MATHEMATICS OF
KELLER-SEGEL SYSTEM




CHEMOTAXIS : mathematical models

The mathematical modelling of cell movement goes back to

n(t,x)
c(t,x)

density of cells at time t and position =,
concentration of chemoattractant,

In a collective motion, the chemoattractant is emited by the cells
that react according to biased random walk.

On(t,x) — An(t,z) + div(nxVe) =0, z € R,
—Ac(t,z) =n(t, ),

The parameter y is the sensitivity of cells to the chemoattractant.



CHEMOTAXIS : mathematical models

On(t,x) — An(t,z) + div(nxVe) =0, z € R,
—Ac(t,z) = n(t, ),

This model, although very simple, exhibits a deep mathematical
structure an dmostly only dimension 2 is understood, especially
"chemotactic collapse’.

This is the reason why it has attracted a number of authors.



CHEMOTAXIS : mathematical models

[ On(t,x) — An(t,2) +div(nxVe) =0, @€ RY,

N\

—Ac(t,z) = n(t,x),

n(t=0)=n%=x) >0, nOeLl(RD.
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CHEMOTAXIS : general result

Theorem (dimensions d > 2)
(i) for ||”O||Ld/2(Rd) small, then there are global weak solutions,
(ii) these small solutions propagate LP regularity,

(i) for ([ |z|?n0)(d—2) < C””OHde/z(Rd) with C small, there is blow-up
in a finite time T™*.



CHEMOTAXIS : general result

The existence proof relies on argument

%fn(t,x)p p— —%f |v np/2|2 -+ /anp_l nx Ve

fonp-chz—xanc

= —E/IVNP/QIQ + x/np+1
P \ ,

parabolic dissipation hyperbolic effect

Using Gagliardo-Nirenberg-Sobolev ineq. on the quantity
w(z) = nP/2, we obtain

[ P H < Cns(d. ) |V0?2 22 [nl] g



CHEMOTAXIS : general result

Therefore we arrive at
d 4
= [ (@) < == [1VaP/22(1 = Cons x |In]| ).
dt P L2

And the choice p = d/2 shows an a priori bound for ||n||
L

initially

NI,

small (because it decreases then).



CHEMOTAXIS : dimension 2

In dimension 2, for model :

In(t,x) — An(t,z) + div(nxVe) =0, = € R?,
—Ac(t,z) =n(t,x),

Theorem (dimension d=2)
(i) for ||"O||L1(R2) < 87”, then there are smooth solutions,

(iii) for ||”O||L1(R2) > 8777 and [ |z|?n® < co there is blow-up time.

This is sharp and improves result : their thereshold
41 x 1.822

0
|7 ||L1(R2) <



CHEMOTAXIS : dimension 2

Existence part is based on an energy method

d

and a limiting Hardy-Littlewood-Sobolev inequality
2
| froafdet+— [ [ f@f@)iogle—y|dedy > M(1+l0g + log M) .

Notice that in d = 2 we have

1
e(t,2) = 5 [ n(t.y)log |z —yl dy



CHEMOTAXIS : dimension 2

Combining these two informations, we deduce that

Jn(z,t)logn(z,t) dv < Ey — 7% [ [n(x,t)n(y,t) log |z —y| dz dy
< & — XC(M) + %X [ n(z,t) logn(z,t) da .

And again we obtain a priori control.



CHEMOTAXIS : dimension 2

On the other hand blow-up follows from the idendity
d

—/ z|° n(z,t) do = 4M (1 - lM) :
dt JR? o

Very old method



Conclusion

Several open questions are
-) Is it possible to prove blow-up for

”"O”Ld/? large (without moment condition),

-) Despite the knowledge of possible blow-up modalities, proofs are

not rigorous,
-) More elaborate systems



