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In classical optimal transport, the contributions of Benamou—Brenier and
McCann regarding the time-dependent version of the problem are corner-
stones of the field and form the basis for a variety of applications in other
mathematical areas.

In this article, we characterize solutions to the martingale Benamou—
Brenier problem as Bass martingales, i.e. transformations of Brownian motion
through the gradient of a convex function. Our result is based on a new (static)
Brenier-type theorem for a particular weak martingale optimal transport prob-
lem. As in the classical case, the structure of the primal optimizer is derived
from its dual counterpart, whose derivation forms the technical core of this
article. A key challenge is that dual attainment is a subtle issue in martingale
optimal transport, where dual optimizers may fail to exist, even in highly
regular settings.

1. Introduction. Optimal transport as a field in mathematics goes back to Monge [51] and
Kantorovich [44], who established its modern formulation. The seminal results of Benamou,
Brenier, and McCann [19, 20, 17, 47] form the basis of the modern theory, with striking
applications in a variety of different areas; see the monographs [58, 59, 3, 55].

We are interested in transport problems where the transport plan satisfies an additional mar-
tingale constraint. This additional requirement arises naturally in finance, but is of independent
mathematical interest. For example, there are notable consequences for the study of martingale
inequalities (e.g. [18, 38, 53]) and the Skorokhod embedding problem (e.g. [9, 43, 14]). Early
articles on this topic of martingale optimal transport include [40, 10, 57, 30, 28, 21].

In view of the central role taken by the results of Benamou—Brenier [17] and McCann [49]
on optimal transport for squared (Euclidean) distance, the related continuous-time transport
problem and McCann’s displacement interpolation, it is paramount to search for similar
concepts in the martingale context. This is the main motivation of the present article. Before
describing our results, we briefly recap the classical role models.

1.1. Benamou—Brenier transport problem and McCann interpolation in probabilistic
terms. Given u,v in the space P»(R?) of d-dimensional distributions with finite second
moment, Brenier’s theorem asserts that if u is absolutely continuous, the following are equiv-
alent for a coupling 7 € Cpl(u, v), i.e., a probability on R¢ x R¢ with marginals u, v:

(1) m minimizes the transport costs with respect to the squared distance between y and v.
(2) mis concentrated on the graph of a function f: R? — R? which is monotone in the sense
that f = Vo for a convex function v: R? — (—co, +00].

Brenier’s theorem gives a structural description of the optimal transport plan for the most
widely used cost function. Another essential consequence of the result is that it provides a
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particularly natural way to move probabilities: it implies that u can be transported to v via
the gradient of a convex function. In fact, in many applications it is the mere existence of this
monotone transport map that is required, irrespective of its optimality properties.

Ideally, a martingale counterpart of Brenier’s theorem should mimic these aspects. That is,
starting from a natural optimization problem, our goal is to define a natural martingale that
connects the probabilities u and v.

While [12, 39, 31] have proposed martingale versions of Brenier’s monotone transport map
based on static transport problems, our starting point is a continuous formulation in the spirit
of the Benamou—Brenier continuous-time transport problem given in [5, 41].

We first recapitulate the continuous-time formulation of Brenier’s theorem in probabilistic
language. For p, v € P>(R%), consider

1
— : 2
(BB) L(uv)=  inf E[ /O b, | dt].

X;=Xo+ [, bsds

Under the above assumptions, (BB) has a unique optimizer (in law), and the following are
equivalent for a process X = (X;)o<:<1 With Xo ~ u, X1 ~ v:

(1) X solves (BB).

(2) X; = f(Xo), where f is the gradient of a convex function v: R? — (—co,+c0] and all
particles move with constant speed, i.e. X; = Xo + bt, t € [0, 1], for the random variable
b=X; - Xp.

In this case, setting u; := Law(X;), t € [0, 1], defines McCann’s displacement interpolation
between u and v. This interpolation is time-consistent in the sense that interpolation between
us and g, for 0 < s <t < 1, recovers the family (u;)s<r<: up to the obvious affine-time
transformation.

1.2. Martingale optimization problem. ~Assume that u, v € P> (R?) are in convex order, in
signs u <. v, that s, / ¢du < f ¢ dv for all convex functions ¢: R¢ — R with linear growth.
We consider the optimization problem

1
. . 2
(MBB) MT(uv)= | inf E[ /0 o — Talg dt .

Mi=Mo+ [, o dB

where | - |gs denotes the Hilbert—Schmidt norm. Here the infimum is taken over all fil-
tered probability spaces (Q, 7, P), with o an R?*¢-valued ¥ -progressive process and B
a d-dimensional ¥ -Brownian motion, such that M is a martingale. The stochastic integral
/Ot oy dBy 1s in the It0 sense.

The main result of [5] is that (MBB) admits a unique optimizer M*. Moreover, M* is a
continuous strong Markov martingale. While (BB) implies that particles move along straight
lines, the functional in (MBB) stipulates that M* maximizes the correlation with Brownian
motion subject to the given marginal constraints. It is also shown in [5] that M* is the
process whose evolution follows the movement of a Brownian particle as closely as possible
with respect to an adapted Wasserstein distance (see, e.g., [4, 29]) subject to the marginal
conditions M ~ u and M} ~ v. As in the classical case, setting u, := (Law(M;))o<:<1 defines
a time-consistent interpolation between p and v. These properties motivate to interpret (MBB)
as a Martingale Benamou—Brenier problem and to call the martingale M™ stretched Brownian
motion between u and v as in [5].
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1.3. The Bass martingale. Our main result relates the optimality property in the definition
of stretched Brownian motion to a structural description. As motivation we recall a classical
construction of Bass [7] which provides a particularly appealing martingale M = (M, )o<;<1
that terminates in a fixed measure v on the real line and starts at the barycenter of v. This
amounts to a solution of the Skorokhod embedding problem (modulo time change). Let
(B¢)o<r<1 be Brownian motion (started in By = 0), let y := Law(B;) denote the standard
Gaussian and define f: R — R as the y-a.e. unique increasing mapping that pushes y to v.
Bass then defines the martingale

(1.1) M; =E[f(B1)|o(Bs: s <] =E[f(B)[B], 0<t

N

1,

so that M| starts at the barycenter of v and Law (M) = v.
As we are interested in martingales in multiple dimensions with possibly non-degenerate
starting law u, we consider the construction of Bass in the following generality:

DeriniTiON 1.1, Let B = (B;)o<:<1 be Brownian motion on R4, where By ~ @ € P (R9),
and let v: R? — R be convex such that Vo(B)) is square-integrable. Then we call

M, =E[Vo(B))|o(By: s <t)] =E[Vo(B))|B,], 0<t<l

a Bass martingale from u := Law(M) to v := Law(M;).

The question arises under which conditions on y, v € P, (R9) there is a Bass martingale M
from u to v, i.e. satisfying My ~ p and M ~ v, for u and v prescribed in advance?

1.4. Structure of stretched Brownian motion. We need a connectivity assumption on the
marginals, known under the name of irreducibility in the martingale transport literature.

DeriniTION 1.2, For u,v € P(R4) we say that the pair (u,v) is irreducible if for all
measurable sets A, B C R? with u(A),v(B) > 0 there is a martingale X = (X,)o</<; With
Xo ~ u, X ~vsuchthat P(Xp € A, X; € B) > 0.

With this definition in hand, we can announce our first main result.

TuEOREM 1.3.  Let yu <. v be probabilities on RY with finite second moments and suppose
that (u,v) is irreducible. Then the following are equivalent for a martingale M = (M,)o<:<1
with My ~ u and My ~ v:

(1) M is stretched Brownian motion, i.e. the optimizer of (MBB).
(2) M is a Bass martingale.

We briefly provide some context for the irreducibility assumption in Theorem 1.3. In
classical optimal transport, the product coupling of the marginals guarantees that mass can
be transported from an arbitrary starting position to an arbitrary target position. However,
this is not necessarily true in the case of martingale transport where it may happen that R¢
decomposes into disjoint (convex) regions that do not communicate with each other. The
irreducibility assumption excludes this, as it guarantees that for any sets A and B that are
charged by u and v, respectively, there exists a martingale X connecting them (in the sense that
P(Xp € A, X, € B) > 0). For d > 1, the appearance of more than one irreducible component
leads to intricate phenomena, analyzed in the remarkable contributions [31, 27, 52]. This
problem is revisited in the follow-up paper [56] in terms of Bass martingales. For equivalent
characterizations of the irreducibility assumption we refer to Theorem D.1 in Appendix D. In
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particular, it is equivalent to consider continuous- or discrete-time martingales in Definition
1.2.

We emphasize that irreducibility is not only a sufficient assumption for Theorem 1.3, but
it is in fact necessary. Indeed, the Bass martingale connects any two sets which are charged
by u and v, see Remark D.3 in Appendix D. In particular, if there is a Bass martingale from
u to v, then (u, v) is irreducible.

An important consequence of Theorem 1.3 is that for any irreducible pair u <. v there
exists a unique Bass martingale

(1.2) M, =E[Vu(B))|o(Bs: s <t)] =E[Vu(B1)|B,], 0<t<]l,

with My ~ u, M ~ v and it is worthwhile to comment on the properties of M. We write
y" for the d-dimensional centered Gaussian distribution with covariance matrix t/; and
v; :=v*y!7': R4 - R for the convolution of the function v and the measure y!~. In these
terms, (1.2) amounts to

(13) Mt:VUt(Bz), 0<t< 1,

which emphasizes that the Bass martingale is obtained as a monotone transformation of
Brownian motion at each time point. Finally, as a Brownian martingale, M is a diffusion
which connects y and v. Indeed, applying It6’s formula to (1.3) we obtain

th:VZUlOVU;((Mt) dBt, 0<r< 1,
where v; denotes the convex conjugate of v;.

McCann [48] managed to extend the validity of Brenier’s theorem: using Aleksandrov’s
lemma he showed that the Brenier map is well defined without any moment assumptions. We
leave the question of whether a similar extension is possible in the case of Bass martingales
for future research.

Finally, we note that the implication “(2) = (1)” is comparably easy and follows from [5,
Theorem 1.10]. We will establish the reverse implication that every optimizer of (MBB) is a
Bass martingale, based on a duality result, which we describe in the next section.

1.5. Weak transport formulation and dual viewpoint. Our arguments rely on a novel dual
viewpoint on stretched Brownian motion, which is in turn based on a reformulation of problem
(MBB) as a weak transport problem.

In classical transport, minimization of the squared distance is equivalent to maximization
of correlation and the latter formulation yields a dual problem which is simpler to interpret.
A similar fact holds true in the present martingale setting: problem (MBB) is equivalent to
maximizing the covariance with Brownian motion

1
(1.4) P(u,v) = sup E[/O tr(O',)dt],

Mo~u, Mi~v,
M,=Mo+ ) o dB

in the sense that both problems have the same optimizer and the values are related via

MT (., v)=d+ [y dv(y) = [ [xI* du(x) = 2P(u, ).
We go on to reformulate (1.4) as a weak (martingale) transport problem in the sense of
[35]. Indeed

(1.5) P(uv)=  sup / MCov (4, ) u(dx),
neMT (u,v)
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where the maximal covariance (MCov) between p1, p» € P»(R?) is defined as

MCov(pi, p2) = sup /(xl,xz) q(dxy,dx;).
q<Cpl(p1,p2)

The optimization problem (1.5) is a weak martingale optimal transport problem since the

function 7 — / MCov(my,y) p(dx) is non-linear, as opposed to classical optimal transport,

where linear problems of the form 7 — f c(x,y) n(dx, dy) are studied.

The equality (1.5) was established in [5, Theorem 2.2]. Furthermore, there exists a unique
optimizer 758M € MT (u, v) of (1.5) and if (M, )o<;<; is the stretched Brownian motion from
u to v, then the law of (Mo, M) equals 7°BM. Indeed, the discrete-time formulation (1.5)
will play a central role in this paper. In particular, it will be the basis for the following duality
result, which implies the difficult implication “(1) = (2)” in Theorem 1.3.

