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Motivation: the Bochner technique

M connected oriented Riemannian manifold of dimension n > 2

For k > 0 we denote by Q¥(M) the space of C* differential k-forms on M

Definition
w € Q¥(M) is harmonic if it is both closed (dw = 0) and coclosed (6w = 0). J

HK(M) = {w € Q(M) : w is harmonic}

Theorem (Hodge-de Rham)
If M is closed, ¢ : HX(M) — HX.(M) : w + [w] is a linear isomorphism.
In particular, the k-th Betti number by (M) = dim H*K(M).
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Bochner technique

The (negative definite) Bochner Laplacian A of a tensor field T is
AT =trV°T

We define the (negative) Hodge Laplacian Ay on differential k-forms as
—Ay=dd+4dd

If w € H¥(M) is harmonic, then Apw = 0. The converse is true if M is closed:

Apw=0 = oz/ <w,d6w>+/ (w,édw):/ |dw|2+/ 16w
M M M M

Theorem

For every w € QY(M)
Aw = Apw + Ric(w?, -)
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Bochner technique

Theorem (Bochner '46)
If M™ is closed with Ric > 0, then every w € H(M) is parallel and by(M) < n.

Moreover, if Ric > 0 at some point on M then H*(M) = {0} and b;(M) = 0.

Proof For all w € H(M) we have

1
AW = |Vl + (W, Aw) = |Vw|? 4 (w, Apw) + Ric(wf, wf) > [Vwl|?
’ — T

and if Ric > 0 at some x € M then the inequality is strict unless wy, = 0 at x.

By the maximum principle (or the divergence theorem) the function |w|? is
constant and Vw = 0. In particular, w =0 on M if Ric > 0. Since w is parallel, it
is completely determined by its value at any point p € M, so

by (M) = dim H' (M) = dim{w, : w € H}(M)} <dim T;M =n. O
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Bochner technique

Theorem (Bochner '46)
If M™ is closed with Ric > 0, then every w € H(M) is parallel and b;(M) < n.

Moreover, if Ric > 0 at some point on M then H(M) = {0} and by(M) = 0.

By Poincaré-Hodge duality, we also have

Theorem
If M™ is closed with Ric > 0, then every w € H""1(M) is parallel & b,_1(M) < n.
Moreover, if Ric > 0 at some point on M then H"~}(M) = {0} and b,_1(M) = 0.

In particular, so far one can prove the following

Corollary
A closed M3 with Ric > 0 has the rational homology of S3, S? x St or T3.

Moreover, if Ric > 0 at some point then M has the rational homology of S3.
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Lichnerowicz operator I
A. Lichnerowicz defined for each k > 1 a self-adjoint endomorphism
r:T°M = T2M

given, with respect to any local orthonormal frame {0'}1<;<, for T*M, by

x

(rT)lllk = Z Ri[t 7—il...t...ik - 2 Z Rigti;,s 7—il...t...s...ik
=1 1<<h<k

where Riem = R = Ry 0’ ® ¢ © ' ® 6’ and Ric = R; 6’ @ &V

Theorem (Weitzenbdck identity)
For every w € QK(M), k > 1,

Aw=Apw+Tw
In particular, for every w € H*(M)

1
S AP = [Vuf + (Tw,w)
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Curvature operator R

The curvature operator of M is the self-adjoint endomorphism
R:ANM — N°M

given w. r. to any local o.n. frame {6’} for T*M by

(Rw)j = Rijeswrs

e If M has constant sectional curvature x € R then Rw = 2xw for all w € A2M
o Given c € R, we write R > c if (Rw,w) > clw|? for all w € A2M

e MR is positive (R > 0) if (Rw,w) > 0 whenever w # 0

@ For any tangent 2-plane vAw < TM

1{R(V> Aw”),v> A wP)

2 [v> A wP|?

Sect(v Aw) =

In particular, R > ¢ = Sect > ¢/2
The converse is generally false: CPP? has 1/4 < Sect < 1 but %R > 0, ker R # {0}
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Curvature operator on 3-manifolds

For n > 3 recall the Ricci decomposition of the Riemann tensor R

1
R = W+ Z@g+ gDeg

L
2(n—1)(n—-2)
where S is the scalar curvature, Z = Ric = Ric — %g and W is the Weyl tensor.

