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Biharmonic and biconservative submanifolds

Harmonic and biharmonic maps

Let ¢ : (M,g) — (N,h) be a smooth map.

Energy functional Bienergy functional
1 2 ! 2
E(9)=Ei(p)= 5 | Idol, E2(9) =5 [ Iv(0)Pr,
Euler-Lagrange equation Euler-Lagrange equation
(@) =1(p) = trace,Vde n(p) = APt(p)—trace,R(do,T(9))d¢
- 0 =0
Critical points of E: Critical points of E;:
harmonic maps biharmonic maps
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Biharmonic and biconservative submanifolds The biharmonic equation

The biharmonic equation
G.-Y. Jiang (1986):

72(p) = A®7(p) —trace, R(dg, T(¢))dp = 0

where
A? = trace, (VOV? - V7)

is the rough Laplacian on sections of ¢~!TN
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Biharmonic and biconservative submanifolds The biharmonic equation

The biharmonic equation
G.-Y. Jiang (1986):

7 () = A?7(p) — trace, R(de, T(p))dp =0
where
A? = trace, (VOV? —V?)

is the rough Laplacian on sections of ¢~!7N

@ it is a fourth-order non-linear elliptic equation

@ any harmonic map is biharmonic

@ a non-harmonic biharmonic map is proper-biharmonic

@ a submanifold i : M — N is a biharmonic submanifolds if the
immersion i is biharmonic
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Biharmonic and biconservative submanifolds Introducing biconservative submanifolds

Biconservative submanifolds

@ D. Hilbert (1924): a symmetric 2-covariant tensor S associated to a
variational problem, conservative at critical points, i.e., divS =0 at
these points, called the stress-energy tensor;
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Biharmonic and biconservative submanifolds Introducing biconservative submanifolds

Biconservative submanifolds

@ D. Hilbert (1924): a symmetric 2-covariant tensor S associated to a
variational problem, conservative at critical points, i.e., divS =0 at
these points, called the stress-energy tensor;

@ P. Baird and J. Eells (1981); A. Sanini (1983): used the tensor

1 .
S=ldol’g—¢h

that satisfies
div§ = — <T((p) ) d(P>a

to study harmonic maps, since
¢ = harmonic = divS =0
Obviously
¢©:M — N is anisometric immersion = 7(¢) =normal = divS =0
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Biharmonic and biconservative submanifolds Introducing biconservative submanifolds

@ G. Y. Jiang (1987): the stress-energy tensor S, of the bienergy

5:(X,Y) =%|T(<P)!2<Xa Y)+(do,V1(9))(X,Y)
—(do(X),Vyt(9)) — (do(Y), Vx1(9))

that satisfies
divS; = —(n2(9),d @)

If @ : M — N is an isometric immersion, then divS, = —7,(¢)"
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Biharmonic and biconservative submanifolds Introducing biconservative submanifolds

@ G. Y. Jiang (1987): the stress-energy tensor S, of the bienergy

$2(X,Y) =%|T(<P)!2<Xa Y)+(do,V(9))(X,Y)
—(do(X),Vyt(@)) — (do(Y),VxT(9))
that satisfies
diVSz = —<’L'2(q))7dq)>

If @ : M — N is an isometric immersion, then divS, = —7,(¢)"

Remark

Ifo:M — (N,h) is a fixed map, then E, can be thought as a functional
on the set of all Riemannian metrics on M whose critical points are
Riemannian metrics determined by S, = 0.
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Biharmonic and biconservative submanifolds Introducing biconservative submanifolds

Definition
A submanifold ¢ : M — N of a Riemannian manifold N is called a
biconservative submanifold if divS, =0, i.e., ()" = 0.
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Biharmonic and biconservative submanifolds Introducing biconservative submanifolds

Definition
A submanifold ¢ : M — N of a Riemannian manifold N is called a
biconservative submanifold if divS, =0, i.e., ()" = 0.