THEOREM 1.4.  Assume that p,v € P> (R4) are in convex order. The value P(u,v) of the
continuous-time optimization problem (1.4) is equal to

(1.6) D(u,v):= inf (/Jldv—/(w**y)*d,u).
wwegn(vg’

The infimum is attained by a lower semicontinuous convex function op : R — (=00, +0]
satisfying p(ri(domsop)) = 1 if and only if (u,v) is irreducible. In this case the (unique)
optimizer to (MBB) is given by the Bass martingale

M, =E[Vu(B))|o(Bs: s <t)] =E[Vo(B))|B,], 0<t
where v = 1//(";pt and By ~ V(¢$pt xy)" ().

N

1,

Here, ri(dom /o) denotes the relative interior of the domain of i)y, i.e. the set on which
Wopt 18 finite. The symbol = used as a superscript denotes the convex conjugate of a function,
otherwise it is the standard convolution operator.

It turns out that the optimizer p is not necessarily v-integrable. Therefore, in order for the
difference of the integrals in (1.6) to be well defined for i = i/, attainment of D (y, v) has to
be understood in a “relaxed” sense frequently encountered in martingale transport problems;
see [12, 14, 15] and Propositions 4.1, 4.2 below.

Note that, since the primal optimizer 758M equals the law of (Mo, M;), Theorem 1.4
describes the optimizer of the static weak martingale transport problem (1.5) in terms of the
gradient of a convex function, which originates from its dual problem (1.6). More precisely,
we have

75BM = Law (Vv * ) (By), Vo(By)).

This is analogous to the classical Brenier theorem and hence one might view Theorem 1.4 as
a Brenier-type theorem for weak martingale transport.

We emphasize that while Brenier’s theorem is a direct consequence of attainment for the
dual transport problem (which is now well understood), the situation is more delicate in case
of Theorem 1.4. The main reason is that dual attainment for martingale transport can fail even
in very regular settings, e.g. for Lipschitz costs and compactly supported measures on the
real line, see [10, Section 4.3]. Positive results are only available for d = 1 and under strong
assumptions [12, 13, 15]. In addition, the duality theory for weak optimal transport is known
to be significantly more complicated than its classical counterpart. Specifically first results for
dual attainment have appeared only recently [16] and are not applicable to weak martingale
transport problems. Accordingly, the technical core of our work is to establish dual attainment
in the framework of Theorem 1.4.



1.6. Bass martingales for specific marginals. Theorem 1.3 is only an existence result,
which does not provide an explicit Bass martingale connecting the given marginals. This is
parallel to the situation in optimal transport, where the question to numerically approximate
optimal transport plans has generated enormous interest. Already in dimension one, the
problem to explicitly determine Bass martingales is non-trivial (as well as highly important
for financial applications). Here [25] gives an efficient iteration algorithm. See [1] for a
rigorous proof of the algorithm’s linear convergence and [42] for a multi-dimensional variant
of the algorithm.

On the other hand (as in the case of Brenier’s theorem), one can easily generate examples
of Bass martingales by specifying a convex function v and the starting distribution of By. We
give here one such example that also serves to illustrate some of the intricacies related to irre-
ducible decompositions. Fix parameters p, k > 0 and consider the radially symmetric function
v(x,y) = h(|(x,y)|), where A is continuous and piecewise affine with slope 1/2 on [0, k], slope
8/5 on [k, ), and /(0) = 0. We consider the Bass martingale M; = E[Vuv(B;) | ;], where By
is uniformly distributed on the centered circle with radius p. Then Vo(x) = ﬁ, |x] € (0, k)

and Vo(x) = %, |x| € (k,o0), from which it follows easily that M terminates on either the

circle with radius 1/2 or the circle with radius 8/5 and that M starts uniformly distributed on
some centered circle. Specifying p =3, k =3.17, we find (numerically) that My is uniformly
distributed on the unit circle, while M| charges the circles with radius 1/2 and 8/5 equally,
see Figures 1 and 2.

1.5
1.0
0.5
0.0
—0.5
-1.0
-1.5

-

§

Fic 1. Sample paths of M, different starting values. Fic 2. Sample paths of M, identical starting value.

Setting p = Law My, v = Law M|, we have, of course, P((My, M) € A X B) > 0 whenever
u(A),v(B) > 0.

Notably this is not the case for every martingale M starting in u and terminating in
v. Specifically we may consider martingales that move only along the (violet) segments
indicated in Figure 3, we refer to [56, Example 6.2] for a detailed justification of this claim.

This example illustrates that even if (u,v) is irreducible, there can be martingales which
are entirely confined to smaller subpartitions. This phenomenon cannot appear in the trivial
case d =1, see [12, Appendix A], a fact that is heavily exploited in dual attainment results for
martingale transport in d = 1. On the other hand, we believe that the existence of martingales
confined to smaller subpartitions present a significant obstacle to general dual attainment
results for martingale transport (and weak martingale transport) for d > 2.
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Fi1G 3. There is a martingale which starts uniformly distributed on the middle circle (r = 1), terminates with equal
probability on the inner circle (r = 1/2) or outer circle (r = 8/5), and moves only on the violet line segments. The
angle between the segments and the middle circle is chosen so that the lengths to the inner and outer circle are
equal.

1.7. Literature. The first article that provides structural results for the martingale trans-
port problem in general dimensions is the work [31] of Ghoussoub—Kim-Lim. They obtain
descriptions for the minimizers and maximizers for the cost function c¢(x, y) = |x — y|, when
marginals are supported on R?, as well as for marginals on higher-dimensional state spaces
that are in subharmonic order. Given a specific martingale X, Ghoussoub—Kim-Lim also
define a finest paving of the source space into cells that are invariant under the martingale X.

The contributions of De March—Touzi [27] and Obt6j—Siorpaes [52] put the theme of
irreducible decompositions center stage. In contrast to the work of Ghoussoub—Kim—-Lim,
their interest lies in pavings that are invariant under al/l martingales which start in g and
terminate in v. Specifically it is shown in [27] that there exists a unique finest paving with
this property. This De March—Touzi paving is revisited in the follow-up paper [56], where it
is characterized in terms of Bass martingales. While the Ghoussoub—Kim-Lim paving and
the De March—Touzi paving agree for d = 1, they can be different for d > 2, as discussed in
the previous section. The interested reader is referred to Ciosmak’s works [24, 23], where a
more general notion of irreducibility (going beyond martingale transports) is studied.

Huesmann-Trevisan [41] investigate Benamou—Brenier-type formulations for the martin-
gale transport problem on R<. In particular, they provide equivalent PDE-formulations and
establish existence and duality results. In the context of market impact in finance Loeper [46]
arrives independently to problem (MBB).

For further contributions to the martingale transport in continuous time, we mention
[28, 11, 26, 33, 37, 32, 22, 36] among many others.

Finally, [5] is a predecessor of the present article in which it is established that the martin-
gale transport problem (MBB) admits a unique solution, solves further related optimization
problems and has properties of time consistency in the spirit of classical optimal transport
for the squared distance cost function. Furthermore, the counterpart of our main result is
established in dimension one (without reference to duality). As discussed in length above,
the main difficulty in higher dimensions stems from the subtleties surrounding the concept of
irreducible component.



1.8. Structure of the paper. In Section 2 we introduce some definitions and frequently
used notation. Duality results for stretched Brownian motion and the important role of con-
vexity are discussed in Section 3. The proof of the first part of Theorem 1.4, namely that
there is no duality gap between the primal problem (1.4) and the dual problem (1.6), is given
in Section 4. In Section 5 we outline and prepare the proof of the second part of Theorem
1.4, which gives a necessary and sufficient condition for dual attainment in terms of the
irreducibility assumption. To this end, we analyze the connection between the existence of
dual optimizers and Bass martingales, which is the content of Section 6. In Section 7 we
show that the irreducibility assumption implies the existence of a dual optimizer. After these
preparations we are in a position to prove Theorem 1.3 in Subsection 7.4 and complete the
proof of Theorem 1.4 in Subsection 7.5.

In Appendix A we prove Theorem 3.3, which shows that there is no duality gap between
the auxiliary optimization problems (1.5) and (3.1). The rather technical proofs of Lemmas
4.4,5.1,6.2,6.4 and 6.5 are collected in Appendix B. In Appendix C we provide the proof of
Proposition 7.20, a result which will be of crucial importance in the follow-up paper [56] on
the non-irreducible case, but which also seems of independent interest. Finally, in Appendix
D we give equivalent characterizations of irreducibility, as introduced in Definition 1.2.
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In response to the thoughtful suggestions of a diligent referee, we provide in Figure 4
an overview of the logical structure of our paper. This is intended to help readers navigate
the dependencies between the results of this work, as well as the related literature, more
effectively.

Assumption 7.3

Proposition 7.8 — v

4
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Theorem 2.1 of [27]
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Y
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Theorem 3.3 Proposition 3.5

Theorem 2.2 of [5] Theorem 1.3 of [6]

Fi1G 4. Dependencies between results.
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2. Definitions and notation.

We write P(R9) for the probability measures on R?, P, (R9) for the subset of proba-
bility measures satisfying / |x|? du < 400, and P;,‘(Rd) for the elements of %), (R?) with
barycenter x € R4, for p € [1,+0c0).

For u, v € P(R?), we denote by Cpl(y, v) the set of all couplings 7 € P (R4 x R?) between
w and v, i.e., probability measures 7 on R x R? with first marginal i and second marginal
V.
We say that u € P;(RY) is dominated by v € P (R¢) in convex order and write u < v, if
for all convex functions ¢: R? — R with linear growth we have f ¢du < f ¢dv.

For u,v € P1(RY) with u <. v we define the collection of martingale transports MT(u, v)
as those couplings 7 € Cpl(u, v) satisfying bary(my) = f y(dy) =x, for pu-a.e. x e RY.
Here, the family of probability measures {7y}, cpa € P(R?) is obtained by disintegrating
the coupling 7 with respect to its first marginal y, i.e., 7 (dx, dy) = ny(dy) u(dx).

The d-dimensional Gaussian distribution with barycenter x € R? and covariance matrix
tl4 is denoted by v and we set ¥ = y{, yx = v} as well as y := yo.

We denote by Cq(Rd) the set of continuous functions ¢ : R¢ — R with quadratic growth,
meaning that there are constants a, k,{ € R with

2
(+EE <y <a+k| -1

We also introduce the set

2.1) CAM(RY) == {y(-) +aff(-): ¥ € Cg(R?), aff: R > R affine}.

The pushforward of a measure u under a function f is denoted by f(u).
For two measures ¢ and p we write o * p for their convolution. If f is a function, the
convolution of f and p is defined as

(f *p)(x) = / =) p(dy).

In particular, (f *y)(x) = [ f(x+y)y(dy).
For a function f: R¢ — (—co, +00], its convex conjugate is given by

()= sup ((r,y) = f(x))

xeRd

and we write
dom f = {x e R?: f(x) < +o0}

for the domain of f. If f is convex and dom f # @, we say that f is a proper convex
function. If f is additionally lower semicontinuous, then f = f** by the Fenchel-Moreau
theorem, a fact that we will use repeatedly in this work.

The operators int and ri denote the interior and relative interior of a set, respectively. We
write A for the closure of a set A C RY.

The operator conv applied to a function or a set denotes the convex hull. The convex hull
conv i of a function y is the greatest convex function smaller or equal to i .

The support and the closed convex hull of the support of a measure p are denoted by
supp(p) and supp(p), respectively.

The symbol 0, applied to a convex function, denotes its subdifferential or — by abuse of
notation — also a subgradient.
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3. Duality for stretched Brownian motion. We fix u,v € P>(R?) with u <. v. Recall
from (1.5) that our main focus will lie on the (primal) weak martingale transport problem

Pluv)=  sup / MCov (s, 7) p(d),
TeMT (u,v)

where the maximal covariance (MCov) between p1, ps € Pz(Rd) is given by

MCov(p1,p2) =  sup /(xl,m) q(dxy,dxs).
q<Cpl(p1,p2)

Throughout this paper we shall make the following assumption.
AssumpTioN 3.1.  The support of v affinely spans R?.

