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Model
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Evolution of a viscoelastic solid + phase change (accretive growth)
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Evolution of a viscoelastic solid + phase change (accretive growth)
@ Swelling in polymer gels
@ Solidification processes
@ Early tumor development
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Pl

= o ¢ Model equations

Evolution of a viscoelastic solid

—div (0w, W.(0(z)—t, Vy)+dvyRe(0(z)—t, Vy, Vi) — div DH(V?y))
= f(6(x)-t,z) in[0,T] x U,
Boundary and initial conditions
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' oE ¢ Model equations

Evolution of a viscoelastic solid + phase change (accretive growth)

—div (0w, W.(0(2)—t, Vy)+0vyR-(0(2)—t, Vy, Vi) — div DH (V?y))
= f(0(x)—t,z) in[0,T] xU,
Boundary and initial conditions

Q) ={zeU|bx) <t}

e=0
w
we
wr
Q(t) 0(x)=t U\Q(t)y €z t—5<0(x)<t+5 z
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¢ EH () Model equations

e

Evolution of a viscoelastic solid + phase change (accretive growth)
—div (Ov, W-(0(x)—t, Vy)+0vyR-(0(x)—t, Vy, V) — div DH(V?y))
= f(0(x)—t,z) in[0,T] x U,
Boundary and initial conditions

Y(y(O(z),x), Vy(0(z),2)) [V(=0)(x)| =1 in U\ Qq,
=0 onQg.
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Notion of solution

Definition (Weak/viscosity solution)

(y,0) € (L=(0,T; W>P(U;RY) n H' (0, T; H'(U;R?))) x C*}(T)

is a weak/viscosity solution to the initial-boundary-value problem if
det Vy(t,-) > 0forall t € (0,T), y(0,-) = yo, and
T .
//(8FW5(9—25,Vy):Vz—l—@FRg(H—t,Vy,Vg}):Vz+DH(V2y):V2z)dxdt
0JU

T
://f(ﬁ—t)uzd:cdt Yz € C*(Q;R?) with z =0 on Tp,
0 Ju

and 6 is a viscosity solution to

Y(y(0(), ), Vy(0(z),2))|V(=0)(z)] = 1 in U\ Q,
0 =0 in Qp.
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Assumptions
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Assumptions: viscoelastic evolution

T
/ / (0pW.(0—t, Vy)+0p R (0—t,Vy, Vy)):V2+DH (V2y): V22— f(6—t)-2=0

R.(0,F,F) := (1 — he(0))RY(F, F) + he(0)R" (F, F)
R*(F,F) = %C’:ID*(C):C, C=F"F,C=F"F+F'F

H(G) =GP, p>d

f e Whe(R; L*(U;R))
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IIE]

Assumptions: viscoelastic evolution

T
/ / (OpW.(0—t, Vy)+0; R (0—t,Vy, Vy)):V2+DH (V2y): V22— f(0—t)-2=0
0JU

We(o, F) = (1= he(0))VU(F) + he(0) V" (F) + V7 (F)

Ve v, v7 e CHGLy(d); [0, 00))
1
VAF), VI(F) = ew|F|P — —
cw

Ve(F) — V'(F) < }Wu T |FJP)

d cw
Jg>——: VIE)>
4> p— (F) 2 (det F)e
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Assumptions: accretive growth

0=0in QyCccU

{ Y(y(0(z), ), Vy(0(z),2))|V(-0)(z)| = 1 in U\

v € COYRY x GL4(d)) with 0 < ¢, <v() < C,

/ey 1/Cy

receding -\ ", phase.

phase
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Existence result
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' BiE ) Main result

Theorem (Existence and Energy equality)

For all given € > 0 there exists a weak/viscosity solution (y., 0. )
and (ya7 95) — (yo,eo) ase — 0.
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Main result

Theorem (Existence and Energy equality)

For all given € > 0 there exists a weak/viscosity solution (y., 0. )
and (ya7 95) — (yo,eo) ase — 0.

