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Evolution by mean curvature flow
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velocity curvature
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Evolution by mean curvature flow
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Evolution by mean curvature flow

MCF of (d—1)-dimensional manifolds (M), C R?

N~~~ ~—
normal mean
velocity curvature

L?-gradient flow of the area functional

d
(dE,V) = ——< (V) d’Hd‘1> =—( H,VdH*!
dt \ Ja, M,
isotropic anisotropic
homogeneous homogeneous

®®

Y=, =max{2|vz|, |V'y|}
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Evolution by mean curvature flow

MCF of (d—1)-dimensional manifolds (M;); c R?

N~~~ ~—
normal mean
velocity curvature

L?-gradient flow of the area functional

(AE,V) = d ( U(z,v) d’Hd_l) = —/ H,VdH*!
M

Cdt
isotropic anisotropic isotropic anisotropic
homogeneous homogeneous inhomogeneous inhomogeneous

p=1hy = max{2|vg|,|vy|} h=tpp=2— emo?=v? p=vzy
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Evolution by mean curvature flow

MCF of (d—1)-dimensional manifolds (M;); c R?

N~~~ N~~~ N~~~
normal mean volume
velocity curvature preservation

L?-gradient flow of the area functional

(AE,V) = §t< U(z,v) d’Hd_l) = /M H,VdH*!

isotropic anisotropic isotropic anisotropic
homogeneous homogeneous inhomogeneous inhomogeneous

p=1hy = max{2|vg|,|vy|} h=tpp=2— emo?=v? p=vzy
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Setting and model derivation
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| Particle

@ Particle P

y ’ 2 phases with obstacle:
apor
@ Vapor V

@ Fixed substrate S

E(P) = /F P dHI

E(P) = /F P dH™
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First variation of the energy

@ ¢ = (z,v) € CEHOxRN{0}), 1?(x,-) is convex, 1-homogeneous,
and such that cy|v| < ¥(x,v) < Cylv| [Bellettini-Paolini, ‘96]

@ 0 =o(r) € CL(RY)

E(P) :/¢d’/—ld1+/ o dH!
r aPNIS
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First variation of the energy

@ ¢ = (z,v) € CEHOxRN{0}), 1?(x,-) is convex, 1-homogeneous,
and such that cy|v| < ¥(x,v) < Cylv| [Bellettini-Paolini, ‘96]

@ 0 =o(r) € CLRY)

E(P) :/¢d%d1+/ o dH4!
r oPNoS
d

—E(Pt)’ = / Hy évdHT [ & bpdH 2 / 0&rbg dHI2
dt t=0 Jr ar ar

where H, is the anisotropic mean curvature
Hw = dw(VZ,zp)

and &; is the tangential component of ¢, i.e., &-v =0
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First variation of the energy

@ ¢ = |v| € C?2(AxRN{0}), ¥?(z,-) is convex, 1-homogeneous, and
such that ¢ |v| < ¥(x,v) < Cyly| [Bellettini-Paolini, ‘96]

@ 0 =o(r) € CLRY)

E(P) :/¢d%d1+/ o dH4!
r oPNoS
d

—E(Pt)’ = / Hy évdHT [ & bpdH 2 / 0&rbg dHI2
dt t=0 Jr ar ar

where H,, is the isotropic mean curvature
Hy =div(V,y) =div(v/lv]) = H

and &; is the tangential component of ¢, i.e., &-v =0
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Gradient flow equations

Corresponding (volume preserving) gradient flow equation

V_ —(Hy —A) onT
o on PN as

Herring angle condition

Ybps — (Vb - bp)vps +0bs =0 ondl

Andrea Chiesa (Universitat Wien) Thresholding energies for anisotropic MCF 29/04/2025



The Herring angle condition

w(%l’)ﬂl’(zﬂ)
Ybps—(Vy-bp)vps+obs =0 ——  Ycosh—1ysinf+o=0
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The Herring angle condition

w(%l’)=¢(zv5’)
Ybps—(Vy-bp)vps+0obs =0 ———=  tcosh—1ysinf+o =0

Isotropic cases (classical Young'’s equation)
Yeosh+o=0

oc=7sp—7sv >0 o=7sp—7vsv <0
0 € (r/2,m) 0 € (0,m/2)

hydrophilic

hydrophobic Particle

a>‘0/<'/0 0<0

ve = (6ind, cos6) Substrate
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The MBO scheme and the approximate energies
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The classical MBO scheme

@ 3 phases (X;)3_, with TY = U?_,%;
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The classical MBO scheme

@ 3 phases (X;)3_, with TY = U?_,%;