This assumption will be convenient, mainly for notational reasons. But it does not restrict
the generality of the results of this paper. Indeed, let A denote the affine space spanned
by supp(v). For n(dx,dy) = nc(dy) u(dx) € MT(u,v) we have, for u-ae. x € R4, that
supp(mx) S supp(v) € A. Choose an arbitrary point xo € A and denote by y;‘o the stan-
dard Gaussian distribution on the affine space A centered at xg. It is easy to see that there is a
constant ¢ = c(xg, A) such that, for r € MT(u, v), we have

/ MCov(ry,y) u(dx) = / MCOV(ﬂx,y;‘O) u(dx)+c.

In other words, replacing y by yfo in (1.5) only changes the primal problem in a trivial way by
adding a constant. Denoting by m the affine dimension of A, we can choose an isometry from
A to R which maps x¢ to 0 and which maps u, v to measures g, v on R". In this way we have
transformed the primal problem (1.5) for general u,v € P>(R9) with u <. v to the problem
(1.5) for u,v € P>(R™) with u <. v such that supp(v) affinely spans R™. In conclusion, we
shall assume without loss of generality Assumption 3.1 throughout this paper.

We define the dual problem

3.1) D(u,v) = inf (/wdv—/(pwd,u),

‘-/’ECq(Rd)

where the function R 5 x - ¢¥(x) is given by

3.2) o¥(x):= inf (/wdp—MCOV(p,y)).
pepy (Rd)

LemMa 3.2. Lety: R — (—co,+00] be a proper, lower semicontinuous convex function.
The function ¢¥ is convex on domyr and ¢¥ < .

Proor. The convexity of x — ¢¥(x) is repeated and proved in Lemma 5.1 below. By
taking p = &, in (3.2), we immediately see that ¢¥ (x) < ¥ (x). m|

TueOREM 3.3.  Let p,v € Po(RY) with pu <. v. There is no duality gap between the primal
problem (1.5) and the dual problem (3.1), i.e., P(u,v) = D(u,v). Moreover, the primal
problem is uniquely attained and has a finite value, i.e., there exists a unique 75M € MT (u, v)
such that

(3.3) P(u,v) = / MCOV(?T)SCBM,’y)ﬂ(dX) < +00,
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Unique attainment of the primal problem is a consequence of the results in [5], while
duality can be derived from the general duality results for weak optimal transport provided in
[6], see Appendix A for details. To motivate (3.1) as a plausible dual formulation of (1.5) we
provide some heuristics:

Indeed, considering

x(m)= _inf /LﬁdV—/wdﬂxd,u(x) { o if [redu(x) =v,

wqu (Rd) else,

we formally obtain the desired duality relation by interchanging inf and sup:

P(u,v)= sup (/MCOV(ﬂx,)’) du(x)+)((7r))
n(dx,dy)=nx(dy) p(dx),
nxePy (RY)

= inf (/ sup (MCOV(nx,y)+/¢d(v—7rx)) dy(x))zﬁ(,u,v).

peCq(R) nxePF(RY)

In the remainder of this section we make the important observation that in the dual problem
(3.1) it suffices to optimize over the class of functions ¢ € Cq(Rd ) which are convex. We refer
to [34, Theorem 1.1] for an analogous result. Another similar restriction to convex functions
in the setting of weak transport costs has been shown in [35, Theorem 2.11, (3)].

We then show in Lemma 3.7 below that it is also equivalent to optimize over all convex
functions ¢ : R? — (—co, +o0] which are only u-a.s. finite, but not necessarily of quadratic
growth.

Given some ¥ € Cq(Rd ), it will be convenient to have an explicit representation for the
convex hull of ¢, as in (3.4) below. This identity is usually stated in the more specific form

d+1 d+1 }

(convy)(y) = inf { Z A (yi): Z Aiyi=y
o1 in1

where the infimum is taken over all expressions of y as a convex combination of d + 1 points,
see [54, Corollary 17.1.5].

LeEmMA 3.4, Lety € Cy (R?). Then the convex hull conv i satisfies

(3:4) (convy)(y)= inf / ydp,  yeR?

peP; (RY)

and again convy € Cq(Rd).
Recalling the dual problem (3.1), we define the dual function
(3.5) DY) = / ydv— / 0¥ dp,

for y € Cq(Rd). Now we can prove our crucial observation, that it suffices to optimize the
dual function over the class of functions i € Cq(Rd ) which are convex.

PrOPOSITION 3.5. Let u,v € P2(RY) with u <. v. Then D(convyy) < D(¢) for all y €
Cq(Rd ) and consequently
(3.6) D(u,v)= inf D)= inf D).
4

€Cq(R9) weCq(RY),
Y convex
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ProoF. Let £ >0, € Cq(Rd) and {p.},cpa € P2(RY) be a measurable collection of
probability measures with bary(p,) = x. To show the claim, it is sufficient to construct a
measurable family {5} cpa € P2(R?) with bary(p,) = x such that

3.7 MCOV(pX,’y)+/COIlVL//d(V—px)<MCOV(]5X,’)/)+/¢Id(V—ﬁx)+8.

Let us construct appropriate probability measures {py},cge- By Lemma 3.4 and a mea-
surable selection argument we can choose a measurable collection of probability measures
{Py}yera € P2(RY) with bary(j5,) = y such that

(3.8) /(//dﬁy < (convy)(y) +e.

Then we define p,(dz) = fyﬁy(dz) px(dy), so that bary(p,) = x. Integrating (3.8) with
respect to p(dy) yields

(3.9 /tﬁdﬁx</convu/dpx+s.

Since ¥, convy € Cq(Rd) and py € Py (R?) we conclude

f+%/ Y2 pa(dy) < a+k/ D pa(dy) + & < +oo,

so that p € P;‘(Rd).
In order to show the inequality (3.7), we first observe that p, <. p by Jensen’s inequality.
Together with the Kantorovich duality (see, e.g. [59, Theorem 5.10]), we conclude that!

Meovpn = inf ([ rdps [ 1 a)
f:RISR
convex

< inf (/fdﬁx+/f*d7)=MC0V(ﬁx,7)-
f:RISR
convex

(3.10)

On the other hand, from convy < ¢ and (3.9) we have the inequality

(3.11) /convd/d(v—px)</(//d(v—]5x)+s.

Finally, summing (3.10) and (3.11), we obtain the inequality (3.7). O

REMaRrk 3.6. On the right-hand side of (3.6) we can further require  to be smooth.
Indeed, if ¢ € Cq(Rd) is convex, then ¥ ¢ = ¢ = y® is a smooth convex function in Cq(Rd)

and
1imigf(/¢/8dv—/wsdu)</¢/dv—/¢”du,
E—

as follows by dominated convergence and the inequality ¢ > .

1

In fact, px < px is equivalent to the inequality MCov(px, g) < MCov(py, q) being valid for all probability
measures g € Pz(Rd), see. e.g. [2, Theorem 1] or [60, Corollary 1.2].
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For y € Cq4 (RY), we recall the definition (3.5) of the dual function D( - ), which we rewrite
as

(312 2= [ ( [v0ra@) -0 uian,

where 7 (dx,dy) = m,(dy) u(dx) is an arbitrary fixed element of MT(u,v). The “relaxed”
representation (3.12) of (3.5) allows us to extend the definition of the dual function D(-)
to convex functions ¢ : R? — (—co, +c0] which are not confined to be in Cq (R?), but which
are only required to be pu-a.s. finite, i.e., satisfy u(domy) = 1. This is summarized in the
following lemma.

LemMA 3.7.  Let u,v € Po(RY) with u < v and fix 1 € MT(u, v). Let y : R4 — (—c0, +00]
be a convex function which is u-a.s. finite. Formula (3.12) then defines D () € [0, +o0] and,
recalling (3.1), we have the inequality

(3.13) DY) = D(u,v).
In particular, recalling (3.6), we have
(3.14) D(u,v)= inf D)= inf D).
YeCq(RY), p(dom ¢)=1,
¥ convex Y convex

Proor. Let iy : R? — (—o0, +00] be a convex function which is u-a.s. finite. First, note that
by Jensen’s inequality we have

[vormi@) o [ymian)=vw.
Together with the inequality ¢¥ (x) < ¢ (x) (recall Lemma 3.2), we conclude that
(3.15) [vmian - >0

for p-a.e. x € R4, so that D(¥) € [0,+c]. In order to prove the inequality (3.13), we dis-
tinguish two cases. In the case f W dn, =+oo, for x € R? in a set of positive u-measure, we
conclude from (3.15) that D (i) = +co, so that (3.13) is trivially satisfied. Now suppose that
f W dn, < +oo, for p-a.e. x € R, Recall from Theorem 3.3 that there exists an optimizer

7SBM e MT(u, v) of (1.5). Taking p = 758M in (3.2) we get
W < [ ™ - MCov(x . )

and therefore

pW)> [ ([ wan +MCova™.y) - [ war™) (o) = Py
as 75BM is a primal optimizer and both 75BM and 7 have v as second marginal. Since
P(u,v) = D(u,v) by Theorem 3.3, we again see that (3.13) is satisfied.
Finally, from (3.13) and recalling (3.6), we conclude
D(u,v)< inf D)< inf  DW)=D(uv),
YeCq(RY),

p(dom y)=1, eCy
Y convex ¥ convex

which shows (3.14). O



BASS MARTINGALES AND MARTINGALE BENAMOU-BRENIER 15

4. Proof of the first part of Theorem 1.4. In Subsection 1.5 we already noted (by citing
Theorem 2.2 of [5]) that the value of the continuous-time optimization problem (1.4) is equal
to the value of the discrete-time formulation (1.5). We also know from Theorem 3.3 that
there is no duality gap between the primal problem (1.5) and the dual problem (3.1), i.e.,
P(u,v) = D(u,v). Therefore we can formulate the first part of Theorem 1.4 equivalently as
follows.

ProposiTION 4.1.  Let u, v € P>(RY) with u <. v. Then D(u,v) is equal to

4.1 D(u,v)= inf (/wdv—/(w**v)*dﬂ)-
weLl(v),

Y convex

In Subsection 7.5 we will prove the second part of Theorem 1.4 and in particular discuss
the existence of dual optimizers of (4.1). Since in general we cannot expect a dual optimizer
to be integrable with respect to the probability measure v, we need the following “relaxed”
formulation of Proposition 4.1.

ProPOSITION 4.2, Let p,v € Pr(RY) with u <¢ v. Then D(u,v) is equal to

4.2) Dier(p,v) = ,u(doirrrllgf;)ﬂ, EW),
Y convex
where
@3) ew) = [ ( [oorm@n) - @ 9 ) utan.

with m being an arbitrary fixed element of MT (u, v).

The main idea behind the proofs of Propositions 4.1, 4.2 (which we will present at the end
of this section) is to apply Proposition 3.5 and then to show that ¢¥ = (¢* % y)*, for every
convex function i € Cq(Rd ). This motivates our next goal, namely to solve the minimization
problem (3.2), which we rewrite as a maximization problem

4.4) —go‘/’(x): sup (MCov(p,y)—/wdp).
pePy (Rd)

As a preliminary step, we consider the simpler problem

4.5) o’ = sup (MCOV(p,y)—/wdp),
pePr(RY)

where we do not prescribe the barycenter x of p € P>(R?). In Lemma 4.4 below we will
show for an arbitrary proper convex function ¢ : R? — (—oo, +00], that the value o equals
f Y™ dy. In fact, this information is essentially enough to prove Propositions 4.1, 4.2.

Solving the maximization problem (4.5) leads to an interesting connection with Brenier
maps in Lemma 4.3 below. By Brenier’s theorem (see, e.g., [58, Theorem 2.12]), the optimal
transport for quadratic cost between y and p € P»(RY) is induced by the y-a.e. defined
gradient Vv of some convex function v: R4 — R via (Vov)(y) = p.