Theorem (Balmus, Montaldo, Oniciuc - 2012)

A submanifold M in a Riemannian manifold N, with second
fundamental form B, mean curvature vector field H, and shape
operator A, is biharmonic iff

%V|H|2+2traceAV.LH(-) +2trace(R(-,H)- )T =0

and
A*H + trace B(-,Ay-) + trace(R(-,H)-)* = 0,

where A* is the Laplacian in the normal bundle.
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PMC biconservative surfaces in CP" and CH" PMC biconservative submanifolds

Submanifolds with parallel mean curvature

Let M™ be a submanifold of a Riemannian manifold N
VxY =VxY+B(X,Y) (Eq. Gauss)

VxV =—AyX+ VsV (Eq. Weingarten)

Definition
If the mean curvature vector field H is parallel in the normal bundle,
i.e., V*H =0, then M is called a PMC surface.

Definition
If the mean curvature |H| is constant, then M is called a CMC surface.

v
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PMC biconservative surfaces in CP" and CH" PMC biconservative submanifolds

PMC biconservative submanifolds

Let M™ be a submanifold of a complex space form N"(c) with mean
curvature vector field H and decompose JH =T +N.
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PMC biconservative submanifolds
PMC biconservative submanifolds

Let M™ be a submanifold of a complex space form N"(c) with mean
curvature vector field H and decompose JH =T +N.

Theorem (Bibi, Chen, F., Oniciuc - 2021)
Let M™ be a PMC submanifold of N*(c).
@ Ifc =0, then M™ is biconservative, and
@ ifc #0, then M™ is biconservative iff JT is normal to M.
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PMC biconservative surfaces in CP" and CH" PMC biconservative submanifolds

PMC biconservative submanifolds

Let M™ be a submanifold of a complex space form N"(c) with mean
curvature vector field H and decompose JH =T +N.
Theorem (Bibi, Chen, F., Oniciuc - 2021)
Let M™ be a PMC submanifold of N*(c).
@ /fc=0, then M™ is biconservative, and
@ ifc #0, then M™ is biconservative iff JT is normal to M.

Corollary

Let M™ be a PMC totally real submanifold of N"(c) (i.e., JTM™ C NM™).
Then M™ is biconservative.

Corollary

Any PMC real hypersurface M*'~!' of N*(c) is biconservative.
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PMC biconservative surfaces in CP" and CH" PMC biconservative surfaces (the characterization result)

PMC biconservative surfaces

Theorem (Bibi, Chen, F., Oniciuc - 2021)

Let M?* be a PMC surface in a complex space form N"(c).
@ Ifc =0, then M? is biconservative.
@ Ifc#0, then M? is biconservative iff it is totally real.
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PMC biconservative surfaces in CP" and CH" PMC biconservative surfaces (the characterization result)

Proof.

@ When ¢ 0, M is biconservative iff JT is normal.
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PMC biconservative surfaces in CP" and CH" PMC biconservative surfaces (the characterization result)

Proof.

@ When ¢ 0, M is biconservative iff JT is normal.

@ the Ricci equation
(A, AVIX,Y) = —(R(X.Y)H,V) implies that [Ag.Asr] =0
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PMC biconservative surfaces in CP" and CH" PMC biconservative surfaces (the characterization result)

Proof.

@ When ¢ 0, M is biconservative iff JT is normal.

@ the Ricci equation
(A, AVIX,Y) = —(R(X.Y)H,V) implies that [Ag.Asr] =0

@ it follows that, at each point p € M, there exists a basis {e|,e,} such that

_|Mmo0 _[mo0
AH*{O 12], AJT*[O i
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PMC biconservative surfaces in CP" and CH" PMC biconservative surfaces (the characterization result)

Proof.

@ When ¢ 0, M is biconservative iff JT is normal.

@ the Ricci equation
(A, AVIX,Y) = —(R(X.Y)H,V) implies that [Ag.Asr] =0

@ it follows that, at each point p € M, there exists a basis {e|,e,} such that
_|Mmo0 _[mo0
AH*{O 12], AJT*[O i
@ from the expressions of VyJH and VyJT, as V-H = 0, we have, at p,

2
wAm = = +h) e+ Y (Blei T). Je;)

i=1

AT = 2/H(Jey,ep)* + trace(JB(-, T),-)
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PMC biconservative surfaces in

P" and CH" PMC biconservative surfaces (the characterization result)

Proof.

@ When ¢ 0, M is biconservative iff JT is normal.

