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Evolution by mean curvature flow

MCF of (d−1)-dimensional manifolds (Mt)t ⊂ Rd

V︸︷︷︸
normal
velocity

= − H︸︷︷︸
mean

curvature

L2-gradient flow of the area functional

⟨dE, V ⟩ = − d

dt

(∫
Mt

dHd−1

)
= −

∫
Mt

HV dHd−1
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Setting and model derivation
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What’s our problem?

2 phases with obstacle:
Particle P
Vapor V

Fixed substrate S
Ω := Rd \ S bounded

E(P ) =

∫
Γ
ψ dHd−1 +

∫
∂P∩∂S

γSP dHd−1 +

∫
∂V ∩∂S

γSV dHd−1

E(P ) =

∫
Γ
ψ dHd−1 +

∫
∂P∩∂S

σ dHd−1 σ := γSP − γSV
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First variation of the energy

ψ = ψ(x, ν) ∈ C2(Ω×Rd\{0}), ψ2(x, ·) is convex, 1-homogeneous,
and such that cψ|ν| ≤ ψ(x, ν) ≤ Cψ|ν| [Bellettini-Paolini, ‘96]

σ = σ(x) ∈ C1(Rd)

E(P ) =

∫
Γ
ψ dHd−1 +

∫
∂P∩∂S

σ dHd−1

d

dt
E(Pt)

∣∣∣
t=0

=

∫
Γ
Hψ ξ·ν dHd−1+

∫
∂Γ
ψ ξτ ·bP dHd−2+

∫
∂Γ
σ ξτ ·bS dHd−2

where Hψ is the anisotropic mean curvature

Hψ = div(∇νψ)

and ξτ is the tangential component of ξ, i.e., ξτ ·ν = 0
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Gradient flow equations

Corresponding (volume preserving) gradient flow equation

V =

{
−(Hψ − Λ) on Γ

0 on ∂P ∩ ∂S

Herring angle condition

ψ bPS − (∇νψ · bP )νPS + σ bS = 0 on ∂Γ

bP

bS

νS

νP

bSP

νS

νPS
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The Herring angle condition

ψ bPS− (∇νψ ·bP )νPS+σ bS = 0
ψ(x,ν)=ψ(x,θ)

=====⇒ ψ cos θ−ψθ sin θ+σ = 0

Isotropic cases (classical Young’s equation)

ψ cos θ + σ = 0

σ = γSP − γSV > 0
θ ∈ (π/2, π)

σ = γSP − γSV < 0
θ ∈ (0, π/2)

hydrophobic
hydrophilic
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The MBO scheme and the approximate energies
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The classical MBO scheme

Σ3
Σ1

Σ2

Γ13

Γ12
Γ23

3 phases (Σi)
3
i=1 with Td = ∪3

i=1Σi

Interfaces Γij := ∂Σi ∩ ∂Σj
Surface densities (γij)

3
i,j=1 ∈ R3×3

with γii = 0 and γij = γji

E(1Σ1 ,1Σ2 ,1Σ3) :=
1

2

3∑
i,j=1

∫
Γij

γij dHd−1

Vij = −Hij on Γij

Minimizing movements scheme
Time-discretization 0 = t0 < · · · < tk = kh < · · · < Nhh = T

uk = (uk1,u
k
2,u

k
3) ∈ argmin

u∈BV (Td;[0,1]3)

{
Eh(u) +

1

2h
d2h(u, u

k−1) |
3∑
i=1

uki = 1

}
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The classical MBO scheme

Minimizing movements scheme

uk = (uk1,u
k
2,u

k
3)︸ ︷︷ ︸

(1kΣ1
,1kΣ2

,1kΣ3
)

∈ argmin
u∈BV (Td;[0,1]3)

{
Eh(u) +

1

2h
d2h(u, u

k−1) |
3∑
i=1

uki = 1

}

Eh(u) :=
1

2
√
h

3∑
i,j=1

∫
Td
γij uiGh∗uj dx

1

2h
d2h(u, u

k−1) := −Eh(u−uk−1)

Gh(x)=
√
π(4πh)−d/2e−|x|2/4h
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The classical MBO scheme

Minimizing movements scheme

uk = (uk1,u
k
2,u

k
3)︸ ︷︷ ︸

(1kΣ1
,1kΣ2

,1kΣ3
)