Lemma 4.3 (“reverse Brenier”). Let v: RY — R be a finite-valued convex function and
W= 0" its convex conjugate. Assume that the probability measure p = (Vv)(y) has finite
second moment. Then p is the unique maximizer of the optimization problem (4.5) and

Q‘”:/vdysz*dy<+m.
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Proor. We denote by Tf the Brenier map from vy to p € P>(R%) and note that Tf = Vu.
Since the convex function v is finite-valued, its gradient exists y-a.e. and we have that

v(z) = sup ((y,2) —v"(y)) =(Vu(2),2) —v"(Vo(2)),

yeR4

for y-a.e. z € R%. Using these observations, for p € P»(R?) we get

MCov(p,y)—/wdp:/((Tf(z),z>—v*(Tf(z))))/(dZ)

< / sup ((v.2) - 0* (1)) y(dz) = / o(2) y(d2)

yeR4

:/((Vv(z),z)—v*(VU(Z)))V(dZ)

— MCov(p.y) - / v dp,

with equality if and only if Tf (2) = Tf (), for y-a.e. z € R%. This in turn is the case if and
only if p = p. Finally, from the convexity of v and the Cauchy—Schwarz inequality we obtain

(4.6) /|u|dy< lv(0)| + /|vv|2dy-«/2<+oo,
which proves that 0¥ < +co. i

Note that in Lemma 4.3 we started with a finite-valued convex function v: RY — R and
then defined = v*. If we additionally know that the probability measure p = (Vuv)(y) has
finite second moment, then p is the unique maximizer of the optimization problem (4.5).
These are rather strong assumptions. However, if we are given just a proper convex function
Wi R4 — (=00, +00], we can still compute the value of the supremum in (4.5), without
explicitly constructing a maximizer of this optimization problem.

LemMa 4.4.  Let y: R? — (—co, +00] be a proper convex function. Then
4.7) o’ = / v*dy.

We postpone the proof of Lemma 4.4 to Appendix B. As already announced, with the help
of (4.7), we are now able to prove Propositions 4.1, 4.2. We first show a simpler variant,
where we optimize over the class of convex functions ¢ in Cq(Rd ) (i.e., which have quadratic
growth), as in (4.8) of Proposition 4.5 below. Proposition 4.2, where we optimize over all
u-a.s. finite-valued convex functions ¢ : R? — (—co, +0c0] as in (4.2), is then a straightforward
consequence. Proposition 4.1, where we optimize over all v-integrable convex functions ¢ as
in (4.1), follows from a “sandwich argument”.

PrOPOSITION 4.5.  Let u,v € Pr(RY) with u <. v. Then D(u,v) is equal to

(4.8) Dy(u,v)i= inf (/z//dv—/(w**y)*d,u).
YeCq(RY),
Y convex
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Proor. By Proposition 3.5 we have
D(u,v)= inf (/:,l/dv—/go‘”d,u).
YeCy(RY),
Y convex

Hence it remains to show that ¢¥ = (y* = y)*, for every convex function ¢ € Cq (R?). In order
to do this, we will first prove that (¢¥)* =* * y. By definition of the convex conjugate and
(4.4), for ¢ e R?, we have

(4.9) (") (&) = sup ((x,0) — ¥ (x))
xeR4
(4.10) =sup sup (MCOV(p,y)—/(//év dp)

xeR4 pe P (RY)

4.11)

sup (MCov(p,y) - / v dp) =%,
pePr(RY)

where the function i, is defined by ¥ (y) := ¥ (y) — (¢, y), for y € R?. Now applying Lemma
4.4 to the proper convex function ¢, yields

@ @ @=e= [viar= [v o=@

To complete the proof, we must justify that (¢¥)** = ¢¥,i.e. that the Fenchel-Moreau theorem
is applicable. To see this, we first note that the function x — ¢¥(x) is convex (recall Lemma
3.2) and we have the upper bound ¢¥ < i < +co. Furthermore, for any p € P (RY) we have
the inequalities

MCov(p,y) < %/ ly[*dp(y) + 4

as well as

/@bdp?“%/lylzdp(y),

the latter following from the fact that ¢ € Cq(Rd). As a consequence, we get the lower bound
V> t- % > —oco. Altogether, ¢ is a convex function which is finite everywhere on R¢, thus
it is continuous and we indeed have (%)™ = ¢¥. O

ProoFr or ProposiTION 4.2. We first show that the function E(-) in (4.3) is well defined
for every convex function ¢ : R? — (—co, +00], which is -a.s. finite. To this end, we will
prove the inequality (¥* = y)* <. By Jensen’s inequality, this implies that the integrand in
(4.3) is p-a.s. non-negative, and hence & (i) is well defined and [0, +o0]-valued. Recalling
the equation (4.12) above, we have ¢* * y = (¢¥)*. Taking the convex conjugate and using
that ¥ <, we obtain (™ *y)* = (¢¥)** < ¢¥ <, as required.

Now let us turn to the proof of D(u,v) = Drei(u,v). Recalling (4.2), (4.8), and using
Proposition 4.5, we have Dyei(u,v) < Dg(p,v) = D(u,v), so that we need to show the in-
equality D(u,v) < Dyei(u,v). Let 7 € MT(u,v) and ¢ : R — (—co,+00] be convex with
u(domyr) = 1. Since D(u,v) = P(u,v) (recall Theorem 3.3 and (3.3)), we have to verify the
inequality

[ Mcovmpauco < [ { [oorm@) - w sy’ w) .
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It is sufficient to prove, for u-a.e. x € R4, that

(4.13) MCov(ry,y) < / wdn, — (" =y)"(x).

We express the convex conjugate on the right-hand side of (4.13) as
e )= inf (W) = () = i ( / Wy dy - (&),

where the function ¢, is defined by ¢/ (y) == ¢/ (y) —({,y),fory € R4, Substituting back into
(4.13) yields

(4.14) MCov(ry,y) < inf ( / W dny+ / v dy).
leR4 i ’
Now observe that by the Fenchel-Young inequality we have

MCOV(nx,y)</¢d7Tx+/¢*d%

for every proper convex function ¢: R? — (—co, +c0]. In particular, for every ¢ € R?, it holds
that

MCOV(nx,y)S‘/ll/_zdﬂx"‘/%”zd%

which implies (4.14). This completes the proof of Proposition 4.2. ]
Proor of Prorosition 4.1. The assertion follows immediately from Proposition 4.2 and
Proposition 4.5 by a “sandwich argument”. Indeed, we have
(4.15) D(u,v) = Drei(pt,v) < D(p,v) < Dg(pt,v) =D (u,v).
The inequalities in (4.15) are due to the inclusions
{y e Cq(Rd): ¥ convex} C {¢ € L'(v): ¢ convex} C {¢ convex: u(domy) = 1};
the equalities on the left-hand side and on the right-hand side of (4.15) are justified by

Proposition 4.2 and Proposition 4.5, respectively. O

5. Preparation for the proof of the second part of Theorem 1.4. The goal of this rather
technical section is to outline and prepare the proof of the second part of Theorem 1.4, for
which we will need the results of Sections 6 and 7. In Section 7 we will show that the value
D (pu,v) is attained by a convex function y/op With g (ri(domyrop)) = 1 if and only if (u,v) is
irreducible. In Section 6 (see Theorem 6.6) we will prove that there is such a dual optimizer
Wopt if and only if there exists a Bass martingale from u to v. At a first reading one might skip
the present Section 5.

We recall the primal problem (1.5), with optimizer 758M € MT(u, v), i.e.

(5.1) P(u,v) = / MCov (3™, y) p(dx);

the dual problem (3.1), with optimizer /oy (supposing that this optimizer exists), i.e.

(5.2) D(u,V)=(/woptdv—/<p‘”°‘”dﬂ);
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and the fact that there is no duality gap by Theorem 3.3. Therefore, comparing the primal
value (5.1) with the dual value (5.2), we see that the minimization problem

e = int ([ vomdp - MCoV(p.7))
pePy(RY)

(recall (3.2)) is attained by m3°™ € Py (RY), for p-a.e. x € R, To draw the connection

to the Bass martingale, we need to express the optimizer 755™ in terms of the (single)

convex function ¥op. More precisely, we will see as a consequence of Proposition 5.3 that

nSBM — (Vop) (¢ ), for some appropriate { = {(x) € R<. For this purpose, we have to return

to the optimization problem (3.2) and study its optimizers.

First, we need the following technical result, formulated in Lemma 5.1 below. Let ¢ : RY —
(=00, +00] be a lower semicontinuous convex function. We recall from convex analysis that ¢
is called co-finite if

veeRI\{0):  tlim ZU¥_
t—+00 t
According to [54, Corollary 13.3.1], the convex function ¢ is co-finite if and only if its
convex conjugate ¢* is finite everywhere on R¢. We derive now a sufficient condition for the
co-finiteness of i, in terms of the function ¢¥ defined in (3.2). We defer the proof of Lemma
5.1 to Appendix B.

LemMa 5.1.  Letyy: R? — (—c0, +00] be a proper, lower semicontinuous convex function.
Then @Y is convex on domy. If we additionally assume that ¢¥(x) > —co, for some x €
int(dom), then ¥ > —co on int(domy) and y is co-finite.

Our next result is the analogue of Lemma 4.4. But now, instead of maximizing over all
p € P>(RY) as in (4.5), we have to maximize over all p € P (R?), with a fixed barycenter
x€R9, asin (4.4).

PropOSITION 5.2. Let y: R? — (—co,+00] be a lower semicontinuous convex function
and assume that ¢¥ (x) > —co for some x € int(domy). Then we have the duality formula

53) w0 =sw (€0~ [verain)
ZeR4

and the right-hand side admits a unique maximizer (x) € R,

Proor. We deploy a similar strategy as in the proof of Proposition 4.5. Recalling equations
(4.9) — (4.12), for each ¢ € R4, we have

54 0= sp (MCv - [wedn)= [wcraarne.
peP2(RY)

where the function y, is defined by ¢/ (y) == ¢¥(y) —({,y), for y € R4, Since ¥ (x) > —c0

for some x € int(domy), the convex function & — ¢¥(£) is finite and thus also continuous

in a neighbourhood of x. Hence we can apply the variant [8, Proposition 13.44] of the

Fenchel-Moreau theorem and obtain

(5.5) ' (x) = (") () = sup (@) = [ W (C+2)dy(2),

Ve cRd

which proves the duality formula (5.3).
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To prove the existence of a maximizer £ (x) € R, we define the function
56 £@= swp (MCovpoy - [wdp+ [@y-ndp().
peP2(RY)
so that —p¥ (x) = inf;cga fx(£). Indeed, it follows from (5.4), (5.5) that

@ = it ([ @radr - @)

= inf sup (MCov(p,y) —/gl/{ dp — ({,x}).

¢eRY pepy(r)

By assumption, the function f, takes values in (—o0,+0co] and is not constant equal to +co.
Equivalently, we can express fy({) as

(5.7) Fol0) = / (¢ +2) 40 () — (C+20x)) dy(2) — Y ().

