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Sec. 0 - Previous research (1/2)

harmonic/biharmonic map

(Mm, gM ), (Nn, gN ) : Riemannian manifolds.

φ : (Mm, gM ) → (Nn, gN ) ; C∞-map,

· φ is a harmonic map

def⇐⇒ φ is a critical point of E(φ) =
1

2

∫
M

|dφ|2dµgM .

⇐⇒ τ(φ) = trgM ∇̃dφ = 0.

· φ is a biharmonic map

def⇐⇒ φ is a critical point of E2(φ) =
1

2

∫
M

|τ(φ)|2dµgM .

⇐⇒ τ2(φ) = −∇∗∇τ(φ)− trgM
(
RN (dφ(·), τ(φ))dφ(·)

)
= 0.

3 / 35



Sec. 0 - Previous research (2/2)

Definition (Howard 1993)

G/K: homogeneous space,

M : compact submanifold of G/K of type V0.

Then

IP(M) :=

∫
M

P(hMx ) dµgM ,

where hM is the second fundamental form of M .

In this talk

We define integral invariants of the second fundamental form of a map φ

and construct a family of energy functionals including E2(φ).

Here, we focus on some energy functionals among them and show their

first variational formulae.
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Sec. 1 - Integral invariants of a map (1/3)

Setting

· II(Em,En) := {H : Em × Em → En ; symmetric bilinear form}.
· G := O(m)×O(n).

· G acts on II(Em,En), that is

(gH)(u, v) := b
(
H(a−1u, a−1v)

)
,

where u, v ∈ Em, g = (a, b) ∈ G, H ∈ II(Em,En).

· A function P on II(Em,En) is G-invariant, that is for all g ∈ G

P(gH) = P(H).

· φ : (Mm, gM ) → (Nn, gN ); C∞-map between Riemannian manifolds.

· The second fundamental form of the map φ is the symmetric bilinear

form ∇̃dφ : TM × TM → φ−1TN defined by(
∇̃dφ

)
(X,Y ) := ∇X

(
dφ(Y )

)
− dφ(∇XY )

(
X,Y ∈ Γ(TM)

)
.
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Sec. 1 - Integral invariants of a map (2/3)

Note

For x ∈ M , we identify TxM with Em and Tφ(x)N with En.

Now there is a linear isomorphism

between T ∗
xM � T ∗

xM ⊗ Tφ(x)N and II(Em,En).

That is, (∇̃dφ)x ∈ T ∗
xM � T ∗

xM ⊗ Tφ(x)N corresponds to
Hx := (hα

ij) ∈ II(Em,En), where

hα
ij = gN

(
(∇̃dφ)x(ei, ej), ξα

)
and, {ei}mi=1 and {ξα}nα=1 are orthonormal basises of TxM and Tφ(x)N .

Define an invariant function of the second fundamental form of φ as

follows, for a G-invariant function P on II(Em,En),

P
(
(∇̃dφ)x

)
:= P(Hx) (x ∈ M).
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Sec. 1 - Integral invariants of a map (3/3)

Definition

(Mm, gM ): m-dimensional Riemannian manifold,

(Nn, gN ): n-dimensional Riemannian manifold,

P: G-invariant function on II(Em,En).

Then for a smooth map φ : (Mm, gM ) → (Nn, gN ), we define

IP(φ) :=

∫
M

P
(
(∇̃dφ)x

)
dµgM .

Remark

IP(φ) is an invariant of a map φ.
That is, for all f ∈ Isom(M) and g ∈ Isom(N), the following formula holds

IP(g ◦ φ ◦ f−1) = IP(φ).
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Sec. 2 - The first variational formulae of Q1 and Q2-energies (1/10)

Definition

For H = (hα
ij) ∈ II(Em,En), define the polynomials Q1 and Q2 as

Q1(H) =
∑
α

∑
i,j

(hαij)
2, Q2(H) =

∑
α

(∑
i

hαii

)2
.

