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Some preliminaries on Cauchy-Riemann
geometry
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Tangential Cauchy-Riemann equations

Let M be a (2n + 1)—dimensional, differentiable manifold. An almost CR
structure (of hypersurface type) on M is a subbundle T o(M) of
complex rank n of T(M) ® C, such that

T170(M) N T071(M) = (0), T071(M) = Tl,o(/\/l).
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complex rank n of T(M) ® C, such that

T170(M) N T071(M) = (0), T071(M) = Tl,o(/\/l).

An almost CR structure is (formally) integrable if for each open set
ucwm

Z, W e C*™ (U, Tl,o(/\/l)) —— [Z, W] € C™® (U, Tl’o(M)) .
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Tangential Cauchy-Riemann equations

Let M be a (2n + 1)—dimensional, differentiable manifold. An almost CR
structure (of hypersurface type) on M is a subbundle T o(M) of
complex rank n of T(M) ® C, such that

T170(M) N T071(M) = (0), T071(M) = T170(M).

An almost CR structure is (formally) integrable if for each open set
ucwm

Z, W e C*™ (U, Tl,o(/\/l)) —— [Z, W] € C™® (U, Tl’o(M)) .

A CR manifold is a differentiable manifold equipped with a CR structure
(an integrable, almost CR structure). The integer n is the CR dimension
of (M, Tl’o(M)).
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Example

Consider a real hypersurface M C C"t1. Then the complex structure of
the ambient space induces on M the following CR structure

T10(M) == [T(M)® C]n THO(C"t1),

where T0 (C”+1) denotes the holomorphic tangent bundle on C"+1 [i.e.
the span of {0/0z; : 1 <j<n+1}]
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The tangential Cauchy-Riemann operator is the first order differential
operator B
dp: CH(U,C) — C(U, Toa(M)*),

(0pf)Z = Z(f), f e CH(U,C), Z e C=(U, T1o(M)).

Opf = 0 are the tangential Cauchy-Riemann equations and a solution
f € C*(U,C) is a CR function.
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The tangential Cauchy-Riemann operator is the first order differential

operator
0p: CH(U,C) — C(U, Toa(M)),

(0pf)Z = Z(f), f e CH(U,C), Z e C=(U, T1o(M)).

Opf = 0 are the tangential Cauchy-Riemann equations and a solution
f € C*(U,C) is a CR function.

There is an obvious analogy between holomorphic functions (solutions to
OF = 0) and CR functions (solutions to dpf = 0).

There is more than an analogy between the two concepts. Indeed, let

Q c C"1, an open subset, and F : Q — C holomorphic. Then for every
embedded real hypersurface M C C"*! with U=QnNM £ :

Fi, is a CR function.

F. Esposito (Unibas) Harmonic morphisms from Fefferman spaces 1ASI 2023 6 / 50



The Levi distribution is the distribution of rank 2n
H(M)X = Re{TLQ(M)X (&) T071(M)X}, x € M,
equipped with the complex structure

J:H(M) = H(M), J(Z+2)=i(Z-2), Z€ Tio(M).
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The Levi distribution is the distribution of rank 2n
H(M), =Re{T10(M)x ® To1(M)x}, xe M,
equipped with the complex structure
J:H(M)— H(M), J (Z+7) =i(Z —7) , Z € Tio(M).

Assume M orientable. Then there exist globally defined, differential
1-forms 6 such that H(M) = Ker(6) called pseudo-Hermitian
structures. Let P(M) be the set of all pseudohermitian structures.

F. Esposito (Unibas) Harmonic morphisms from Fefferman spaces 1ASI 2023 7 / 50



The Levi distribution is the distribution of rank 2n
H(M), =Re{T10(M)x ® To1(M)x}, xe M,
equipped with the complex structure
J:H(M)— H(M), J (Z+7) =i(Z —7) , Z € Tio(M).

Assume M orientable. Then there exist globally defined, differential
1-forms 6 such that H(M) = Ker(6) called pseudo-Hermitian
structures. Let P(M) be the set of all pseudohermitian structures.
If 0 € P(M), define the Levi form as

Go(X,Y) = (dO)(X,JY), X,Y € H(M).
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If Gy is non degenerate (resp. positive definite) for some 6 € P(M), then
(M, T19(M)) is said to be non degenerate (resp. strictly
pseudoconvex, s.p.c. for short).
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If Gy is non degenerate (resp. positive definite) for some 6 € P(M), then
(M, T19(M)) is said to be non degenerate (resp. strictly
pseudoconvex, s.p.c. for short).

By nondegeneracy and orientability there is a unique globally defined,
nowhere vanishing vector field T € X(M) transverse to the Levi
distribution, determined by

6(T)=1, T|(d#)=0.
The (0,2)—tensor field gy given by
g@(X7 Y) = G@(Xa Y)7 gg(T,X) = 07 g@(Tv T) = 17

X,Y € H(M),

[followed by linear extension relying on T(M) = H(M) @ RT] is a
semi-Riemannian metric on M. If M is s.p.c. then gy is a Riemannian
metric (the Webster metric).