We will show that £ +— f({) is lower semicontinuous and coercive, implying the existence of
an optimizer £ (x). It is easy to see from the representation (5.7) that f is lower semicontinu-
ous. Indeed, this directly follows from the lower semicontinuity of the non-negative integrand
in (5.7) and Fatou’s lemma. For the verification of the coercivity, we take a sequence (£ (n) Yns1
in R¢ with || — +co. Then there is a coordinate k € {1,...,d} such that |§£”)| — +00,
Since x € int(domy), we can choose & > 0 small enough such that x + € ¢; € domy, where
ex denotes the k-th standard basis vector of R?. Defining

ym = x4+ sign({,ﬁ")) gey € domy
and taking p = 6y(n> , we conclude from (5.6) that

A > =p (") + 814" | — +os,
which shows lim| /| 4c0 fx({) = +00.
We now show that the maximizer /(x) € R? of the right-hand side of (5.3) is unique.
As the assumptions of Lemma 5.1 are satisfied, the convex function i is co-finite, and thus
y* is finite everywhere on R, In particular, * is continuous everywhere and differentiable

Lebesgue-a.e. on R¥. In order to establish the uniqueness of £ (x), we show that the function
> f W (£+7) dy(z) € (—o0,+00] is strictly convex on its domain. By contradiction, suppose

that there are ¢, £, € R¢ with 1 # ¢» such that both / U (&1+z)dy(z) and f V(L +z)dy(2)
are finite and

/ W0+ (1= DG +2) dy() =1 / WG+ dy(D) +(1-1) / (642 dy(2).
for some ¢ € (0, 1). Then
WG+ (1= DG +2) = (G +2) + (-0 (G +2).

for y-a.e. z € R%. Consequently, the function ¢* is affine on the line segment from ¢; + z to
0> + z, for Lebesgue-a.e. z € R?. By convexity and finiteness of ¢* on R?, we thus have that
the function

Redr— lﬁ*(ﬂ(é'z —§1) +Z)
is affine, for every z € R4, By [54, Theorem 8.8], there exists some ¢ € R4 such that

Y (AL - 0) +2) =y (2) + Ac.
Differentiating at the point A =1 yields (Vy*(z),{» — (1) = ¢, for Lebesgue-a.e. z € R4, But
this is a contradiction to @ # int(domy) C (dy*)(R?), where the symbol 4, applied to a
convex function, denotes its subdifferential. O
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The final result of this section is the analogue of Lemma 4.3. The duality formula (5.3)
established in Proposition 5.2 enables us to identify the structure of the optimizer in the
maximization problem (4.4).

ProPOSITION 5.3.  Let i : R — (—co,+00] be a lower semicontinuous convex function.
For fixed ¢ € R we define the function e by yr(y) =y(y) — (L, y), fory € R4, so that
Y () =y (L +y).

() Ifthere are x e R? and ¢ = ¢ (x) € R such that (Vz,b*()(y) Py (RY), then this is actually

the unique optimizer of the supremum in (4.4). If additionally ¢¥(x) > —co and x €
int(domy), then = {(x) is the optimizer of the supremum in (5.3).

(i) If ¥ (x) > —oo for some x € int(domyr) and the supremum in (4.4) is attained by some
Px €PY (RY), then p, = (V:,bz)(y) with ¢ = {(x) being the optimizer of the supremum in
(5.3).

Proor. (i) We set p, = (V:,l/z)(y) and let p, € Py (R?) be arbitrary. We denote by T){’ x

the Brenier map from y to p, and note that Tf * = sz. Similar to the proof of Lemma 4.3,
we compute ‘

Jwdps-Mcovva) = [ (002 @) + 13 @) ~ (17 (20.2)) dv(a
>+ [ inf ()= 0.2 dr(e)
~n- [veraae

- / W dpy — MCov(py.7).

with equality if and only if Tf “(2) = Tf *(z), for y-a.e. z € RZ. This in turn is the case if and
only if p, = p,. We conclude that p, is the unique optimizer of the supremum in (4.4), i.e.

5.8) o (x) = / W dpy — MCov(py.y) = (¢.x) - / V(¢ +2)dy(2).

On the other hand, if additionally ¢¥ (x) > —co and x € int(domy/), by Proposition 5.2 we
have that

W= sup (@ [wErnana),

LeR4
which in light of (5.8) implies that £ = £(x) is the optimizer of the supremum in (5.3).

(ii) By assumption and Proposition 5.2, we have that

=)+ [ (0 @)~ (1 @.2)) v

~ (e - [wi@dre

and therefore

/ (W (T (2) + w3 (2) - (fo(z)’z» dy(z) =0.
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As the integrand is pointwise non-negative, we conclude that
W (TP (2)) +y* (L +2) = (T (2),{ +2)

and consequently Tf"(z) € OY* (¢ +z7), for y-a.e. z € RY. Hence Tf’"(z) =Vy* (L + z), for
y-a.e. z € R?, which implies that p, = (ng})(y). m|

6. Existence of dual optimizers and Bass martingales. Throughout this section we fix
i1, v € Pr(RY) with u <. v.

DEeFIntTION 6.1, A lower semicontinuous convex function ¢p : R¥ — (—o0, +00] satis-
fying u(ri(domyop)) = 1 is called an optimizer of the dual problem (3.14) (in short, a dual
optimizer) if D (u,v) = D (Yopt), for the dual function D( -) as defined in (3.12).

Let us recall that by Assumption 3.1 the support of v affinely spans R¢. As the next result
shows, we could have required in the definition of a dual optimizer oy that also the domain
of Yop affinely spans R<; we defer the proof to Appendix B.

LEMMA 6.2.  If Yop is an optimizer according to Definition 6.1, then the domain of Yrqp
has non-empty interior. In particular, by Assumption 3.1, we have that

dim(dom /o) = dim(supp v) =d.

We recall Definition 1.1 and list some important properties of Bass martingales. Such
martingales were introduced in [5] under the name of a “standard stretched Brownian motion”.
In this paper, we use — with Richard Bass’ permission — the term “Bass martingale” instead.

RemMARrk 6.3. Let M = (M;)o<s<1 be a Bass martingale from u to v, with correspond-
ing convex function v: RY — R and initial distribution P (R%) 3 & ~ By of the underlying
Brownian motion B = (B;)o<r<].

(i) As shown in [5] (and as a result of Theorem 6.6 below), the martingale transport

Law(Mo, My) € MT(u, v)

SBM SBM

is equal to the unique optimizer 7 of (1.5). Furthermore, the knowledge of n
already determines the martingale (M;)o<,<1 as well as the function v, which is (a * y)-
a.e. (equivalently, Lebesgue-a.e.) unique up to an additive constant.

(i) The convex function v and the probability measure « satisfy the identities

6.1 (Voxy)(a)=pu and Vo(axy)=v,
which we summarize in the following graphic:
ax*y sy
XT Vosy
a ——u

(ii1) We also remark (see [5]) that we have
(6.2) M, =(Voxy'")(B,) and =M =Law ((Vv*vy)(Bo), Vu(B1)).
The next result, Theorem 6.6 below, explains how the existence of a dual optimizer ¢ qp is

related to the existence of a Bass martingale. Along with it we need the following technical
lemmas, whose proofs we postpone to Appendix B.
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LemMa 6.4. Let f: R?Y — R be a finite convex function such that V f € L? (yg;Rd), for
some ¢ € RY. Then

@) V(fxy)=(Vf)*y.
If additionally int(dom f*) # @, then

(i) (f =7y)* is differentiable and strictly convex on int(dom( f = y)*) 2 int(dom f*),
(iii) V(f#*7y)*: int(dom(f*y)*) = R¥and V(f*y): R? — int(dom( f *y)*) are bijections,
and we have

(VFxy) ' =V(f=y)"

LEmMMA 6.5. Let : R? — (=0, +00] be a lower semicontinuous convex function and
assume that ¢¥ (x) > —oco, for some x € int(domy). Furthermore, we suppose that Vi* €
Lz()/(;;Rd),for some { € RY. Then, for all n € R¢ and all t > 0, we have

(6.3) int(domy) = int ((9y*)(RY)) = (Vy* = ¥} (RY).

THEOREM 6.6.  There exists a dual optimizer Yop in the sense of Definition 6.1 if and only
if there exists a Bass martingale (M;)o<t<1 from u to v. In this case, Law(My, M) is equal to
the optimizer m5BM € MT(u, v) of the primal problem (1.5), and Yopts U, @, 75BM qre related

via v* = Yop, @ ={ (1) and
(6:4) a3PM = Law (M | Mo = x) = Vo(¢(x) + -) (7),

where the function ¢ : X — R% is given by

(65) {(X) = argmaxgeRd (({,x) - / U({ + Z) dY(Z))
as in (5.3), and we have

(6.6) {00 = (Vo)™ (1) =V (7)),
for all x € X. The domain X of the function { satisfies X C int(domrop) and pu(X) = 1.

Proor. “=": Suppose that a dual optimizer ¢/,p exists. Then D(u,v) - D(Yopt) =0 and
from (3.3), (3.12) we obtain

/ (w’m )= ([ o) 1M (ay) - MCov(niBM,w)) u(dx) =0.
Hence, for u-a.e. x € R4, the infimum in

oo = int ([ vondp - MCoV(p.))
peP(RY)

must be attained by 73°M € P (R?). Furthermore, as D (Yop) is finite, we deduce as in the

proof of Lemma 3.7 that [ op dn$PM < +o0, for p-a.e. x € RY. Thus also ¥ (x) is finite,

for p-a.e. x € R?. Recalling Lemma 6.2, we have y(int(dom Yopt)) = 1 by Definition 6.1. In

particular, Yo is co-finite by Lemma 5.1. All in all, we can apply part (ii) of Proposition

5.3 10 Yopi, for p-a.e. x € RY. This yields that 73°M = Vo({(x) + -)(y), with v =y, and

Z(x) e R4 as in (6.5). We now define @ := £ (u). Since 75BM has second marginal equal to v,
we obtain Vo(a *y) = v. On the other hand, as 73BM has barycenter x, we have

6.7) / Vo(¢(x) +2) dy(z) = (Voxy)(L(x)) =x.
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We denote the set of points x € R? for which the identity (6.7) holds by X and note that
X Cint(dom o) as well as u(X) = 1. Since a = {(u), we conclude from (6.7) that (Vo *
v)(a@) = u. By (6.1), this establishes the existence of a Bass martingale (M;)p<;<1 from u
to v, which by construction satisfies Law(My, M) = 75BM and connects Wopt> U, @, 7SBM g
claimed.

It remains to check the identity (6.6). Since n)SCBM €Py (R?), and as we already established
(6.4), we conclude that

(6.8) / [Vo(¢(x) + z)|2 dy(z) < +oo,

for every x € X. In particular, we can apply part (iii) of Lemma 6.4 to the function f = v. Then
from (6.7) we derive (6.6).

“<": Conversely, suppose that a Bass martingale M = (M;)o<s<1 from u to v exists. We
denote by v: R¢ — R the associated convex function and define the proper, lower semicon-
tinuous convex function qy = v*. Recall that dim(suppv) = d by Assumption 3.1. Since
(0v)(R4) € domv* and

intconv ((dv)(R?)) = intconv ((dv) (RY)) = intsupp(v) # @,

we also have that int(dom v*) # @. In the following we show that i/, is indeed a dual optimizer
in the sense of Definition 6.1.

First, we verify that % (x) > —co, for all x € R?. As a consequence, we will see that
the identity (6.6) holds for all x € int(dom/op). Note that from (6.1) we have the relation
Vu(a *7y) = v. Since v has finite second moment, we conclude that

(©9) [P ar <

for a-a.e. £ € R?. In particular, by analogy with (4.6), we obtain that

(6.10) @ = [0+ dr(@) € (oo,

for a-a.e. £ € R%. Recalling the second equality in (5.5), we have

6.11) £ 3) > ()"0 = sup (€= [ win@r @),
L eRd

and by (6.10), the right-hand side of (6.11) is greater than —oo, for every x € R%. In particular,
we can apply Proposition 5.2 to the function ¢op. As a result, for every x € int(dom¢op), we
obtain an equality in (6.11) and the right-hand side admits a unique maximizer (x) € R<.
Differentiating under the integral sign, which is justified by part (i) of Lemma 6.4 applied to
the function f = v =y, the first order condition for the optimality of & (x) reads

(6.12) (Vi x 1) ({ () =x.

Now we use part (iii) of Lemma 6.4 and obtain the identity (6.6) from (6.12) above, for all
x € int(dom ygpy).

Next, we show that a = {(u) and u(int(dom/op)) = 1. Recalling from (6.1) that (Vo *
¥)(@) = u, and using (6.6), we get @ = (Vo *y) "1 (u) = £ (u). For the second claim, we again
use (6.6) and obtain

1=a(RY) = p((Vo*y)(RY)) = p(int(dom yropr)),
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where the last equality follows from Lemma 6.5.

