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DISPERSION RELATIONS FOR PERIODIC WATER WAVES
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ABSTRACT. We derive the dispersion relation for water waves with surface
tension and having a piecewise constant vorticity distribution. More precisely,
we consider here two scenarios; the first one is that of a flow with constant
non-zero vorticity adjacent to the flat bed while above this layer of vorticity
we assume the flow to be irrotational. The second type of flow has a layer of
non-vanishing vorticity adjacent to the free surface and is irrotational below.

1. Introduction. We expand upon some recent results obtained in [26] concerning
local bifurcation for steady periodic travelling capillary-gravity water waves possess-
ing a discontinuous (step function like) vorticity distribution. The relevance of this
type of water flows can be justified on physical grounds by the fact that rotational
waves generated by wind have a thin layer of high vorticity that is adjacent to the
free surface, while in the near bed region there may exist currents resulting from
sediment transport along the ocean bed.

The study of nonlinear periodic travelling waves was confined for centuries to irro-
tational flows with substantial progress within this framework occuring in the last
decades, see for instance the case of the Stokes waves [30] and the flow beneath them
(particle trajectories, behaviour of the pressure) cf.[1], [2], [5], [10]. The presence of
vorticity in a flow not only complicates a mathematical problem but also accomo-
dates concrete physical needs for it is well known that flows with vorticity describe
wave-current interactions among other physically relevant phenomena [3], [22], [29].
In spite of the importance of the wave-current interactions [22] the difficulties that
vorticity adds to the problem have prevented a rigorous mathematical development
which appeared only relatively recently in [9] where the existence of small and large
amplitude steady periodic gravity water waves with a general (continuous) vorticity
distribution was proved. The paper [9] was followed by a bulk of mathematically
rigorous results concerning stability [12], symmetry [6, 7, 27], regularity of the free
surface and of the stream lines [8, 15, 17, 18, 34], adding complications such as stag-
nation points and critical layers [13, 14, 24, 25, 32|, stratifications [16, 20, 33], or
allowing for a discontinuous (piecewise constant) [26] or merely bounded ([11, 28])
vorticity distribution.

We shall devote this paper to obtaining the dispersion relation which is a formula
giving the relative speed of the wave at the free surface in terms of the mean depth
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of the flow, the wave number, the vorticity distribution and-for the step function
like vorticity distribution we are dealing in this paper-the position of the jump in
vorticity. The existence of small-amplitude steady periodic capillary-gravity water
waves with such a discontinuous vorticity was proven in [26] by associating to the
water wave problem a diffraction problem with suitable transmission conditions on
each line of discontinuity of the vorticity function. A similar analysis concerning
the dispersion relation was performed in the case of pure gravity waves in [11] and
[19]. The outline of the paper is as follow. In Section 2 we give a presentation of
the water wave problem. Section 3 deals with the case of a layer of constant non-
vanishing vorticity adjacent to the flat bed while Section 4 presents the situation
when the layer of constant non-zero vorticity is adjacent to the free surface.

2. The water wave problem. We shall consider herein two-dimensional periodic
waves over a rotational,inviscid and incompressible fluid which propagates in the
positive z-direction over the flat bed y = —d (d > 0) and whose free surface is a
small perturbation of the flat free surface y = 0. The restoring forces acting upon
the fluid are gravity and surface tension. In a reference frame moving in the same
direction with the wave and speed ¢ > 0, the equations of motion are the Euler’s
equation

{(u—@%+m% = -P, 1)

(u—c)vg +vv, = —P,—g,
together with the incompressibility condition
Uy + vy = 0, (2)

whereby (u,v) denotes the velocity field, P is the pressure and g is the gravitational
constant. The vorticity of the flow is

W= Uy — Vg

The equations of motion are supplemented by the kinematic boundary conditions
which require that the free surface y = n(z) and the bed y = —d always consist of
the same fluid particles and therefore take the form

I AR ®)

Moreover, the dynamic boundary condition

P=P,, —o—1 __ (4)

states that the pressure jump across an interface is proportional to its the mean
curvature. We denoted by P, the constant atmospheric pressure and by ¢ > 0
the coefficient of surface tension. For a justification of the validity of (1)-(4) we
refer the reader to [3]. We make one further assumption, namely that

u < ¢ throughout the fluid, (5)

which expresses the absence of stagnation points in the flow and ensures cf. [3, 9]
that the vorticity w is a single-valued function of 1, i.e.,

w(z,y) = v(=Y(z,y)).

