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L Introduction

Objectives of A Posteriori Error Estimation

» Derive upper error bounds (reliability)
lell < ™.

» Derive lower error bounds (efficiency)
n< C*He”-

» c.c* determines the quality of the error estimate.

» c.c* should be uniformly bounded w.r.t. to any mesh-size
or parameter of the pde (robustness).
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L Diffusion Dominated Problems
LVariational Problem

Diffusion Dominated Model Problem

—Autu=f in

u=2~0 onI
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|—Dif-fusion Dominated Problems
LVariational Problem

Variational Formulation
Find v € X such that

a(u,v) = ({,v)

holds for all v € Y.
X = H(Q)
Y = HY(@)

a(u,v) = /Q{Vu - Vv + uv}

%@=Aﬂ)

Energy norm

llulll® = a(u,u)
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L Diffusion Dominated Problems
LDiscretization
Finite Element Spaces
span{z® : |a|; <k} if K is a triangle or
a tetrahedron,
Ri(K) = N e
span{z® : |a|s < k} if K is a parallelogram or
a parallelepiped.
SEUT)={v:Q—R: 0|, € Ri(K) forall K € T},
SEO(T) = SAHT)nC(Q),
S5"(T) = S*(T) N Hy (Q)
={veS*(T):v=0 onT}.
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|—Dif-fusion Dominated Problems

LDiscretization

Meshes

» Affine equivalence: 7 consists of triangles or
parallelograms, if d = 2, or tetrahedrons or parallelepipeds,
if d=3.

» Admissibility: Any two elements in 7 are either disjoint or
share a vertex or a complete edge or — if d = 3 — a complete
face.

» Shape regularity: For any element K, the ratio of its
diameter hx to the diameter px of the largest ball
inscribed into K is bounded independently of K.

» Shape parameter:
hk

c7 = max —.
KeT pg
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L Diffusion Dominated Problems

LDiscretization

Discrete Problem

Find ur € Sg’O(T) such that
a(ur,vr) = (¢,vr)

holds for all vy € S8°(T).
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|—Diﬂ'usion Dominated Problems
LResidual

Equivalence of Error and Residual
Residual R(u7)

(R(ur),v) = ({,v) — a(ur,v)
= a(e,v)

Continuity of a
IR (ur )l < llell

Coercivity of a

llelll < Il = Cur)ll«
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|—Diffl.lsion Dominated Problems
LResidual
L?-Representation of the Residual
Integration by parts element-wise
(R(uz),v) = 3 / (f + Aur —ur}o
KeT VK ~ N ~
=Rk (ur)
+ Z / —JE(TLE . VUT) v
EecEr E
=Rg(ur)
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|—Diffusion Dominated Problems
LResidual

Galerkin Orthogonality

(R(ur),v7) =0
for all vz € Sg’O(T).
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L Diffusion Dominated Problems
L Reliability

Quasi-Interpolation Operator

Irv = Z Ap Ty
:UENT

with

.
TV = v
¢ Hd (ww) Wz

Local error estimates

v — I7vr2(x) < carhk||Voll2 @)
1
v = Irvl12(E) < cazhpll Vol Lo @y
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|—Dif-fusion Dominated Problems
L Reliability

Upper Bound

Galerkin orthogonality, L2-representation, Cauchy-Schwarz
inequality, and local error estimates:

IR < ¢ D2 Wl Raclur) 22
KeT
1

+ 3 hEnRE(uT)u%z(E)F
EeEr
1

= C*{ > n%}5

KeT

c* only depends on c41, c4o which in turn only depend on the
shape parameter c7.
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L Diffusion Dominated Problems
LEﬂ‘iciency

Inverse Estimates

For all v € Ri(K), o0 € Ri(E):

1

vl z2(ky < enpll¥gollz k)

IV (k) 2050y < erzphi 1] 2
1

lollzeey < e rllvgollz g
_1

IV(¥Eo)llL2(x) < crarhp? ol g

1
lYEollL2x) < csphicllollLem)
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|—Dif-fusion Dominated Problems
LEfﬁciency

Local Cut-Off Functions

dbr =ox ] M
wGNK
zENE

Weights are determined by

e Vi (z) =1
ger Ve =1
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L Diffusion Dominated Problems
LEﬂ‘iciency

Lower Bound

Insert functions ¥ x Rk (ur) and g Rp(ur) as test-functions in
L?-representation of residual:

M < Cxlllellox

¢« only depends on ¢y g, ..., ¢f5x which in turn only depend on
the polynomial degree k and the shape parameter c7.
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|—Dif-fusion Dominated Problems
LMain Ingredients
g

Summary of Crucial Steps

Equivalence of error and residual.

