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Non-adaptive solution of PDE’s

—Au=f onQCIR"

Poisson: { W—0 ond0

Var. form.: Find u € H} () s.t.

a(u,v) ::/QVU-VU:/va =: f(v) (ve Hy(Q)).

N[—

~ |- || gr on HE () (ellipticity).

-1l = al--)
Galerkin: V C H}(Q), find uy € V s.t.

a(uy,vy) = f(vy) (vy € V).

Cea’s lemma: |||u — uy|| = inf, cv [[|[u — vy
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Non-adaptive solution of PDE’s

(Non-adaptive) FEM: 79 C 71 C - - - seq of subdivisions of €2 into n-simplices
(say) based on uniform refinements (red-refinement),

Vi = Ho() N |[ Pa=r(T).

TeT;
inf, cv. ||lu—vllgr . 4 _d-—m
JS<V 5 hj 1 — Nj n

|ul gya
d order of approx, 2m order of eq, n space dim, N; dim approx space.

Regularity theory:

Poisson (m = 1), @ max. int. angle of Q C IR* (n = 2).

Then for smooth f, u € H*(2) if, and generally, only if, )
s<14+Ze (2,4 (1+Z <2 for re-entrant corners).

min(d,s)—m

Rate is NV~ n

To recover best possible rates: adaptive finite element or adaptive wavelet
methods.
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Multilevel bases

Consider seq. of cont. piecewise linears w.r.t. dyadically refined partitions.

U324 Ui {1),i} Riesz basis for H(€2) (even orthogonal), called hierarchical
basis (later (j,7) — X with |A| = j)

Local refinement ~ add basis functions only locally.

For finding seq over N of (quasi-) best locally refined partitions into N
subintervals, sufficient to find seq over N of (quasi-) best subsets with card.
N of infinite basis (actually latter is more general).
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Wavelets
Let Vo C Vi C - C Ly, Vo C Vi C--- C Ly(Q) sit. for d,v,d, 5 >0,

Uu Hd7

>

~

Uj

Uj

s <278

s <278

Uj

~

Uj

0,7)),

0,7)),

Let ®;, ®; unif. Ly-Riesz b. for Vj, V; with (®;, ®,);, = I (biorth scal.)

Let U; = {¢» : |A] = j} be unif. Ly-Riesz bases for V; 1 N f/jLLQ
(V_1 := 0).Then for m € (—min{d, 5}, min{d,~}), {27y : X e V}is
Riesz basis for H™(Q), i.e., u=u'W¥ := D aev W with (fy = £5(V))

lullzrm = (2

[Alm

Uy )aev| e,

If =; C V,41 (initial stable completion) s.t. ®; UE; unif. Lo-Riesz basis
for V1, then W, can be constructed as

— (55,91,
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Wavelets
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Wavelets

More generally, for a certain range of s, p and g,

s—|—n(%——

1N -
lullgs , ~ [|(2 D7) () x=lle,) il

in part, for 0 < s < d_Tm,

HUHBZ]};—sn ~ ||<2|>\|mU)\))\€Vng where q — (% + S)_l

~»

([Dahmen '97], [Cohen '00])

Ts
d—m /
n
m-+sn m-+sn
H q,q
0 1 1
2 q
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Approximation classes

Let X be Hilbert, ¥ a Riesz basis, i.e.. a basis and v = u' ¥ with
Jull 2 = [[al]e,-

Let X C X set of functions that are linear combinations of N basis
functions.

= inf — ~ inf — = :
on(u) = nf Jlu-—vlx {V%:#gllppvgN}Hu Vile, = on(u)

As(X) = A (X, ¥) set of all u € & with

s 1/
g = | (ZnVon()]ig) ™" 0<g<oo |
“ supy N0 n(u) g = 00

A;(£2) set of all u € {3 with ...
u € Ag(X) = u e A;(l2)
with equivalent (quasi-)norms.
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A characterization of AZ

o (1) = [u— unlle, = \/ S uy 2

k>N

where uy is a best N-term approximation for u, and (uy,, ) is non-increasing
rearrangement of (uy)xev.

For some p € (0,2), let u € ¢,,. Then

k
_(1_1
Flus? < Sl P < Jlalf, ~  on(w) < NG,

(=1

For v € £y with suppv < N, [[v]le, < N7 2||v|s,.