Via the stream function v defined (up to an additive constant) by means of

wa::_vv 1/’;;:“—0
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we reformulate (1)-(4) as the free boundary value problem

Ay = (=) in —d<y<n(x),

2 N
|v¢‘+2ﬂy+d)_m7TIR§§5 = Q on y=n(x), ©)
Y =0 on y=mn(z),
Y = —po on y=-—d,

where (@) is a constant related to the total head, and pg < 0 is a constant representing
the relative mass flux, given by

n(x)
po = / (u, y) — o) dy.

—d
The absence of stagnation points also allows us to transform (6) by means of the
partial hodograph transform

into the quasilinear elliptic boundary value problem
1+ hi)hpp — 2hphghpg + hih;]l%}; th; = 0 inQ,
2 2 P99 _ _
1+hq+(29h—Q)hp—2UW = 0 Onp—O, (8)
h = 0 onp=pg,
where the unknown function A defined on Q := [, 7] x [po, 0] by
h(g,p) :==y+d

represents the height above the flat bed and is even and of period 27 in the g¢-
variable. The condition of no stagnation points in the fluid is equivalent to the
elliptic nondegeneracy condition

hy>0 in Q. (9)

We are interested in this paper in the situation when the range of the vorticity
function consists of two values. More precisely, we assume that there are v1,v2 € R
with v # 72 and p; € (po,0) such that

_J m, for pé€po,pi]
,Y(p)_{ Y2, for pé€ (p1,0).

The above vorticity distribution requires the consideration of a further so called
diffraction (or transmission) problem. Namely, setting Q1 = (—m, ) X (po, p1), Q2 =

—m,m) X (p1,0) we look for (u, ) € Q) x “(Qy) satisfying
0 look f ") € 0 (Q C?*re(Q f
(14 w2 upy — 2upligtpg + Wl — 18y = 0 in Qy,
1+ ng)ﬂpp — 28,88, + ilf,iqu - 72112 = 0 in Q,
1+ 42 + (204 — Q)4 27%”“ =0 =0
P CHE QI 2 e = 0 P )
u = 4 onp=np,
u, = i, onp=np,
u = 0 onp=po,

Using Crandall-Rabinowitz theory we proved [26] the existence of local bifurcation
curves consisting of solutions of (10) and (9) and emerging from laminar (trivial)
solutions of (10). The laminar solutions represent water waves with a flat free
surface and parallel streamlines. If (u,U) denotes a laminar flow solution which
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depends only on the variable p then it solves (10) and (9) if and only if it solves the

system
il =3

u’ = mu inpy <p <pi,
U= 'YQU/?) inp; <p<0,
1+ (290(0) - QT (0) = 0, (1)
ulp1) = g/(m%
a'(p1) = Ulp),
u(po) = 0.

Solving (11) we obtain a family of laminar solutions parametrized by A > 2 maxp,, o I',
given by

P 1

A= upN) = [ ——ds. p€ ol

po V A= 2F(5) (12)
_ _ P 1
V) =TiN) = [ s € [0

Po A— QF(S)

Moreover, the constant A is related to the speed at the surface of the laminar flow
in the following way

1
\/X = = = \C— U)|y=n(z)-
T,(0) ( )Ny=n(a)
Let us set a(A,p) = /A —2I'(p),p € [po,0] and let k be the wave number. The
necessary and sufficient conditions for the existence of waves of small amplitude
obtained as perturbations of the laminar flows (12) is (see [26]) that the problem

(a3'Up)p =k*av on (po,pl), (13)
(a3Vp)p =k%aV on (p1,0), (14)
v=V on p=p, (15)

vy =V, on p=p, (16)

a*V, = (g+ok*)V at p=0, (17)
v=0 at P = Po, (18)

has a non-trivial solution (v, V') € C***([po, p1]) x C*T*([p1, 0]). In sections 3 and 4
we will solve (13)-(18) in the two special cases that we described before. Moreover,
we will also derive in each case the dispersion relation.