F. Esposito (Unibas) Harmonic morphisms from Fefferman spaces 1ASI 2023 8 /50



The Tanaka-Webster connection

Let M be a strictly pseudoconvex CR manifold, of CR dimension n. For
every contact form 6 € P(M) there is a unique linear connection V [the
Tanaka-Webster connection of (M, 0)] on M such that

i) the Levi distribution H(M) is parallel, i.e. VH(M) C H(M),

ii) the complex structure J along H(M), and the Webster metric gy, are
parallel

VJ=0, Vg =0,

i) the torsion tensor field Ty obeys to
Tv(Z, W) =0, Ty(Z, W)=2iGy(Z, W)T,

Z, W e Tl’o(/\/l),
ToJ+JoT=0,
where
7(X) = Tv(T,X), XeX(M).

F. Esposito (Unibas)
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The Tanaka-Webster connection V of (M, 6) and the Levi-Civita
connection V89 of (M, gy) are related by

VE =V+(Q-A)T+720+2(00J).

where
@ tau is the pseudohermitian torsion of V;
e Q=—-do;

o A(X,Y)=gp(X, TY) for any X, Y € X(M).
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The Fefferman metric

Let APO(M) — M be the vector bundle whose cross-sections are
(p, 0)-forms on M, namely complex valued differential p-forms n on M
satisfying To1(M) | n =0.
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The Fefferman metric

Let APO(M) — M be the vector bundle whose cross-sections are

(p, 0)-forms on M, namely complex valued differential p-forms n on M
satisfying To1(M) | n =0.

There is a natural free action of R, = GL™(1,R) (the multiplicative
positive reals) on

Ko(M) = A"FLO(M) \ {zero section}
(top degree (p,0)-forms) and the quotient space
C(M) = Ko(M)/R..

is the total space of a principal S'-bundle over M, referred to as the
canonical circle bundle over M.
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By a result of J.M. Lee, C(M) carries the Lorentzian metric Fy [the
Fefferman metric of (M, )] given by

Fp=m"Gy+2 (71'*9) G o,

where

o Gy is the (degenerate) extension of Gy to the whole of T(M) got by
requiring that Gy = Gy on H(M) @ H(M);

@ o is the connection form given locally by

. .
_ : a8 P
7= +2{d7+w < wa™ 2g 985~ 4(n—|—1)0>}

with 7 a local fibre coordinate on C(M) and p the pseudohermitian
scalar curvature of (M, 0).
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Subelliptic harmonic maps
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A. Lichnerowicz (1970): Every (anti) holomorphic map of compact
Kahlerian manifolds is harmonic and an absolute minimum within its
homotopy class, hence stable.
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A. Lichnerowicz (1970): Every (anti) holomorphic map of compact
Kahlerian manifolds is harmonic and an absolute minimum within its
homotopy class, hence stable.

fd:QCcC"— D cCC™is a holomorphic map between two open subsets
Q,D and M C Q, N C D are real hypersurfaces such that ®(M) C N,
then ¢ = &, : M — Nis a CR map.

F. Esposito (Unibas) Harmonic morphisms from Fefferman spaces 1ASI 2023 14 / 50



A. Lichnerowicz (1970): Every (anti) holomorphic map of compact
Kahlerian manifolds is harmonic and an absolute minimum within its
homotopy class, hence stable.

fd:QCcC"— D cCC™is a holomorphic map between two open subsets
Q,D and M C Q, N C D are real hypersurfaces such that ®(M) C N,
then ¢ = &, : M — Nis a CR map.

Any stricly pseudoconvex (s.p.c.) CR manifold M equipped with a
positively oriented contact form 6 of vanishing pseudohermitian torsion is
Sasakian; hence a pair (M, 0) consisting of a s.p.c. CR manifold and a
contact form may be thought of as an odd dimensional analog to a
Kahlerian manifold.
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Q: Is an (anti) CR map of s.p.c. CR manifolds ¢ : (M,0) — (N, ©)
harmonic with respect to the Webster metrics gy and go?
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Q: Is an (anti) CR map of s.p.c. CR manifolds ¢ : (M,0) — (N, ©)
harmonic with respect to the Webster metrics gy and go?

A: H. Urakawa (1993) proved that ¢ is harmonic w.r.t gy and gg if and
only if ¢.(T) = T, where T and Tg are the Reeb vector fields of (M, )
and (N, ©).
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Q: Is an (anti) CR map of s.p.c. CR manifolds ¢ : (M,0) — (N, ©)
harmonic with respect to the Webster metrics gy and go?

