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Aspects

e Gabor frames = discretized (generalized) coherent states

e convenient for interpretation in physics and signal processing —
contribution of cells in phase-space

e new results on classical pseudodifferential operators
e applications in wireless communication

e computational physics?
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Pseudodifferential Operators and Symbols

Pseudodifferential Operators

Symbol o on phase space R24 = RY x R¢
7D = [ ox.e)f(©er ¢ de
R2d

Hoérmander classes ngp as standard symbol classes for PDE

In phase-space analysis

cESYy & 00 € L(R¥M), Va>0

Karlheinz Grochenig (EUCETIFA) Almost Diagonalization January 2008 4/25



Pseudodifferential Operators and Symbols

Standard Results
Boundedness.

Theorem (Calderon-Vaillancourt)
If 7 € S, then o(x, D) is bounded on L?(R?) and

lo(x, D)oz < D 0% ]loo -
|a|<2d+1

Functional Calculus.

Theorem (Beals '77)

If o € S§, and o(x, D) is invertible on L%(R?), then o(x, D)~ = 7(x,D)
for some 7 € Sg .

REMARK: NO asymptotic expansions, NO symbolic calculus for 88 o-
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Phase-Space Shifts, Coherent States

Phase-space shifts: z = (x, &) € R, f € L2(RY).
m(2)f(t) = e2MEMU (t — x) = MTyf (1)

{n(z)g : z € R¥} is a set of (generalized) coherent states. Continuous
resolution of identity (phase-space decompaosition):

f= 0" [ (r(2)a) nle) dz

Often g(t) = g(t) = e~™" Gaussian

Short-time Fourier transform (cross Wigner distribution, Gabor
transform, radar ambiguity function, coherent state transform, etc.) of f
with respect to state/window g

Vol (2) = (1. 7(2)9) = (f-9(- =) 1©)

measures “amplitude” of f in neighborhood of point z in phase-space
(local frequency amplitude £ near time x)
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Phase-Space Analysis of Pseudodifferential Operators

Discrete Expansions

Discretize the continuous resolution of the identity

e (“nice”,eq.,gesS

e A C R Jattice, A = AZ?d for A € GL(2d,R), e.g., A = aZ% x BZ9.
Wanted: stable expansions

f=> (f,7(M\))m(\g (1)

AEN

for suitable pair of “nice” g, ~ with unconditional convergence and
equivalence of norms on f and norm on the coefficients.
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Phase-Space Analysis of Pseudodifferential Operators

Gabor Frames

(1) is equivalent to the following:
e {m(N)g,\ € A} is aframe (Gabor frame), i.e., 3A,B > 0, such that

AllfIE <D [, x(Ng)P <BJIfIE v € L3(RY).
AEN

If A =B, then {n()\)g, X € A} is called a tight frame and

AT, m(N)g) T(M)g
AEA
e looks like orthonormal expansion
e but {m(A\)g : A € A} is no basis, coefficients not unique
e Smoothness w.r.t. phase-space content — modulation spaces —
results on nonlinear approximation
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The Sjostrand Class

ol = [, sup [(Vao(z,0ld¢ < o

d zgR2d
¢ —=Veo(z,()= (o -T,9)" €Ll
= ¢ is bounded and locally in FL!
M-1 contains functions without smoothness.

Weighted Sjostrand class M (R29),
Iolges = [, sup (- T2®) (OIv(c)dC <
v R2d 7 cR2d

My with norm

lollmgere = sup (o - Tz®)7(C)|v(C)
z,(cR2d
Observation: If vs(¢) = (1 + |(])®, then
860 = [YMi" = (M~
s>0 s>0
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Almost Diagonalization

Matrix of o(x,D) with respect to Gabor Frame

Natural idea: investigate pseudodifferential operators with respect to
coherent states/phase-space shifts (quantum mechanics, quantum
optics?)

Assume that {7(\)g : A € A} is a (tight) frame for L?(RY). Then

f= Z)\eA<f77T(/L)g>7r(:u)g and

o(x,D)(m(1)9) = Xorea(o (X, D)m(1)g, 7(A)g)m(A)g.

U(X7 D)f = Z<f,7‘r(,u,)g>0'(x, D)Tr(,u)g

BEN

= 3" (X {otx. D)n()g. 7(N)g) (F, w(11)g) ) (Vg

AEN  peN
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Almost Diagonalization

Stiffness Matrix

Matrix of o(x,D) is M(0)y , = (o(x,D)m(w)g, 7(z)9)
Stiffness matrix, channel matrix

o(x,D)

L2(RY) =57 LA(RY)
1 Vgla 1 Vgla 2)
ey M9 2

(o(x,D)m(w)g,7(z)g) = (o,R(n(2)g,7(W)g))
= <0-’ MC(Z,W)TU(Z,W)R(g7g)> = Vq;O‘(U,C)

e R(f,9)(x,€) =f(x)§(¢)e~2™¢  Rihaczek distribution
e phase-space properties of o < off-diagonal decay of M (o)
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Almost Diagonalization

Almost Diagonalization for the Sjostrand Class |

Theorem
Fix g # 0, such that [p.q [Vgg(2z)|V(z)dz < oo (g € MY)
(A) A symbol o € M, if and only if there is H € LL(R29), such that

(o(x,D)(w)g), 7(2)g)| <H(Zz —w)  w,z R 3)

(B) Assume in addition that {w(\)g : A € A} is a tight frame. Then
o € My, if and only if there is h € 1(A), such that

[{o(x, D) ()9), 7(M)@)l <h(A—p) A peA. (4)

e Matrix of o(x, D) is dominated by convolution kernel in £}.
e Ifv(x +y) <v(x)v(y), then £ is Banach algebra w.r.t. convolution.
Consequence: if o1, 05 € M, then

o1(x,D)oz(x,D) = 7(x,D)  for 7 € MJ?