3. The case of a layer of constant non vanishing vorticity adjacent to the

flat bed. Let p; € (po,0) denote the height of the discontinuity in a flow with

constant non-zero vorticity in the lower layer [pg, p1) and zero vorticity in the upper

layer [p1,0]. We aim at finding functions (v,V) € C?**%([pg,p1]) x C?T([p1,0])
such that

(a®vp), = k*av on  (po,p1) (19)

(a3vp)p =k*aV on (p1,0) (20)

v=V on p=p (21)

vp =V, on p=p (22)

a*V, = (g+0ok*)V at p=0, (23)

v=0 at p=po (24)
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where k denotes the wave number and a(X, p) = /A — 2I'(p), p € [po, 0], with
0 pe [pla ]7
I'(p) = .
D=1 S he by

We first determine the general solution of (19) on the interval (pg, p1) and satisfying
the boundary condition (24) by setting

2y ~( VA=2(p—p1)

,U(p) = vk D€ [p07p1]'
A=2y(p—p1) ( gl

A routine calculation shows that the latter ansatz transforms the equation (19) in

7'(s) = U(s) for s between s; = ké and sy = kiw. Together with
v(s2) = 0 leads to

v(s) = Bsinh(s — s2),
for s between s; and s, and for some constant S € R. We then obtain

278 Sl (k\/k—%(p—m)—\/A—2v(po—p1)

v(p) = .p € [po, p1].

A=2y(p—p1) gl
(25)
Since a(p, \) = VA for p € (p1,0) we have to solve the equation Vop = k*A71V and
find the general solution

V(p) = a1 cosh <\kf/\p) + s sinh (\%p) L pelpLo), (26)

with constants aj,as € R. The matching conditions (21), (22) along the disconti-
nuity line p = p; hold true if and only if

a1 cosh (k%) + ag sinh (k%) — % sinh <k ﬁ—W)
0\‘15’? sinh (k%) + O\‘}k cosh (k%) — %\’i/é sinh (k ﬁ—m)
28k o (k LRNESTTY )
(27)
Before we solve the previous system for a; and as we prove in the sequel that
A—2 —
do=—PL dy—d= (po — 1) (28)
VA

whereby dj represents the average depth of the discontinuity curve of the vorticity
and as before d stands for the average depth of the water. The horizontal velocity
of the trivial fluid flow equals

V3, ~dy <y <0,
(c—u)(y)Z{ VX — (Y + do), —d;yi—do. (#)

By the definition of the mass flux we have

—poz/_d<c—u>dy:/_°<ﬁ—w<y+do>>dy+ VRdy = dVi+ L(d—do),

—d _
and

0
—p1 =/ (c —u)dy = doV/\.

7d0
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We now see that the latter relation already implies the first equation in (28). Look-
ing at the relation defining py as being an equation of degree two in d we get

\&i\/)\_}ﬂpoﬂ‘do\/x)_d V£ /A= 27(po — p1)
v 0 '
Since dg — d < 0 and VA—y AfjW(pofpl)

conclude that

d=dy—

< 0 for both choices of the sign of v we

_ 9 —
do—d= YA VA= 2o —p1)

which is in fact the second relation in (28). We can now rewrite the system (27) as

ay cosh(kdy) — ag sinh(kdp) = 2\% sinh(k(dy — d))
— %8 sinh(kdo) + 3 cosh(kdy) = 2&@ sinh(k(do — d)) — 2% cosh(k(dy — d))
(30)
Solving the latter system for a; and as we get
ar = —HPsinh(kd) - 205 sinh(k(d — do)) sinh(kdo) (31)
ay = 2\%3 cosh(kd) — 27 B sinh(k(d — dy)) cosh(kdyo)

The top boundary condition (23) becomes
kao) = (g + ok®)ay,
which can be rewritten as
k cosh(kd)A®/? 4 ~ cosh(kdy) sinh(k(d — do))A — (g + ok?) sinh(kd)A'/?

_ M sinh(kdp) sinh(k(d — dy)) = 0. )

Using addition formulae for hyperbolic functions we find that (32) takes the form

sinh(kd — 2kdy) )

T cosh(kd) )T h
cosh(kd) ) A= (g9 + ok?) tanh(kd)V'A

(g + ok?)y ) cosh(kd — 2kdy)\ 0
2k cosh(kd) B

k)\%+% (tanh(kd) +
(33)

equation called the dispersion relation giving the wave speed VA at the flat free
surface of the laminar flow at the bifurcation point.