A: H. Urakawa (1993) proved that ¢ is harmonic w.r.t gy and gg if and
only if ¢.(T) = T, where T and Tg are the Reeb vector fields of (M, )
and (N, ©).

Y.L. Xin (1980): Every non-constant harmonic map from the sphere
521 into itself is unstable.
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Q: Is an (anti) CR map of s.p.c. CR manifolds ¢ : (M,0) — (N, ©)
harmonic with respect to the Webster metrics gy and go?

A: H. Urakawa (1993) proved that ¢ is harmonic w.r.t gy and gg if and
only if ¢.(T) = T, where T and Tg are the Reeb vector fields of (M, )
and (N, ©).

Y.L. Xin (1980): Every non-constant harmonic map from the sphere
521 into itself is unstable.

Lichnerowicz's result doesn’t admit an immediate analog within the CR
category, when the Webster metrics and the ordinary (Riemannian)
concept of harmonic maps are involved.
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Subelliptic harmonic maps

E. Barletta, S. Dragomir & H. Urakawa (2001) introduced subelliptic
harmonic maps as smooth maps ¢ : (M,0) — (N, h), with (M, 0) a s.p.c.
CR manifold and (N, h) a Riemannian manifold which are critical points of
the functional

Epa(6) = /Q es() 0.1 (d0)"

with Q a relatively compact domain in M (2 CC M) and

ep(0) = %tracegg (Nyo*h) ,

the pseudohermitian energy density. [Here, if B is a bilinear form on
T(M)® T(M), NyB is the restriction of B to H(M) @ H(M)].
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The pseudohermitian second fundamental form () is
Bo(8)(X, Y) = DYé.Y —6.VxY, X,Y € X(M),

where V is the Tanaka-Webster connection of (M, 6) and D? = ¢~1V" is
the pullback of the Levi-Civita connection V" of (N, h) [a connection in
the pullback bundle ¢~1 TN — M].
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The pseudohermitian second fundamental form () is
Bo(8)(X, Y) = DYé.Y —6.VxY, X,Y € X(M),

where V is the Tanaka-Webster connection of (M, 6) and D? = ¢~1V" is
the pullback of the Levi-Civita connection V" of (N, h) [a connection in
the pullback bundle =1 TN — M].

The pseudohermitian tension field is

7(¢) = traceg, [I‘IH 5b(¢)} e C®(¢~1TN).
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The pseudohermitian second fundamental form () is
Bo(8)(X, Y) = DYé.Y —6.VxY, X,Y € X(M),

where V is the Tanaka-Webster connection of (M, 6) and D? = ¢~1V" is
the pullback of the Levi-Civita connection V" of (N, h) [a connection in
the pullback bundle =1 TN — M].

The pseudohermitian tension field is

7(¢) = traceg, [I‘IH 5b(¢)} € C(¢ 1 TN).
A C* map ¢ : M — N is subelliptic harmonic if

7p(¢) = 0.
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The pseudohermitian second fundamental form () is
Bo(8)(X, Y) = DYé.Y —6.VxY, X,Y € X(M),

where V is the Tanaka-Webster connection of (M, 6) and D? = ¢~1V" is
the pullback of the Levi-Civita connection V" of (N, h) [a connection in
the pullback bundle =1 TN — M].

The pseudohermitian tension field is

7(¢) = traceg, [I‘IH 5b(¢)} € C(¢ 1 TN).
A C* map ¢ : M — N is subelliptic harmonic if

7p(¢) = 0.

A calculation shows that

7(¢) = mh(¢) + Dy 6 T (1)
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The Euler-Lagrange equations of the variational principle 0 Ep o(¢) =0

—Ab¢a+2({ ' 1oo) &) E(07) 0

forl<a<m.
Here {E, : 1 < a < 2n} is a local Gp-orthonormal frame for the H(M),

defined on some open subset U C M, and {5‘7} are the Christoffel
symbols of h,g.
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The Euler-Lagrange equations of the variational principle 0 Ep o(¢) =0

—Ab¢a+2({ ' 1oo) &) E(07) 0

forl<a<m.
Here {E, : 1 < a < 2n} is a local Gp-orthonormal frame for the H(M),

defined on some open subset U C M, and {;‘7} are the Christoffel

symbols of h,g.
Consider the volume form W = 6 A (d6)".