Proposition

The space of polynomials homogeneous of degree 2 invariant under G is

spanned by Q1 and Q2.

Remark

If φ is a smooth map between Riemannian manifolds, then we have

Q1

(
(∇̃dφ)x

)
= |∇̃dφ|2(x), Q2

(
(∇̃dφ)x

)
= |trgM (∇̃dφ)|2(x).
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Sec. 2 - The first variational formulae of Q1 and Q2-energies (2/10)

Definition

For φ ∈ C∞(M,N), the Q1-energy functional IQ1(φ) and the
Q2-energy functional IQ2(φ) are defined by

IQ1(φ) =

∫
M

Q1

(
(∇̃dφ)x

)
dµgM =

∫
M

|∇̃dφ|2dµgM ,

IQ2(φ) =

∫
M

Q2

(
(∇̃dφ)x

)
dµgM =

∫
M

|trgM (∇̃dφ)|2dµgM .

Then φ is called a Q1-map if it is a critical point of IQ1(φ).

Also, then φ is called a Q2-map if it is a critical point of IQ2(φ).

The Q2-energy functional is equal to two times of the bienergy functional,
actually

IQ2(φ) =

∫
M

|trgM (∇̃dφ)|2dµgM =

∫
M

|τ(φ)|2dµgM = 2E2(φ).
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Sec. 2 - The first variational formulae of Q1 and Q2-energies (3/10)

∇̃2dφ ∈ Γ
(⊗3

T ∗M ⊗ φ−1TN
)
and ∇̃3dφ ∈ Γ

(⊗4
T ∗M ⊗ φ−1TN

)
are

defined by

(∇̃2dφ)(X,Y, Z) := ∇X

(
(∇̃dφ)(Y, Z)

)
− (∇̃dφ)(∇XY, Z)

− (∇̃dφ)(Y,∇XZ),

(∇̃3dφ)(X,Y, Z,W ) := ∇X

(
(∇̃2dφ)(Y, Z,W )

)
− (∇̃2dφ)(∇XY, Z,W )

− (∇̃2dφ)(Y,∇XZ,W )− (∇̃2dφ)(Y, Z,∇XW ),

for any vector fields X,Y, Z,W ∈ Γ(TM).

Note By definition, they have the following symmetry(
∇̃2dφ

)
(X,Y, Z) =

(
∇̃2dφ

)
(X,Z, Y ),(

∇̃3dφ
)
(X,Y, Z,W ) =

(
∇̃3dφ

)
(X,Y,W,Z).
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Sec. 2 - The first variational formulae of Q1 and Q2-energies (4/10)

Theorem

Let φ : (Mm, gM ) → (Nn, gN ) be a C∞-map from compact Riemannian

manifold to any Riemannian manifold. Consider a C∞-variation {φt}t∈I

of φ with variational vectorfield V . Then the following formula holds

d

dt
IQi(φt)

∣∣∣∣
t=0

= 2

∫
M

〈Wi(φ), V 〉 dµgM (i = 1, 2) ,

where

W1(φ) =
∑
i,j

{
(∇̃3dφ)(ei, ej , ei, ej) +RN

(
(∇̃dφ)(ei, ej), dφ(ei)

)
dφ(ej)

}
W2(φ) =

∑
i,j

{
(∇̃3dφ)(ei, ei, ej , ej) +RN

(
(∇̃dφ)(ei, ei), dφ(ej)

)
dφ(ej)

}
and {ei}mi=1 is a local orthonormal frame field of (Mm, gM ).
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Sec. 2 - The first variational formulae of Q1 and Q2-energies (5/10)

Theorem

Let φ : (Mm, gM ) → (Nn, gN ) be a C∞-map from compact Riemannian

manifold to any Riemannian manifold. Consider a C∞-variation {φt}t∈I

of φ with variational vectorfield V . Then the following formula holds

d

dt
IQi(φt)

∣∣∣∣
t=0

= 2

∫
M

〈Wi(φ), V 〉 dµgM (i = 1, 2) ,

where

W1(φ) =
∑
i,j

{
(∇̃3dφ)(ei, ej , ei, ej) +RN

(
(∇̃dφ)(ei, ej), dφ(ei)