It remains to check that D(u,v) = D(Yop) and Law(Mo, M) = 7SBM_ For each x €
int(domyop), we define a probability measure 73, := Vo({(x) + -)(y). By (6.9) and (6.12),
n is an element of 5 (RY), for p-a.e. x € R. Hence we can apply part (i) of Proposition
5.3, showing that the infimum

¥ (x)=  inf (/ Yopt dp — MCov(p, y))
pePy(RY)

is attained by n1%. Therefore, from the representation (3.12) of the dual function D( ) and the

fact that 7% (dy) u(dx) € MT(u, v), we obtain

613 DW= [ ( [ W) m @) - %)) @) = [ MCov(nt (e,

On the other hand, from (1.5), Theorem 3.3 and (3.13) we have
[ MCov(aty) () < PGr) = Blke) < Do

which in light of (6.13) implies that D (u,v) = D (Yopt). This completes the proof that gy
is a dual optimizer. We still have to show that Law(My, M) equals the optimizer 758M of
(1.5). Since M is a Bass martingale with associated convex function v, it follows from the
identities (6.1) that 7% = Law(M; | My = x). But then from (6.13) we conclude that 7% = 75BM,
In particular, this shows (6.4). O

We now give a one-dimensional example in which a dual optimizer oy in the sense of
Definition 6.1 is not integrable with respect to v. Example 6.7 below illustrates that the form
(3.5) of the dual function D(-) may fail to make sense when we allow i to range more
generally than in Cq(Rd ). On the other hand, the dual function written in the form (3.12)
makes perfect sense for general convex functions ¢ : R4 — (=00, +00], which are u-a.s. finite
(recall Lemma 3.7). This leads to the satisfactory characterization of dual attainment as given
by Theorem 6.6.

ExampLE 6.7. Leta =) ,27"5, € P(R), with the sequence (z,),>1 C R satisfying

n=1
lim,, 00 % = +o0. Consider the convex function v(z) := zarctanz — %log(l + 7?%), with the
derivative v’(z) = arctan z being a strictly increasing, continuous and bounded function. Define
pi= (v *y)(@),so that u =3~ 27"5, for some bounded sequence (x,),>1 C R, and let
v :=v(a* 7). Note that u and v are supported by (=7, 7). Then, according to (6.1), the pair
(v, @) defines a Bass martingale from u to v. Theorem 6.6 shows that the derivative of the

dual optimizer is given by

d -1
ay%op(y) = ()" (y) =tany.
By definition of v and «, this function is not v-integrable, and neither is its antiderivative
Yopt- o

We finish this section by deducing a trajectorial property of Bass martingales from Lemma
6.5 and Theorem 6.6, namely that a Bass martingale M with M; ~ v can only reach the
boundary of supp(v) at time 1. In this paper we only make use of this result as a technical step
in the proof of Lemma 7.17. However, this is a natural property to examine from the point of
view of stochastic analysis (e.g. Feller’s explosion test is devoted to a related question), and it
gives us some intuition about the behavior of Bass martingales.
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CoROLLARY 60.8. Let M = (M;)o<:<1 be a Bass martingale with M| ~ v. Define T as the
stopping time
t:=inf{r€[0,1]: M, ¢risupp(v)} A 1,

i.e., the minimum of 1 and the first time that M reaches the boundary of supp(v). Then T = 1
a.s.

Proor. We will prove that
P(r€[0,1): M, erisupp(v)) = 1.

Thus, if M ever reaches the boundary of supp(v), this will happen at time =1, so 7 = 1.
Otherwise, i.e., if M never reaches the boundary of supp(v), then by definition 7 = 1, too.

Recall that dim(suppv) = d by Assumption 3.1, so we can replace the relative interior
operator by the interior operator throughout the argument. By (6.2), the Bass martingale is
given by M, = (Vv *y'~")(B;), where Vu(y) = v, for some finite-valued convex function v.
We now define the proper, lower semicontinuous convex function ¢ := v*. As in the proof of
the second implication of Theorem 6.6, namely the part of the proof corresponding to “<",
we see that int(dom v*) # @, that ¢¥ (x) > —co for all x € R?, and that Vy* € LZ(yBO;Rd) a.s.
(for the latter, see (6.9) and recall that By ~ ). Therefore we can apply Lemma 6.5 and from
(6.3) we obtain for all 7 € [0, 1) the equality

int(domy) = int ((Ay*)(RY)) = (Vg™ * y' ") (RY).
As we justify in (B.11) in Appendix B, we automatically have the equality
int ((9y*)(RY)) = intconv ((dy*) (RY)),
so we conclude that
intconv ((y*)(RY)) = (Vg™ =y ) (RY).
On the other hand, we clearly have

intconv ((Ay*)(R?)) = intconv((dy*) (R?)) = intsupp(v),

so we obtain for all 7 € [0, 1) that
intsupp(v) = (V¢ +y' ) (RY).

Since M, = (Vy* * y'~1)(B;), we conclude as desired that M, lies in intSupp(v) as long as
te[0,1). O

7. Irreducibility and existence of dual optimizers.

7.1. Outline and objectives. In this technically demanding section we connect our find-
ings with the groundbreaking analysis presented in [27] by H. De March and N. Touzi. Their
work establishes the existence of a unique maximal paving of R into relatively open, convex,
invariant sets. Each martingale transport from u to v maps these relatively open sets into their
closures. Our focus here is on the irreducible case, where this paving is trivial, i.e., it consists
of a single cell. The general case is treated in the follow-up paper [56].

We show that the triviality of the De March-Touzi (DMT) paving (as formalized in
Definition 7.2 below) is equivalent to the irreducibility condition in Definition 1.2. This
equivalence, along with additional equivalent characterizations of irreducibility, is established
in Theorem D.1 of Appendix D, which builds on the results of the present section.
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Assuming the triviality of the DMT paving in Assumption 7.3 below, we fix a martingale
transport 7PMT € MT (u, v) such that every transition kernel 72MT has full convex support.
The existence of such a martingale transport 7°MT was established in [27]. In Lemma 7.5, we
prove a uniformity property of this full-support feature, valid for u-a.e. x € R<.

The main result of this section is Theorem 7.6, which links the triviality of the DMT
paving to the existence of an optimizer for the dual problem (3.14). As a direct consequence
of this theorem, we obtain that triviality of the DMT paving implies the existence of a Bass
martingale M from u to v with Law (Mo, M;) = 75BM. Notably, this Bass martingale serves
as a concrete example of a De March—Touzi transport since, for u-a.e. x € R¢, the measures
aPMT are equivalent to v.

The first step in proving Theorem 7.6 is to identify a limit ¢, of an arbitrary optimizing
sequence of convex functions (¥, ),>1 for the dual problem (3.1). A crucial observation is that
the value of the dual function (3.12) remains invariant under the addition of affine functions
to ¢. This invariance allows us to choose and add affine functions that facilitate our analysis.
Concrete examples of such choices of affine functions are provided in [56] (Examples 6.1
and 6.2). After appropriately selecting representatives of i, (by adding affine functions),
we establish in Lemma 7.12 (by applying Komlés® theorem) the existence of a sequence of
Cesaro means of a subsequence that is bounded on compact subsets of I = risupp(v). Using
arguments from convex analysis, we extract a further subsequence that converges uniformly
on compact subsets K C I to a convex function ¥ijp,.

The second step in proving Theorem 7.6 is to verify that the limiting function ¥y, is indeed
a dual optimizer. To this end, we introduce in Definition 7.14 the Brenier map Vugg,, from
y to 5BM, The next goal (see Lemma 7.18) is to show that, for u-a.e. x € I, the function
Y1im €quals (v3g, )", modulo the addition of an affine function. Specifically, we introduce (see

(7.6)) the set
A={xel: yim # (v5))" mod (aff)},

and prove that u(A) = 0. This proof proceeds by contradiction. Assuming p(A) > 0, we
construct, for x € A, measures 7, € 7’)% (Rd) in Lemma 7.16, which are adjusted in Lemma
7.17 to have compact support. The measures 7, then contradict the optimality of 73BM,
allowing us to conclude p(A) =0 and thereby complete the proof of Lemma 7.18. With the
help of Lemma 7.19 we can then finish the second step and thus also the proof of Theorem 7.6.
Broadly speaking, Lemma 7.19 shows that ¢y, is a dual optimizer if and only if u(A) = 0.

The proof of this result is based on Proposition 5.3 and Theorem 6.6.

At this point we encounter a remarkable and somewhat surprising feature. In Proposition
7.20 we use the wisdom of hindsight to show that in the arguments outlined above, there is
no need of passing to a subsequence or of forming Cesaro means of the optimizing sequence
(¥n)n>1. Rather already the original sequence (¥,,),>1 — modulo adding affine functions
— converges to the optimizer ¥jy,. Note that in Proposition 7.20 the pair (u,v) is not
necessarily irreducible, rather the boundedness assumption (7.25) is made (cf. Lemma 7.12).
This refinement plays a crucial role in the follow-up paper [56].

Towards the end of Section 7 we are finally in the position to prove Theorem 1.3 as well as
the second part of Theorem 1.4, thereby completing the main body of the paper (apart from
four appendices).

In the following subsections we now proceed with a formal and detailed treatment of the
outlined program for Section 7.
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7.2. Irreducibility and dual attainment. We fix u,v € Po(R?) with u <. v. The following
notation from [27] will be used throughout this section.

DeriNITION 7.1.  'We denote by C := supp(v) the closed convex hull of the support of v
and by [ :=ri C its relative interior.

Recall that dim(supp v) = d by Assumption 3.1, so that / is open in R?.

DeriniTION 7.2.  We say that the pair (u,v) is De March—Touzi irreducible, if the irre-
ducible convex paving of De March—Touzi [27] consists of the single irreducible component
1. By [27, Theorem 2.1], this condition means that

(i) the set I =riC, with C = supp(v), satisfies u(l) =1,
(i) there exists some martingale transport 7°MT € MT(u,v) with the property that C =
supp(nPMT)for p-a.e. x € RY. We refer to a°MT as a De March-Touzi transport.

The main assumption of this section (with the exception of Lemma 7.9, Lemma 7.19,
Proposition 7.20 and Corollary 7.21) is the following.

AssumptioN 7.3, The pair (u, v) is De March—Touzi irreducible.

Assumption 7.3 is equivalent to the irreducibility of the pair (u, v) in the sense of Definition
1.2. For a proof of this result and for further equivalent characterizations of irreducibility we
refer to Theorem D.1 in Appendix D.

In Lemma 7.5 below we give a more quantitative description of the defining property of a
De March-Touzi transport 7°MT € MT (4, v) between an irreducible pair (u, v).

DEriNITION 7.4, Let K C I be compact. For an element y* of the unit sphere S¢~! in R?
we define the slice Sy« of C beyond K by

(7.1) Sye ={yeC: (y,y*) >sup{(5.y*): € K}}.

LemMA 7.5.  Under Assumption 7.3, for p-a.e. x € R% and for every compact set K C I,
there exists a constant 6 (K, x) > 0 such that ﬂEMT(Sy*) > 6(K, x) for every y* € S471,

Proor. We fix x € R? with C = supp(7#2MT) and note that the map r,: S~ — [0, 1]
given by r,(y*) := aPMT(S,.), for y* € S471, is lower semicontinuous. As the set C equals
the closed convex hull of the support of 7PMT, the map r, is also strictly positive. Indeed, if
there was some y* € S?~! with r,(y*) =0, then the closed convex set C \ Sy+ would support

aPMT " which is in contradiction to C \ Sy« ¢ C = supp(aPMT). Since S9! is compact we
conclude that ry attains its minimum 6(K, x) := miny.cga-1 rx(y*) > 0. m]

The main result of this section is the following.

THEOREM 7.6. Under Assumption 7.3, there exists a dual optimizer Y op in the sense of
Definition 6.1.