Apu = —div(VHu), wue C3(M),

is the sublaplacian of (M, ), where VHu = My Vu [the horizontal
gradient of u] while the divergence is computed w.r.t. V.
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Ay is a positive, formally self adjoint, second order differential operator,
and degenerate elliptic yet

o subelliptic of order ¢ = 1/2 i.e. for any x € M there is an open
neighborhood U C M of x and a constant C > 0 such that

Jul? < C((2bu, u)i2 + uls), Vue GoU),

|| - |le is the Sobolev norm of order ¢ i.e.

lull = ( [ (4162 oo P o -

i is the Fourier transform of wu.
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Ay is a positive, formally self adjoint, second order differential operator
and degenerate elliptic yet

o subelliptic of order ¢ = 1/2 i.e. for any x € M there is an open
neighborhood U C M of x and a constant C > 0 such that

Jul? < C((2bu, u)i2 + uls), Vue GoU),

|| - |le is the Sobolev norm of order ¢ i.e.

lull = ( [ (4162 oo P o -

i is the Fourier transform of wu.

e hypoelliptic i.e. if u is a distribution on M and Apu = f € C>®(M)

(in the distribution sense), then u € C™ [i.e. u is the distribution
associated to some C* function].
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J. Jost & C-J. Xu (1998) started a program aiming to recover known
properties of solutions to quasi-linear systems of PDEs, of variational
origin, whose principal part is a second order linear elliptic operator, to the
case where the principal part is at least hypoelliptic.
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J. Jost & C-J. Xu (1998) started a program aiming to recover known
properties of solutions to quasi-linear systems of PDEs, of variational
origin, whose principal part is a second order linear elliptic operator, to the
case where the principal part is at least hypoelliptic.

Given a Hormander system of vector fields X = {X;, ---, X} on

U C RN open set, a C* map ¢ : U — N into a Riemannian manifold

(N, h) is a subelliptic harmonic map (in the sense of J. Jost & C-J. Xu) if
¢ is a critical point of the functional

E() =5 [ IX@)Fdu Qccu

where |X(¢)|? = >-P_; Xa(¢®) Xa(#7) hg,(¢) and pu is the Lebesgue
measure on RV,
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J. Jost & C-J. Xu (1998) started a program aiming to recover known
properties of solutions to quasi-linear systems of PDEs, of variational
origin, whose principal part is a second order linear elliptic operator, to the
case where the principal part is at least hypoelliptic.

Given a Hormander system of vector fields X = {X;, ---, X} on

U C RN open set, a C* map ¢ : U — N into a Riemannian manifold

(N, h) is a subelliptic harmonic map (in the sense of J. Jost & C-J. Xu) if
¢ is a critical point of the functional

E() =5 [ IX@)Fdu Qccu

where |X(¢)|? = >-P_; Xa(¢®) Xa(#7) hg,(¢) and pu is the Lebesgue
measure on RV,

Such maps were recognized as local manifestations, with respect to a
given local Gy-orthonormal frame of the Levi distribution, of subellitpic
harmonic maps (in the sense of E. Barletta et al.).
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For any local coordinate system x : U C M — R?"*1, the pushforward
{x+Es : 1 < a<2n}isaHormander system of vector fields on
U = x(U) c R>™*1 and

2n
Ay =) EJE,,
a=1

where E} is the formal adjoint of E, with respect to W = 6 A (d6)", so
that the study of the (local properties of the) solutions to the
Euler-Lagrange equations is performed within subelliptic theory and more
generally within the theory of Hormander systems of vector fields and
associated Hormander “sums of squares” of vector fields.
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Harmonic maps of the Fefferman Spaces

Let [J be the Laplace-Beltrami operator of the Lorentzian manifold
(C(M), Fy) (the geometric wave operator). By a result of J.M. Lee the
pushforward of O is precisely the sublaplacian Ay of (M, 6) i.e.

0= Ap.
By a result of E. Barletta & S. Dragomir & H. Urakawa a C*° map

¢: (M,0) — (N, h) is subelliptic harmonic if and only if its vertical lift
®=¢om:(C(M),Fy)— (N,h) is a harmonic map.
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Harmonic morphisms from (C(M), Fy)
&

Subelliptic harmonic morphisms

Harmonic morphisms from Fefferman spaces 1ASI 2023 23 / 50



Subelliptic harmonic morphisms

Let (M, 0) be a s.p.c. CR manifold of CR dimension n (i.e.
dimM =2n+1) and let (N, h) be a m—dimensioanal Riemannian
manifold.

Definition

A continuous map ¢ of (M, 0) into (N, h) is a subelliptic harmonic
morphism if for every open subset V C N, and every C? function
v:V = R, if Apv =0 in V then the pullback function u = vo ¢ is a
distribution-solution to Apu = 01in U = ¢~ (V).

Here Ay, is the Laplace-Beltrami operator on (V/, h).