4




Almost Diagonalization

Almost Diagonalization |l

Theorem

Fix g # 0, such that [0 [Vg9(z)|V(z) dz < oo (g € My). Assume that
visv-l<cvl
(A) A symbol o € My>>, if and only if

(o(x, D)n(w)g),n(2)g)| <Cv(z —w)™" w,zeR* (5

(B) Assume in addition that {7(\)g : A € A} is a tight frame. Then
o € M3, if and only if

(o (x, D)w(1)g), m(AN)@)| < CV(A —p)™" A ueAN. (6)

Stiffness matrix possesses quantifiable off-diagonal decay.
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Almost Diagonalization

Almost Diagonalization for Hormander Class

Corollary

Fix g € S and tight Gabor frame {w(\)g : A € A}. TFAE:
(A) o €Sg,

(B) |(o(x,D)r(w)g), 7(2)g)| = o(yz . wy—N) for all N > 0.
(C) [{o(x,D)m(1)g), 7(A)g)| = (9<M - u\‘”) forallN > 0.

Stiffness matrix of symbol in 8870 decays rapidly off diagonal.
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Almost Diagonalization

Mt is Inverse-Closed

Theorem (Sj6strand)

If o € M>>1(R?%) and o(x, D) is invertible on L?(RY), then
o(x,D)~t = 7(x,D) for some 7 € M1,

Theorem
Assume that v is submultiplicative and
limp_oov(nz)Y" =1, Vz € R,
If o € MJ®(R2) and o(x, D) is invertible on L2(RY), then
o(x,D)~t = 7(x, D) for some 7 € M{>".

e Only functional calculus, neither symbolic calculus nor asymptotic
expansions

e Evenif o(x,D) is invertible on L?(RY), M(c) is not invertible on
72(N), but it possess a pseudoinverse with same off-diagonal decay as
M (o).



Almost Diagonalization

Approximation by Elementary Operators

Stiffness matrix possesses strong off-diagonal decay, i.e., can be
approximated well by banded matrix.

Definition: Gabor multipliers If {w(\)g, A € A} is a tight frame and
a € (°°(7?%), define

Maf = ay (f,7(\)g)r(\)g
AEA
[if ay =1, then My = Id.]

Diagonal of M (o) corresponds to the operator

Mat =) (o(x,D)r(N)g, 7(A\)g) (f, 7(\)g) 7(A)g

AEN
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Almost Diagonalization

Approximation by Elementary Operators Il

Side-diagonals correspond to operators of the form

M = )" (o(x,D)r(Ng, 7(A — K)g) (f,7(\)g) 7(A — k)g

AeN e

= 7(=r) S balf, m(N)g) T(N)g

AEN

Approximation of M (o) by banded matrix amounts to approximation of
o(x, D) by modified Gabor multipliers

o(x,D)f =~ Z m(—r)Ma,f

Irl<L

(Error estimates: Andreas Klotz, KG, 2007?)
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Time-Varying Systems and Wireless Communications

Time-Varying Systems
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Time-Varying Systems and Wireless Communications

Time-Varying Channels

Received signal fisa superposition of time lags
() = / V(u)...f(t +u)du
Rd

Received signal fisa superposition of frequency shifts

f(t) = 9 W(n)...e2 " (t)dy

Thus received signal fisa superposition of time-frequency shifts:
fy = / 5(n,u) €21 (¢t + u) dudn
R2d —

" AL AVAA
Karlheinz Grochenig (EUCETIFA) Almost Diagonalization January 2008 19/25



Time-Varying Systems and Wireless Communications

Modelling

Standard assumption of engineers: o € L? and 6 has compact support.

Problem: Does not include distortion free channel and time-invariant
channel.

So supp & is compact, but § is “nice” distribution. Then ¢ is bounded
and an entire function.

= o € M for exponential weight.
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Multiplexing

Transmission of “digital word” (cx ), cx € C via pulse g

(1) = clt k)
k=0

Transmission of several “words” (<= simultaneous transmission of a
symbol group) by distribution to different frequency bands with
modulation

Partial signal for ¢-th word ¢) = (c), ,,

fr=> cuTig
k

Total signal is a Gabor sefies K@gpmapgi})n)
f = ZCk|M9|Tkg = ZC)ﬂT()\)g
k|

AEA

If My T g orthogonal, then OFDM (orthogonal frequency division



Time-Varying Systems and Wireless Communications
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Time-Varying Systems and Wireless Communications

Decoding and the Channel Matrix

Received signal is

f=o(x,D)( Y cum(i)g)

BEN
Standard procedure: take correlations

(f,7(A)9) Zcu (x, D) (1)g, 7(N)g)

Solve the system of equations
y =Ac
where A, ,, = (o(x,D)(m(r)g), 7(A\)g) is the channel matrix.



Time-Varying Systems and Wireless Communications

Decoding Il

Recovery of original information ¢, amounts to inversion of channel
matrix (equalization, demodulation).

Engineer’s assumption in statistical models: A is a diagonal matrix i.e.,

cx = (o(x, D)m(N)g, m(A\)g) ya

Cannot quite be true, but A is almost diagonal.
Hope: improvement of accurary by including side-diagonal.
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Time-Varying Systems and Wireless Communications

Final remarks

e Use the almost diagonalization w.r.t. Gabor frames in wireless
communications and in quantum mechanics

e Approximation by banded matrices is simple.

e Works only on RY, not on domains

e Any advantages from adaptive methods (CDD1 and CDD2)?
[Dahlke, Fornasier, KG]
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