J & B ~» (DeVore '98]) For s € (0,2 — 1) and ¢ € (0, o]

'p

AS = (o, 0y) s g =L q where | 7= (5+s)7!

gl
N|—

True for any s € (0, 00) since p < 2 was arbitrary.
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characterization of Ag

Special cases:

Al =lr o ={ucly:|ule = sip k1/7|u>\k\ < 0o}

0<s<d=m

n

A=l =00 =" BTH(Q)

T

Last equality when X = H™ (), and ¥ is H™({2)-normalized wavelet basis
of order d.

B () much larger than H™%*"(€2), membership of which is needed
to get same rate with standard linear approximation.

Regul. th.: Poisson (m = 1), n = 2, polygonal domain; for suff. smooth
f, sol u e B™*"(Q) for any s ([Dahlke, DeVore '97]).

T,T
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Summary

Best N-term approximation from wavelet bases converges with rate s under
much milder regularity conditions than standard linear approximation from

span{yy : |A| < £}.
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Well posed lin. op eqs. and their formulation as
well-posed bi-infinite MV eqs

Let X', )V be sep. Hilbert spaces. Let B € L(X,)’). Given f € ), we
seek u € X s.t.
Bu = f1

Ex.:
e (Bw)(v) = [,Vw- Vv, X =Y = Hj(Q) (Poisson problem),

o (B(wW,p))(¥,q) = [,VW : VT — [,pdivy — [,qdivid, ¥ =Y =
Hi(2)™ x La () for a domain Q C IR"™ (Stokes problem),

Y (Bw)(v) — ﬁfﬁﬂ f(‘?Q (w(y)_w(w))(v(y)_v(w))dxdy' O C R?)’ X = y —

lz—y|3

H%((‘?Q)/R (hypersingular boundary integral equation).
Later ex. with X # V.
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Well posed lin. op egs. and their formulation as well-posed bi-infinite MV eqs

Let U = {of : A € V), ¥Y = {¢Y : A € Vy} Riesz bases for X, ).
|.e., synthesis operator and its adjoint the analysis operator

sgr (V) > X :icr—c' UV = Z XN
AEV y

S(IJX X — lo(Vx):g— [g(%bf\()]/\evx

boundedly invertible (anal. for sgy).

_ / —1 Y
Bu=f — SyyBsya s U= Syt b

~~ N =~
u

where

B = [(BY ) (¥X)aevyueva € LI(Va), l2(Vy))
is boundedly invertible (usually (Bu)(v) = b(u,v) so that B is infinite
“stiffness” matrix),

£ = sl = [F@)aevy € £(Vy)

(infinite “load” vector).
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Adaptive wavelet schemes

Tosolve Bu="f. |- =]l or |- ey

Aim: Given ¢ > 0, find u. with ||ju — u.||¢, < €, with whenever u € A3
for some s > 0, both #suppu. and work < 5_1/3|u|}4/38.

(lu—uy]| < N="[ul s (gen. sharp), N=Jul s =~ N = c=/*[ul’{2 )8
For time being: B=B* > 0.
CDD2 scheme [Cohen, Dahmen, DeVore '02]:

Plan: Apply simple iter. scheme like damped Rich: Let 0 < a < ||B||,
ult = ul — o(Bu® —f).

p:=|I—aB| <1.
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. . CDD2
Inexact iterations

RHS¢le] — f.: Determines f. € ¢y with ||[f — f|| < e.
APPLYg|v,e] — w.: For v € £y, determ. w. € ¢y with [|[Bv — w,|| < e.

SOLVE[¢] — u.:
ul® =0, g9 := [|[B~[|||f]
K smallest integer with 2p” < ¢/¢
for::=1 to K do
ul) .= u® — o(APPLY[u®, ;£c0] — RHS¢[52~¢0))
enddo

u. = u

Thl. |u—ul <e.

Proof. u —ul®) = (I —aB)X(u —u®) + Zfil(I — aB)® 71§, with

) K
16:]] < 2052%c0. [[u—uB)|| < pKep+ 308 Loy = 2pKe) < e N
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CDD2

Cost

Def 1. B is s*-admissible when for s € (0,s*), w. := APPLYg|v,¢]
satisfies #supp w,. < 5_1/8\V|}4/gi and work < 5_1/S\v|%gi + Hsupp v.