@ Interfaces I';; == 03; N 0%;

e Surface densities (v;); ;—, € R>*?
with Yii =0 and Yij = Vji
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The classical MBO scheme

@ 3 phases (X;)3_, with TY = U?_,%;

@ Interfaces I';; == 03; N 0%;

e Surface densities (v;); ;—, € R>*?
with Yii =0 and Yij = Vji

E(ly,,1s,,1x,) = Z/ ij dHA

i,j=1
V;j = —Hij on Fl’j
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The classical MBO scheme

@ 3 phases (X;)3_, with TY = U?_,%;

@ Interfaces I';; == 03; N 0%;

e Surface densities (v;); ;—, € R>*?
with Yii =0 and Yij = Vji

E(ly,,1s,,1x,) = Z/ ij dHA

,7=1
V;] = — 2] on Fij

b))

Minimizing movements scheme
Time-discretization0 =ty < - - <tp =kh <--- < Nyh=T

ub = (uf ubub) € argmin {Eh( )+ —d2 Zu = 1}
)

u€BV (T4]0,1]3
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The classical MBO scheme

Minimizing movements scheme

3

1

u = (ufubub) € argmin En(u) + =d7 (u,u*1) | Zuf =1
————  ueBV(T4[0,1]%) 2h P

(1%, 18,18)

3
1 1 _ _
Enlu) = mizjllrd”ij wiGpsj do - opdj (™) = —By(u—u)

G (@)=/m(4mh) =4/ 2|zl /4
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The classical MBO scheme

Minimizing movements scheme

3
uk = (ullg7ul2€7u3) € argmin Eh( ) ﬁd2( _1) ’ Zuf =1
N——— u€BV (T4;[0,1]3) i=1
(1%, 18,18)

MBO scheme
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The classical MBO scheme

Minimizing movements scheme

3
1
k ko ko k : 2 k—1 k
u® = (uf,u3,u3) € argmin Eh(u)—i-%dh(u,u ) | g ui =1
v UGBV(Td;[0,1]3) i=1
(1%, .1%,.1%,)
1 2 3
MBO scheme
I k-1 Gr*l k-1

Z:’L
3 [—
@ convolution: \I/f‘l = Gpx | Y vijlgr— | l D
=1 y
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The classical MBO scheme

Minimizing movements scheme

3
1
u = (ufubub) € argmin En(u) + =d7 (u,u*1) | Zuf =1
~——  weBV(T40,1]3) 2h .
(1%, 18,18)

MBO scheme
le/szl Gh*LE?—I
3 [—
@ convolution: W51 = G, % (Z %-jllE@l) l e
=1 ’

@ thresholding: % = {x € T | ¥ (2) < min \I/;?I(;z:)} """ fromeye

J7#i
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The classical MBO scheme

Minimizing movements scheme

3
1
u = (ufubub) € argmin En(u) + =d7 (u,u*1) | Zuf =1
~——  weBV(T40,1]3) 2h .
(1%, 18,18)

MBO scheme
le/szl Gh*LE?—I
3 [—
@ convolution: W51 = G, % (Z %-jllE@l) l e
=1 ’

@ thresholding: % = {x € T | ¥ (2) < min \I/;?I(;z:)} """ fromeye

J7#i

ub = (Lgr, g, L) € BV(T%{0,1}%)
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The classical MBO scheme

Minimizing movements scheme

3
uf = (Wb ub) € argmin Ep(u) + d2( w1y | Zuf =1
~——  weBV(T40,1]3) 2h .
(11’c 11’6 ]1’6)

MBO scheme [Laux-Otto, ‘16]

1 k-1 Gr*l k-1
i

3
@ convolution: \I/"’ L= Gy (Z %-]-112@1> l e
=1 7

@ thresholding: ¥F = {:B € T | ¥ (2) < min \I'k Y )} I \

JFi

u¥ = (Lo 1y Tyg) € BV(T%{0,13%)
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The classical approximate energy

3 3
1 1
E(u) = 3 ) /F Yig dHT! = 3 > :/Td Yij (IVuil+[ Vi | =V (ui+uy) )
ij

ij=1 ij=1

3
1
Eh(u) = ﬁ ijZZI /Td Yij uiGh*uj dz
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The classical approximate energy

3
1 _
B(u) = 5 > /r..%jdﬂd !

ij=1

['(s—LY(T9)) T [Esedoglu-Otto, ‘15]
1 3
E = — E iq lG id
) 2\/51,’].:1/@7]” e

Triangular inequalities

Yij < Yik + Yk forevery i, j, k € {1,2,3}
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The approximate energy

Z / g () AR
F@—L%T%)T?