Galerkin orthogonality.

>

>

» L’-representation of residual.

» Local error estimates for quasi-interpolation operator.
>

Inverse estimates for local cut-off functions.
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L Reaction Dominated Problems
LNon-Robustness

Difficulties

» Choose standard H!-norm:

» Norm of a is ~ 1.
» Coercivity constant of a is = ¢.
> c.ct el

» Choose energy norm:
> Ca1, Cao depend on €.
> Crik, - C15,k depend on €.
> c.ct el

» Need a new idea!
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|—Reaction Dominated Problems

LVariational Problem and Discretization

Reaction Dominated Model Problem

—cAu+u=f in

u=20 on I

with 0 < e < 1.
Change bilinear form a and energy norm correspondingly:

lull® = el Vel ) + llullt2
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L Reaction Dominated Problems
L Reliability

Improved Interpolation Error Estimates

Elements

v — Irv|l L2(x) < carhi |Vl 2@y
< eme"2huc vl
v — ITv|| L2(k) < casllvll 2@y
< caslllvlll,
v — I7v| r2(x) < Car min{s_%hm 1} [[[olllz

=K
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|—Reactiou Dominated Problems
L Reliability

Trace Inequality

Reference element K, E; = K N {z; = 0}, 0 € H'(K) vanishes
on edge or face opposite to Ej:

R N ov 5
192,y < {2000 2l -l oy

General element K and edge or face E, v € HY(K):

-

2

lvllp2my < C{h;”UH%%K) + ||UHL2(K)||VU||L2(K)}

c only depends on shape parameter c; and number of vertices
of F.
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L Reaction Dominated Problems
L Reliability

Upper Bound

Galerkin orthogonality, L2-representation, Cauchy-Schwarz
inequality, and improved interpolation error estimates:

IRl < ¢ > ofellRactu)
Ke

—1
+ Y eHaplBe(ur) e )
Eetr

= C*{ > n%}é

KeT

N|=

¢* only depends on ¢41, ¢42 which in turn only depend on the
shape parameter c7.
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|—Reaction Dominated Problems
L Reliability

Improved Interpolation Error Estimates
Edges or Faces

1
— —l 2
o~ Irollage < e{hiok +ax="3 } ol

~ .1 &
< caze” tag|vllog
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L Reaction Dominated Problems
LEﬂ‘iciency

Inverse Estimates

Elements

1
lecollie < {echaih® + 1} lloll ey

< Crae0e vl 2y
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|—Reaction Dominated Problems
LEfﬁciency

Inverse Estimates
Edges or Faces

1
lesvllx < {ectsuhs' +ersuhs} ol )

1
< Craphpor vl
i
lYEvllLe (k) < erskhllvllLem)
but we need
1 _1
[lYEvlix < cetag®||vllLzk)

1 1
lVEvlr2k) < cetag|vlizg)
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L Reaction Dominated Problems
LEﬂ‘iciency
.
Squeezing Elements
-—
—_—
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|—Reaction Dominated Problems

LEﬂ‘iciency

Modified Cut-Off Functions

» Transform K, F to reference element K and edge or face
Ey.
» Apply transformation

(1‘1, 000 ,f[,‘d_l,l‘d) —> (171, ey Ld—1, (Sl‘d)

» Transform back to K, E and obtain ”squeezed” element
Ks.
» Denote by )\; s the nodal shape functions of Ks and set

YEes = PE H Azs-

zENE
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L Reaction Dominated Problems
LEﬂ‘iciency

Inverse Estimates for Modified Cut-Off
Functions

Ve svll2k) < Cé%h%”U”LQ(E)
IV (50| < e~ 3hg2 ol oy
choose
0= z-:%hglaE
= min{l,séh;;l}
lYE.svllL2(ky < Cs%a%HU”L%E)
e sollic < cevag? ol

28/ 63



A Review of Robust A Posteriori Error Estimates
|—Reaction Dominated Problems
LEﬂ‘iciency

Lower Bound

Insert functions ¢ g Rk (u7r) and ¥ g sRE(ur) as test-functions
in L2-representation of residual:

N < celllelllox

¢, only depends on the polynomial degree k and the shape
parameter cr.
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L Convection Dominated Problems

LVariational Problem and Discretization

Convection Dominated Model Problem

—eAu+a-Vut+u=f in

u=0 on I’
with 0 < e < 1, a € R? and |a| = 1.