∈ argmin
u∈BV (Td;[0,1]3)

{
Eh(u) +

1

2h
d2h(u, u

k−1) |
3∑
i=1

uki = 1

}

MBO scheme

1 convolution: Ψk−1
i := Gh∗

(
3∑
j=1

γij1Σk−1
j

) 1
Σ
k−1
i

Gh∗1
Σ
k−1
i

2 thresholding: Σki :=
{
x ∈ Td | Ψk−1

i (x) < min
j ̸=i

Ψk−1
j (x)

} 1
Σk
i

uk = (1Σk1
,1Σk2

,1Σk3
) ∈ BV (Td; {0, 1}3)
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The classical approximate energy

E(u) :=
1

2

3∑
i,j=1

∫
Γij

γij dHd−1 =
1

2

3∑
i,j=1

∫
Td
γij (|∇ui|+|∇uj |−|∇(ui+uj)|)

Γ(s−L1(Td))
x [Esedoḡlu-Otto, ‘15]

Eh(u) :=
1

2
√
h

3∑
i,j=1

∫
Td
γij uiGh∗uj dx

Triangular inequalities

γij ≤ γik + γkj for every i, j, k ∈ {1, 2, 3}
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The approximate energy

E(u) :=
1

2

3∑
i,j=1

∫
Γij

γij γ(ν) dHd−1

Γ(s−L1(Td))
x ?

Eh(u) :=
1

2
√
h

3∑
i,j=1

∫
Td
γij uiKh∗uj dx

Triangular inequalities

γij ≤ γik + γkj for every i, j, k ∈ {1, 2, 3}
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The approximate energy

E(u) :=
1

2

3∑
i,j=1

∫
Γij

γij(x) γ(ν) dHd−1

Γ(s−L1(Td))
x ?

Eh(u) :=
1

2
√
h

3∑
i,j=1

∫
Td
γij(x)uiKh∗uj dx

Triangular inequalities

γij(x) ≤ γik(x) + γkj(x) for every i, j, k ∈ {1, 2, 3}, x ∈ Td
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The approximate energy: Obstacle

E(u) :=

∫
Γ
ψ(x, ν) dHd−1 +

∫
ΓSP

γSP (x) dHd−1 +

∫
ΓSV

γSV (x) dHd−1

Γ(s−L1(Td))
x ?

Eh(u) :=
1

2
√
h

3∑
i,j=1

∫
Td
γij(x)uiKh∗uj dx

Triangular inequalities

γij(x) ≤ γik(x) + γkj(x) for every i, j, k ∈ {1, 2, 3}, x ∈ Td
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The approximate energy: Obstacle

E(u) :=

∫
Γ
γPV (x) γ(ν) dHd−1+

∫
ΓSP

γSP (x)���H
HHγ(ν) dHd−1+

∫
ΓSV

γSV (x)���H
HHγ(ν) dHd−1

Γ(s−L1(Td))
x [C.-Švadlenka, ‘25]

Eh(u) :=
1

2
√
h

3∑
i,j=1

∫
Td
γ̃ij(x)uiKh∗uj dx

Triangular inequalities

γ̃ij(x) ≤ γ̃ik(x) + γ̃kj(x) for every i, j, k ∈ {1, 2, 3}, x ∈ Td
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Surface tensions: Idea

E(u) :=

∫
Γ
γPV (x) γ(ν) dHd−1+

∫
ΓSP

γSP (x)

γ(ν)
γ(ν)dHd−1+

∫
ΓSV

γSV (x)

γ(ν)
γ(ν)dHd−1

Γ(s−L1(Td))
x [C.-Švadlenka, ‘25]

Eh(u) :=
1

2
√
h

3∑
i,j=1

∫
Td
γ̃ij(x)uiKh∗uj dx

Idea

γ̃SP (x) :=
γSP (x)

γ(νS(x))
, γ̃SV (x) :=

γSV (x)

γ(νS(x))
, x ∈ ∂S = ΓSP ∪ ΓSV
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Surface tensions: Assumptions

Idea

γ̃SP (x) :=
γSP (x)

γ(νS(x))
, γ̃SV (x) :=

γSV (x)