Together with Theorem 6.6, this has the following consequence for the primal optimizer
7SBM € MT(u, v) of the primal problem (1.5).
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CorOLLARY 7.7. Under Assumption 7.3, there exists a Bass martingale (M;)o<:<1 from u
to v. Moreover, Law(My, M) = n5®M and, for p-a.e. x € RY, the measure n32M is equivalent
to v. In particular, ©8M is a De March—Touzi transport in the sense of Definition 7.2, (ii).

Proor. Admitting Theorem 7.6, there exists a dual optimizer /qp. Thus, by Theorem
6.6, there is a Bass martingale from y to v with the property that Law (Mg, M;) = 758M. In
particular, by (6.4), there is a measurable set A with z(A) = 1, such that 732M and 73BM are
image measures of suitably translated Gaussians under the same function Vo, for all x,x” € A.

Hence n$BM ~ 75BM  for all x,x’ € A, and this in turn implies the equivalence of v(dy) =

[ 7$BM(dy) p(dx) with 73BM(dy), for each x” € A. In particular, supp(7$PM) = supp(v), for
u-a.e. x € R, which implies Definition 7.2, (ii) for 75BM, O

7.3. Proof of Theorem 7.6. 'The proof is split into two main steps.

7.3.1. Step 1 of the proof of Theorem 7.6. We first construct a convergent optimizing
sequence of convex functions (¥,)n>1 C C&‘H(Rd) (see Remark 7.11 below) for the dual
problem (3.1).

ProposiTiON 7.8.  Under Assumption 7.3, there is an optimizing sequence (Y, )n>1 of non-
negative convex functions in CSH(R‘Z) for the dual problem (3.1), which converges compactly
on I (i.e., uniformly on compact subsets K C I) to some convex function Y, : I — [0, +00).

Before we turn to the proof of Proposition 7.8, we still need some preparation. The following
auxiliary result does not require the irreducibility Assumption 7.3, but solely relies on the
finiteness of the value D (u, v) of the dual problem (3.1).

LEmMMA 7.9.  Let (Yrn)ns1 € Cq(RY) be an optimizing sequence for the dual problem (3.1)
and take any m € MT(u,v). Then

7.2) sup [ [ 0a(3) =0 0) o) ) < o
nz
Proor. Recalling (3.2), we consider for n > 1 the functions
(7.3) RY5x+ ¥ (x)= inf (/ Yndp — MCov(p,y)).
pePy (RY)

By taking p = ¢ in (7.3) we obtain the trivial estimate ¢%" (x) < ¢, (x) and consequently

[ [ - va)manucan < [ [ @)= ) oty i,
By definition (3.12) of the dual function D( -) we have

DY) = Un () 7 (dy) = " (x) | p(d),
/U |

and as the sequence of real numbers (D (¥,,))n>1 converges to the finite number D (u, v), we
conclude (7.2). O

DEeFintTION 7.10. We fix an arbitrary optimizing sequence (¢,)n>1 € Cq (R?) of convex
functions for the dual problem (3.1), which is possible thanks to Proposition 3.5. For x € R¢,
we define

(7.4) Un () =¢n() = Yn(x) = (O (x), - —x),
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so that ¥, (x) =0 and 7} (-) takes values in [0, +c0), for every n > 1. Here — by abuse
of notation — 9y, (x) denotes a subgradient of ¥, at x, i.e., an arbitrary element of the
subdifferential of i, at x.

RemARK 7.11.  We observe that passing from ¢ € C (R?) to y +aff, where aff: RY — Ris
an arbitrary affine function, does not change the value of the dual function (3.12), i.e., D(¥) =
D(y + aff). In particular, we note that the sequence (¢;;),>1 defined in (7.4) is contained in
the class of functions Cfl‘ff(Rd ), as introduced in (2.1), and hence D (y;}) = D (¥,,).

Our goal is to show that — under the irreducibility Assumption 7.3 and after passing to
Cesaro means of a suitable subsequence — the sequence (¥} ),>1 of (7.4) is bounded on
compact subsets of I, for p-a.e. x € I. This is the content of the following lemma.

Lemma 7.12. Under Assumption 7.3, for any given optimizing sequence (Wy,)u>1 C
Cq(Rd) of convex functions, there is a sequence of Cesaro means of a subsequence, still
denoted by (Wy)n>1, such that, for u-a.e. x € I and for every compact set K C I, we have that
SUP,,51 yek ¥n (¥) < oo, for every choice of (Y )n>1 € Cgﬁ(Rd) as in (7.4).

ProoF. We rely on [27] and fix a De March-Touzi transport 7°MT € MT (u, v) satisfying
point (ii) of Definition 7.2, which exists by the irreducibility Assumption 7.3. Let (¥)n>1
and (¥} )n>1, measurable selected for x € R4, be as in Definition 7.10 above. By Lemma 7.9,
the sequence

P, (x) = / W2 () TPV (dy) = / (Un(y) — () 22V (dy)

is bounded in L' (u). Applying Komlés’ theorem [45, Theorem 1], we can find a subsequence
(nx)k>1 € N, such that the Cesaro means

@k . Y, +‘Pn2;...+‘l’nk

converge j-a.s. to some random variable W € L' (u). If we define the Cesaro means

TR R

X

k k ’

we have
T = [ O @), verd

Note that passing to a subsequence (ng)x>1 € N and forming Cesaro means (&,f ) preserves
the property of being an optimizing sequence of convex functions in CSH(R") of the form

(7.4). Therefore we can replace the original sequences (¥,) and (¢;) by (¥x) and (&i),
respectively, and may again relabel them as (¥,) and (¢;)), respectively. With that said, as a
consequence of the u-a.s. convergence to a finite limit, we have that

(1.5) m(x) = sup ¥ (x) = sup / 02 () 7PN (dy) < oo,
n>1 n>1

for yu-a.e. x e RY.

Arguing by contradiction to the statement of Lemma 7.12, we assume that there is a
compact set Ky C / such that the set

Ay ::{xeRd: sup wﬁ(y)=+oo}

n>1,yeKy
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has positive u-measure. Furthermore, by Lemma 7.5, the set
Ay = {x eR4: 36(Ko,x) > 0 such that JTEMT(Sy*) > 6(Ky,x) for every y* € Sd_l}
has full u-measure. By (7.5) above, also the set
Az = {x eR?: m(x) < +o0}

has full y-measure, so that the intersection A := A} N Ay N A3 has positive u-measure. Pick
a point xg € A. As xo € Ay, for arbitrarily large M > m(xo)/6(Kop,xp), we can find ng > 1 and
yo € Ko such that ;) (yo) > M. The function

€(y) = (0ym (yo),y —yo) + M,  yeR?,

satisfies £ < ¢p0 and €(y) > M, forall y € S+, with y* := ﬁ and z := 9y, (yo). We conclude
with

mia) > [ wr )M > [ 0 0)aRT () > MBS, ) > M 6(Kovo)
which is the desired contradiction, as M is arbitrarily large. O

Proor or ProposiTion 7.8. By Lemma 7.12 we can fix some xg € I such that the sequence
of convex functions (¥;°),>1 is bounded on all compact subsets K C I. In particular, the
sequence (¥;,°)n>1 is pointwise bounded on I. By [54, Theorem 10.9] we can select a
subsequence, still denoted by (¢;,°),,>1, which converges uniformly on compact subsets K C [
to some convex function wficfn: I — [0,+400). Dropping the superscript xo to ease notation,
we arrive at a sequence (¥,)n>1 with limit Y, as required in the statement of Proposition
7.8. m|

7.3.2. Step 2 of the proof of Theorem 7.6. We extend the function Yy : I — [0, +00)
of Proposition 7.8 to a lower semicontinuous convex function iy, : R? — [0, +0c0] which
is equal to +co on R4\ C. Since I C dom i, I is open and u(I) =1, it follows that

p(int(domiim)) = 1.

ProposITION 7.13.  Under Assumption 7.3, the convex function i : RY — [0, +c0] is a
dual optimizer in the sense of Definition 6.1, i.e., satisfies D(u,v) = D (Wiim).

DerINiTION 7.14.  For p-a.e. x € R4, we denote by vy the Brenier potential from 7y to
mSBM 5o that Vogem(y) = aSBM and

MCov(75BM ) =/ (vaBM(Z),Z>7(dZ);
we write Ygpy = (v3g,,)" for its convex conjugate.

ReMARK 7.15.  As y has full support, the convex function v,
continuous everywhere on R?. In particular, Uigm 1S unique, up to an additive constant.
Therefore also its convex conjugate ygp,,: R? — (=00, +c0] is unique, up to an additive
constant. Also note that y§,,, is finite-valued on / and takes the value +co on R4\ C, with
C =supp(v) and I =intC.

is finite-valued and
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Our goal is to show that in, : R4 — [0, +00] is a dual optimizer. For this purpose, we will
prove that, for u-a.e. x € I, the function ¥, (-) equals t//é‘BM(-), modulo adding an affine
function; in short, Yy, = wg‘BM mod (aff), for u-a.e. x € R%. In Lemma 7.18 below we will
show that the set

(7.6) A= {x €I: Yiim % Yy mod (aff)}

indeed has y-measure zero. It will then follow from Lemma 7.19 that ¢, is actually a dual
optimizer. First, we need some auxiliary results.

Lemma 7.16.  Under Assumption 7.3, for p-a.e. x € A, there exists a measure 7t € Py (RY)
supported by C and there is a constant $(x) > 0 such that

(7.7) MCov(#y,y) + / Yiim d(75BM — %) > MCov(75BM, y) + B(x).

Proor. Recalling the representation (3.12) of the dual function D(-) and the definition
(3.2) of the function x — ¢¥(x), we consider for u-a.e. x € I the functions

% (x) = / Wit () 7BV (dy) — v ()

(7.8)
= sup (MCov(p,y)+/w§BM d(ﬂ)SCBM—p))
pePs (Rd)
and
pYim (x) = / Dim () 75N (dy) — 0% (2)
(7.9)

sup  (MCov(p. )+ [ i d (xS - p).
pePy ()
Recalling Definition 7.14, we have V(y35,)"(7) = 752M € P (RY). Therefore, we can apply
part (i) of Proposition 5.3, which yields that the supremum in (7.8) is attained by 75BM,
so that ¢¥sey(x) = MCov(xSBM, ). By taking p = 738M in (7.9), we obtain the inequality
P¥im (x) > p¥sem(x), for p-a.e. x € 1.

Now we define the sets
B:={xel: ¢"im(x) > ¢¥seu(x)}, X = {xel: ¢¥smm(x) < +oo}

and claim that for the set A defined in (7.6) we have the relation A := A N X = B. In other
words, since u(X) =1, the sets A and B are equal, up to a set of u-measure zero.

In fact, if x ¢ A, then Ylim = :,bg‘BM mod (aff) or ¢‘”§BM (x) = +o0, so that in both cases
¢¥im (x) = ¢p¥sem(x). Conversely, if x ¢ B, then x ¢ X or we have the equality ¢¥im(x) =
¢¥seu (x) of real numbers and thus also the supremum in the definition (7.9) of ¢¥im(x) is
attained by

(7.10) M = V() (7) € Py (RY).

Hence we can apply part (ii) of Proposition 5.3 to the lower semicontinuous convex function
Wlim R? — [0, +00] satisfying u(int(dom i) = 1, which tells us that the optimizer (7.10)
of the supremum in (7.9) is equal to
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for some ¢ (x) € RY. We conclude the y-a.s. equality

V(gpm)” = VWi ( - +{(x)),
which is equivalent to the y-a.s. equality

(7.11) (¢§BM)*=¢’ﬂm( : +{(x)) +c,

for some constant ¢ € R. Since the convex function (Ygg,,)" is finite-valued and continuous
everywhere on R, the equality (7.11) has to hold everywhere on R?. This implies that
Ulim = wg‘BM mod (aff) and we deduce that x ¢ A. Altogether, we have seen that x ¢ B implies
that x ¢ A.