Remark 1. (i) When taking the limit dy — d we recover the dispersion relation
for irrotational capillary-gravity water waves

VA= \/ Lk"kz) tanh(kd)

cf. [21],[23].
(ii) Looking at the limit dy — 0 we see that equation (33) becomes

kA2 + v tanh(kd)A — (g + ok?) tanh(kd)AZ = 0

having the unique positive solution

= 7 tanh(kd) N \/ 42 tanh? (kd)

9
o T+ ( L+ ak) tanh(kd), (34)
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recovering the dispersion relation for flows with surface tension, constant vor-
ticity v and without stagnation points from [31]. Note that in the context of
flows allowing for stagnation points and constant vorticity formula (34) was
obtained in [24].

We are returning to find necessary and sufficient conditions for local bifurcation
to occur. The analysis is splitted in two cases.
Let us first set

sinh(kd — 2kdp)

p(z) = ka® + % <tanh(kd) + > x? — (g + ok?) tanh(kd)x

cosh(kd) (35)
(g + ok?)y cosh(kd — 2kdy)
U (1 )

Since the discriminant of
sinh(kd — 2kdy)

/ _ 2
p'(x) = 3ka” + <tanh(k:d) + cosh (k)

) z — (g + ok?) tanh(kd)

is strictly positive and the product of its two real roots is strictly negative we
conclude that the equation p’(z) = 0 has one negative real root z,e, < 0 and one
positive real root z,,s > 0. Therefore the polynomial p(z) is strictly increasing on
(=00, Zneg) U (Xpos, 00) and strictly decreasing on (Zneg; Zpos)-

Lemma 3.1. If v > 0 local bifurcation always occurs.

Proof. If p is the polynomial defined before we see that p(0) < 0 and setting

B y _ cosh(kd — 2kdo) <0
2k tanh(kd) cosh(kd) ’

o =
we have

inh(kd — 2kd,
p(x0) = kap + %m% (tanh(kd) + sm(o))

cosh(kd)
Y 5 sinh(kd — 2kdy) 1 cosh(kd — 2kdy)
== tanh(kd - 36
20 ( anh(kd) + cosh(kd) tanh(kd) i sinh(kd) (36)
_ 7 ocosh(2kd — 2kdy) — 1
= 20 ginh(kd) cosh(kd)

relation which coroborated with the monotonicity properties of p shows that the
equation p(z) = 0 has exactely one strictly positive root v/A and two strictly neg-
ative roots. Because of the intricate nature of the Cardano’s formula we refrain
here from presenting the explicit formula for v/X. We derive for it a useful estimate
instead. In doing so we write relation (32) as

g9+ ok? _ vsinh(k(d — do)) cosh(kdy) g+ ok? B
EVA </\ - tanh(kd)) = cosh(d) —— tanh(kdo) — X ) .

Since 0 < dg < d we infer from the above relation that

2 2
\/g—l—kak tanh(kdo) < VA < \/g —l—kak‘ tanh(kd).
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Lemma 3.2. If v < 0 then the necessary and sufficient condition for local bifurca-

tion to occur at the largest positive root of p is

\/(g + ok?) [(d — dp) sinh(kd) — % sinh(kdp) sinh(kd — kdo)}
(d — do)+/(d — do)k cosh(kd) — cosh(kdy) sinh(kd — kdo)

RIS (37)

Proof. Defining xo as before we have now that z¢ > 0 while p(z) < 0. The latter
facts together with p(0) > 0 give that the equation p(z) = 0 has one positive root
in (0, z0) and another one in (zg, c0). From p(xp) < 0 and p(0) > 0 we infer that at
the local maximum point 2,., we have p(z,ey) > 0 and at the local minimum point
Tpos We have p(xp0s) < 0. We will show that only the root from (zg, 00) is relevant
from the point of view of the dispersion relation. This is so because the assumption
of no stagnation points in the flow implies that v/X > ~v(dp — d). Therefore, only the
root larger than y(dg — d) is of relevance since xy < v(dy — d). The last inequality
is equivalent to