If n =3 then W is always zero and fR is diagonalized by decomposable 2-forms:
@ let v1, v», v3 be a basis of eigenvectors of Ric with eigenvalues A1, A2, A3
o the 2-forms wy = v A V3, wy = VB A v}, w3 = v} AV satisfy
Rwi = 2Kxwr, Rwr =2Kz31ws, Rws = 2Kows
where Kjj = Sect(v; A vj) = 25 — EjjkAk
Therefore, only for n =3, for any c € R
S —

R>c < Sectzg = T>RIC (= Ric>c)

Remark R >0 < Sect > 0 is still stronger than Ric > 0.
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Relation between [ and R
To each T € T?M we associate a T?M-valued 2-form T € TOM @ A*M:
Let {6} be an o.n. frame on T*M. For each a = (i, ..., ix) € {1,...,n}K set

g = T4 =

N
~
Il >
-

=

o

;

§

0
l\)ll—l
M*

,:

o

';

e§

-

then define

>

Z Tt‘(S'ail’”.’ik)eil ®,..®9ik ®0'®6°

Myeenylkyt,S

Theorem (Berger '61, Meyer '71, Tachibana '74, Petersen)
For every T,S € TXM

(I'T,S) =) (RT*,5%) ZRUtST-‘-”StO;

In particular, if R > c then
rT,7T) > CZ|T°‘|2 o TP
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Bochner technique for k-forms

Theorem (Berger '61, Gallot-Meyer '72, '75)
If M" is closed with R > 0, then every w € H*(M) is parallel and b, (M) < (7).

If further R > 0 at some point, then H*(M) = {0} and by(M) =0 for 0 < k < n.

Proof Direct computation shows that for all w € Q¥(M)
|02 = min{k,n — k}|w|?.
Hence, if R > 0 then for all w € HK(M)
1 2 2 2
§A|w| = |Vw|* + (Tw,w) > |Vw|

and if 0 < k < nand R > 0 at some x € M then the inequality is strict unless
w = 0 at x. Then the proof goes on as in case k =1. [J

Remark 9t > 0 cannot be relaxed to Sect > 0: by(CP?) = 1.
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(TA, A) for symmetric bilinear tensors A

Let {#'}1<i<n be a local 0. n. frame on T*M. If A€ T)M is symmetric,

(FA, A) = 2R;jAjt A — 2RijsAjjAss

If 0" = v,-b where v; are eigenvectors of A with eigenvalues )\;, then

(TA, A) —22/?,,)\2 2ZR,J,JM _ZR,,,,

ij=1 ij=1

A direct computation shows that

1o . A tr A

5 Z()\; — )2 =nlA? = |A]? where A=A — r—g

ij=1
Theorem (Berger-Ebin '69)
If Sect > c/2 then for every A € SYM
(TA, A) > nc|AP? = c|A)?
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Harmonic curvature

Definition
The Riemann curvature tensor R of M" is harmonic if div R = 0. J

@ R is harmonic iff VRic is totally symmetric (< Ric is a Codazzi tensor)

@ Einstein manifolds (Ric = Ag, A € R) have harmonic curvature
o Locally symmetric manifolds (VR = 0) have harmonic curvature

The converse is false: ex. (Ri,x,ﬂ,'/("d)gcan) for n > 3 [Gray '78]

elfn=2 divR=0 < M has constant curvature
e lfn=3, divR=0 < M islocally conformally flat and S is constant
elfn>4, divR=0 < divW =0 and S is constant
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Berger theorem

Theorem (Berger)

Let M"23 pe closed with harmonic curvature.
@ If Sect > 0 then Ric is parallel.
o IfSect > 0 then M is Einstein.

Proof The Ricci tensor of M satisfies
1 1
§A|Ric|2 = |VRic|? + 5 (MRic, Ric)

and if Sect > ¢ > 0 then (I'Ric, Ric) > 2¢|Ric|2 = 2nc|Z|? > 0.
So VRic = 0 by maximum principle, and therefore VZ =0 and VS = 0.
If Sect > 0 at some x € M then it must be Z =0 at x, hence Z=00on M. O
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Berger theorem

Theorem (Berger)

Let M"23 pe closed with harmonic curvature.
o If Sect > 0 then Ric is parallel.
o IfSect > 0 then M is Einstein.