Proposition

Every subelliptic harmonic morphism ¢ of the pseudohermitian manifold
(M, 0) into the Riemannian manifold (N, h) is smooth.
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Levi conformal maps

Definition
A C*® map ¢ : M — N is Levi conformal if there is a continuous map
A= \(¢) : M — [0,+00) (the O-dilation of ¢) such that \? is C°>° and

Go(VH g™, VHeP) = A(x)? 627

for any x € M and any local normal coordinate system (V, y®) on N
with center at ¢(x) € V.
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Levi conformal maps

Definition

A C*® map ¢ : M — N is Levi conformal if there is a continuous map

A= \(¢) : M — [0,+00) (the O-dilation of ¢) such that \? is C°>° and
Go(VH g™, VHeP) = A(x)? 627

for any x € M and any local normal coordinate system (V, y®) on N
with center at ¢(x) € V.

v

By a result of E. Barletta, a C* map ¢ : M — N is a subelliptic harmonic
morphism of (M, ) into (N, h) if and only if ¢ is Levi conformal and a
subelliptic harmonic map. Moreover

@ if m > 2n then every subelliptic harmonic morphism is a constant;

e if m < 2n then for every point x € M with A(x) # 0 there is an open
neighborhood U of x such that ¢ : U — N is a C* submersion.
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Let ¢ : M — N be a subelliptic harmonic morphism and let us set
¥ = Ker(dep), A2 = (¥2)", xeM,

where the orthogonal complement is meant with respect to the inner
product gy x.
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Let ¢ : M — N be a subelliptic harmonic morphism and let us set
¥ = Ker(dep), A2 = (¥2)", xeM,

where the orthogonal complement is meant with respect to the inner
product gy x.
A regular point in the set

5(¢) = {x € M\ Crit(¢) : dx¢ ison-to}

is called a submersive point of the morphism ¢.
At every submersive point x € S(¢)

dimg 2 =m, dimg % =2n—m+ 1.

26 / 50
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For each x € M we set
V= HMLNHE Ay = HM) N AL
If x € Crit(¢) then
Vi = H(M), 755, = {0}

If x € M\ Crit(¢) then the differential dx¢ : T (M) — Ty(x)(N) may, or
may not, be an epimorphism.
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For each x € M we set
V= HMLNHE Ay = HM) N AL
If x € Crit(¢) then
Vi = H(M), 755, = {0}

If x € M\ Crit(¢) then the differential dx¢ : T (M) — Ty(x)(N) may, or
may not, be an epimorphism.
For a subelliptic harmonic morphism, of #-dilation v/A. Then i)

M\ Z(A) € 5(¢)-

ii) For every submersive point x € S(¢)
m_lgdimR%ﬁXSm, 2n—m§dimR7/ﬁX§2n—m+1'

Here Z(A) = {x € M : \(x) = 0}.
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A partition

For any x € 5(¢), x can belong to one of the following sets

5(¢) = Im(¢) U Hm(¢) U HIm(¢) :

Moreover

Im(0) Im(¢) I (¢)
dimp ,%”,fﬁx m m-—1 m-—1
dimR”//l_(fX 2n—m | 2n—m+1| 2n—m
Ax) | AX)>0] Ax)=0 | Alx) >0
T T, e %8| Toe 4P | transverse

i) If m =1 then

Z(A) = 1(¢) U Crit(e),

ii) If m > 2 then

M\ S(9) = Crit(9).

Im(¢) =0, Z(A) =M\ 5(¢).
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A little notation

Let ®: C(M) — N be a C! map, and let p € C(M) be a point. ® is
horizontally weakly conformal at p provided that

i) If p € C(M)\ Crit(®) and #,® is nondegenerate, then the differential

dp® : ’Hl‘f — To(py(N) is on-to, and there is a unique nonzero number
L(p) € R\ {0} such that

h¢(p)((dp¢)X, (dpd))Y) = L(p) Fo,p(X,Y)
for any X, Y € Hg’.
ii) If p € C(M) and 7/,,4’ is degenerate, then
® ®
P <y

lie. Fo.p(X,Y)=0forany X,Y € %ﬂp‘b]. The number L(p) is the
(square) dilation at p. It is customary to set L(p) = 0 when p € Crit(®)
or ”I/p¢ is degenerate.

F. Esposito (Unibas) Harmonic morphisms from Fefferman spaces 1ASI 2023 29 / 50



Main results

Theorem

Let M be a strictly pseudoconvex CR manifold, of CR dimension n,
equipped with the positively oriented contact form 6 € P, (M), and let
(N, h) be a m-dimensional Riemannian manifold. Let ® : C(M) — N be a
continuous S* invariant map, and let ¢ : M — N be the corresponding
base map. The following statements are equivalent

i) ® is a harmonic morphism of the Lorentzian manifold (C(M), Fy) into
(N, h), of square dilation N(¢) o 7.

ii) ¢ is a subelliptic harmonic morphism of the pseudohermitian manifold

(M, 0) into (N, h), of 6-dilation \/N\(®).