)
dφ(ej)

}
W2(φ) =

∑
i,j

{
(∇̃3dφ)(ei, ei, ej , ej) +RN

(
(∇̃dφ)(ei, ei), dφ(ej)

)
dφ(ej)

}
and {ei}mi=1 is a local orthonormal frame field of (Mm, gM ).
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Sec. 2 - The first variational formulae of Q1 and Q2-energies (6/10)

Lemmas used to prove the theorem (for Q1-energy)

We consider a smooth variation {φt}t∈I of φ, that is we consider a smooth
map Φ given by

Φ : M × I → N,

(x, t) 7→ Φ(x, t) =: φt(x) s.t. φ0(x) = φ(x) (∀x ∈ M),

and denote by V its variational vector field, that is

V =

(
∂

∂t

∣∣∣∣
t=0

)
∈ Γ(φ−1TN).

Let {ei}mi=1 be a local orthonormal frame field on a neighborhood U of
x ∈ M , then

{
ei,

∂
∂t

}
is a orthonormal frame field on the neighborhood

U × I of (x, t) ∈ M × I, and it holds that

∇ ∂
∂t

∂

∂t
= 0, ∇ ∂

∂t
ei = ∇ei

∂

∂t
= 0 (1 ≤ i ≤ m).
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Sec. 2 - The first variational formulae of Q1 and Q2-energies (7/10)

Under the setting above, for any variation {φt}t∈I of φ,

the following lemmas hold.

Lemma

d

dt
IQ1(φt) = 2

∫
M

∑
i,j

〈(
∇̃2dΦ

)(
ei, ej ,

∂

∂t

)
,
(
∇̃dΦ

)
(ei, ej)

〉
dµgM

− 2

∫
M

∑
i,j

〈
RN

(
dΦ(ei), dΦ

(
∂

∂t

))
dΦ(ej),

(
∇̃dΦ

)
(ei, ej)

〉
dµgM

Lemma ∫
M

∑
i,j

〈(
∇̃2dΦ

)(
ei, ej ,

∂

∂t

)
,
(
∇̃dΦ

)
(ei, ej)

〉
dµgM

=

∫
M

∑
i,j

〈
dΦ

(
∂

∂t

)
,
(
∇̃3dΦ

)
(ei, ej , ei, ej)

〉
dµgM
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Sec. 2 - The first variational formulae of Q1 and Q2-energies (8/10)

Lemmas used to prove the theorem (for Q2-energy)

Lemma

d

dt
IQ2(φt) = 2

∫
M

∑
i,j

〈(
∇̃2dΦ

)(
ei, ei,

∂

∂t

)
,
(
∇̃dΦ

)
(ej , ej)

〉
dµgM

− 2

∫
M

∑
i,j

〈
RN

(
dΦ(ei), dΦ

(
∂

∂t

))
dΦ(ei),

(
∇̃dΦ

)
(ej , ej)

〉
dµgM

Lemma ∫
M

∑
i,j

〈(
∇̃2dΦ

)(
ei, ei,

∂

∂t

)
,
(
∇̃dΦ

)
(ej , ej)

〉
dµgM

=

∫
M

∑
i,j

〈
dΦ

(
∂

∂t

)
,
(
∇̃3dΦ

)
(ei, ei, ej , ej)

〉
dµgM
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Sec. 2 - The first variational formulae of Q1 and Q2-energies (9/10)

Jiang[10] use the following lemmas.