2(kd — kdo)(eF? — e=Fd)y — ghd _ o=kd | kd=2kdo 4 (2kdo—kd > > gy >0,

which is in turn equivalent to the inequality (28) from [4]. We proceed further by
noticing that the necessary and sufficient condition for the absence of stagnation
points in the flow (29) can be restated as p(y(dp —d)) < 0. Indeed, if p(vy(dg —d)) >
0, then v(dy — d) > xpos since the monotonicity properties of p imply that p is
strictly negative on (2o, Zpos). Therefore p is strictly increasing on (y(do — d), o0)
which implies that p(z) > 0 for € (y(do — d),0). The latter is possible only
if v(dp — d) > VA which is a contradiction with the assumption of no stagnation
points in the flow (29). The claim p(vy(dy — d)) < 0 is thus proved. Drawing the
graph of p we then conclude that p has only one root in (y(dy — d), 00). To prove
(37) we compute from (35)
cosh(kd)p(v(do — d))
= ky*(dy — d)? cosh(kd) 4+ v*(do — d)? cosh(kdy) sinh(kd — kdo)

g+ ok?
k

— (g + ok?)(dg — d) sinh(kd) — ~ sinh(kdp) sinh(kd — kdy) < 0.

(38)
It remains to prove that (d—dg)k cosh(kd)—cosh(kdy) sinh(kd—kdy) > 0 for d > dy.
Let D := kd, Dy := kdy. Then using summation formulas for hyperbolic functions
the asserted inequality is equivalent to

sinh(D) + sinh(D — 2Dy)

f(D) := (D — Dy) cosh(D) 5 >0
for D > Dy. But F(Dg) = 0 and f'(D) = sinh(D)(D — Dy) 4 <h(P)—cosh(D=2Do) -,
0 for D > Dy > 0. 0

Remark 2. Note that setting dy = 0 in formula (37) we obtain the necessary and
sufficient condition

(g + k%0 +~?d) tanh(kd) > ky?d?
for bifurcation in the absence of stagnation points, cf. relation (79) in [24]. For the
case of pure gravity waves (i.e. ¢ = 0) one obtains after setting dy = 0 in (37) the
necessary and sufficient condition

(g +~2d) tanh(kd) > ky*d>

for local bifurcation in the absence of stagnation points, cf. relation (5.19) in [13].
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4. The case of a layer of constant non-zero vorticity adjacent to the free
surface. We denote by p; € (pg,0) the height of the discontinuity line in a flow
having constant vorticity v # 0 in the upper layer corrresponding to p € [p1, 0], while
in the lower layer corresponding to [pg,p1) the vorticity is assumed to be zero. As
before, we are looking for a pair of functions (v, V') € C*t%([pg, p1]) x C?*T([p1,0])
such that

w
=]

(a3vp)p:k2av on (po,p1)
(@®Vp)p = k?aV on  (p1,0)

N
=

(39)

(40)

v=V on p=p (41)

vp,=V, on p=p (42)

a*V, = (g+0ok*)V at p=0, (43)
v=0 at p=po (44)

where k denotes the wave number and a(X,p) = /A —2I'(p),p € [po, 0] whereby

vp if pr<p<O
L'(p) = .
) { yp1 it po <p<pr.

Since a is const on (pg,p1) the equation (39) becomes vy, = k*a~?v and due to the
boundary condition on p = pg its solution is

. b—po
= h|kb———— <p<
v(p) = Bsin ( ﬁ—%m)’ po <p<pi,
for some constant 5 € R. In order to find the solution of (40) on [p1,0] we follow

an approach from [11] and make the ansatz V(p) = %VO (k@) We find first

that (a®V,), = 2vk?Vy' (k:%) Thus,
2 A -2 =2
Vip) = . (61 cosh <k\/7w) + Bo sinh (km>> P <p<0
A—=2p gl v
for some constants (1, f2. Setting
- A—2
mom_ _, VAR (45)

*pv
VA= 29p o

we can express the compatibility conditions (41) and (42) along the line p = p; as

Bsinh(kp) = 2[B1 cosh(k#) + B2 sinh(k6)],
Bk cosh(kp) = Z[B1 cosh(kf) + Bo sinh(k0)] — 2B, sinh(k6) + B cosh(k)].

(46)
Solving the above system for 8, and f2 we find
B, 1. .
b1 = 5 Osinh(k(p +0)) — Z sinh(kp) sinh(k6) (47)

Bo = g <0 cosh(k(p+6)) + % sinh(kp) cosh(k9)> . (48)
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Using the latter formulas for 8; and 83 in (43) we find the dispersion relation

(VWA = (g + ok?)) [9 sinh (k (0 +p— ﬁ)) 1 sinh(kp) sinh ( <0 - ﬁ))]
Y k ¥

=k [0 cosh <k (9 +p— ﬁ)) + lSinh(k,o) cosh ( (9 - ﬁ))] .
gl k gl

(49)
We claim that

9+p—ﬂzd7 e_ﬂzdo’ p:d_d07 (50)
y Y

where dy is the average depth of the discontinuity curve of vorticity. For laminar
flows we have that the horizontal fluid velocity u depends only on ¥y, and moreover

u, = v and (¢ — u)(0) = VA. Thus

f PYya 7d0§y§07
(c=wly) = {fﬂdo, —d <y < —do.

