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Navier-Stokes equations

%—?—I—(U-V)u:—Vp—I—VAu

V.-u=20

with smooth initial data with finite energy in R3

J. Leray, Acta Math. 63, 193 (1934)
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1. Introduction: review of blowup criteria
Scale-invariance and criticality @ — x/\,t — t/)\?

u(x,t) > U, 7) = A_lu(:c/A,t/Az)

p(x,t) — P(&,7) = X ?p(z/\, t/A?)
example: n = spatial dimension

=\, t = N1, u=\"1U

[ lultda = Am=1 [ |Ude,

q < n . super-critical, g =n : critical, ¢ > n . sub-critical

[ IVulPde =02, [ jude = [v?]



Blowup criteria (subcritical)

Leray bounds

,3/2

tx — ¢

/RS w|2dx > C

,1/2

tx — 1

sup |lu(x,t)| > c
x



Notations
energy

1 1
Bt =3 [ lu(@,O)Pde = S|ul?2n
enstrophy
Q) =~ [ [Vule, )Pz =  ul?
> Jrn ) 2 Hl(]Rn)

H1/2-norm, defined with A = (—A)1/2 & |k

1 1. 5
H() == [ IN2u(@,)Pde = S|ul? o g



Leray’s self-similar blowup ansatz (1934)

1 €T
[2a(t« — t)]1/2U (&), &= [2a(tsx — t)]1/2

u(x,t) =

Leray equations
U-V£U+a(£-V£U+U) = —VSP—|—1/A€U,
Vg -U=20
No go theorems: self-similar blowup ruled out

If U € L3(R3) then U = 0 Netas, Rizicka and Sverak (1996),
also Tsai (1998) for U € LI(R3), ¢ > 3.



Blowup criteria (critical)

||u||L3(R3) — 00 as t — t«

Escauriaza, Seregin & Sverak (2003). By |lul[;3 < [[u]l ;1,2

/|/\1/2u|2dw = /u -Audz < (/|u|2dw/|w|2dm> V2

E() = surrogate for ml/2

1
§|/\1/2u|2 <u-Au onR?>

Cordoba-Cordoba(2003)



Non-steady Leray equations
dynamics rescaling
Assuming N-S solutions blows up at ¢t = ¢« apply dynamics rescaling.

1
u(x,t) = U, )
V2a(te — 1)
E X t dS 1 Iog t*
p— , T = p—
\/Qa(t* — 1) 0 AM(8)2 2a " ti—t
1 — 8—2&7‘ 1
non-stationary Leray equations

oU
o> TU VU +al€ VeUHU) =-VeP+vigl, Ve U=0
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No go theorems: Chae (2007), Hou and Li (2007)

Asymptotic self-similar blowup ruled out

im U&7 -U@lr=0,Uecll,p>n

T—00

then U is a steady solution to the Leray equations.

In fact, U = 0 by NRS(1996) and Tsai(1998)



3D Navier-Stokes

@ Q3 b IN2 74/

—— —< (= = / t)<dt =
dt — 1S 0 Q) >

3/2 3

t) > c —— T ~
Q) 2 Vi —1 Q(0)?
3D Euler
tx
d”‘;l‘oo < Cl|lw||, invalid \/O |w(t)||oodt’ = co BKM
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dl|w||p

cf. ph < C||w||/% Frisch & Bardos(1975)
WO 1
1 — Ct|lwol| lwoll
jw(z) — w(y)

lw[ly = [|wlloo + sup , u>0

r#y T —yl*
not scaling-friendly

11



3D Navier-Stokes

2
Plulls _ C (dlulz)®
dt2  — 3 dt '

td|ullys

Nlullgs = [ =)

d 1
tx — T Ty —

dt' — 0o as t — t«, ESS(2007)

AU s _

dr

Discard
-

1
(—) by Chae, Hou-Li(2006)

associated with

T d||U
||U||L3:/O Hd |/|L3d7"—>oo as T — o0
T
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Critical case

alj +U-VeU~+a(§-VeU +U) = VP +vAU

o
The equations for L™-norm are identical before/after rescaling
1d n —2 —2
— u|"der = — u|” V- (up)dx 1// uw|" “u - ANudx
[ lul [ "2V (up)de 4 [l
1d

U"d _—/ U2V, . (UP)d / UP2U - AUd
[ UIdg=— | [UI"?Ve - (UP)E+v [ U] (U
by orthogonality

a/Rn U"2U - (¢ VU + U)dg = 0
Impossible to distinguish: uw (blow-up), U (grow-up)
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Critical & subcritical norms

norms time of local exist. | small data = global exist.