If n=3then VRic=0 < VR=0and Ric=Xg & R=(\/12)gD g
Corollary

Let M3 be closed with harmonic curvature.
o IfSect > 0 then M is isometric to a quotient of S%, S x R or R3.
@ If Sect > 0 then M is isometric to a quotient of S3.

Remark In dimension n = 4, CP? is Einstein but not of constant curvature.

Giulio Colombo (UniNA) Tachibana and Nomizu-Smyth theorems DGW 2024 14 /32



Tachibana theorem

Theorem (Tachibana '74)
Let M"2* be closed with harmonic curvature.
o IfR > 0 then M is locally symmetric.
o IfR > 0 then M is isometric to a quotient of S".

Proof The Riemann curvature tensor R of M satisfies

1
—A|R|2 IVR|? + <rR R)

and if R > ¢ > 0 then (TR, R) > c|,‘%|2 > 0. So VR = 0 by maximum principle.

VR =0 also implies VW =0, VRic=VZ =0and VS = 0.
If R > 0 at some x € M then it must be R = 0 at x. By direct computation

RI> = 2(n = 1)|W|* + IZI2

so W and Z vanish at x, hence everywhere on M by parallelism. [J
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Tachibana theorem for n = 3

Theorem (proved in C.-Mariani-Rigoli '24)

Let M3 be closed with harmonic curvature.
e IfRic > 0 then M is isometric to a quotient of S3, S?> x R or R3.
e IfRic > 0 then M is isometric to a quotient of S3.

Proof (I'R,R) = P()\ p,v), where A < i < v are the eigenvalues of Ric and

PO 1 v) = 8AA — 1m)(h — 1) + a1 — A (1 — ) + v(v = N (v — ).

It is shown that if A, u,v > 0 then P(\, p,v) > 0, with equality holding iff
A=p=vor0=M\< pu=v. Then the proof goes on as in case n > 4, by also
using the following result of M. H. Noronha. [J
Theorem (Noronha '93)
Let M" be closed with Ric > 0 and locally conformally flat. Then M is either
@ globally conformally equivalent to a quotient of S”, or
e isometric to a quotient of S"™! x R or R"

If M is locally symmetric then M is isometric to a quotient of S”, S""1 x R or R".

i = — Ty
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Manifolds with SR > 0

Theorem (Hamilton '82)

Let M3 be closed with Ric > 0. Then M is diffeomorphic to a quotient of S3,
S? x R or R3. If Ric > 0 somewhere, then M is diffemorphic to a quotient of S3.

Theorem (Hamilton '86, Chow-Lu-Ni '06, Béhm-Wilking '08, Ni-Wu '07)
Let M"Z* be closed with R > 0. Then M is diffeomorphic to a quotient of a
product of finitely many factors of the following types:

i) standard spheres

ii) Euclidean spaces

iii) closed symmetric spaces

iv) closed Kihler manifolds with positive curvature operator on real (1,1)-forms

If R > 0 somewhere on M, then M is diffeomorphic to a quotient of S".

The above statements remain true if condition R > 0 (resp., R > 0) is replaced
by A1+ X2 >0 (resp., A1 + Ao > 0) where A1, X, are the first two eigenvalues of R
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Petersen-Wink's improved conditions for the Bochner technique

Definition
For each x € M let A1(x) < do(x) < --- < )\(;)(x) be the eigenvalues of fA,.
For each integer 1 < N < (3) we define R(") : M — R by

1
( )_NZ)"
i=1

Main goal

Obtain bounds of the form (I'T, T) > S| T2 for suitable classes of tensors T.

v
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Petersen-Wink's improved conditions for the Bochner technique

Let {#'}1<i<n be a local o.n. frame on T*M. For T € T?M and w € A°’M set

w0 )= Y waTl Do o w0t € TM.

If {w;} is an o.n. basis for A2M of eigenvectors of SR with eigenvalues );, then
(rm,7) Z/\ wr, DI, TP =) e, TP

Theorem (Petersen-Wink '21)
Let T € T?M and suppose that there exists an integer 1 < N < (3) such that
2 1 A
o, T < Ehl? T

for all w € N2M. Then R
(F'T,T) > R T2

The proof is an application of an elementary lemma.
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Petersen-Wink's improved conditions for the Bochner technique

Elementary lemma

Let aj,...,a, be n > 2 real numbers such that, for some integer 1 < N < n,
a,2<—Za V1<i<n.