3
1
En(u) = 2\/5”221 [er Vij wi K xuj do

Triangular inequalities

Yij < Yik + Yk forevery i, j, k € {1,2,3}
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The approximate energy

Z/ vij () y(v) dHA

1,j=1

F@—L%T%)T?

3
1
Ep(u) = mmZZI /Jl‘d vij (@) wi Kpxuj da

Triangular inequalities

Yij (1) < v (x) + 5 (2) for every i, j, k € {1,2,3}, = € T¢
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The approximate energy: Obstacle

E(u) = /F Y(z,v) dH + /F vep(z) dHE + / vev (z) AR

sP Fsv

F@—L%T%)T?

Triangular inequalities

Yij(2) < () + i (2) for every i, j, k € {1,2,3}, = € T¢
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The approximate energy: Obstacle

E(u) §=/F’7pv(l')")/(l/) de_l—i-/ vsp(x) d?—[d_l—i-/ ’ysv(w)dﬂd_l

Isp Lsvy

F@—L%T%)T?

Triangular inequalities

Yij(2) < () + i (2) for every i, j, k € {1,2,3}, = € T¢
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The approximate energy: Obstacle

E(u) = /P oy () y(v) dHE L4 / vsp () 7(v) dHE 1 / sy () 7 (v) dAHE!

Tsp Fsv

F@—L%T%)T?

3
1
Ep(u) = NG ijZZI /Jl‘d Yij (@) wi Kpxuj da

Triangular inequalities

Yij(2) < () + i (2) for every i, j, k € {1,2,3}, = € T¢
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The approximate energy: Obstacle

E(u) = /P v () 7 (v) AHE 4 / Yop () Pl dHE 14 / v () el d!

Tsp Fsv

I'(s—L'(T%)) T [C.-Svadlenka, ‘25]
L3
E = — ~Z xr ZK d
n(u) 2\/ﬁi’§:1 /Td*yj(tL)u pxu; da

Triangular inequalities

Yij(x) < Fip(w) + 7y () for every i, j, k € {1,2,3}, v € T
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Surface tensions: Idea

Bw) = [ o)) ant e [ P50 paptt [ I e

D(s—L(T9)) T [C.-Svadlenka, ‘25]

3
1
Ey(u) = — Yii(2) ui K p*xu; do
)= 5= 3 [ A woe,

ij=1

rze€dS=IspUlgy
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- - se(@) o sv(@) _
Ysp(z) = S s@)’ Ysv (x) : Ss@)’ €08 =TgpUTlgy

E<u>= W) ey (@ >d%d*1+ vop(x) dHI 4+ / vsv (x) dH!

FSP Fsv

® v =1(v) € C2(RY\{0}), 7% is convex,
‘ 1-homogeneous, ¢, |v| < ’y( ) < G,y
[Bellettini-Paolini, ‘96]
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Ysp(z) = Wp—(gc), Ysv (z) = Wv—m, r€dS=TspUlgy

Y(vs(x)) Y(vs(2))

E<u>= W) ey (@ >d%d*1+ vop(x) dHI 4+ / vsv (x) dH!

FSP Fsv

@ v=(v) € C?(R%\{0}), 4?2 is convex,
‘ 1-homogeneous, ¢, |v| < 'y( ) < Cy v

" [Bellettini-Paolini, ‘96]
rs,, @ ypy € CH(Q), ysp,vsv € C1(DS) with

c < vpv,vsp,Ysv < C
||||||||||H||
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Ysp(z) = Wp—(gc), Ysv (z) = Wv—m, r€dS=TspUlgy

Y(vs(2))

B(u) = v(v) oy () dHE Lt /

Tsp

vsp(x) dHI 1+ / ysv (@) dHT!

Fsv

(v) € C*(R4\{0}), 72 is convex,
‘ 1 homogeneous cylv] < 'y( ) < Cy v
" [Bellettini-Paolini, ‘96]
@ Vpy € CI(Q) YSpP,VSV € CI(QS) with
¢ <vpv,ysp,ysv < C
i

YYPv <7Ysp+vsv vsp <yypv +7ysv VsV < YYPv +sSp

x €S, ve St
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Ysp(z) = Wp—(gc), Ysv (z) = Wv—m, r€dS=TspUlgy

Y(vs(2))

B(u) = v(v) oy () dHE Lt /

Tsp

vsp(x) dHI 1+ / ysv (@) dHT!