F. Esposito (Unibas) Harmonic morphisms from Fefferman spaces 1ASI 2023 30 / 50



Theorem (Continuation)

If this is the case then
a) ® is nondegenerate at p < w(p) € Q(¢) := M\ Z[\(9)].
b) p € Crit(®) <= 7(p) € Crit(¢).

c) @ is degenerate at p <= either m =1 and w(p) € II1($), or m > 2
and w(p) € M\ S(¢).

d) ® is a harmonic map of the Lorentzian manifold (C(M), Fy) into the
Riemannian manifold (N, h), while ¢ is a subelliptic harmonic map of the
pseudohermitian manifold (M, 0) into (N, h).

e) ® is horizontally weakly conformal, while ¢ is Levi conformal.
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Theorem

Let M be a strictly pseudoconvex CR manifolds, equipped with the

positively oriented contact form 6 € (M), and let N be a Riemannian

manifold. Any nonconstant S* invariant harmonic morphism
® : C(M) — N from the total space of the canonical circle bundle

St — C(M) — M, endowed with the Lorentzian metric Fy is smooth and
an open map. Moreover, if M is compact and N is connected then N is

compact and ® is surjective.
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Foliation theory

Assume m > 2. Let ¢ : M — N be a subelliptic harmonic morphism of
(M, 0) into (N, h), of f-dilation A(¢), and let ® = ¢ o 7 be its vertical lift
[a harmonic morphism of square dilation L(®) = A?(¢) o 7r]. The
connected components of the fibres of ¢ : S(¢) — N are the leaves of a
foliation .# of S(¢).
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Foliation theory

Assume m > 2. Let ¢ : M — N be a subelliptic harmonic morphism of
(M, 0) into (N, h), of f-dilation A(¢), and let ® = ¢ o 7 be its vertical lift
[a harmonic morphism of square dilation L(®) = A?(¢) o 7r]. The
connected components of the fibres of ¢ : S(¢) — N are the leaves of a
foliation .# of S(¢).
Let us set

S(®) =7 t[S(8)] C C(M).

Then & : S(®) — N is a submersion and the corresponding foliation of
S(®) is the pullback of .# by 7 i.e. the foliation 7*.% of C(M) whose
tangent bundle is

T(n*.7) = T(Z)" @ Ker(dn).

The horizontal lift is meant with respect to the Graham connection o.
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Foliation theory

Assume m > 2. Let ¢ : M — N be a subelliptic harmonic morphism of
(M, 0) into (N, h), of f-dilation A(¢), and let ® = ¢ o 7 be its vertical lift
[a harmonic morphism of square dilation L(®) = A?(¢) o 7r]. The
connected components of the fibres of ¢ : S(¢) — N are the leaves of a
foliation .# of S(¢).
Let us set

S(®) =7 t[S(8)] C C(M).

Then & : S(®) — N is a submersion and the corresponding foliation of
S(®) is the pullback of .# by 7 i.e. the foliation 7*.% of C(M) whose
tangent bundle is

T(n*.7) = T(Z)" @ Ker(dn).

The horizontal lift is meant with respect to the Graham connection o.
C(M) is foliated by (2n — m + 2)-dimensional Lorentzian manifolds,
whose normal bundles are spacelike.
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Theorem
Let ¢ : M — N be a subelliptic harmonic morphism of (M, 6) into (N, h),
of O-dilation X(¢), and let ® = ¢ o : C(M) — N be its vertical lift (a

harmonic morphism of square dilation {(®)? = [)\(qﬁ) o 7r] 2). The tension
field of ® is given by

77, (®) = —(m — 2) 6, V log £(®) — (2n — m +2) b, p”*

everywhere in S(®)
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Theorem
Let ¢ : M — N be a subelliptic harmonic morphism of (M, 0) into (N, h),
of O-dilation X(¢), and let ® = ¢ o : C(M) — N be its vertical lift (a

harmonic morphism of square dilation {(®)? = [)\(qﬁ) o 7r] 2). The tension
field of ® is given by

77, (®) = —(m — 2) 6, V log £(®) — (2n — m +2) b, p”*

everywhere in S(P)

Theorem

| \

Let ® be a harmonic morphism of the Lorentzian manifold (C(M), Fy)
into (N, h); if m=2 i.e. (N, h) is a real surface, then every leaf of the
pullback foliation * .F of S(®) [the foliation of S(®) tangent to ¥®] is a
minimal submanifold of (C(M), Fp).

v

F. Esposito (Unibas) Harmonic morphisms from Fefferman spaces 1ASI 2023 34 / 50



A little notation

Let 2 be the orthogonal complement of 2, and let 7t : T(9M) — 2+
be the projection associated to the direct sum decomposition
T(M) =2 @ P Let us consider the bilinear form By = By(g, D) given

by
By(X, Y)=nt9xY, X,Ye2.

Next, let u” = u?(g, D) be given by

p? = %Traceg By € C* (@L).