L™ NA Yes

LP (p>mn)| |ugl 2P/ (P~ NA
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2. Asymptotic analysis
Enstrophy equation

aQ
dt  Jr3
well-known bound

w-Vu-wdw—y/

2
R3|V X w|

3 2

dQ _ CQ 5vQ

dt — 3 4 F
. dE d Q2
With — = -2 —log(EQ) < C=*-
ph vQ,  —109(EQ) < O

E®Q) < BOQO)exp (5 [ @?ar)

,3/2

Type I Q(t) =~ = a power-law upperbound

tx — 1

15



1 EZ?
Cv° Q

Essentially

E?2 dlogQ

> 5 _ E@)Q()
o5 g STl fO=—73

5 5\2 4FE?dlogQ
f2(40+\/(40> Tos T a )

E d
IS V5/2\/dt 09 ¢
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%IIU(t)Ilzl/z = H(t) < \/E(t)Q(t)

) H(t) =~ JE®)Q(?)
i) H(t) < /E®Q)

We consider case i)

Robinson, Sadowski & Silva (2012)

(40

[w(®)] 712 < C'log
tx — 1

+ [|u(0)] f1/2

)

(0

VE@®Q® < ¢ (log
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A simple analysis

Assume f behaves in a tame fashion: e.g. f(t) <’log

d

Q < OL5 Q % "10g’

dt E2
@< 5Q
dt ™~ E2’
dE
— =2

Tt vQ

t — t«

/
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Derivation

=
I

é> 5 =F(ee)
e

.. dW dW .
e = = €

dt de

dW
W——> F(e,é)
de

dW<F(e,é) _ 1

g_ %% e2
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E(t)
01/2,5/2

09 |1 — ce(t)|+ ce(t) > ¢ (tx — t)

By e(t) =

Taylor expansion: e(t) < \/Q(t* — 1)

a(t) = —e(t), e(t) ~ 1

q(t) € 2>t —
9 (q(t) ¥ c> PO E i
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&(t)

1.6
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Numerical experiments
pseudo-spectral

N=256,r=1x10"3 At=2x10"3
Case 1: random initial data
E(k) o< k* exp(—k?)
Case 2: the Taylor-Green vortex

cosxsinysinz

u= | —SinNxCoSysSinz
O
Au = +/3u and u - Au = /3|ul? >0
H(t
(1) (t)

~ JEDQ®)
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3. Blowup criteria in L°°-norms: (—-A)%, a=0,1/2,1
([ 1N Aaa) VP 3/ (2at5-2)
For N-S (=) : a=1, =3/p
/|/\3/pA|pd:13
p=1: /|Vw|da: Yes
p=2: |ulg12 Yes
p=3: |ul;3 Yes

p=o0: |Alpe 7
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lull;s < CI|DY2ul|;2
2
lull ;3 < C||D%u|| ;1
|Al|r < C||V x Al|;3 invalid

[Allemo < Cf[V x Al 13
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For (-=A)0: a=0,8=24+3/p
/|/\2+3/pA|pda:
p=1: /|D3w|dw Yes
p=2: |ulys> Yes
p=3: |Vw|;3 Yes

p=oo: |[w|r~,|lwlemo Yes
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For (=)Y/2 a=1/2, B=1+3/p
/|/\1‘|‘3/pA|pda:
p=1": /|Aw|dm ?
p=2: ||’LL||H3/2 [
p=3: |wlz 7

p=o0: |upe 7
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*a=1
Navier-Stokes equations written in vector potentials A; (u =V x A)

OA 3 rx (VxAE))r (Vx A(z"))
— P.V./R3

g 2 da’ NA,
ot 4 7[5 Tt

r=xz—-—y, V-A=0

,1/2
by sup|u(x,t)| > c
0A v 1
il CA~vlo ?
ot~ Tt —t 9, —"

Or, depletion keeps A bounded 7
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lLLeray equations

A B
a—+a£-VA
ot

_ 3.y [ &) x(VxAEN)E-¢)- (VxAEN)

d¢' +vAA
ar e ¢ S
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1 — e—l/t

xa=0 w=e¢ '@, u=e"a, t'=
14
0
—w—l—u-szw-Vu—z/w
ot
0w )
— 4@ Vo= Vi, [|&|< [©oll,
ot/ 1 — K||@o]|ut’
, 1 1 1
T = R , T'= —1log 7 >
[&ollp v ~ Klwollu
Note that if |wo|lp =v/K, T = o0
v v 1
If e Vbx=1-— >0, ||wl|y<
Klwol, ~ > 19l = 51—
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Get a feel for (—=A)1/2 by comparing with A
Burgers vortex: a=1

u=(—Ar,v(r,t),2Az2)

Ov Ov 020 10v v
——A(TE—FU)—V( + )

Or2 ror 12

Ow A0 (12) =, (a% n 13_w>

ot r Or Or2 r Or
() Al o Ar?
w(r) = —— _
2TV P 2v

u(r) = 2—; [1 — exp <—é7;2>]
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modified Burgers vortex: a =1/2

u=(—Ar,v(r,t),2Az)

cf Jimenez (1994) hyperviscous case



Normalisation

Burgers
1 r2
= —exp|——
o(r) = - p( 2)

modified Burgers

y u(r) :2—71'7“

1 1
w(r) =
2T (1 + TQ)

s u(r) =
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digression: steady problem is harder

1 _
M@ =5y [ DTy a @) = o [ ay

T JR? |z — y|

axis-symmetric case

Af(r) = %PV /OO fr) = JG) (2\/E> sds

0 (r+s)(r—s)? r—+s

_1 2 [©sf(s)  (2yrs _T/2 5 . 5
A f(r)—;/o T+8E<r+8>ds, E(k)_/o V1= k2sin2 zda

1d 2 :g o w(r) —w(s) 2./rs ods
frdr< ) WPV 0 (r—l—s)(fr—s)QE (r—l—s) a
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5. Summary

e Review of critical/non-critical blowup criteria

e Asymptotic analysis based on H ~ /EQ

e Blowup criteria in L°°-norms: is A a criterion ?

e For Q(t) > T o’ the dangerous time interval scales as
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