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Setting

•Particle P

•Vapor V

• Substrate S

•Ω := Rd \ S bounded and convex

Energy

E(P ) =

∫
Γ

γ dHd−1(x) +

∫
∂P∩∂S

σ dHd−1(x)

• γ = γ(ν) ∈ C2(Rd \ {0}) with γ2 convex, 1-homogeneous, and cγ|ν| ≤ γ(ν) ≤ Cγ|ν|

• σ = σ(x) ∈ C1(Rd) with σ := γSP − γSV

Gradient flow

Hγ(x) = div(∇γ(ν(x))) anisotropic mean curvature

Volume preserving gradient flow equation

V =

−µγ(ν)(Hγ − Λ) on Γ

0 on ∂P ∩ ∂S

Herring angle condition

γ(ν)bPS − (∇νγ(ν) · bP )νPS + σ(x)bS = 0 on ∂Γ

hydrophobic hydrophilic

• In dimension d = 2

γ̃ cos θ − γ̃′ sin θ + σ = 0

• Isotropic case (Young’s equation)

γ̃ cos θ + σ = 0

Γ-convergence

Approximate energy

E(u) =


∫
Γ γ dH

d−1(x) +
∫
∂P∩∂S σ dHd−1(x) u=1P ∈ BV (Ω; {0, 1})

∞ otherwise

⇓

Eh(u) =
1√
h

∫
Ω

uKh ∗ (1Ω − u) dHd(x) +
1√
πh

∫
Ω

σuGh ∗ 1S dHd(x)

K ∈ L1(Rd) suitable kernel representing the anisotropy γ

G = (4π)−d/2e−|x|2/4 Gaussian kernel

Gh(x) := (h)−d/2G

(
x√
h

)
Kh(x) := (h)−d/2K

(
x√
h

)
Theorem: Γ-convergence

Let Ω be convex, σ ∈ C1(Rd). Under suitable assumptions on the kernel K, then

Eh
Γ−→

s−L1
E

How is our result different from the result of [Esedoḡlu-Otto]?

•We can consider different kernels K and G

•The substrate energy density σ is space dependent

•We can consider γ = γ(x, ν) (but not in the MBO scheme)

• It should be possible to drop the convexity of Ω

The MBO scheme

Given uk := 1P k and V k := Ω \ P k at time step tk = kh

uk+1 := 1P k+1 and V k+1 := Ω \ P k+1 are obtained as follows:

The thresholding scheme

•Convolution:

φk(x) =
1√
h
Kh ∗ (1Ω − 2uk) +

1√
πh

σGh ∗ 1S.

•Thresholding:

P k+1 =
{
x ∈ Ω | φk(x) < δk

}
, V k+1 = Ω\P k+1

where δk is such that the mass of P k+1 is equal to the one of P k.

Define uh(t) = u0 if t ≤ 0, uh(t) = uk if t ∈ [kh, (k + 1)h).

Convergence of the scheme

Theorem: Existence of a mean curvature flow

Let u0 = 1P 0 ∈ BV (Ω; {0, 1}) with ∇u0 a bounded measure and consider a sequence

h → 0. Then there exists u : (0, T )× Ω → {0, 1} such that

uh → u in L1 ((0, T )× Ω) .

and ∇u is a bounded measure, which is equi-integrable in t. If we assume

lim sup
h

∫ T

0

EK
h (uh(t)) dt ≤

1

2

∫ T

0

∫
Rd

γ(ν) (|∇u|+|∇(1Ω−u)|−|∇1Ω|) dt,

then u moves by anisotropic volume-preserving mean curvature flow with obstacle S.

Namely, there exist Hγ : [0, T ]× Ω → R with∫ T

0

∫
Ω

|Hγ|2|∇u| dt < ∞,

mean curvature in the sense that it satisfies∫ T

0

∫
Ω

Hγξ·ν|∇u| dt =
∫ T

0

∫
Ω

(γ(ν) div ξ−ν∇ξ·∇νγ(ν)) |∇u| dt

for all ξ ∈ C∞ (
(0, T )× Ω;Rd

)
with ξ|∂S·νS = 0;

there exist V : [0, T ]× Ω → R with∫ T

0

∫
Ω

|V |2|∇u| dt < ∞,

normal velocity in the sense that it satisfies∫
Ω

ζ(s, x)u(s, x) dHd(x)−
∫
Ω

ζ(0, x)u0(x) dHd(x)

=

∫ s

0

∫
Ω

∂tζ(t, x)u(t, x) dHd(x) dt +

∫ s

0

∫
Ω

ζ(t, x)V (t, x)|∇u| dt

for all ζ ∈ C∞ ([0, T ]× Ω) and s ∈ (0, T ].

Moreover, they satisfy the

Energy inequality

E(u(T )) +
1

2

∫ T

0

∫
Ω

V 2

µγ(ν)
+ µγ(ν)(Hγ − Λ)2(|∇u|+|∇(1Ω−u)|−|∇1Ω|) dt ≤ E(u0)

for all ξ ∈ C∞ ([0, T ]× Ω) with ξ|∂S·νS = 0.
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[2] S. Esedoḡlu, F. Otto. Threshold dynamics for networks with arbitrary

surface tensions. Comm. Pure Appl. Math. 68 (2015), no. 5
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