Moreover, in the diffused-interface case ¢ > 0, (y, 0) fulfills for all t € [0, T
/U (We(0—t, Vy)+H(V2y)—f(0—t)y) — (W(8, Vyo)+H(V2yo)—f(6)-yo) dz
& t
—// 2R. (0—s,Vy, V) +f(0—s)-ydzds — // 0y We(0—s, Vy) dx ds.
0JU 0JU

In the sharp-interface case ¢ = 0, for allt € [0,T],

/U(Wo(9—t7Vy)+H(V2y)—f(9—t)-y) — (Wo(0, Vyo)+H (V?yo)—f(0)-y0) dz

t a T
:—//zRo(a—s,Vy,vy)+f( yd:cds+// Ve(Vy)—V( vy)d?—[d’lda
oJu o=sy |1V

Andrea Chiesa (Universitat Wien) Viscoelasticity and accretive phase-change 30/01/2025



Energy inequality estimate

/U (Wo(0—t, Vy)+H(V?y)—f(60—t)y)— (Wo(0, Vo) +H (Vyo)— f(0)-y0) da

dH4 s

t ot o a o )
:_//2R0 (6—5,Vy, V) +/(6—s)ydads +/ Ve(Vy) =V"(Vy)
" JoJio=sy VO]

¢
1y T2 ) S /U (Wo(0—t, Vy)+H(V?y)) dz —i—/O/U2RO (0—s,Vy,Vy) deds
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Energy inequality estimate

/U (Wo(0—t, Vy)+H(V?y)—f(60—t)y)— (Wo(0, Vo) +H (Vyo)— f(0)-y0) da

dH4 s

t . . .
:_//2R0 (6—5,Vy, V) +/(6—s)ydads +/ Ve(Vy) =V"(Vy)
" JoJio=sy VO]

¢
1y T2 ) S /U (Wo(0—t, Vy)+H(V?y)) dz —i—/O/U2RO (0—s,Vy,Vy) deds

dH4ds

L ve(Vy) -V (Vy
S Eo + || fllweeo,122(0)) +/ Vy) 7 y)
oro=sy VO
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Energy inequality estimate

/U (Wo(0—t, Vy)+H (V?y)—f(0—t)y)— (Wo(0, Vyo)+H (Vyo)—f(0)-yo) dx

dH4 s

t L o
:_//2R0 (0—s,Vy,Vy) +f)(9*5)-y dxds +/ Ve(Vy)-V"(Vy)
" o/io=sy V0|

¢
1y T2 ) S /U (Wo(0—t, Vy)+H(V?y)) dz —i—/O/U2RO (0—s,Vy,Vy) deds

dH4ds

¢ Va vT] 7VT v'(/
S Eo+ H«fHWl”O(O,T;Lz(U)) _|_/ ( : ) J ( ! )
0/ {0=s} |V ‘

ot . ot .
< / IIVy(S)Ilpx(w/ A ds < / Ily(s>H€V2,p(U>/ M ds
JOo {60=s} JO {6=s}

control from above
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Energy inequality estimate

/U (Wo(0—t, Vy)+H(V?y)—f(60—t)y)— (Wo(0, Vo) +H (Vyo)— f(0)-y0) da

dH4 s

t ot o a o )
:_//2R0 (6—5,Vy, V) +/(6—s)ydads +/ Ve(Vy) =V"(Vy)
" JoJio=sy VO]

1y T2 ) S / (Wo(0—t, Vy)+H(V?y)) dz +//2R0 6—s,Vy,Vy) deds

dH4ds

Ve(Vy)-V"(Vy
S Eo + || fllweeo,122(0)) +/ Vy) 7 y)
oro=sy VO

ot . ot .
= Oy (R e N RN VO [ B Ut
JOo {60=s} JO J{b6=s}

Gronwall ly(t )HW“’ o S < exp (//{ d?—[d_lds> < exp (|Q(t)|)

0=s}
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What comes next?

@ Backstrain

@ Temperature

@ One phase problem on a growing domain
@ Different growth models
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Thank you for your attention!
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