equal to

_ v tanh(kh) 72 tanh?(kh)

= :l: h .
At 5% \/ 12 + ko tanh(kh)

The flows of mass flux given by m4 trigger the appearance of periodic steady waves of small
amplitude, with period 2% and conformal mean depth h, which have a smooth profile with
one crest and one trough per period, monotone between consecutive crests and troughs and
symmetric about any crest line.

2. Regularity

We are now able to present the regularity result for solutions of the problem (1.10).

Theorem 2.1. Let h >0, a € (0,1) and v € C’227’ra be a solution of (1.10). Then v € C32.
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Proof. From (1.6) and (1.8) we find that

1
Grn(0)0" = G (V)0 = <k * Ckh(v/)) V" = v'Cn (v)
From (1.8) and the second equation of (1.10) we have that
v’ [v°] v [v°]
. ol - ol _v_ 9.2
Gin() = vGn(v) = o+ Crn(v0') = - = vCia (V) = o Qpen(v), (2.2)
where Qgp(v) = vCxp (V') — Cip(vv'). From Lemma 3.3 we have that Qg (v) € 0227,:1/3 since
v € C3® The latter fact together with the formulas (2.1),(2.2), (1.10) and using v'% +
Gen(v)? € C2*"? vield

1 !
<k+Ckh(v')>v”—vC n(v )601 /3

(2.3)
Now from Lemma (3.3) with f = —v/ € Cy* and g = Cp(v"") € C:* it follows that
—v'Ckh(Ckh(v”)) — Ckh(—v’Ckh( )) S Cl a/3 (2.4)
and taking into account that C;,' = —Cy, (see Lemma (3.2)) we obtain from above that
1N / 1 a/3
V0" — Cip(—v Ckh( )) e Oy . (2.5)
By applying Cgp, to (2.3) and using (2.5) we get
20 (") + Cn (0" Cra(v)) + 0" € G ? (2.6)
Setting f = Cxp(v') € C’Qlf and g =" € C’gwa we get by applying Lemma (3.3)
Cin (V) Crn (V") — Crp (v Crp (V) € 0217}&/3 (2.7)
Adding up (2.6) and (2.7) yields

1 .
</€ + Ckh(vl)> Ckh( ) +0" € Cl /3 (2.8)

We now multiply (2.3) by z + Cpi(v') € Cy* and (2.8) by v/ € C3* and by adding up the
resulting expressions we obtain

2
((; + Ckh(v’)) + u’z) o e Cyt? (2.9)

Since the expression in the bracket on the left-hand side of (2.9) is strictly positive and
belongs to 021’

we obtain that v’ € Cl /3 Therefore v € C’S /3,
method shows that v € C53.

An interation of this
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3. Appendix

This section contains a more precise description of the operator C; obtained in [10].
Denote by L2 the space of 2m-periodic locally square integrable functions of one real
variable. By L%mo we denote the subspace of LZ_whose elements have zero mean over one
period.

Lemma 3.1. If

o0 oo
w = Z an cos(nx) + Z by, sin(nx),
n=1 n=1

s the Fourier series expansion of w € L%W then

Ca( Z an coth(nd) sin(nz) Z by, coth(nd) cos(nz) (3.1)
n=1 n=1

Lemma 3.2. For any d > 0, p > 0 integer and o € (0,1), Cq: CH*

linear operator. Moreover Cq is a bijection from L27r , onto itself, and C;* = —Cyq : CH:*
CH® is also a bounded linear operator.

— CP® is a bounded

T,0 m,0

m,0

m,0

Lemma 3.3. Let p > 1 be an integer, a € (0,1) and d > 0. If f € C'* and g € CY~ Lex
then

FCalg) — Calfg) € CB° for all § € (0,a).

Proof. The proof follows the line of the proofs of Lemma 3.2 and of Lemma B1 from the
paper [10]. O

References

[1] B. Buffoni, E. N. Dancer and J. F. Toland, The regularity and local bifurcation of steady
periodic water waves, Arch. Rational Mech. Anal. 152 (2000) 207-240
2] A. Constantin, On the deep water wave motion, J. Phys. A. 34 (2001) 1405-1417.
[3] A. Constantin, Edge waves along a sloping beach, J. Phys. A. 34 (2001) 9723-9731.
[4] A. Constantin and W. Strauss, Exact steady periodic water waves with vorticity, Comm. Pure
Appl. Math. 57 (2004) 481-527.
[5] A. Constantin and J. Escher, Symmetry of steady periodic surface water waves with vorticity,
J. Fluid Mech. 498 (2004) 171-181.
[6] A. Constantin and J. Escher, Symmetry of steady deep-water waves with vorticity, Furopean
J. Appl. Math. 15 (2004) T55-768.
[7] A. Constantin, The trajectories of particles in Stokes waves, Invent. Math. 166 (2006), 523-535.
[8] A. Constantin, M. Ehrnstrom and E. Wahlén, Symmetry of steady periodic gravity water waves
with vorticity, Duke Math. J. 140 (2007) 591-603.
[9] A. Constantin and W. Strauss, Pressure beneath a Stokes wave, Comm. Pure Appl. Math. 63
(2010), 533-557.
[10] A. Constantin and E. Varvaruca, Steady Periodic Water Waves with Constant Vorticity: Reg-
ularity and Local Bifurcation, Arch. Rational Mech. Anal. 199 (2011) 33-67.
[11] A. Constantin and J. Escher, Analyticity of periodic traveling free surface water waves with
vorticity, Ann. of Math., 173, 559-568 (2011).



| April 24, 2012 15:32 'WSPC/INSTRUCTION FILE regcapconstvor

[12]

[13]

[14]

Regularity of steady periodic capillary water waves with constant vorticity 7

A. Constantin, Nonlinear Water Waves with Applications to Wave-Current Interactions and
Tsunamis, CBMS-NSF Conference Series in Applied Mathematics, Vol. 81 STAM Philadelphia
(2011).

M. Ehrnstom, Uniqueness of steady symmetric deep-water waves with vorticity, J. Nonlinear
Math. Phys., 12 (2005) 27-30.

D. Henry, On the regularity of capillary water waves with vorticity, C. R. Math., 349, (2011)
171-173.

J. Ko and W. Strauss, Effect of vorticity on steady water waves, J. Fluid Mech, 608, (2008)
197-215.

C. I. Martin, Local bifurcation for steady periodic capillary water waves with constant vorticity,
to appear in J. Math. Fluid Mech, DOI: 10.1007/s00021-012-0096-z.

B. V. Matioc, Analyticity of the streamlines for periodic traveling water waves with bounded
vorticity, Int. Mat. Res. Not., 17 (2011) 3858-3871.

H. Okamoto and M. Shoji, The Mathematical Theory of Permanent Progressive Water-Waves,
World Scientific, River Edge, NJ, 2001.

C. Swan, I. Cummins and R. James, An experimental study of two-dimensional surface water
waves propagating on depth-varying currents, J. Fluid Mech. 428 (2001) 273-304.

A. F. Teles da Silva and D. H. Peregrine, Steep, steady surface waves on water of finite depth
with constant vorticity, J. Fluid Mech. 195 (1988) 281-302.

G. Thomas and G. Klopman, Wave-current interactions in the nearshore region in gravity
waves in water of finite depth, Advances in Fluid Mechanics 10 Computational Mechanics
Publications, Southhampton, United Kingdom (1997) 215-319.

E. Wahlén, Uniqueness for autonomous planar differential equations and the Lagrangian for-
mulation of water flows with vorticity, J. Nonlinear Math. Phys. 11 (2004) 549-555.