Y

Prop 1. If B is s*-admis., then for s € (0,5%), |W.|as. S |Vv|as, uniform
in e, and B : A, — AZ_ bounded.

Proof. (second part). Let C' s.t. #suppw. < 05_1/3\v|}4/58. Let v € A3

and N be given. For n:= C°N~%|vy|as_, let w, := APPLYg[vy,17), so
that suppw, < N.

IBv — (Bv)n| < [[Bv —wyl| < |[Bvy — wy[| + [|B|[[v — vu|
< CN7vnlag, +IBINTv]ag, S N7 v]ag O
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CDD2

Cost
Def 1. B is s*-admissible when for s € (0,s*), w. := APPLYg|v,¢]
satisfies #supp w,. < 8_1/S’V|il/38 and work < 8_1/8’V|i(38 + #supp v.

Y

Prop 1. If B is s*-admis., then for s € (0,s%), |w.|as. S [v]as uniform
in e, and B : A, — A% bounded.

Assump 1. f. := RHS¢[¢] satisfies #supp f. <

< N (and work < N), for
smallest N with ||f — fn] < e.

Corol 1. For some s € (0,5"), letu € AS,. Then |f:|4s. S |flas. S |ujas

and supp fo < 5_1/3\u]}4(88 .

Application to SOLVE: For some s € (0,s*), let u € A?3_.
[l Y| s <Ju®] s +|ufas, so by ul® =0, for fixed 4, [u®| 45 < |ulas. .

If this would hold unif. in i, then #supp u® < #supp u(i_1>—|—5;1/8\u }L(SS
and work in ith iteration bounded by same expression.
Using linear decrease tolerances, then #suppu. < 5_1/S\u\i(88 and total

work < 5_1/8|u|i(33.
o0
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. CDD2
Coarsening

COARSE|w, ] — w.: Determines for w € /g, the shortest (up to some
absolute factor) w. € £y with |w — w,|| < e.

Prop 2. Let n > 1 and s > 0. Then for any ¢ > 0, u € A3  and
w € Ly with [[u—w| <g, for v .= COARSE[w, uel, [[u—v|| <(1+ p)ek
#suppv S e o ulag and [v]as, < Jufas, .

Proof. [Cohen '00] Let N smallest with |[u — uy|| < (u— 1)e. Then
N < 5_1/3\u]}4(88. Furthermore |w — uy|| < [|[w — ul|| + ||[u — un|| < pe.
So #suppv < N. Last statement from foll. lemma: []

Lem 1. For u € A  and w € ly, |w|as. < [uas + (suppw)®|lu —wl].
Proof. With N = #suppw,

Wlag, S W —unlag +[un|ag, S CN)?|lw —un| + |ulas,.
where we used #supp(w —uy) < 2N. Now use

lw —un|| < [[w —ul[ + lu - uy|| < 2||w —u]. T[]
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CDD2 algorithm

SOLVE[¢] — u.:
u® =0, gg := |[Bf]
Let £ > 1 and K € IN with (u+ 1)2p% <1, L sm. with [(u + 1)2p%]F < g/eg
for j:=1to L do
v .— yU-1
fori:=1to K do
vt .= v() — o(APPLY [V, £¢;] — RHS¢[52¢;])
enddo
ul¥) := COARSE[v¥) 12p%e,]
ejr1 = (b +1)2p"¢;
enddo

u. = ul

Th 2. ||ju —u.|| < e. If, for some s € (0,5%), u € AZ_, then #supp u.
and work < 5_1/8|u|}4(38.
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Verification of s*-admissibility

Def 2. B is s*-computable, when for any N € IN, dBx having in each
column O(NN) non-zeros, whose joint computation takes O(N) operations,
s.t. for s <s*, |B—Bny| S N7°.

If B is s*-computable, then for any j, IBU) having in each column
O(a;27) non-zeros, whose joint computation takes O(«;27) operations,
where >  a; < oo s.t. fors <s* } 27%|B — BY)|| < o0.