Lemma

d

dt
E2(φt)

= 2

∫
M

∑
i,j

〈(
∇̃2dΦ

)(
ei, ei,

∂

∂t

)
− (∇̃dΦ)

(
∇eiei,

∂

∂t

)
,
(
∇̃dΦ

)
(ej , ej)

〉
dµgM

− 2

∫
M

∑
i,j

〈
RN

(
dΦ(ei), dΦ

(
∂

∂t

))
dΦ(ei),

(
∇̃dΦ

)
(ej , ej)

〉
dµgM

Lemma∫
M

∑
i,j

〈(
∇̃2dΦ

)(
ei, ei,

∂

∂t

)
− (∇̃dΦ)

(
∇eiei,

∂

∂t

)
,
(
∇̃dΦ

)
(ej , ej)

〉
dµgM

=

∫
M

∑
i,j

〈
dΦ

(
∂

∂t

)
,
(
∇ei∇ei −∇∇ei

ei

)
(∇̃dΦ)(ej , ej)

〉
dµgM
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Sec. 2 - The first variational formulae of Q1 and Q2-energies (9/10)

Jiang[10] use the following lemmas.

Lemma

d

dt
E2(φt)

= 2

∫
M

∑
i,j

〈(
∇̃2dΦ

)(
ei, ei,

∂

∂t

)
− (∇̃dΦ)

(
∇eiei,

∂

∂t

)
,
(
∇̃dΦ

)
(ej , ej)

〉
dµgM

− 2

∫
M

∑
i,j

〈
RN

(
dΦ(ei), dΦ

(
∂

∂t

))
dΦ(ei),

(
∇̃dΦ

)
(ej , ej)

〉
dµgM

Lemma∫
M

∑
i,j

〈(
∇̃2dΦ

)(
ei, ei,

∂

∂t

)
− (∇̃dΦ)

(
∇eiei,

∂

∂t

)
,
(
∇̃dΦ

)
(ej , ej)

〉
dµgM

=

∫
M

∑
i,j

〈
dΦ

(
∂

∂t

)
,
(
∇ei∇ei −∇∇ei

ei

)
(∇̃dΦ)(ej , ej)

〉
dµgM
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Sec. 2 - The first variational formulae of Q1 and Q2-energies (10/10)

By comparing the first variational formulae of the bienergy and Q2-energy,

we get the following proposition.

Proposition

Let φ : (Mm, gM ) → (Nn, gN ) be a C∞-map between Riemannian

manifolds. Then the following formula holds

−∇∗∇τ(φ) =
∑
i,j

(∇̃3dφ)(ei, ei, ej , ej),

where −∇∗∇ :=
∑

k

(
∇ek∇ek −∇∇ek

ek

)
is the rough Laplacian

and {ei}mi=1 is a local orthonormal frame field of (Mm, gM ).
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Sec. 3 - The Chern–Federer energy (1/6)

Definition

For H = (hα
ij) ∈ II(Em,En),

the Chern–Federer polynomial CF(H) of degree two is defned by

CF(H) := Q2(H)−Q1(H).

Definition

For φ ∈ C∞(M,N),

the Chern–Federer energy functional ICF(φ) is defined by

ICF(φ) =

∫
M

CF
(
(∇̃dφ)x

)
dµgM .

Then φ is called a Chern–Federer map if it is a critical point of ICF(φ).
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Sec. 3 - The Chern–Federer energy (2/6)

Definition

For H = (hα
ij) ∈ II(Em,En),

the Willmore–Chen polynomial WC(H) is defned by

WC(H) := mQ1(H)−Q2(H).

Definition

For φ ∈ C∞(M,N),

the Willmore–Chen energy functional IWC(φ) is defined by

IWC(φ) =

∫
M

WC
(
(∇̃dφ)x

)
dµgM .

Then φ is called a Willmore–Chen map if it is a critical point of IWC(φ).
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Sec. 3 - The Chern–Federer energy (3/6)

Let φ : (Mm, gM ) → (Nn, gN ) be a C∞-map,

α, β constant numbers such that α2 + β2 6= 0.