Then for any non-decreasing sequence of real numbers \; < --- < A,

n 1 N n
D Nalz > N
i=1 i=1  j=1

Proof
E /\a > E )\a +)\N+1 E E )\ —)\N+13 +>\N+1 E 3
i=N+1

n
1 2
>*E )\N+1 E a+/\/\/+1£ a E )\,E aj.

i=1 =1 j=1
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Petersen-Wink's approach to k-forms

Theorem (Petersen-Wink '21)
Let M" be a Riemannian manifold and 0 < k < n. For all T € NM and w € N°M

[, TP <

1 2( 2
_WM 7]

In particular, for all T € NKM

<FT, T> > %(min{k,n—k})| -f-|2

Theorem (Petersen-Wink '21)

If M" is closed with R(P) > 0 for some 1 < p < n/2, then every w € H*(M) is
parallel and b (M) < (7)), provided 0 < k < porn—p < k < n.

Moreover, if R(P) > 0 at some point then HX(M) = {0} and by(M) = 0, provided
1<k<pon—-p<k<n-1.

v
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Algebraic curvature tensors

Definition

T € T)M is an algebraic curvature tensor if it shares the algebraic symmetries
of the Riemann tensor, that is, if for all vectors vy, vo, v3, vy

T(vi,vo,v3,va) = —T(v2,v1, v3,va) = T(v3,va, v1, 2)

T(Vlv V2, V3, V4) + T(V27 V3, V1, V4) + T(V3, Vi, V2, V4) =0

For any algebraic curvature tensor T we can define a Ricci contraction Rict
Ricr(vi, v2) = tr [(wi, wa) — T(vi, wi, vo, wp)],
a total trace St = tr Rict and, if n > 3, an associated Weyl-type tensor Wt s.t.
1 St
T=Wr+—Z —_
T+ —ZrOg+ 2(n_l)(n_z)gQDg
where Z7 = Ricr = Rict — STTg. We have
A 4n A 4 4
TP =2(n—1)|Wr|*+ —|Z7]* = [WrP + — |27
71" =2(n = 1)|Wr "+ —— [ Z7|" = [Wr[* + —— | 7|
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Harmonic curvature tensors

Definition
An algebraic curvature tensor field T € C(T{M) is harmonic if div T = 0 and
the second Bianchi identity holds, i.e. if for all vector fields vy, v», v3, w, z

Vi T(va,v3,w,z) +V,, T(vz,v1,w,z) + V,, T(v1, v, w,z) =0

For any harmonic curvature tensor T on a Riemannian manifold

1 1
SAITP =|VTP+2(TT,T)
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Petersen-Wink's approach to algebraic curvature tensors

Theorem (Petersen-Wink '21)

Let M"23 be a Riemannian manifold. For each algebraic curvature tensor T with

Z7 =0 and for each w € N*M

A 2
[{w, THI? <

2|2
— Wy T
< =l

In particular, for any such T

(r7, T) > R’ D 72

Theorem (Petersen-Wink '21)
Let M"=* be a closed Einstein manifold.
o IFRUL*Z')) > 0 then M is locally symmetric.
o IFRWZD) > 0 then M is isometric to a quotient of S".

In case n = 4 the above statements remain true when R(L"z ) js replaced by R
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Generalized Tachibana theorem

Theorem (C.-Mariani-Rigoli '24)
Let T be an algebraic curvature tensor on M"=*. Then

r7,7) > w0712

Theorem (C.-Mariani-Rigoli '24)
Let M"2* be closed with harmonic curvature.
o IfR(L"ZD >0 then M is locally symmetric.

n—

o IFR(L*T')) > 0 then M is isometric to a quotient of S".