γ(νS(x))
, x ∈ ∂S = ΓSP ∪ ΓSV

E(u) =

∫
Γ
γ(ν) γPV (x) dHd−1+

∫
ΓSP

γSP (x) dHd−1+

∫
ΓSV

γSV (x) dHd−1

γ = γ(ν) ∈ C2(Rd\{0}), γ2 is convex,
1-homogeneous, cγ |ν| ≤ γ(ν) ≤ Cγ |ν|
[Bellettini-Paolini, ‘96]

γPV ∈ C1(Ω), γSP , γSV ∈ C1(∂S) with
c ≤ γPV , γSP , γSV ≤ C

γPV < γSP + γSV γSP < γPV + γSV γSV < γPV + γSP

x ∈ ∂S
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Surface tensions: Construction

Idea

γ̃SP (x) :=
γSP (x)

γ(νS(x))
, γ̃SV (x) :=

γSV (x)

γ(νS(x))
, x ∈ ∂S = ΓSP ∪ ΓSV

Eh(u) :=
1

2
√
h

∑
i,j∈{P,V,S}

∫
Td
γ̃ij(x)uiKh∗uj dx

γPV ∈ C1(Ω), γSP , γSV ∈ C1(∂S)
with c ≤ γPV , γSP , γSV ≤ C{

∆γ̃PV = 0 in Td \ Ω
γ̃PV = γPV on ∂Ω = ∂S

Cγ γPV < γSP + γSV γSP < cγ γPV + γSV γSV < cγ γPV + γSP

x ∈ ∂S

Andrea Chiesa (Universität Wien) Thresholding energies for anisotropic MCF 29/04/2025 18 / 24



Surface tensions: Construction

Idea

γ̃SP (x) :=
γSP (x)

γ(νS(x))
, γ̃SV (x) :=

γSV (x)

γ(νS(x))
, x ∈ ∂S = ΓSP ∪ ΓSV

Eh(u) :=
1

2
√
h

∑
i,j∈{P,V,S}

∫
Td
γ̃ij(x)uiKh∗uj dx

γ̃PV ∈ C1(Td), γSP , γSV ∈ C1(∂S)
with c ≤ γ̃PV , γSP , γSV ≤ C{

∆γ̃PV = 0 in Td \ Ω
γ̃PV = γPV on ∂Ω = ∂S

Cγ γ̃PV < γSP + γSV γSP < cγ γ̃PV + γSV γSV < cγ γ̃PV + γSP

x ∈ ∂S

Andrea Chiesa (Universität Wien) Thresholding energies for anisotropic MCF 29/04/2025 18 / 24



Surface tensions: Construction

Idea

γ̃SP (x) :=
γSP (x)

γ(ν̂(x))
, γ̃SV (x) :=

γSV (x)

γ(ν̂(x))
, x ∈ ∂S = ΓSP ∪ ΓSV

Eh(u) :=
1

2
√
h

∑
i,j∈{P,V,S}

∫
Td
γ̃ij(x)uiKh∗uj dx

γ̃PV ∈ C1(Td), γSP , γSV ∈ C1(∂S)
with c ≤ γ̃PV , γSP , γSV ≤ C{

∆ν̂ = 0 in Bδ(∂S)
ν̂ = νS on ∂Ω = ∂S

Cγ γ̃PV < γSP + γSV γSP < cγ γ̃PV + γSV γSV < cγ γ̃PV + γSP

x ∈ ∂S

Andrea Chiesa (Universität Wien) Thresholding energies for anisotropic MCF 29/04/2025 18 / 24



Surface tensions: Construction

Idea

γ̃SP (x) :=
γ̂SP (x)

γ(ν̂(x))
, γ̃SV (x) :=

γ̂SV (x)

γ(ν̂(x))
, x ∈ Td

Eh(u) :=
1

2
√
h

∑
i,j∈{P,V,S}

∫
Td
γ̃ij(x)uiKh∗uj dx

γ̃PV ∈ C1(Td), γ̃SP , γ̃SV ∈ C1(Td)
with c ≤ γ̃PV , γ̃SP , γ̃SV ≤ C{

∆γ̂SP = 0 in Bδ(∂S)
γ̂SP = γSP on ∂Ω = ∂S

Cγ γ̃PV < γ̃SP + γ̃SV γ̃SP < cγ γ̃PV + γ̃SV γ̃SV < cγ γ̃PV + γ̃SP

x ∈ Td

Andrea Chiesa (Universität Wien) Thresholding energies for anisotropic MCF 29/04/2025 18 / 24