E.g. take a; = (j + 1)—2, BU) = Bajzj, and use that for s < 5§ < s*,
> 27%(a;27) 7% < oo,

APPLYg|v,e] — w,:
Determine sm. £ with |B||||v — vy < /2.
With V[k] = Vok — Vok—1, V[o] .= V9o,

i
determine sm. j > /¢ with Z IB —BY=||||lviyll <e/2

W8 = B(J)V[O] _|_ B(J_l)v[l] _|_ . e + B(j_é)v[g]

22/59



Verification of s™-admissibility
_ 1
Prop 3. |Bv — w.|| < ¢, and for s < s*, #suppw. < ¢ 1/8|V\A/§O and,

apart from cost of sorting, work < 8_1/8|V|i(38 + #supp v.

¢
Proof. |Bv —we|| < [B|[[[v = vy + ) |B=BYU ?||lvy <e.

k=0
14

#supp W, and, apart from sorting, work < Zaj_ij_ka <27
k=0

By def. of j,
e .
e/2< ) |B—BYTH||lvyyl]
k=0

14
= 21705 3" U =17k B — BUTI=R) | gbs vy | < 2075w 4
k=0

or 27 < 8_1/S‘V|}4/SS. (]
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Verification of s™-admissibility

[Barinka '05],[Metselaar '02]: Log-factors due to sorting can be avoided.
After normalization s.t. ||v||,,, = 1, distribute its entries over buckets

order v s.t. elements from bucket £ — 1 precede those from bucket k;
generate Vo), vy, ... using this ordering. Number of buckets can be

bounded.
Th 3. An s*-computable B is s*-admaissible.
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A more efficient APPLY

e Instead of approximating B with the same accuracy on the wvy's
(# is 2F — 2F=1) use subdivision into buckets (values in range
[v]le27%7L, ||v]le.27%]). Saves work and is more natural.

e Instead of using an a priori distribution of the accuracies over the “chunks”
compute

= Z ngkv[k] where
k=0

(Poy -, pp) = argmm{z 2PkEsupp Vi Z B — Bori ||| v < e/2}
k=0

Never worse, but often much more efficient.

25/59



Verification of s*-computability
Let B: X — &' with X = H["(2), Q C IR", be defined by

(Bu)(v / Z G, 30%ud”v with a, 3 smooth.
], [B|<m
Wavelets of order d. Best possible rate d_Tm. Required: s* > 4¢=m

Prop 4. Consider locally supported (diam(supppy) < 27, piecewise
smooth, globally C™ wavelets. Then for |u| > ||,

(A =1l (B +d+m) Y, vanishes on sing supp 1)
< . ’
B S S girarom et
Wy Yy

—~———

Ingredients proof: shift derivatives to ¥ (int. by parts); 26,59
use van. moments v, and smoothness 1.



Verification of s™-computability

With a compression scheme based on these estimates, it was shown that

s* :min<

d+m r+%—m>
n = n-—1 /

assuming each entry can be computed at unit cost. For spline wavs
(r=d—2), s*>%“"™ when d >d—2m and =2 > 1,

There exists a quadrature scheme that keeps the error on the level of the
compression error, where the average work over each column per entry is

O(1).
Similar results for singular integral operators ([Gantumur, R.S. '06]).
Rem 1. Neumann bdr conds or missing vanishing moments of boundary

wavelets lead to larger entries. For n > 1, this may give an s* that is too
small.
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Non-SPD B

Run adaptive wavelet scheme on B*Bu = B*f.
Prop 5. If B € L({5(Vx),02(Vy)), C € L({3(Vy),l2(Vz)) are both
s*-admissible, then so is CB € L({2(Vx),02(Vz)). A wvalid routine
APPLY B s

w,e] — APPLY c|APPLYg[w,¢/(2||C|)],e/2].
If for some s* > s, C € L(I3(Vy),l2(Vz)) is s*-admissible, then for

RHSctle| := APPLY ¢[RHS¢[e/(2|Cl|)], €/2], (1)

|Cf — RHSctle]||eyv5) < &,

and #supp RHSctle] and work < 8_1/8"11"34(88 (05( )"
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CDD1 algorithm [Cohen, Dahmen, DeVore 01]
(B=B*>0)
CDD2: Apply iter. meth. onto Bu =f

CDD1: Solve seq. of Galerkin problems, use residual f — Bu(® as error
indicator for stopping and for guiding the expansion of the set of ‘active’
wavelets.