@ the Ricci equation
(A, AVIX,Y) = —(R(X.Y)H,V) implies that [Ag.Asr] =0

@ it follows that, at each point p € M, there exists a basis {e|,e,} such that
_|Mmo0 _ w0
AH*{O 12], AJT*[O i

@ from the expressions of VyJH and VyJT, as V-H = 0, we have, at p,

2
wAm = = +h) e+ Y (Blei T). Je;)
i=1
AT = 2/H(Jey,ep)* + trace(JB(-, T),-)

@ Now, if T, # 0, consider the orthonormal basis {X; = T,,/|T,|.X, }, tangent to M2. Since JT is normal, we have
(JX2,X1) =0

@ Next, assume that 7,, = 0. It follows that
2[H| (Jey e2)* =0,

that is
(Jey,e2) =0

Dorel Fetcu
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PMC biconservative surfaces in CP" and CH" PMC biconservative surfaces (the characterization result)

Remark (Sato - 1997)

If M? is a PMC surface in N"(c) and JH is normal, i.e., T = 0, then it is
known that M? is totally real and n > 2.
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PMC biconservative surfaces in CP" and CH" PMC biconservative surfaces (the characterization result)

Remark (Sato - 1997)

If M? is a PMC surface in N"(c) and JH is normal, i.e., T = 0, then it is
known that M? is totally real and n > 2.

Remark

For c =0, every PMC submanifold of C" is biconservative, but not
necessarily totally real. For instance, S*(1) ¢ E* ¢ C? is PMC and
biconservative in C* but not totally real.
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PMC biconservative surfaces in CP" and CH" PMC biconservative surfaces (a Simons type formula)

Theorem (Nistor - 2017)

Let M?* be a complete CMC biconservative surface in a Riemannian
manifold N* with Gaussian curvature K > 0 and Riem" < K, = constant.
Then VAy = 0 and M? is either flat or pseudo-umbilical.
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PMC biconservative surfaces in CP" and CH" PMC biconservative surfaces (a Simons type formula)

Theorem (Nistor - 2017)

Let M?* be a complete CMC biconservative surface in a Riemannian
manifold N* with Gaussian curvature K > 0 and Riem" < K, = constant.
Then VAy = 0 and M? is either flat or pseudo-umbilical.

Corollary

Let M? be a complete PMC totally real surface with K > 0 in N"(c).
Then VAy = 0 and M? is either flat or pseudo-umbilical.
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PMC biconservative surfaces in CP" and CH" PMC biconservative surfaces (a Simons type formula)

Theorem (Nistor - 2017)

Let M?* be a complete CMC biconservative surface in a Riemannian
manifold N* with Gaussian curvature K > 0 and Riem" < K, = constant.
Then VAy = 0 and M? is either flat or pseudo-umbilical.

Corollary

Let M? be a complete PMC totally real surface with K > 0 in N"(c).
Then VAy = 0 and M? is either flat or pseudo-umbilical.

Remark

This corollary is similar to a result obtained by B.-Y. Chen and K. Ogiue
in 1974 compact surfaces (here surfaces are only complete).

4
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PMC biconservative surfaces in CP" and CH"

PMC biconservative surfaces (a Simons type formula)

A Simons type formula

Theorem (Bibi, Chen, F., Oniciuc - 2021)

Let M?* be a PMC totally real surface in the complex space form N"(c)
with Gaussian curvature K. Then VT = Ay and

1
_§A|T’2 =K|T]+|An|*.
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PMC biconservative surfaces in CP" and CH" PMC biconservative surfaces (a Simons type formula)

Theorem (Bibi, Chen, F., Oniciuc - 2021)

If M? is a complete PMC totally real surface with K > 0 in N"(c), then VT = Ay = 0 and
either K = 0 everywhere, or K > 0 at some point on the surface and T = 0 on M>.
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PMC biconservative surfaces in CP" and CH" PMC biconservative surfaces (a Simons type formula)

Theorem (Bibi, Chen, F., Oniciuc - 2021)

If M? is a complete PMC totally real surface with K > 0 in N"(c), then VT = Ay = 0 and
either K = 0 everywhere, or K > 0 at some point on the surface and T = 0 on M>.

v

Proof.