Fsv

(v) € C*(R4\{0}), 72 is convex,
‘ 1 homogeneous cylv] < 'y( ) < Cy v
" [Bellettini-Paolini, ‘96]
@ Vpy € CI(Q) YSpP,VSV € CI(QS) with
¢ <vpv,ysp,ysv < C
i

Cyypy <sp +79sv Ysp < ¢y ypv +sv Ysv < & VPV + Ysp

z €08
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Surface tensions: Construction

~ ~ X
Ysp(®) = ————5, Jsv(z) = WV—(), r€dS=TspUTlsy

V(vs(2))

1 ~
En(u) = il Z /Jl‘d Yij (@) wi Kpxuj do

Z?je{P7V7S}

@ vpv € CHQ), vsp,vsv € CH(DS)
|” with ¢ < ypv,vsp,vsv < C
‘
SP

Ll
Cyvpvy <sp +7sv Ysp < cyYpv +sv VsV < &y VPV + Ysp

z €08
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Surface tensions: Construction

Ysv ()
v(vs(x))

ﬁSP(x) = ﬁSV(l') = , v€IS=TgpUlgy

1
En(u) = W/ Z /’yu x) uiKp*u; de

i,j€{P,V,S}

@ Ypy et ( ) vsp,vsv € CH(9S)
H” with ¢ < 7py,vsp,vsv < C
’” Aipv =0 in Td \ Q
'VPV =PV on 9Q = 9s

Cyypv <vsp+sv Ysp < cyYpv +7sv sy < ¢y Ypy +Ysp

z €08
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Surface tensions: Construction

_ ysv(@)

r€dS=TgpUTgy

¥, o 1D Ysv (x) =
Ysp(z) = Y@’ Ysv (z) Y@

1
En(u) = \f Z / Yij (@) wi Kpxuj do

i,je{P,V,S}

@ py € C! ( 7, vsp,ysv € C1(99)
H” with ¢ <ypv,vsp,vsv < C
’” AU =0 in B5(0S)
U =vrg on o0 =98

Cyypy <vsp +7sv vsp < cyypv +ysv Ysv < ey Py +sp

z €08
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Surface tensions: Construction

_ Asv(x)

v, = 5 sy (x) = T Z
TG AT M

1 ~
En(u) = il Z /Jl‘d Yij (@) wi Kpxuj do

’L,jE{P,V,S}
@ Fpy € CH(TY), Jsp,Ysv € CHTY)
with ¢ < ypy,75p, 75y < C

Aqsp =0 in Bs(0S)
Asp = Ysp on dQ = 08
-
Cyvpv <Asp +7sv Ysp < cyYpv +7sv Ysv < ey Ypy +Ysp

xeT?
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1
En(u) = \/_ Z / Yij (@) wi Kpxuj do

i,je{P,V,S}

° 'VPV ecC! ( ) "VSP/YSV € Cl(Td)

Cyypv < Ysp +7sv Ysp < cyypv +7sv Ysv < ey Ypv +Ysp

xeT?
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The I'-convergence result
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Kernel

K(-z)=K(z), KeL'RY), K(z)>0, K(z)dz =1
Rd

+oo
) =5 [0 e vk agar

2| K(z) < ex K(x/2), K >ain By(0)

y(v)=max{2[val,|vy[}
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I'-convergence resulit

Theorem (C.-Svadlenka, ‘25)

1 ~
Eh(u) = m ’ Z /]rd Yij ’LLiKh*Uj dz

1,J€{P,V,S}

I'(s—L'(T%)) l h—0

E(u) ::/F’YPV(‘/L')’Y(V) d?-ld_1+/

Tsp
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I'-convergence resulit

Theorem (C.-Svadlenka, ‘25)

1 - - ~
Ep(u) = ﬁ/ﬂrdvpv uKp*x(lg—u)+ysp uKpxlg+7sy (lg—u)Kpxlgde

I'(s—L'(T%)) l h—0

B(u) = /F ey (@) 7 (v) dHE 1+ /F vsp(@) A+ / sy () AR
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Proof: Limsup-inequality

Yu € BV(Q;{0,1}) I(up)n € BV (50, 1]) with uj, — uin L1(Q)
such that E(u) > lim sup Fj(up)
h—0
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Proof: Limsup-inequality

Yu € BV(Q;{0,1}) I(up)n € BV (50, 1]) with uj, — uin L1(Q)
such that E(u) > lim sup Fj(up)
h—0

Lemma (Pointwise convergence)
Ifu e BV(Q;{0,1}), then

}lLii% En(u) = E(u).
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Proof: Limsup-inequality

Yu € BV(Q;{0,1}) I(up)n € BV (50, 1]) with uj, — uin L1(Q)
such that E(u) > lim sup Fj(up)
h—0