Motivation for studying it: Quantitatively better.  First indication:
Generating subspaces is the most expensive part. If you have one, better to
find best approximation from it.

Notations: A C V, I, : EQ(A) — fz(V), Py, = 13;1: gQ(V) — 52(1\),

BA = PABIA, fA = PAf, BAuA = fA. ||| | = <B-,->2.
1 1
BTz <M-AF <IBJ=l- I on (V)
—1y=1 1
B2 < B-[| <IBIz[ll- Il on £x(V)
1 1
IB7H72[Ta - Il < Ba- | < [IBJ2[|[Ta - | on £2(A)
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CDD1

Prop 6 (CDD1). Let 8 € (0,1], AC=CV, s.t.

IP=(f — Buy)|| = 0[|f — Bua]. (2)

1
Then [|lu — uzll| < [1 - &(B)7167]?[|lu — u,l|.
Proof.
_1 _1
lluz — uall] = [|B|72[[B(uz —up)|| = [[B|72[P=B(uz — ua)||
_1 _1
= Bl 72[|P=(f — Buy)|| = [|B|[720]|f — Bua|
1
> £(B)720|[u — u,||.
Now use [[[u —ualf]* = [[[u — uz[|* + [[us — uall*. ]

CDD1 Algorithm: Using RHS¢ and APPLY g routines, solve Gal. systems
and compute residuals inexactly, add coarsening. Optimality for u € A?_

when s € (0, s*).
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Avoidance of coarsening

Prop 7 (Gantumur, Harbrecht, R.S. '07). If in (2), 6 < /@(B)_% and = is
the smallest set satisfying (2), then #(Z\A) < N for sm. N s.t.

1
llu —uy|| < [1—6%:(B))2[[u — uplf.

Proof. Let 3 := AUsuppuy. Then [[|lu— ug|]| < [[[u — uyl]||, and so
[[us —uall| > QK(B)%H\U — uy|||. This gives

—1=1
[Ps(f — Bua)|| = [Bs(us —ua)|| > B 2]Jus — ual|

1 1
> B 720k(B)?|[[u — ual[| > 0[f — Bua.

By assumption on =, #(=2\A) < #(X\A) < N. ]

Corol 2. Ifu € A3, then #(E\A) < [Jlu— up||=Y*|u{ .
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Avoidance of coarsening

Majorized linear convergence + upper bound on sizes of expansions gives
quasi-optimal support sizes: Let

A CAyC---

uAl,qu, ceey

be produced by adapt wav-Gal scheme stopped when ||f — Buy,|| < e.
Then

/
H#A =3 #ANA-1) £ fla— a7Vl
k=1

k=1

— 1 _ 1
S fla =, 175 )l 5 S el
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Avoidance of coarsening

SOLVE[V_l, E] — Wg.
% Let a,w, 7y, 0 be constants with w € (0, ), 2% < &(A)_%, 0 > 0 and

1—w
% € (O, %R(A)_%‘i‘%’). The parameter v_1 is an estimate for the norm
% of the initial residual f.
]CZ:O, Wi ::O, Ak Z:@
do ( := Ovp_4
do ¢ :=(/2, ri := RHS¢|V, (/2] — APPLYR|V,wy, (/2]
if vy := ||rg|| + ( < € then stop endif
until ¢ < w|rgl|
-, 1I] := BUCKETSORT[ry|v\a,, V1 — o2 ||ry]]
determine the smallest K € INy with
exlona, — el sl < V= a2 [k
Apyr:= Ay UII({L,..., K})
g1 = RHSe[Ag 1, yv]
Wit1 = GALSOLVE[A 1, 8k+1, Wi, (1 4+ ¥)vk, Y]
k=k+1
enddo
Th 4. ||lu — wi|| <e. If, for some s € (0,s"), u € A3_, then #supp wy
and work < 5_1/8|u|}4(38.
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Avoidance of coarsening

log(error) X

log (#unknowns)
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Numerical illustration

222, if 2 €10,1/2),

N — ' =
u'+u=f onR/Z, withu(x) = cos(4rz)+ 2(1 — )2, ifze(l/2,1],
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Numerical example

B-splines of order 3.

