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Model

Evolution of a viscoelastic solid + phase change (accretive growth)

Swelling in polymer gels
Solidification processes
Early tumor development
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Model equations

Evolution of a viscoelastic solid

+ phase change (accretive growth)



−div
(
∂∇yWε(θ(x)−t,∇y)+∂∇ẏRε(θ(x)−t,∇y,∇ẏ)−divDH(∇2y)

)
= f(θ(x)−t, x) in [0, T ]× U,

Boundary and initial conditions

γ
(
y(θ(x), x),∇y(θ(x), x)

)
|∇(−θ)(x)| = 1 in U \ Ω0,

θ = 0 on Ω0.
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Notion of solution

Definition (Weak/viscosity solution)

(y, θ) ∈
(
L∞(0, T ;W 2,p(U ;Rd)) ∩H1(0, T ;H1(U ;Rd))

)
× C0,1(U)

is a weak/viscosity solution to the initial-boundary-value problem if
det∇y(t, ·) > 0 for all t ∈ (0, T ), y(0, ·) = y0, and∫ T

0

∫
U

(
∂FWε(θ−t,∇y):∇z+∂ḞRε(θ−t,∇y,∇ẏ):∇z+DH

(
∇2y

)...∇2z
)
dxdt

=

∫ T

0

∫
U

f(θ−t)·zdxdt ∀z ∈ C∞(Q;Rd) with z = 0 on ΣD,

and θ is a viscosity solution to{
γ
(
y(θ(x), x),∇y(θ(x), x)

)
|∇(−θ)(x)| = 1 in U \ Ω0,

θ = 0 in Ω0.
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Assumptions
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Assumptions: viscoelastic evolution

∫ T

0

∫
U

(
∂FWε(θ−t,∇y)+∂ḞRε(θ−t,∇y,∇ẏ)

)
:∇z+DH

(
∇2y

)...∇2z−f(θ−t)·z=0

Rε(σ, F, Ḟ ) := (1− hε(σ))R
a(F, Ḟ ) + hε(σ)R

r(F, Ḟ )

R∗(F, Ḟ ) :=
1

2
Ċ:D∗(C):Ċ, C := F⊤F, Ċ := Ḟ⊤F + F⊤Ḟ

H(G) = |G|p, p > d

f ∈ W 1,∞(R;L2(U ;Rd))
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Assumptions: viscoelastic evolution

∫ T

0

∫
U

(
∂FWε(θ−t,∇y)+∂ḞRε(θ−t,∇y,∇ẏ)

)
:∇z+DH

(
∇2y

)...∇2z−f(θ−t)·z=0

Wε(σ, F ) := (1− hε(σ))V
a(F ) + hε(σ)V

r(F ) + V J(F )

V a, V r, V J ∈ C1(GL+(d); [0,∞))

V a(F ), V r(F ) ≥ cW |F |p − 1

cW

V a(F )− V r(F ) ≤ 1

cW
(1 + |F |p)

∃q >
pd

p− d
: V J(F ) ≥ cW

(detF )q
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Assumptions: accretive growth

{
γ
(
y(θ(x), x),∇y(θ(x), x)

)
|∇(−θ)(x)| = 1 in U \ Ω0

θ = 0 in Ω0 ⊂⊂ U

γ ∈ C0,1(Rd ×GL+(d)) with 0 < cγ ≤ γ(·) ≤ Cγ

x

t
1/cγ 1/Cγ

UΩ0

Ω(s)

s

Ω(T )

T

receding
phase

growing
phase
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Existence result
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Main result

Theorem (Existence and Energy equality)

For all given ε ≥ 0 there exists a weak/viscosity solution (yε, θε)
and (yε, θε) → (y0, θ0) as ε → 0.

Moreover, in the diffused-interface case ε > 0, (y, θ) fulfills for all t ∈ [0, T ]∫
U

(
Wε(θ−t,∇y)+H(∇2y)−f(θ−t)·y

)
−
(
Wε(θ,∇y0)+H(∇2y0)−f(θ)·y0

)
dx

= −
∫ t

0

∫
U

2Rε (θ−s,∇y,∇ẏ)+ḟ(θ−s)·y dxds−
∫ t

0

∫
U

∂σWε(θ−s,∇y) dxds.

In the sharp-interface case ε = 0, for all t ∈ [0, T ],∫
U

(
W0(θ−t,∇y)+H(∇2y)−f(θ−t)·y

)
−
(
W0(θ,∇y0)+H(∇2y0)−f(θ)·y0

)
dx

=−
∫ t

0

∫
U

2R0 (θ−s,∇y,∇ẏ)+ḟ(θ−s)·y dxds+
∫ t

0

∫
{θ=s}

V a(∇y)−V r(∇y)

|∇θ|
dHd−1ds.
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Energy inequality estimate

∫
U

(
W0(θ−t,∇y)+H(∇2y)−f(θ−t)·y

)
−
(
W0(θ,∇y0)+H(∇2y0)−f(θ)·y0

)
dx

=−
∫ t

0

∫
U

2R0 (θ−s,∇y,∇ẏ)+ḟ(θ−s)·y dxds+
∫ t

0

∫
{θ=s}

V a(∇y)−V r(∇y)

|∇θ|
dHd−1ds

∥y(t)∥pW 2,p(U) ≲
∫
U

(
W0(θ−t,∇y)+H(∇2y)

)
dx+

∫ t

0

∫
U

2R0 (θ−s,∇y,∇ẏ) dxds

≲ E0 + ∥f∥W 1,∞(0,T ;L2(U)) +

∫ t

0

∫
{θ=s}

V a(∇y)−V r(∇y)

|∇θ|
dHd−1ds

≲
∫ t

0

∥∇y(s)∥pL∞(U)

∫
{θ=s}

dHd−1ds ≲
∫ t

0

∥y(s)∥pW 2,p(U)

∫
{θ=s}

dHd−1ds

Grönwall
=⇒ ∥y(t)∥pW 2,p(U) ≲ exp

(∫ t

0

∫
{θ=s}

dHd−1ds

)
≲ exp

(
|Ω(t)|

)
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Energy inequality estimate

control from above
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U
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∫ t

0
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{θ=s}

V a(∇y)−V r(∇y)
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U
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What comes next?

Backstrain

Temperature

One phase problem on a growing domain

Different growth models
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Thank you for your attention!
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