Change bilinear form a correspondingly; energy norm remains
unchanged.
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|—Reaction Dominated Problems

LMain Ingredients

Summary of Crucial Steps

» Modified weights for element and edge or face residuals.
» Improved interpolation error estimates.

» Modified local cut-off functions.
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L Convection Dominated Problems
LVariational Problem and Discretization
SUPG-Discretization
Find ur € Sg’O(T) such that
a(ur,vr)
+ Z 5K/ {—eAur +a-Vur +urta-Vor
KeT €
= <£7 UT>
+ 3 o [ fa-Vor
KeT =
k,0
holds for all vy € Sy (7).
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|—Convet:t:ion Dominated Problems
LNon-Robustness

Difficulties

» Missing Galerkin orthogonality due to stabilization terms.
» Must bound the consistency error.

» qa is coercive w.r.t. the energy norm, but

a(u, v) < lulllllvll +lla - Vull2@)llvl L2 (9)-

» Error and residual are not fully equivalent

llell < IR Gu)Il-
IRl < {14273 Hell.

» More detailed analysis yields ¢* ~ 1 and ¢, = 1 + e 2h.
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L Convection Dominated Problems
LRobust Estimates for the Residual

Robust Bounds for the Residual

D=

IR < e { > nk}

KeT

1
(>} <Rl
KeT

cxCc* is independent of ¢.
Need robust estimates of the error in terms of the residual.
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|—Convet:t:ion Dominated Problems
LRobust Estimates for the Residual

Estimation of the Consistency Error

(R(ur),vr) = Z 6K/ {f+eAur —a-Vur —urta-Vur
ket 7K

= Z 6K/KRK(UT)Q-VUT

KeT

< Y OklIRk (ur)lr2golla - Vorllzz)
KeT

< Y dxhitax || Ry (wr) 2o vzl
KeT

Assume that 0 < chg. This holds for all schemes used in
practice.
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L Convection Dominated Problems

LEquivalence of Error and Residual

Modified Norm
Equip X = H}(Q) with norm

lullx = lulll + lla - Vel

and Y = H}(Q) with the energy norm

[olly = ]Il

a is continuous with norm 1

a(u, v) <l x|[v]ly-

a is uniformly stable

inf sup %Y S

1
weX ey |lullxllvlly — 3
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|—Convet:t:ion Dominated Problems

LEquivalence of Error and Residual

Uniform Stability

Choose 6 € (0,1) and wy € Y with

[[well| =1
and

/ a- Vuwg > 0lla- V..
Q

Set

1
vy = u+ 5 [l[ulfwe.
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L Convection Dominated Problems
LRobust Error Estimate

Robust Error Estimate

1

2
lell + lla - Vell < {37 o}
KeT

{3 ) <elle+ e vell.}

KeT

cxc* only depends on the polynomial degree k£ and the shape
parameter cr.
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|—Convet:t:ion Dominated Problems

LEquivalence of Error and Residual

Uniform Stability
Then

ool < 2l
and
a(u,vp) = a(u,w) + 3 Julla(u w)
> Jlull? + g lullatu, wp)
> Jlull? + llull{8lla - Vull. [l }

1
= Slall{ Hull + Olle - Vull. §
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L Convection Dominated Problems
LRobust Error Estimate
SUPG-Norm
Mesh-dependent SUPG-norm:
vl + llle - Volll7
with
lla- Vol =Y dxlla- Vol
KeT
Relation to modified norm:
_1
lla- Vol < maxs,lla- Vollr
1
lla- Vorllr < maxsgag!la- Vorll..
Relation of both norms depends on mesh Péclet number.
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|—Convet:t:ion Dominated Problems
LRobust Error Estimate

Interpretation of Results

» Error estimator is robust w.r.t. the modified norm.
» Error estimator may over-estimate the energy norm.