@ |T> <|JH|> = |H|? and M? is CMC = |T|? is a bounded function on M?
@ A|T|? <0, i.e., |T|? is a subharmonic function = |T|? = constant

(since M? is parabolic (K > 0), see A. Huber (1957))
@ It follows that K|T|> + |Ay|> = 0
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PMC biconservative surfaces in CP" and CH" PMC biconservative surfaces (a Simons type formula)

Theorem (Bibi, Chen, F., Oniciuc - 2021)

If M? is a complete PMC totally real surface with K > 0 in N"(c), then VT = Ay = 0 and
either K = 0 everywhere, or K > 0 at some point on the surface and T = 0 on M>.

Proof.

@ |T> <|JH|> = |H|? and M? is CMC = |T|? is a bounded function on M?
@ A|T|? <0, i.e., |T|? is a subharmonic function = |T|? = constant

(since M? is parabolic (K > 0), see A. Huber (1957))
@ It follows that K|T|> + |Ay|> = 0

Corollary

Let M? be a complete PMC totally real surface with K >0 in N"(c). Then

VAy =VT =Ay =0

and either M? is flat or pseudo-umbilical with T = 0. In the latter case n > 2.

v
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On the geometry of CMC biconservative surfaces in N2 (c)

CMC biconservative surfaces in N?(c) (the case ¢ # 0)

Theorem (Bibi, Chen, F., Oniciuc - 2021)

Let M> be a CMC biconservative surface in a complex space form
N2(c), with ¢ # 0. If JT is normal, then M?* is PMC.
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On the geometry of CMC biconservative surfaces in N2 (c)

CMC biconservative surfaces in N?(c) (the case ¢ # 0)

Theorem (Bibi, Chen, F., Oniciuc - 2021)

Let M> be a CMC biconservative surface in a complex space form
N2(c), with ¢ # 0. If JT is normal, then M?* is PMC.

Remark

If M? is a pseudo-umbilical CMC biconservative surface in N*(c), with
c #0, then M? is PMC and JT is normal.
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On the geometry of CMC biconservative surfaces in N2 (c)

Biconservative surfaces in C2

A non-PMC biconservative surface in C2 has the following parametric equation.

Proposition (Montaldo, Oniciuc, Ratto - 2016)

Let M? be a non-PMC biconservative surface with constant mean curvature in C2.
Then, locally, the surface is given by

X(u,v) = (v (), ¥ (), 7 (u),v),

where y: 1 — E3 is a curve parametrized by arc-length with constant non-zero
curvature and non-zero torsion.
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On the geometry of CMC biconservative surfaces in N2 (c)

Biconservative surfaces in C2

A non-PMC biconservative surface in C2 has the following parametric equation.

Proposition (Montaldo, Oniciuc, Ratto - 2016)

Let M? be a non-PMC biconservative surface with constant mean curvature in C2.
Then, locally, the surface is given by

X(u,v) = (v (), ¥ (), 7 (u),v),

where y: 1 — E3 is a curve parametrized by arc-length with constant non-zero
curvature and non-zero torsion.

Proposition (Bibi, Chen, F., Oniciuc - 2021)

Let M? be a non-PMC biconservative surface with constant mean curvature in C2.
Then (JT)T #0.
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On the geometry of CMC biconservative surfaces in N2 (c)

A geometric property of CMC biconservative surfaces

Theorem (Bibi, Chen, F., Oniciuc - 2021)

Let M* be a CMC biconservative surface in a complex space form
N?(c). IfJT is normal, then M? is PMC and totally real.
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On the geometry of CMC biconservative surfaces in N2 (c)

A geometric property of CMC biconservative surfaces

Theorem (Bibi, Chen, F., Oniciuc - 2021)

Let M* be a CMC biconservative surface in a complex space form
N?(c). IfJT is normal, then M? is PMC and totally real.

Remark

Complete PMC surfaces in a complex space form N*(c) were classified
by K. Kenmotsu (two papers in 2016 and 2018). When ¢ > 0, these
surfaces are totally real flat tori.
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Reduction of codimension

Theorem (Bibi, Chen, F., Oniciuc - 2021)

Let M? be a non-pseudo-umbilical PMC totally real surface in a complex space form
N"(c), c #0, n > 4. Then there exists a totally geodesic complex submanifold
N*(c) C N"(c) such that M> C N*(c).
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Reduction of codimension

Theorem (Bibi, Chen, F., Oniciuc - 2021)

Let M? be a non-pseudo-umbilical PMC totally real surface in a complex space form
N"(c), c #0, n > 4. Then there exists a totally geodesic complex submanifold
N*(c) C N"(c) such that M> C N*(c).