When the map φ satisfies that the following equation

αW1(φ) + βW2(φ) = 0,

we call it an (αQ1 + βQ2)-map. For an (αQ1 + βQ2)-map φ,

1. φ is a Q1-map ⇔ (α, β) = (1, 0) ;

2. φ is a Q2-map ⇔ (α, β) = (0, 1) ;

3. φ is a Chern–Federer map ⇔ (α, β) = (−1, 1) ;

4. φ is a Willmore–Chen map ⇔ (α, β) = (m,−1).
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Sec. 3 - The Chern–Federer energy (4/6)

Proposition

A smooth map φ : (Mm, gM ) → (Nn, gN ) is a Chern–Federer map if and only if

0 =
∑
i,j

{(
∇RN

)(
dφ(ei), dφ(ei), dφ(ej)

)
dφ(ej)−

(
∇̃dφ

)(
ei, R

M (ei, ej)ej
)

− dφ
(
(∇RM )(ei, ei, ej)ej

)
+ 2RN

(
(∇̃dφ)(ei, ei), dφ(ej)

)
dφ(ej)

+ 2RN
(
dφ(ei), (∇̃dφ)(ei, ej)

)
dφ(ej)

}
,

where {ei}mi=1 is a local orthonormal frame field of (Mm, gM ).

⇝ The Euler–Lagrange equation of the ICF(φ) is a second-order partial

differential equation for φ.
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Sec. 3 - The Chern–Federer energy (5/6)

We use the following two lemmas to prove the previous proposition.

For a smooth map φ : M → N and X,Y, Z,W ∈ Γ(TM),

the following equation holds:

Lemma (
∇̃2dφ

)
(X,Y, Z)−

(
∇̃2dφ

)
(Y,X,Z)

= RN
(
dφ(X), dφ(Y )

)
dφ(Z)− dφ(RM (X,Y )Z)

Lemma(
∇̃3dφ

)
(X,Y, Z,W )−

(
∇̃3dφ

)
(X,Z, Y,W )

=
(
∇RN

)(
dφ(X), dφ(Y ), dφ(Z)

)
dφ(W ) +RN

(
(∇̃dφ)(X,Y ), dφ(Z)

)
dφ(W )

+RN
(
dφ(Y ), (∇̃dφ)(X,Z)

)
dφ(W ) +RN

(
dφ(Y ), dφ(Z)

)
(∇̃dφ)(X,W )

− (∇̃dφ)
(
X,RM (Y, Z)W

)
− dφ

(
(∇RM )(X,Y, Z)W

)
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Sec. 3 - The Chern–Federer energy (5/6)

Note

We express the Chern–Federer energy functional as follows:

ICF(φ) = IQ2−Q1(φ)

=

∫
M

Q2

(
(∇̃dφ)x

)
−Q1

(
(∇̃dφ)x

)
dµgM

=

∫
M

∑
α

(∑
i

hαii
)2 −∑

α

∑
i,j

(hαij)
2dµgM

=

∫
M

∑
α

∑
i,j

det

(
hαii hαij
hαij hαjj

)
dµgM .
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Sec. 3 - The Chern–Federer energy (6/6)

Theorem

A smooth map φ : (Mm, gM ) → (Nn, gN ) is a Chern–Federer map if and

only if

C(µ+ ν) = 0,

where C is defined by

C := det

(
C12 C13

C24 C34

)
,

where Cij is a contraction, and µ, ν are (0, 4)-type tensor fields valued on

φ−1TN which are defined by

µ(X1, X2, X3, X4) := (∇̃3dφ)(X1, X2, X3, X4)

and

ν(X1, X2, X3, X4) := RN
(
(∇̃dφ)(X3, X4), dφ(X1)

)
dφ(X2),

where X1, X2, X3, X4 ∈ Γ(TM).
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Sec. 4 - Some examples (1/6)

Setting

· (Mm, gM ): Riemannian manifold.

· Nn(c): Riemannian space form of constant curvature c ∈ R.
· φ : (Mm, gM ) → Nn(c); isometric immersion.

· H: the mean curvature vector field, h: the second fundamental form.

· Q: the Ricci operator of (Mm, gM ).