» Over-estimation of the energy norm indicates an unresolved
layer.
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|—Non-Stationauz'y Problems
LVariational Problem

Non-Stationary Model Problem

ou—eAu+a-Vut+u=f in Q x (0,7
u=0 onT x (0,7
U = ug in O
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|—Comvection Dominated Problems

LMain Ingredients

Summary of Crucial Steps

» Estimation of the consistency error.

» Problem-adapted norm for error estimation.
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LNon-Stationary Problems
LVariational Problem

Space and Norm

X(a,b) = {u € L2(a, b; HE(Q)) N L®(a, b; LA()) -

Bu+a- Vu € L(a, b; H—l(Q))},
2 b 2
Jullxasy = {ess.suplluC ey + [ Ilut- )P
a<t<b a

b 1
+ [0+ a- Tu)cpla}.
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LNon-Stationary Problems

LDiscretization

Space-Time Elements

Temporal partition:
7= {[tn—l,tn] 01 <n< NI}.

Time-steps:
Ton, = Uy — Upp—ilo

Spatial partitions:

,ZE)a Op) TNI-
Finite element spaces:
XO’ °9 XNI
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LNon-Stationary Problems

LDiscretization

Discrete Problem
Find vy € X,, 0 <n < Nz, such that
u%) = TouUQ

and, forn=1,..., Nz,

wp — ug_l
/ = lar + a(0Vur, + (1 - G)Vu%:_ll,vfn)
Q

Tn
U%L-n B ug_fll 1
+ Y 5K/ (Tt L(out + (1 — 0)u ) ))a - Vor,
= K Tn "
KeT,
= ({Lv)+ Y 5K/ fa- Vv,
~ K

for all v, € X,,.
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LNon-Stationary Problems

LDiscretization

Conditions

» The partitions 7, are affine equivalent, admissible, and
shape regular.

» Transition condition: For every n there is an affine _
equivalent, admissible, and shape regular partition 7, such
that it is a refinement of both 7,, and 7,,_1 and such that

’

Cz = Ssup Ssup sup < 00
1<n<N7 g7, K'€T,, 'K
KCcK'

uniformly with respect to all partitions Z.

» Degree condition: Each X,, consists of continuous functions
which are piecewise polynomials, the degrees being at least
one and being bounded uniformly with respect to all
partitions 7,, and Z.

46/ 63
A Review of Robust A Posteriori Error Estimates
LNon-Stationary Problems
LDiscretization
Notation
uz is piecewise affine w.r.t. time and equals w7 at time ¢,:
(1) = (b0 — DU, + (L b)) 0 [tnos, b
uz(-,t) = Tn( n— UG -+ (t—to1)uF,) on [th_1,ts
Buz = —(u, — i) o1, ]
tUz = = Uz, —Ur, Oon [ln—1,Uln|.
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|—Non-S':a':ionary Problems
LResiduals

Residual
Residual R(urz):

(R(ug),v) = (¢,v) — /Qatuzv — a(uz,v)

— / Orev + a(e, v).
Q
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|—Non-Statiomaur'y Problems
LResiduals

Decomposition of the Residual

Temporal residual R;(uz):
(Rr(uz),v) = a([fur, + (1 — G)UZ};_ll —uzl,v).
Spatial residual Ry, (uz):
(Ri(u),v) = (£,0) — /Q Byuzv
—a([Vur, + (1 - Q)Vu%:_ll], v).
Decomposition:

R(uz) = R-(uz) + Rp(uz)-
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|—Non-S':a':ionary Problems
LResiduals

Equivalence of Error and Residual

Insert any function w € L?(0,T; H}(Q2)) into the residual
equation:

| R(uz) ||l 20,1351 (0)) < \/§||e||X(O,T)-

Insert error e into residual equation (parabolic energy estimate):

lellx @) < {4lluo = morol3z(qy

1
2

+6HR(UI)H%z(o,tn;H—l(Q))} :
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LNon-Stationary Problems
LEstimation of the Residuals

Spatial Residual

Spatial error indicator n7 :

=

_1
= { Y oklBxlie + Y e anlRelliag } -
KeT, Belz,

Standard arguments for stationary problems yield:

| Ry (uz) ||+ < ctnf,
nz, < cillRa(uz)|ll+-

cTcT only depend on the polynomial degrees and on the shape
parameters ¢z and cz.
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LNon-Stationary Problems
LEstimation of the Residuals