From fi)do (c—u)(y) dy = —p1 and f__do(c—u)(y) dy = —po +p1 we obtain by means
of (51) that

(51)

%d% +VAdy +py =0, (52)
and
(VA +ydo)(d — do) = —po + p1 (53)
We eliminate p; between (52) and (53) and obtain

2

dg
VA= B —ado +755 (54)

Eliminating A from (52) and (54) and adding the resulting expression for —2yp; to
the square of (54) we obtain that

A—2 _i _1d22 55
=2 (po—5d5) - (55)

Therefore, equation (52), considered as a second degree equation in the unknown
do possesses the real solutions

—VA+ VA= 291
Y

If v > 0 then only the sum in (56) produces a positive number and is therefore the

right choice. If v < 0 then both formulas for dy in (56) are positive, but since the

flow (51) is assumed to be free of stagnation points we have the condition

ydy > —\/X7

which allows only for the sum in (56) as the correct expression for dy. Thus,
independently of the sign of v, we established that

VA + VA =2y,
v

The absence of stagnation points implies via (51) and (54) that py — 3d3 < 0.

Therefore, equation (55) implies that

VAo == (~po+ 1),

do = (56)

do = (57)
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Thus,
o — VA=2vp1  po | dp
= - = — _|_ —
0% yd  2d
The latter equality implies by means of (54) that
A
{ — 0 dy. (58)

Relations (45), (53) and (58) ensure that

_DP1—Po (d*do)(\/X‘F"Ydo) -
p= = =d — dp.
~0 ~0
Adding the expressions for # and p from the previous two relations we obtain

A
p+07£:d7
v

and thus the claim (50) is proved. Hence the dispersion relation (49) becomes

(WA = (g + ak?)) K\f + d0> sinh(kd) — % sinh(k(d — do)) sinh(kdo)]

— kA [_ (*ﬁ + do> cosh(kd) + %sinh(k(d — do)) cosh(kdo)] ,

which is equivalent to
sinh(kdg) cosh(k(d — do))] N

ENE 4 [kdo +

cosh(kd)
— VA tanh(kd) {(g +ok?) — A2 [do - 116Smh(k(dsmi‘zll)ds)mh(kd())] } (59)
— (g + ok?) tanh(kd) [do - ]1Sinh(k(ds;ﬁ?])g)d?nh(kd())] —0.

Recalling that v/A = (c—u)(0) is the speed at the free surface of the laminar flow, we
are looking for positive roots for v/A of (59). The latter would entail the occurrence
of local bifurcation. Before we go into details we analyze a few special cases.

Remark 3. (i) Setting dy = 0 in (59) we obtain the case of irrotational flow.
Therefore, the dispersion relation (59) becomes

kA3 — (g + ok?) tanh(kd)V'A = 0,
yielding the positive solution

2
VA = \/ J +ka tanh(kd)

which we also obtained in Remark 1, and which stands for the dispersion
relation for irrotational flows, cf. [21],[23].

(ii) Puting dyp = d in (59) we are in the case of a flow of constant vorticity v in
which the dispersion relation (59) becomes

kA? + (kd + tanh(kd))yA — tanh(kd) (g + ok — v2d)VA — v (g + ok?)d tanh(kd) = 0,
equation which can be rewritten as

EA(VX + yd) + VA tanh(kd) (VA + vd) — (g + ok?) tanh(kd) (VA + vd) = 0.




12 DISPERSION RELATIONS WITH CAPILLARY EFFECTS

The absence of stagnation points ensures that VX + vd > 0, and thus the
dispersion relation becomes

kX + y tanh(kd)VX — (g + ok?) tanh(kd) = 0.

The unique positive solution of the avove equation is

2 k2

giving the speed at the free surface of the laminar flow solutions for capillary-
gravity water waves of constant vorticity, without stagnation points, see [31].
For the case of pure gravity waves we refer the reader to [9].