- - -
10°¢ o cob2 |
' A New method|]
0 o O
10" 0 _
004
o
_ A Re ool
S 4 ©)
S 10 A © <
3 N o) ]
5 ' A GQ%&D :
e | A ? -
s . . k3
i “ Y
. 2 P
107°F .
10° 10°

wall clock time

¥ 36/50



Summary

For a wide class of operators, adaptive wavelet methods realize rate of
convergence of best IN-term approximation in linear complexity. With
CDD1 method coarsening can be avoided.
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Tensor product bases

Let O = (0,1)". Let ¥ be a Riesz basis for L5(0,1) of order d > m such
that {271A™4, : X € V} is Riesz basis for H™(0,1). Thanks to

H"(O)=H"®L:®---@LaN - NLa®---®@Ly®@ H™,

after normalization,
V=R - --QU

is Riesz basis H™(O).

n

Pa(@) =[] vn(@), A= (Al [Ma]) € N

1=1
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Sparse grids [Zenger '90], [Bungartz, Griebel '04]

Sparse grid space: span{y : [[|A|||1 < k}. With such a space of dim NV,
error is O(N~(4=™)(log N)*) (no curse) when

OroiTmogT™ 9l my € Lo(O) (1< i< n). ]

Rem 2. With standard (isotropic) approx of order d, rate is =7 when
u € HY(O). ) i
d=m —q —m <= d=n(d—m)+m

So instead that some (mixed) partial derivatives of order n(d — m) +m
have to be in Ly(0), all partial derivatives of this order should be in Lo(0O).

Optimized sparse grids: [Griebel, Knapek '00] [A2]

span{x : of|[A[lr = (0 = D[ Al[lc < E} for
some o € (1,-%) .

With such a space of dim N, error O(N ~(4=m))
when 0¢...0% € Ly(0O) (can be slightly & ___\_\

reduced). L_____

=N




Best /V-term approximation in tensor product bases
Despite their reduction, usually reg. conds for lin. approx. not satisfied by
sols (elliptic) PDEs (unless rhs f is smooth and van. near corners, edges).

Since W is Riesz, u € A (H™(0O), ¥) <= u € A;({2).
[Nitsche '06]: For s € (0,d —m), 7= (5 + )",

(thinking of s = d — m (not covered), same partial derivatives as for rate s

(mod log-factors) with sparse grids, but now boundedness in L., instead of
In L2)

[Nitsche '05]: Solutions of elliptic PDEs (for €2 [, as function transported
to cube) have infinite smoothness in this scale.

For n > 3, not true for scale that governs best N-term approximation with
isotropic wavelets. Generally, anisotropic refinements towards the boundary
are needed.
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Adaptive tensor product wavelet methods

To realize rate of best N-term approx: AWM.

Prop 8 (Schwab, R.S. '07). Consider (Bu)(v) = Z G, 30 U0
O
], [B|<m
with aq g smooth. With lgcally supported, piecewise polynomial

univariate wavelets that have d > d — m wvanishing moments, b(¥, ¥)
18 s*-computable with s* > d — m.
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High dim problems: Depend. of “hidden” constants on n
VTR
> ValPlloall

H = Hg(O) equipped with |- |1y, ¥ = @7, ¥ with ¥ Riesz for Ly(0, 1)
and, prop. sc., for H}(0,1). Then

k(2, H) ;= sup /inf of

/(T La(0,1))" " < w(, HY(O)) < w(W, H}(0,1))( ¥, L(0, 1)),
Quantitatively, both

AS(H (D), ®)) ~ A% (£2) ~ sup(#supp ut?))®|lu — u||,
J

with (u(j))j seq. prod. by AWM, depend critically but exclusively on k.