Remark If n = 4 the statements remain true with R("z ) replaced by :1(?).
In particular, the corresponding Tachibana type theorem has been proved in the
preprint [Bettiol-Jackson Goodman '22]
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Lower bound on (I'T, T)

The proof of the lower bound (IF'T, T) > ER(L%IJ)HA'F is based on two lemmas.
Lemma 1 (C.-Mariani-Rigoli '24)

Let T, T’ be algebraic curvature tensors on M"=3. Then

4
(FT, TI> = (FWT, WT/> T E(FZT, ZT/>

Definition

For each integer 1 < N < ( ) we define Sect®™ : M = R by

Sect N) |nf{ ZSect ;) : w1, ...,y orthogonal 2-planes in TXM}

v

Lemma 2 (C.-Mariani-Rigoli '24)

For all A€ SIM
(TA, A) > 2Sectl"/2D)] A2
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Lower bound on (I'T, T)

Proof  For any collection {m;} of | n/2] mutually orthogonal 2-planes we have

ln/2] Ln/2j (1)) (Lo )
E i , > m > m 2

where each w; is a 2-form metrically equivalent to a bivector spanning m;. Then
(rT,T)y = (TWz, Wr) + %(rZT, ZT)
> RUZD Wy P+ %m(LgJ)‘pr
) (IVT/r|2 N ,:2|2T|2) _ w07, O
Remark If n = 4 then (T Z7, Z7) > R®)|Z7|2 holds by the previous steps,

while (T Wr, Wr) > 9%(2)| W-,—|2 follows from Petersen-Wink.
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Generalized Tachibana theorem for complete manifolds

Theorem (C.-Mariani-Rigoli '24)

Let M3 be a complete 3-manifold with harmonic curvature.
e IfRic > 0 then M is isometric to a quotient of S®, S?> x R or R3.
e If Ric > 0 then M is isometric to a quotient of S3.

Proof We recall the following
Theorem (Zhu '94, Carron-Herzlich '06)
If M" is complete with Ric > 0 and locally conformally flat, then M is either
i) isometric to a quotient of S"~! x R or R”
i) conformally equivalent to a quotient of S"
iii) non-flat and conformally equivalent to a quotient of R"

i) = M is compact = we apply Tachibana theorem for closed manifolds.

iii) cannot occur: otherwise, the universal cover of M would be R” with complete
metric of constant S > 0 and conformally equivalent to the Euclidean metric,
which is impossible by [Caffarelli-Gidas-Spruck '89]. O
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Generalized Tachibana theorem for complete manifolds

Theorem (C.-Mariani-Rigoli '24)

Let M"Z% be a complete manifold with harmonic curvature and such that

/+°° RAR = +o00 for some p € M
1 VOIg(BR(p))

n—

o IFRUL"T)) > 0 then M is locally symmetric.
o IFR(L*Z')) > 0 then M is isometric to a quotient of S".

Corollary

Let M* be a complete 4-manifold with harmonic curvature.
o IfR >0 then M is locally symmetric.
e If R > 0 then M is isometric to a quotient of S*.
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Nomizu-Smyth theorem

——n+1 . . . . .
Let ¢y : M" — M""" be a two-sided isometrically immersed hypersurface in a
space of constant curvature. If the mean curvature H of the immersion ¢ is
constant, then the second fundamental form II satisfies

1
5A\H|2 = |VIIP? + ('L, II)

Theorem (Nomizu-Smyth '69)
Let M" be a closed manifold with Sect > 0 and let ¢ : M — M be as above with
M = R+ L or SMHL

o If M =R or H™! then v)(M) is a totally umbilic sphere.

o If M = S"! then ¢)(M) is an umbilic sphere or a Clifford torus Sk x S"—k.

v

Theorem (C.-Mastropietro-Rigoli)

Let ¢ : M" — S"*! be a two-sided isometric immersion with constant H. If M is
closed and has Sect(l"/2]) > 0 then y)(M) is an umbilic sphere or a Clifford torus.

v
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Nomizu-Smyth type theorem

Proposition (C.-Mastropietro-Rigoli)

If ¢ : M" — S"*1 be a two-sided, 2-convex isometric immersion. Then

n3H?
(FII,II)Z(n— 2)|<1>|2 and (FII,II) > (n — |I1)?)|®|?

(n—2)

where ® = II — Hg is the traceless part of the second fundamental form.

Theorem (C.-Mastropietro-Rigoli)

Let i : M™ — S be a two-sided, 2-convex isometric immersion with constant
H. If M is closed and either

n—2

|H| < or 12 < n

then (M) is a totally umbilic sphere or a Clifford torus.
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Thank you for your timel!
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