2 2
\f)\ _ _% tanh(kd) + 1\/’yhanh(/€d) +4 (% + gk) tanh(kd),

We now return to find necessary and sufficient conditions for local bifurcation to
occur which is equivalent to asking that (59) has one positive real root. We split
the discussion into two cases according to the sign of the vorticity. Denote by p(z)
the polynomial obtained by setting = v/ in the left hand side of (59). First we
notice that
do — l Slnh(kj(d — do)) Sinh(kido)

Ok sinh(kd)
Note that the latter equals
1 <D _ sinh(D — Do) sinh(D0)>
A\ sinh(D) ’
for Dy := kdy and D := kd. Considering the bracket in the right hand side above
as a function g of Dy € [0, D] we have that g(0) = 0 and
cosh(Dy) sinh(D — Dg) — sinh(Dyg) cosh(D — Dg) . sinh(D —2Dy)
B sinh(D) ~ sinh(D)

>0, doe(0,d. (60)

9/(D0) =1

for Dy € (0, D].

>0,

Proposition 1. If v > 0, then local bifurcation always occurs.

Proof. Viete’s relations ensure that the sum of the three roots of p is negative,
while their product is positive in view of (60). Hence, equation (59) has exactely
one positive root that gives the dispersion relation. O

Proposition 2. If v < 0, then local bifurcation occurs if and only if the inequality
(63) holds true.

Proof. We perform in (59) the substitution vA = —v(z + dy) and obtain the poly-
nomial equation

(@) = ka® + (zkdo _ sinh(kdo) cosh(k(d — do))) r

cosh(kd)
1 sinh(kdo) sinh(k(d — do)) g+ ok?
kd% — — — h(k d
+( dj ’ cosh(kd) 2 tanh(kd) + do
sinh(k(d — dp))
cosh(kd)

sinh(k(d — 2d0)))
cosh(kd)

do 1g+ok?
(dg cosh(kdo) — 5 sinh(kdy) - %9 =

sinh(kd0)> =0.

Denoting again D := kd, Dy := kdy we have that the coefficient of 2 is
sinh(Dg) cosh(D — Dy)
cosh(D)

2D, — > Dy > 0, (62)
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by formula (84) in [11]. We remark now that p;(0) < 0 if and only if
g+ ok? scosh(kdy)  dp
d, — — = f1(do)-
ky? OSih(kde) & D) (63)
Also, note that the p}(0) > 0 if and only if
g+ ok? - P cosh(kd) 1 sinh(k(d — do))sinh(kdo)  do sinh(k(d — 2do))
k2 Osinh(kd) k2 sinh(kd) k  sinh(kd)

= fg(do)

(64)
The following inequality involving fi(dp) and f2(dy) will prove to be useful in es-
tablishing our claim. Namely,

0< fl(do) < fQ(do), do > 0. (65)

The first inequality in (65) is equivalent to tanh(kdy) — kdg < 0 which is true since
the function y — tanh(y) — y has the value 0 at 0 while its derivative is strictly
negative for y > 0. After multiplying both sides in (65) with sinh(kdp) sinh(kd) ,
using addition formulas for sinh(k(d—2dy)) and writing d = do+ (d—dp) in sinh(kd)
we see that the second inequality is equivalent with

(kdo)? — 2kdg sinh(kdy) cosh(kdg) 4 sinh?(kdy) < 0.

Denoting kdy := a and viewing the left side above as a polynomial of degree two in
«, the inequality is true if and only if
1—e 2 e 1

< <
2 @ 2

The latter inequalities are easy to check. We are now ready to prove that bifurcation
occurs if and only if (63) holds. To prove the necessity note that if (63) holds then
p1(0) < 0. This shows that p; has at least one root zp,s > 0. We show that x5 is
the only positive root. Indeed, since the product of the three roots equals (by Viete’s
relations) —p1(0) > 0, the existence of a second positive root would imply that the
third root is also real and positive. But the latter is impossible since the sum of the

three roots is negative by (62). For the sufficiency we remark that if £ ngk : < f1(dp)
then p; has no positive roots. Indeed, under this assumption we have p;(0) > 0
and pj(0) > 0 from (64) and (65). But an inspection of the coefficients of p; and
together with p/(0) > 0 and (62) gives that p/(z) > 0 for x > 0. Hence pi(z) > 0
for x > 0. We have thus showed that (63) is the necessary and sufficient condition

for local bifurcation. O
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