So for high dim problems, only option is to use L2(0, 1) orth. wavelets. For
compression, we need piecewise smooth wavs.
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High dim problems: Depend. of “hidden” constants on n

[Donovan, Geronimo, Hardin '96]: Piecewise pol. Ls-orth. multiwavs.
d=2:
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High dim problems: Depend. of “hidden” constants on n

Work count AWM depends on s*-computability constants:

Th 5 (Dijkema, Schwab, R.S. '07). For Poisson on O, given € > 0,
adaptive tensor product wavelet method using DGH wavelets produces
approximation within tolerance €, with, whenever u € AZ_, support length
< Cs_l/SHuHi(f and work < Dns_l/SHuHi(f, with C, D being absolute
constants. - ~
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High dim problems: Numerical results

Poisson on (0,1)", f =1, hom Dirichletf n =1,...,9.

| u—unll
1.000¢ .

0.500!

0.100}

0.050}

0.010

0.005)

0.001 : : '
1 10 100 1000 10*
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High dim problems: Numerical results

Poisson on (0,1)", f = 1, hom Dirichlet only at left bdr (tensorized),
n=1,...,10

Il u—unll
1.000F

0.500|

0.100- \ >

0.050 ~ >

0.010p

0.005)

0.001 : : :
1 10 100 1000 10*
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High dim problems: Numerical results

50

0 L L L 1 L L L 1 L L L 1 L L L 1 L L L | u u
Work o 200 400 600 800 1000

1 48/59



Summary

On product domains, the curse of dimensionality can be circumvented by
adaptive tensor product wavelet schemes.

References

[1] H.J. Bungartz and M. Griebel. Sparse grids. Acta Numer., 13:147-269,
2004.

[2] T.J. Dijkema, Ch. Schwab, and R. S. An adaptive wavelet
method for solving high-dimensional elliptic PDEs. Technical report,
January/February 2008. In preparation.

[3] G.C. Donovan, J.S. Geronimo, and D.P. Hardin. Intertwining

multiresolution analyses and the construction of piecewise-polynomial
wavelets. SIAM J. Math. Anal., 27(6):1791-1815, 1996.

49/59



[4] M. Griebel and S. Knapek. Optimized tensor-product approximation
spaces. Constr. Approx., 16(4):525-540, 2000.

[5] P.-A. Nitsche. Sparse approximation of singularity functions. Constr.
Approx., 21(1):63-81, 2005.

[6] P.-A. Nitsche. Best N-term approximation spaces for tensor product
wavelet bases. Constr. Approx., 41(1):49-70, 2006.

[7] Ch. Schwab and R. S. Adaptive wavelet algorithms for elliptic PDEs on
product domains. Math. Comp., 77:71-92, 2008.

[8] Ch. Zenger. Sparse grids. In Parallel algorithms for partial differential
equations (Kiel, 1990), volume 31 of Notes Numer. Fluid Mech., pages
241-251. Vieweg, Braunschweig, 1991.

50,59



Parabolic problems

let V. — H — V', I :=(0,T). Given g € Lo(I;V)={f:1 —-V":
f] Hf(t)H%/,dt < oo} and h € H, consider parabolic problem

du(t) 4 A(tyu(t) = g(t) in V', u(0)=hin H,
where a(t;n, () := (A(t)(n))(() satisfies for a.e. t € I,

a(t:n, Q) < MallnllvIiClly - (. € V) (boundedness)
Ra(t;m,m) + Alnl% = allnl} (e V) (coercivity).

Ex. A(t) differential or integrodifferential operator of order 2m > 0.

Classical approaches: Methods of lines or Rothe's method.
Not easy to get optimal distribution of work over time; even harder to get

optimality simultaneously over space and time.
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Variational formulation

Let
X =Ly(L;V)NHYLV) = (LoD @ V)N (HYI) @ V)
Y=Ly(I;V)x H ~(Lo(I)®@V)x H
Find u € X s.t.
b(“’?fu) — f(’U) (’U — (Ula UQ) S y)
where

b(w, (v1,v2)) 1= /(%’(t), v1(t)) g + a(t;w(t), vi(t))dt + (w(0),v2) g,
F(0r,v2) = / (g(t), 02 (1)) et + (o vs).

Th 6 (Dautray & Lions '92, Wioka '82). B : X — )’ defined by (Bw)(v) =
b(v,w) is boundedly invertible.
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Wavelet bases

Let, properly scaled, © C H*(I) or ¥ C V be temporal or spatial wavelet
bases for Ly(I) and H(I), or for V', H and V, resp.