When D = V& [the Levi-Civita connection of (I, g)] u? = u?(g, V&) is
the mean curvature vector of D

F. Esposito (Unibas) Harmonic morphisms from Fefferman spaces 1ASI 2023 35/ 50



The "subelliptic” fundamental equation

The fundamental equation of ® projects on

o(6) = =72 6. 9" log A(6) — (20— m+ 1) 6" (g0, V)+
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The "subelliptic” fundamental equation

The fundamental equation of ® projects on

o(6) = =72 6. 9" log A(6) — (20— m+ 1) 6" (g0, V)+

_— {eé)Jyvgy}.

Here

I T € C®(Qp), ¥?), T  =myeT.
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Proposition

Let ¢ : M — N be a subelliptic harmonic morphism of the
pseudohermitian manifold (M, 0) into the real surface (N, h).

i) If the Reeb foliation (the codimension 2n foliation % of M tangent to
T ) is a subfoliation of .7, then every leaf of ¥ is a minimal submanifold
of the Riemannian manifold (M, gp).

ii) If (dx@) Tx # 0 for some x € M \ Crit(¢), then

(2n—1),u7/¢(g9,V) = T ps {Vgg @Jg}
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e—contractions

Let 0 < e <1 and let g be the Riemannian metric
g€(X7 Y) = GG(Xa Y)7 ge(X7 T) = 07 g@(Ta T) = 6727

for any X, Y € H(M). Equivalently
1
8 =8y + (21> 00
€

(the e-contraction of Gp).

The family of Riemannian metrics {g }o<e<1 is devised such that

(I\/l, dE) — (M, dH) as € — 07, in the Gromov-Hausdorff distance. Here
d. and dy are respectively the distance function of the Riemannian
manifold (M, ge), and the Carnot-Carathéodory distance function
associated to the sub-Riemannian structure (H(M), Gy)
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Let us assume that, for every 0 < € < 1, the map ¢ : (M, g.) — (N, h) is
horizontally weakly conformal, with square dilation A, i.e. for any
xo € M\ Crit(¢) and any local coordinate system (V7 ya) on N with
¢(Xg) eV

mAe = (hap 0 6) g (V<™ , V7).
Here V€ is the gradient with respect to g.. Choose V C N such that

U= ¢"Y(V) C Mis a relatively compact domain.
The one can prove that

1
Ae— —Gy(VH o™, V) hagod, e— 0T,
uniformly on U relatively compact domain, and the Levi conformality
condition is got, in the limit as € — 0", from the horizontal weak

conformality condition on ¢ : (M, g.) — (N, h).
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Let M;W be the mean curvature vector of the vertical distribution #® on
the Riemannian manifold (M, g.).
Let us set by definition

Hior = Tors H(V?), )
(2n—m+1) H(“V¢) =02n—m+1) ,uw)(gg, V)+

2
+M Twod T — Ty Vg T+

—{diV(g(g) +0(7) [A(ﬂ, T) — Traceg, My A} } T.

One can prove that
. ¢ b4
lim p/” = .
0+ He Hhor
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On the other hand, by the "subelliptic” fundamental equation becomes

m-—2

m(9) =~ 6. log A(9) — (2n — m+ 1) 6.
so that 7,(¢) = 0 and m = 2 yield u;{/:; =0.

Theorem

Let ¢ : M?"t1 — N? be a non-constant subelliptic harmonic morphism,
the pseudohermitian manifold (M, 6) into the real surface (N, h). Let
,u;W be the mean curvature vector of ¥%, as a distribution on the

Riemannian manifold (M, g.). Then m ¢ p?* = 0 as e — OF, uniformly

on any relatively compact domain U C M.

of
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Scalar valued subelliptic harmonic morphisms

Let ¢ : M — N be a subelliptic harmonic morphism, of the
pseudohermitian manifold (M, 6) into the Riemannian manifold (N, h).
Let . be the foliation of S(¢) by maximal integral manifolds of 7. A
point x € S(¢) is a characteristic point of .7 if

H(M), C ¥2. (3)

Let X(.#) be the set of all characteristic points of .Z. If x € ¥(.#) and
L € S(¢)/F is the leaf of .# passing through x, then x is a characteristic
point of L, e.g. in the sense of L. Capogna & G. Citti . It can be proved
that

Y(F)#D=m=1
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Let {gc}o<c<1 be the family of e—contractions of the Levi form Gy , and
let n“ € C®(S(¢), #.”) such that g (n, n°) = 1. Next, let

voi=Myn =n"—0(n) T
For every x € 5(¢),

x€X(¥) <= wvg=0forany0<e<l.
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Let {gc}o<c<1 be the family of e—contractions of the Levi form Gy ,

let n“ € C®(S(¢), #.”) such that g (n, n°) = 1. Next, let
voi=Myn =n"—0(n) T
For every x € 5(¢),

x€X(¥) <= wvg=0forany0<e<l.

Let us set 1
nl(x) = —— 15, x€Q\X(%),
fe(x)

fo = ge(zf, 1/6) € COO(Q, R+),

and

with R4 = [0, 400). According to the terminology by L. Capogna et al.

n° is the horizontal normal (on the leaves of .7).
One can prove that n%(x) doesn't depend on 0 < € < 1.
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The horizontal mean curvature of F is

Ko = div (n°) € C(Q).