Proof.

@ Consider L = span{ImBU (J/ImB)- UJTM?} C NM"
where (JImB)* = {(JB(X,Y))* : X, ¥ tangent vector fields to M?}
@ VILCIL, ImBCL, dimL <6
@ consider L = L& TM?
@ VL c Land JL =L, which implies that L is invariant by the curvature tensor R
@ we conclude by using a result of J. H. Eschenburg and R. Tribuzy (1997).
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Reduction of codimension for PMC biconservative surfaces

Remark
When the surface M? is pseudo-umbilical and a topological sphere the
situation is quite different:

@ S. Montaldo, C. Oniciuc, and A. Ratto (2016) showed that if M? is
a CMC biconservative sphere in an arbitrary Riemannian
manifold, then it is pseudo-umbilical.

@ B. Opozda (1988) proved that if M? is a PMC totally real sphere in
a complex space form N"(c), ¢ # 0, then there exists a totally
geodesic totally real submanifold N' such that M*> C N'.

Note that the technique used here is a completely different one.
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Reduction of codimension for PMC biconservative surfaces

Reduction of codimension

With the additional hypothesis H € C(JTM?) one obtains that L = JTM?
and the codimension reduces even more.
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Reduction of codimension

With the additional hypothesis H € C(JTM?) one obtains that L = JTM?
and the codimension reduces even more.

Theorem (Bibi, Chen, F., Oniciuc - 2021)

Let M? be a non-pseudo-umbilical PMC totally real surface in a
complex space form N"(c), ¢ # 0. If H € C(JTM?), then there exists a
totally geodesic complex submanifold N*(c) C N"(c) such that

M? C N*(c).
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The Segre embedding (definition)

Consider the isometric and holomorphic embedding introduced by
C. Segre (1891)

J=Spq : CPP(4) x CP1(4) — CPrHatra(4)
given by
Spq([(ZOa o '7ZIJ)]7 [(W07 o '7Wq)]) = [(ijt)oﬁjgp,ogtgq] ,

where (zo,- - +,z,) and (wo,- - -,w,) are the homogeneous coordinates in
CPP(4) and CP4(4), respectively.
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The Segre embedding

(properties, B.-Y. Chen (1981, 2002); H. Nakagawa and R. Takagi (1976))

Let B/ be the second fundamental form of j = S,.
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The Segre embedding

(properties, B.-Y. Chen (1981, 2002); H. Nakagawa and R. Takagi (1976))

Let B/ be the second fundamental form of j = S,.
@ B/(X1,X,) =B/(Y1,Y2) =0, Xi, X, tangent to CPP(4); Y1, Y, tangent
to CPi1(4)
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The Segre embedding

(properties, B.-Y. Chen (1981, 2002); H. Nakagawa and R. Takagi (1976))

Let B/ be the second fundamental form of j = S,.
@ B/(X1,X,) =B/(Y1,Y2) =0, Xi, X, tangent to CPP(4); Y1, Y, tangent
to CPi1(4)
e (VIB)(X,Y,Z)=0
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The Segre embedding

(properties, B.-Y. Chen (1981, 2002); H. Nakagawa and R. Takagi (1976))

Let B/ be the second fundamental form of j = S,.
@ B/(X1,Xy) =B/(Y1,Y,) =0, X1, X, tangent to CPP(4); Y1, Y, tangent
to CPi1(4)
e (VIB)(X,Y,Z)=0

@ Let M? be a Lagrangian submanifold of CP?(4) (i.e., JTM = NM).
Then

o {B/(E,Eq)} are orthonormal vector fields;
o {B/(JE,Eq)} are orthonormal vector fields,

where {E,}"_, is a local orthonormal frame field on M” and
{Ea}fle is a local orthonormal frame field on CP?(4).
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Segre embedding and biharmonicity

Biharmonic submanifolds via Segre embedding

Theorem (Bibi, F., Oniciuc - 2023)
If MP is a Lagrangian submanifold in CP?, then
@ via the Segre embedding of CP? x CP4 into CPP4tP4, the product
YP+24 — MP x CP1 is a biconservative submanifold of CPP+4+P4 jff
MP is a biconservative submanifold in CP?;
@ X724 js a proper-biharmonic submanifold in CPP+4+74 jff MP is a
proper-biharmonic submanifold in CP?.
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Segre embedding and biharmonicity