Lemma (Pointwise convergence)
Ifu e BV(Q;{0,1}), then

}lLii% En(u) = E(u).

lim sup-inequality v/
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Proof: Liminf-inequality

Y(up)n € BV (;10,1]) with uy, — uin L1()

such that E(u) < liminf Ej, (up)
h—0
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Proof: Liminf-inequality

Y(up)n € BV (;10,1]) with uy, — uin L1()

such that E(u) < liminf Ej, (up)
h—0

Lemma (Approximate monotonicity [cf. Laux-Otto, ‘16])
For every u € BV (Q;[0,1]), every h > 0, and N € N, we have

Epap(w) < (1+CNJE) En(uw).

inhomogeneity
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Proof: Liminf-inequality

Y(up)n € BV (;10,1]) with uy, — uin L1()

such that E(u) < liminf Ej, (up)
h—0

Lemma (Approximate monotonicity [cf. Laux-Otto, ‘16])
For every u € BV (Q;[0,1]), every h > 0, and N € N, we have

Epap(w) < (1+cN\/E) En(uw).

inhomogeneity

Fix ho and let h — 0 with N?h = hg for some Nj, € N

EN}th(uh) < (1 + CNh\/E> Eh(uh)
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Proof: Liminf-inequality

Y(up)n € BV (;10,1]) with uy, — uin L1()
such that E(u) < liminf Ej, (up)
h—0

Lemma (Approximate monotonicity [cf. Laux-Otto, ‘16])
For every u € BV (Q;[0,1]), every h > 0, and N € N, we have

Epap(w) < (1+cN\/E) En(uw).

inhomogeneity

Fix ho and let h — 0 with N?h = hg for some Nj, € N

Eho uh (1 + C\/ ) Eh uh
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Proof: Liminf-inequality

Y(up)n € BV (;10,1]) with uy, — uin L1()

such that E(u) < liminf Ej, (up)
h—0

Lemma (Approximate monotonicity [cf. Laux-Otto, ‘16])
For every u € BV (Q;[0,1]), every h > 0, and N € N, we have

Epap(w) < (1+cN\/E) En(uw).

inhomogeneity

Fix ho and let h — 0 with N?h = hg for some Nj, € N

Eho (u) < (1 + cv/ ho) llin_)l(l)lf Eh(uh)
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Proof: Liminf-inequality

Y(up)n € BV (;10,1]) with uy, — uin L1()

such that E(u) < liminf Ej, (up)
h—0

Lemma (Approximate monotonicity [cf. Laux-Otto, ‘16])
For every u € BV (Q;[0,1]), every h > 0, and N € N, we have

Epap(w) < (1+cN\/E) En(uw).

inhomogeneity

Fix ho and let h — 0 with N?h = hg for some Nj, € N

Eho (u) < (1 + cv/ ho) llin_)l(l)lf Eh(uh)

lim inf-inequality v/
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Conclusions

How is our result different from the one in [Esedoglu-Otto, “15]?

@ The surface densities are inhomogeneous
@ We can consider different anisotropies (obstacle)
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Conclusions

How is our result different from the one in [Esedoglu-Otto, “15]?

@ The surface densities are inhomogeneous
@ We can consider different anisotropies (obstacle)

What's next? Convergence of the MBO scheme (soon?)

@ anisotropic particle v (see [Laux-Otto, “16])
@ inhomogeneous obstacle ysp, vsy (see [Laux-Otto, “16])
@ volume preservation constraint (see [Laux-Swartz, “17])
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Conclusions

How is our result different from the one in [Esedoglu-Otto, “15]?

@ The surface densities are inhomogeneous
@ We can consider different anisotropies (obstacle)

What'’s next? Convergence of the MBO scheme (less soon?)

@ anisotropic particle v (see [Laux-Otto, “16])
@ inhomogeneous obstacle ysp, vsy (see [Laux-Otto, “16])
@ volume preservation constraint (see [Laux-Swartz, “17])

@ and inhomogeneous particle ypy ?
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Conclusions

How is our result different from the one in [Esedoglu-Otto, “15]?

@ The surface densities are inhomogeneous
@ We can consider different anisotropies (obstacle)

What'’s next? Convergence of the MBO scheme (less soon?)

@ anisotropic particle v (see [Laux-Otto, “16])
@ inhomogeneous obstacle ysp, vsy (see [Laux-Otto, “16])
@ volume preservation constraint (see [Laux-Swartz, “17])

@ and inhomogeneous particle ypy ?

Thank you for your attention!
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