Theorem

Then φ is a Chern–Federer map if and only if

−dφ(trgM (∇Q)) + 2cm(m− 1)H− trgMh(Q(-), -) = 0,

equivalently,

(>) : trgM (∇Q) = 0, (⊥) : 2cm(m− 1)H− trgMh(Q(-), -) = 0,

where (>) and (⊥) denote the tangent component and the normal

component, respectively.
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Sec. 4 - Some examples (2/6)

Example

We consider a Euclidean n-space En as a target space (Nn, gN ).

If (Mm, gM ) is a Ricci-flat Riemannian manifold, then an arbitary isometric

immersion φ : (Mm, gM ) → En is a Chern–Federer map.

Example (for curves)

I ⊂ R: open interval.

Then an arbitrary curve γ : I → (Nn, gN ) is a Chern–Federer map.

Proposition (for surfaces)

Let φ : (M2, gM ) → Nn(c) be an isometric immersion and K the sectional

curvature of (M2, gM ). Then φ is a Chern-Federer map if and only if

(i) K is constant and φ is minimal, or (ii) K = 2c.
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Sec. 4 - Some examples (3/6)

For hypersurfaces (especially isoparametric hypersurfaces)

Definition

When an isometric immersion φ : (Mm, gM ) → (Nn, gN ) is a Chern–Federer

map, we call the image a Chern–Federer submanifold in (Nn, gN ), and the

map φ to be Chern–Federer.

Theorem

Let Mm ⊂ Nm+1(c) be an isoparametric hypersurface in a Riemannian

space form. Then Mm is Chern–Federer if and only if it satisfies that

c(m− 1)(trA)− (trA)(trA2) + (trA3) = 0
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Sec. 4 - Some examples (4/6)

In the case of a unit sphere Sm+1(1),

we show some examples of Chern–Federer homogeneous hypersurfaces,

which are also isoparametric.

g : the number of distinct principal curvatures of isoparametric hypersurfaces

· [g = 1]. The classification is the following totally umbilical hypersurfaces

Sm(r) =
{
(x,
√

1− r2) ∈ Em+2 | ‖x‖2 = r2
}
⊂ Sm+1(1) (0 < r ≤ 1).

From this, we obtain:

Proposition

The isoparametric hypersurface of the above equation is Chern–Federer

if and only if

r = 1 (totally geodesic one), or r = 1/
√
2 (proper biharmonic one).
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Sec. 4 - Some examples (5/6)

· [g = 2]. The classification is the following Clifford hypersurfaces

Sp(r1)× Sm−p(r2) ⊂ Sm+1(1) (r21 + r22 = 1).

We denote the distinct principal curvatures of the above by λ1, λ2.

Then by setting

λ := λ1 = cot t
(
0 < t <

π

2

)
,

we have

λ2 = cot
(
t+

π

2

)
= − 1

cot t
= − 1

λ
.

From this, we obtain:

Proposition

The isoparametric hypersurface of the above equation is Chern–Federer

if and only if λ satisfies that

p(p− 1)λ6 − p(2m− p− 1)λ4

+ (m− p)(m+ p− 1)λ2 − (m− p)(m− p− 1) = 0
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Sec. 4 - Some examples (6/6)

p(p− 1)λ6 − p(2m− p− 1)λ4

+ (m− p)(m+ p− 1)λ2 − (m− p)(m− p− 1) = 0

The solutions for this equation are:

(i) when m = 2 and p = 1, then λ = 1 (minimal one)

(ii) when m ≥ 3 and p = 1,

then λ = 1 (biharmonic one) or λ =
√

m−2
2 (non biharmonic)

(iii) when m ≥ 3 and p ≥ 2,

then λ = 1 (biharmonic one) or

√
p(m−p)±

√
p(m−p)(m−1)

p(p−1) (non biharmonic)
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Future outlook on research

We are currently working on the following issues:

· Advance research from the perspective of variational problems.

· Clarify geometric properties of the integral invariants of a map.

· Interpret the Euler-Lagrange equation of Chern-Federer maps from

the viewpoint of integrable systems.

Thank you very much for your attention !
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