Then

( )

‘9)\®0-p,

(M) EVy =V, xVyp,
IO (ol + 1A iy a3

/

0\ ® oy, o,
,0) (A ) € Ve x Vi U1(0, LEV,
{(HHA”%(I)”JM”V ) ) € Ve } t HUMHH) H i

are Riesz bases for X or )/, resp.

Bu=f <= Bu=Hf.

AWMs applicable onto B*Bu = B*f. To verify s*-admissability of B and
B* for s* larger than any s for which u € A2_ can be expected.
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Rates of best N-term approximation

Let temporal wavs © be of order d;; H = Lo(£2), V = H™(Q2) (or H*(£2)),
QcC R".

2 cases for spatial wavs >:
A) isotropic wav of order d,
B) Q=0=(0,1)" X =®" ,>;, X; univariate wavs of order d,

Using (optimized) sparse grids: In any case for smooth u,

in(dy—1,9z=m
ue A?OTH( ' ™) case A)
Aronoln(dt—l,dm—m) case B)

So no penalty for working in n + 1 dims, and in case B) no curse.

: L dy—m
Rem 3. Charac. of A3 for 0 < s < { min(d; — 1, ) case A)

min(d; — 1,d, —m) case B) "

terms of (tensor products of ) Besov spaces seems possible.
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s*-admissibility of B in wavelet coordinates
With [®]z denoting ® normalized in || - ||z, B =

(O1:1,OlLy) 1, ® ([B]vr, [E]v)aD1 + [;alt, [O]L, ® [E]v, [O]L, ® [E]V)dtDQ_
(3,2 gR

where Dy, D4 are diagonal matrices with |entries| < 1,
R € L({5(Vi X V), 02(V2)) is given by

( 0(0
0 when p = v,
R, =4 IO, oull3 + 163130 lloul12,
\ 0 otherwise.

Rem 4.1f a(t;n, () = a(n, (), then

/Ia(t, O], ® [X]v, (O], ® [E]v)dt = ([6]L,, [O]L,) 1, ® a([X]v, [X]v).
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s™-admissibility of B in wavelet coordinates

Lem 2. Let A, C be s*-computable, then so i1s A ® C.

Th 7. Let H = Ly(Q2), V = HJ* (), a(-,-,-) diff op with suff sm coeffs.
Consider locally supported piecewise smooth temporal and spatial wavs.
Then B and B* are s*-admissible with

. min(d; — 1, %=") case A)
s >
min(d; — 1,d, —m) case B)

when d, > dy — 1, and in case A), d, = 3, n € {1,2,3}, dy > dy, and in
case B), dy > dy — 1, di > d — m.

Rem 5. Restrictions on params in case A) due to fact that, properly sc., X
has to be basis for V’, i.e., dual wavs have to be basis for V. Consequently,
for V.= HJ*(2), primal bdr wavs have no v.m.’s.

Similar results for singular integral operators (in case A)).
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Parabolic problems in high space dims

Consider 2 = [0; a(t;n, () = |, Vn-V(; case B), i.e,, ¥ = ®}_%;, with
»; an L3(0, 1)-orthogonal basis. Then ||B]|||B™!|| bounded unif. in n.

(<[@]}{17 [@]L2>L2 ® Idfv)Dl + <[@]L27 [@]L2>L2 ® a’([z]Vv [Z]V)DZ
R

Let the wavs be locally supported, piecewise pol (DGH spatial wavs). Then
for any s*, B and B* are s*-admissible with “hidden constant” growing at
most linearly with n.

Th 8 (Schwab, R.S. '07). Given € > 0, adaptive wavelet method produces
approximation within tolerance €, with, whenever u € AZ_, support length

< C’z—:_l/SHuHi\/SS and work < Dn25_1/5||uHJ14(38 , with C', D being absolute
constants.
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Summary

Parabolic problems can be formulated as well-posed operator equations
simultaneously in space and time.

Thanks to product structure of space-time cylinder, tensor product can
be applied of bases in space and time, and so no reduction in rate, or
equivalently, payment in complexity, due to the additional time dimension.

Adaptive wavelet methods give best possible rates.

For high dimensional spatial product domains, the “curse” can be
circumvented by taking spatial tensor product wavelets.
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