Surface tensions: Construction

Idea

γ̃SP (x) :=
γ̂SP (x)

γ(ν̂(x))
, γ̃SV (x) :=

γ̂SV (x)

γ(ν̂(x))
, x ∈ Td

Eh(u) :=
1

2
√
h

∑
i,j∈{P,V,S}

∫
Td
γ̃ij(x)uiKh∗uj dx

γ̃PV ∈ C1(Td), γ̃SP , γ̃SV ∈ C1(Td)
with c ≤ γ̃PV , γ̃SP , γ̃SV ≤ C{

∆γ̃PV = 0 in Td \ Ω
γ̃PV = γPV on ∂Ω = ∂S

Cγ γ̃PV ≤ γ̃SP + γ̃SV γ̃SP ≤ cγ γ̃PV + γ̃SV γ̃SV ≤ cγ γ̃PV + γ̃SP

x ∈ Td

Andrea Chiesa (Universität Wien) Thresholding energies for anisotropic MCF 29/04/2025 18 / 24



The Γ-convergence result
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Kernel

K(−x) = K(x), K ∈ L1(Rd), K(x) ≥ 0,

∫
Rd
K(x) dx = 1

γ(ν) =
1

2

∫ +∞

0
rd
∫
Sd−1

|ξ · ν|K(rξ) dξ dr

|x|K(x) ≤ cKK(x/2), K ≥ a in Bb(0)

γ(ν)=|ν| γ(ν)=max{2|νx|,|νy |}
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Γ-convergence result

Theorem (C.-Švadlenka, ‘25)

Eh(u) :=
1

2
√
h

∑
i,j∈{P,V,S}

∫
Td
γ̃ij uiKh∗uj dx

Γ(s−L1(Td))
y h→ 0

E(u) :=

∫
Γ
γPV (x) γ(ν) dHd−1+

∫
ΓSP

γSP (x) dHd−1+

∫
ΓSV

γSV (x) dHd−1

u

1Ω−u

1S
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Theorem (C.-Švadlenka, ‘25)

Eh(u) :=
1√
h

∫
Td
γ̃PV uKh∗(1Ω−u)+γ̃SP uKh∗1S+γ̃SV (1Ω−u)Kh∗1S dx

Γ(s−L1(Td))
y h→ 0

E(u) :=
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u

1Ω−u

1S

Andrea Chiesa (Universität Wien) Thresholding energies for anisotropic MCF 29/04/2025 21 / 24



Proof: Limsup-inequality

∀u ∈ BV (Ω; {0, 1}) ∃(uh)h ⊂ BV (Ω; [0, 1]) with uh → u in L1(Ω)

such that E(u) ≥ lim sup
h→0

Eh(uh)

Lemma (Pointwise convergence)
If u ∈ BV (Ω; {0, 1}), then

lim
h→0

Eh(u) = E(u).

lim sup-inequality ✓
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Proof: Liminf-inequality

∀(uh)h ⊂ BV (Ω; [0, 1]) with uh → u in L1(Ω)

such that E(u) ≤ lim inf
h→0

Eh(uh)

Lemma (Approximate monotonicity [cf. Laux-Otto, ‘16])
For every u ∈ BV (Ω; [0, 1]), every h > 0, and N ∈ N+, we have

EN2h(u) ≤
(
1+cN

√
h
)

︸ ︷︷ ︸
inhomogeneity

Eh(u).

Fix h0 and let h→ 0 with N2
hh = h0 for some Nh ∈ N

lim inf-inequality ✓
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Conclusions

How is our result different from the one in [Esedoḡlu-Otto, ‘15]?

The surface densities are inhomogeneous

We can consider different anisotropies (obstacle)

What’s next? Convergence of the MBO scheme (soon?)

anisotropic particle γ (see [Laux-Otto, ‘16])

inhomogeneous obstacle γSP , γSV (see [Laux-Otto, ‘16])

volume preservation constraint (see [Laux-Swartz, ‘17])

and inhomogeneous particle γPV ?

Thank you for your attention!
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