Biharmonic submanifolds via Segre embedding

Theorem (Bibi, F., Oniciuc - 2023)
If MP is a Lagrangian submanifold in CP?, then
@ via the Segre embedding of CP? x CP4 into CPP4tP4, the product
YP+24 — MP x CP1 is a biconservative submanifold of CPP+4+P4 jff
MP is a biconservative submanifold in CP?;
@ X724 js a proper-biharmonic submanifold in CPP+4+74 jff MP is a
proper-biharmonic submanifold in CP?.

Remark
¥P*24 js a non-PMC submanifold of CPP*4+74 provided that M is not

minimal in CPP. On the other hand, ¥’*+%4 is a CMC submanifold in
Cprratra jff M is a CMC submanifold of CPP.
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Segre embedding and biharmonicity

Biharmonic submanifolds via Segre embedding

Theorem (Bibi, Chen, F., Oniciuc - 2021)

Let y be a curve of nowhere vanishing curvature k in CP'(4). Then, we
have:
@ the product ©'+%4 = y x CP1(4) is a biconservative submanifold of
CP'*%4(4) via the Segre embedding iff k = constant.
In this case, X727 is CMC non-PMC and it is not totally real.
@ Moreover, ¥'+% js a proper-biharmonic submanifold of CP'+%4(4)
iff k> =4, i.e., v is proper-biharmonic in CP'(4).
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Segre embedding and biharmonicity

Biharmonic submanifolds via Segre embedding

Theorem (Bibi, F., Oniciuc - 2023)
If MY and M4 are Lagrangian submanifolds in CPP? and CP4, respectively, then
@ via the Segre embedding of CP? x CP4 into CPP*4+P4, the product
P4 = MY x M1 is a biconservative submanifold of CPP*4+P4 iff My and M1 are
biconservative submanifolds in CPP and CP4, respectively;
@ xrt¢ is a proper-biharmonic submanifold in CPP+4+P4 jff one of the submanifolds
M"Y or M1 is minimal and the other is proper-biharmonic in CP? or CP4,
respectively.
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Segre embedding and biharmonicity

Biharmonic submanifolds via Segre embedding

Theorem (Bibi, F., Oniciuc - 2023)
If MY and M4 are Lagrangian submanifolds in CPP? and CP4, respectively, then

@ via the Segre embedding of CP? x CP4 into CPP*4+P4, the product
P4 = MY x M1 is a biconservative submanifold of CPP*4+P4 iff My and M1 are
biconservative submanifolds in CPP and CP4, respectively;

@ xrt¢ is a proper-biharmonic submanifold in CPP+4+P4 jff one of the submanifolds
M"Y or M1 is minimal and the other is proper-biharmonic in CP? or CP4,
respectively. )

Remark
¥P*4 js a non-PMC submanifold of CPPT4+74 if at least one of My or M, is not minimal

in its ambient space. If M| and M, are CMC submanifolds in CP? and CP1,
respectively, so is ¥’ in CPPT41P4, while the converse is not true in general.
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Segre embedding and biharmonicity

Biharmonic submanifolds via Segre embedding

Remark

@ Consider two curves v, and y, in CP! with constant curvatures k; and 1,
respectively. Then, they are biconservative and Lagrangian. It follows that
¥2 =y x 1, is @ CMC (non-PMC) biconservative surface in CP3.

@ On the other hand, a CMC biconservative surface in CP? with J((JH) ") normal to
the surface is PMC. As %2 satisfies all these conditions but it is not PMC when
either k| or k, is positive, one sees that this result does not hold in CP3.

@ Moreover, since a PMC biconservative surface in CP" with JH tangent to the
surface lies in CP?, this example shows that this only works for PMC surfaces,
the CMC condition not being sufficient.

@ The surface £2 =y, x 1, is proper-biharmonic in CP3 iff y, is a geodesic of CP!,
i.e., it is a great circle of Euclidean sphere S* of radius 1/2, and v, is a circle of
radius 1/(2v/2) of the same sphere.
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Thank you!
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