Let ¢ : M — N* be a subelliptic harmonic morphism, of square dilation A.
Then

i) For every local coordinate system (V, y') on N such that
U=¢HV)CQ

1 A
0 H 1 1 1
n =—— V 9 No = ) = o9,
o ¢ 0= hioo ¢-=y o9
so that "

KO = le(ﬁ VHQSI) =

= = { 80" + (776%) tog Vo)

everywhere in U.
F. Esposito (Unibas)
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Theorem (Continuation)

ii) The vector field ug/oﬁ and the mean curvature Ko are related by

2n gy (1 » n°) = {o T(¢1) — 1} Ko,

Flho+ TP} =1-0(77, 7=|T"*T".
Consequently

_ At + VAo Ko

2 v — 1
n iy or av¢ ) /\0 n T(¢1)2

In particular, for any local harmonic coordinate system (V, y') on N [i.e.
Apyr =0 in V] with U = ¢~}(V) C Q

No

- Kyn° .
Ro £ T(51)2 on onlU

®
2n I'IHMZOr =

v
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Example: s.h.m. from the Heisenberg group

Let H,, be the Heisenberg group i.e. the noncommutative Lie group
H, = C" x R with the group law

(z,t)-(w,s)=(z+w, t+s+2Im(z-w)),

t,seR, z,weC", z-Wzéo‘BzaWB,

equipped with the strictly pseudoconvex, left invariant, CR structure
T1,0(Hp,) spanned by

=2 4iz. 2
* 7 Oz, *ot’

[so that L, are the Lewy operators] and with the contact form

1< a<n,

n

O =dt +i Y (20 dZa — Za dza) € P (Hp).

a=1

Let us set f(z,t) = |z|? — i t, so that f is a CR function on H,, i.e.
Lof =0forany 1 < a < n.
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Theorem
Let ¢ : H, \ {0} — R be the C> map given by

n/2

¢=1/(ff)
Then

i) ¢ is a subelliptic harmonic morphism of the pseudohermitian manifold
(Hn \ {0}, 6o) into the Riemannian manifold (R, dy' ® dy').

ii) Crit(¢) = 0 and S(¢) = H, \ {0}.
iii) I (¢) = C* x {0} where C* = C\ {0}.

iv) ¢ is a subelliptic harmonic map of (H, \ {0}, 6p) into (R, dy' ® dy?),
and a Levi conformal map of square dilation

2n? |z|?
/\(X) = |X|2Q , X = (Z, t) € Hn, X ?é 0.

v
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Theorem (Continuation)

Consequently

II;(¢) = {0} x R*, III3(¢) = C* x R*, R* =R\ {0}.

v) The horizontal mean curvature of the leaves of F is

o 1 (@1
2V217] V2|2

Here Q = 2n + 2 (the homogeneous dimension of H,) and

x| = (]z]* + t2)1/4 [the Heisenberg norm of x = (z,t) € H,].

(FH) 2 [F+F—2Q|2%]) =
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Example: the Hopf fibration

Let S2 = {(yl’y2’ y3) cR3 - Z_j l(yJ — 1} and
$3={(z, w) eC?: |z 4+ |w]* =1}, and let 7 : $* — 5? be the Hopf
fibration i.e. m(z, w) = (y*, y?, y3)

yt=lz]> = |wf?,
y2 =zZw+Zw,
y3=—i(zw —zw)

Let hon = j* go be the first fundamental form of j : SN < RN+ where gy
is the Euclidean metric on RVt Let S3 be equipped with the standard
CR structure T10(S3?) [induced by the complex structure of C2], and with
the canonical contact form

= é{ —Zdz+zdz—Wwdw +wdw} € 2,(S3).
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T1,0(S?) is the span of L =w (0/0z) —z (0/0w). Let us set
Ly=L+tL, |t]<1,

and let H; be CR structure on 53 spanned by L [{(S?, H¢)}j¢j<1 are the
Rossi spheres]. By a result due to H. Rossi, the CR manifold (S3, H;) is

globally embeddable in C? if and only if t = 0.
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T1,0(S?) is the span of L =w (0/0z) —z (0/0w). Let us set
Ly=L+tL, |t]<1,

and let H; be CR structure on 53 spanned by L [{(S?, H¢)}j¢j<1 are the
Rossi spheres]. By a result due to H. Rossi, the CR manifold (S3, H;) is
globally embeddable in C? if and only if t = 0.

i) The Hopf map 7 : S — S? is a subelliptic harmonic morphism of
(53, T170(53), 9) into (52, hsz).

ii) 7 is a subelliptic harmonic morphism of (53, H; , 9) into (52, h52) if
and only if t = 0.
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