Temporal Residual

Representation of the temporal residual, the stability and
continuity of the bilinear form a, and integration on [t,_1, ty]
yield:

[ ) l2as )

tn—1

[N

2 1 B )
= \/; {let, = w2 2 + - Ve, — w2,
tn 1
{[" Wastur)e oizas)

n—1
1 /3 1 1 L
2 -1 12 SN
> oo ot LM, — 2 + e Y, — e IR
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LNon-Stationary Problems

LPreliminary Error Estimate

Upper Error Bound

Equivalence of error and residual, the decomposition of the
residual, the triangle inequality and the upper bounds for the
spatial and temporal residuals yield:

Nz 1
~k X 2
lellxory <& {lluo = mouoll3agy + D7}

n=1
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LNon-Stationary Problems

LPreliminary Error Estimate

Preliminary Error Estimator
Define a preliminary space-time error estimator by:

. 1 2
= (92)
1
2

+ g, = ug P+ e - V(uf, — U%T,ll)lllf] :
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LNon-Stationary Problems

LPreliminary Error Estimate

Lower Error Bound

Equivalence of error and residual, the decomposition of the
residual, the triangle inequality, the lower bounds for the spatial
and temporal residuals, and a test-function of the form

t—t,—1\@
wn,T+(a+1)<—n 1) W1
Tn

with a suitable « yield:

ﬁn < E*||e||X(tn—1,tn)'

¢xc* only depends on the polynomial degrees, the shape
parameters ¢z and the constant in the transition condition.
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LNon-Stationary Problems

LPreliminary Error Estimate

Difficulty

» Term ||a - V(uf, — u%j_ll)m* in 7, is not computable.
» Inverse estimate spoils the robustness.
> Idea:
> |II'lll« is the dual norm of a reaction diffusion problem.
» Solve an auxiliary discrete reaction diffusion problem.
» Replace [[|a- V(u} — u’};ll)m* by the energy norm of the
solution of the auxiliary problem and a residual error
estimator for the auxiliary problem.
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LNon-Stationary Problems
LFinal Error Estimate

Estimation of Dual Norm

Set
1 ~ ~
= { > oklla- Vi, —ub) + eAT, — @ |3,
KeT,
1
_1 ~ 2
+ Y e 2ap|Je(ns- VU%L)H%%E)}
Eeé’fn
Then

e { s+ 7, } < lla- Vi, — )l

< e { I, Il + 7, }-
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LFinal Error Estimate

Auxiliary Problem

Find u7. € Sy*(T,) such that
n—1

/{€Vﬂ% Vg, + Ut vy, } = / a-V(ug, —uz vz,
Q Q

holds for all vz, € Sy3° (7).
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LNon-Stationary Problems
LFinal Error Estimate

Final Error Estimate

Define the final space-time error estimator by:

1 2
m=e (7.

n n—1 112 ~n |12 ~n 2
+ llwz, —wz 7 + ez, I + (77,

N|=

Then

Nz 1
,
lellxoy < e lluo = mouol3ay + D2}
n=1

M < Cxllell X (tn_1,tn)-

cxc* only depends on the polynomial degrees and the shape

parameters ¢z and cz.
n
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LNon-Stationary Problems

L Main Ingredients

Summary of Crucial Steps

>

Parabolic energy estimate for the equivalence of error and
residual.

Decomposition of the residual into a spatial and a temporal
contribution.

Standard stationary results for the robust estimation of the
spatial residual.

» Robust estimation of the temporal residual.

» Judicious choice of test functions for the estimation of the

combined residuals.

Auxiliary discrete reaction diffusion problem and
corresponding residual error estimate for handling the dual
energy norm in the error estimator.
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L Outlook

Extensions

| 2

Variable coefficients and general source terms introduce
additional data errors.
General convection and reaction terms require

1
—5diva+b>5>0

6]l oo () < -

Anisotropic meshes are handled by using suitable geometric
quantities.

Discontinuities of the diffusion should be caught by the
coarsest mesh.

Anisotropic diffusion can be handled by measuring the
length in a diffusion-dependent norm.

Non-linear problems are handled via the implicit function

theorem.
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