As a consequence of A =B, up to a set of u-measure zero, for yu-a.e. x € A we have
p¥im (x) > ¢¥sem(x), so that we can measurably select some 7, € Py (RY) with

(7.12) MCov(#y,7y) + / Yiim d(75BM — ) > MCov(75BM, ),

which gives (7.7). As the right-hand side of (7.12) is finite, for u-a.e. x € I, and since
Yiim(y) = +00 for y e R? \ C, we see that 7, is supported by C. O

Our next step is to modify the measures {7y } ye 4 of Lemma 7.16, so that they have compact
support and still satisfy (7.7) for some B(x) > 0 instead of 8(x). To this end, we choose an
increasing sequence (K;);>1 of compact subsets of I such that { ;5 K; = I. Denoting by M~
the Bass martingale from 6 to 7, and by TJ’.‘ the first exit time of M* from K; (similarly as

in Corollary 6.8), we define ﬁi = Law(M ;Cf A1) By optional sampling, ﬁi ePy (R?) and, by

definition, 7. is supported by the compact set K i

Lemma 7.17.  Under Assumption 7.3, for u-a.e. x € A, there exists ﬁf;(x) ePy (RY) sup-
ported by K () for some j(x) € N and there is a constant 3(x) > 0 such that

(7.13) MCov (#. y) + / Wiim d(73BM = #1) > MCov(x3BM, y) + B(x).

Proor. From Lemma 7.16 we already have the inequality (7.7). In order to derive (7.13),
we have to show that

(7.14) lim MCov(#.,7) = MCov(#x,7)
J—o+oo
and
(7.15) timsup [ () L) < [ () a0,
Jj—o+oo

We begin with the proof of (7.14). First, observe that M*, . — M?*. = in L%, where 7¥

A1 N1
is the first exit time of M* from /. Since 7* A 1 =1 a.s. by Corollary 6.8, we conclude that
M*, | — M in L?. Consequently,

s
2/v] ~ . . 2
W; (7L, 7ty) = inf /|x1—x2| q(dxy,dx;y)
qeCpl( 7Y, 7x)

converges to zero as j — +co, and the inequality

IMCov(#},7) = MCov (i, y)| < Wa(#}, %) Vd
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yields (7.14).

Finally, we show (7.15). Note that by optional sampling, ﬁ{; Py (R?). Since a martingale
composed with a convex function is a submartingale, it follows that

vj=1: /'ﬁlimdﬁi < / Ylim d 7t x
and we obtain (7.15). O
LemMa 7.18.  Under Assumption 7.3, the set A C R defined in (7.6) has u-measure zero.

Proor. We assume for contradiction that g(A) > 0. Thanks to Lemma 7.17, the set A is
u-a.s. equal to the union

U freas MCov(alon)+ [ wimd (- #) > MCov(x, ) 4.
JEN,
BeQ:\{0}

Hence we can find a subset B C A with u(B) > 0, such that (7.13) holds with uniform constants
jeNand g>0forallx € B,i.e.,

(7.16) 3j3BV¥xeB: MCov(#,y)+ / Yiim d(73BM — #1) > MCov(7SBM, y) + .

Now we define a measurable collection of probability measures {7y}, cga € P2(R?) with
bary(#,) =x by

(7.17) 5 ﬁf;, X €B,
. Ty =
aSBM x e RY\ B.
From the inequality (7.16) and the definition (7.17) we deduce that
(7.18) [ [ vimae™ =) duo) + [ MCov(tsy) duo)
(7.19) > / MCov(73BM, y) du(x) + B u(B)
(7.20) =P(u,v) +Bu(B).

Recall from Proposition 7.8 that there is an optimizing sequence (i,),,>1 of convex functions
Wn: RY — [0, +00) for the dual problem (3.1), which converges uniformly on compact subsets
K C 110 iy, To find the desired contradiction, we want to replace ¥ iy, in (7.18) by lim,,—, oo ¥,
and write the limit outside of the integral. This is clearly not a problem if x ¢ B. For x € B,
note that the measure 7, = 7 is supported by the compact set K;. As (1)1 converges to
Ynim uniformly on K ;, we have

a2 gim [ [0 an0 a0 = [ [ o) dno) duco

On the other hand, Fatou’s lemma gives

(7.22) lim inf /B / Yn(y) dnPM(y) du(x) > /B / Yiim () d3PM () dua ().
Now combining (7.18) — (7.20) with (7.21), (7.22) yields the inequality

timint [ [ d(x¥ = 7,) dut) + [ MCov(y) du) > P +u(B)
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Recalling the definition (3.2) of the function x +— ¢ (x) and the dual function (3.12), we
observe that the left-hand side of this inequality is less than or equal to

timint D(y,) =limint [ [ 00)2M(dy) - 0% @) ().
n—00 n—00
Since (¥5,)n>1 18 an optimizing sequence for the dual problem, it follows that
D(u,v) = lim D(Y,) =liminf D(yn) > P(u,v) + B u(B) > P(u,v).
n—0o0 n—00

But this is a contradiction to the fact that there is no duality gap by Theorem 3.3. O

LemmA 7.19. A lower semicontinuous convex function yrop : RY — (=00, +00] satisfying
u(int(domyop)) = 1 is a dual optimizer in the sense of Definition 6.1 if and only if

(7.23) p({x € RY: Yo = gy mod (aff)}) = 1.

PROOF. “&”: As we have seen in the proof of Lemma 7.16, for u-a.e. x € R¢, the supremum
in (7.8) is attained by p = 75BM. Hence integrating with respect to u(dx) yields

[ Moy i = [ ( [ a2 dy) = () )

By assumption (7.23) it follows that

020 [ MeoveeMy @) = [ ( [ v 2N a) - 4 ) ).

Recalling the representation (3.12) of the dual function D( -), we see that the expression on
the right-hand side of (7.24) equals D (op). On the other hand, the left-hand side is equal to
P(u,v) = D(u,v) by Theorem 3.3, so that Wopt 1s a dual optimizer.

“=": Let ¢opt be a dual optimizer. As in the proof of the implication “=" in Theorem 6.6
we conclude that

aBM = Wy (L) + +) (),

for p-a.e. x € RY, with £(x) € R? as in (6.5). On the other hand, by Definition 7.14 we have
M = V(&) (7)), for p-ae. x € RY. Arguing as in the proof of Lemma 7.16, we obtain
(1.23). 0

Let us summarize why the above arguments complete the proof of Proposition 7.13 and
thus also of Theorem 7.6.

Proor or ProposiTion 7.13. According to Lemma 7.18, the function jp, : R — [0, +c0]
equals y3p\, mod (aff), for u-a.e. x € I. By Lemma 7.19, this implies that im is a dual
optimizer. O

Proor oF THEOREM 7.6. The existence of a dual optimizer follows from Proposition 7.8
and Proposition 7.13. O

Let us have one more look at the structure of the proof of Theorem 7.6 and Corollary
7.7 above. We started with an arbitrary optimizing sequence (¥,),>1 € Cq(]Rd) of convex
functions for the dual problem (3.1), which we normalized to obtain (¢;),>1 as in (7.4).
Then we showed in Proposition 7.8 that under the irreducibility Assumption 7.3, which
guarantees the existence of a De March-Touzi transport 7°MT € MT(u,v), we could find
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a limiting function Y, However, this was only possible after passing to a subsequence,
forming Cesaro means, and then choosing a further subsequence of (¥;;)n>1. In Proposition
7.13 we argued that Yy, is a dual optimizer and hence, by Theorem 6.6, there is a Bass
martingale from u to v.

In the follow-up paper [56], the general case of a pair (u,v) which is not necessarily
irreducible — and thus does not necessarily satisfy Assumption 7.3 — is treated. In this case,
a variant of this line of reasoning is needed. Suppose we already know that an optimizing
sequence (1,,),>1 is pointwise bounded on a relatively open convex set I C R? with u(I) =1
and such that supp(v) is contained in the closure of I. Under this assumption — but without
imposing irreducibility on the pair (i, v) — we will prove in Proposition 7.20 below that there
is no need of passing to a subsequence or of forming convex combinations of the optimizing
sequence (Y¥,)n>1. Rather already the original sequence (¥,,),>1 — modulo adding affine
functions — converges.

ProposITION 7.20.  Let 1, v € Po(RY) with u <¢ v. Let I CR< be a relatively open convex
set with u(I) = 1. Denote by C the closure of I and assume that supp(v) C C. Let (Y,)n>1
be an optimizing sequence of non-negative convex functions in Cgﬁ(Rd) for the dual problem
(3.1) such that

(7.25) Vyel: supy,(y) < +co.

n>1

Then there is a lower semicontinuous convex function Y, : R4 — [0,+00] and a sequence
(Wn)ns1 such that W, =, mod (aff), for each n > 1, and

(7.26) Yy €1t im(y) = lim Un(y) < +oo,
(7.27) Vy €RT\C: Yiim(y) = lim g, (y) = +oo.

The convergence in (7.26) is uniform on compact subsets of 1. Moreover, we have that
C = supp(v) and Y is a dual optimizer, which is unique modulo adding affine functions.

The proof of Proposition 7.20 is delayed until Appendix C.

CoroLLARY 7.21. Under the assumptions of Proposition 7.20, there exists a Bass mar-
tingale (M,)o<i<1 from u to v. Moreover, Law(My, My) = 75BM and, for p-a.e. x € I, the
measure ﬂ)SCBM is equivalent to v. In particular, 75®M is a De March—Touzi transport and the
pair (u,v) is irreducible.

Proor. By Proposition 7.20, the limiting function iy, is a dual optimizer. Therefore, by
analogy with the deduction of Corollary 7.7 from Theorem 7.6, we deduce Corollary 7.21
from Proposition 7.20. To see that the pair (u, v) is irreducible we refer to Theorem D.1. O

7.4. Proof of Theorem 1.3. We are now in the position to prove our first main result of
the introduction.

Proor or THEOREM 1.3. The implication “(2) = (1) is Theorem 1.10 of [5]. For the proof
of “(1) = (2)” we apply Corollary 7.7 and obtain the existence of a Bass martingale from u
to v. By the uniqueness results of Theorem 2.2 in [5], this Bass martingale has to agree with
the given stretched Brownian motion. O
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7.5. Proof of the second part of Theorem 1.4. Finally, we complete the proof of Theorem
1.4. Recalling the results of Section 4 and the definition (4.3) of &( - ), we can formulate the
second part of Theorem 1.4 equivalently as follows.

PrROPOSITION 7.22.  Let 1, v € Py (RY) with pu <. v. The value

(7.28) Drei(p,v) = inf EW)
p(dom y)=1,
Y convex
is attained by a lower semicontinuous convex function yop: R — (—co,+00] satisfying
p(ri(domiop)) = 1 if and only if (u,v) is irreducible. In this case the (unique) optimizer to
(MBB) is given by the Bass martingale

M, =E[Vo(B))|o(B: s<0)] =B[Vo(B)|B], 0<r<l,
where v = wépt and By ~ V(%”;pt )" (1)

Proor. We call a function ¢ as in the statement of the proposition a dual optimizer
of (7.28) and first show that this notion is equivalent to a dual optimizer in the sense of
Definition 6.1. Indeed, if ¢op is a dual optimizer of (7.28), it follows from the inequality
W* *y)* = (e¥)* < ¢¥ that Wopt 1s also a dual optimizer according to Definition 6.1.
Conversely, suppose that iy is an optimizer in the latter sense. Then it follows from Lemma
7.19 that (7.23) is satisfied. Note that by the classical Kantorovich duality we have

MCOV(H)SCBM,V) = / lllchM d”)SrBM + / (l/lchM)* dy,
for u-a.e. x € R, Thus, by (7.23), for u-a.e. x € R there exists ¢ (x) € R? such that

MCov (7™, y) = / (Wopt(+) = (£ (x), -)) dmyPM + / (Wopt(+) = (¢ (x), )" dy.

Reading the proof of Proposition 4.2 backwards we conclude that

[ Moy ) = [ [ wom) AN ) = W91 () )
i.e., Dyei(,v) = E(Wopt). This shows that iy is also a dual optimizer of (7.28).

Now that we know that both definitions of a dual optimizer are equivalent, we can conclude
the assertions of Proposition 7.22 from the results we have already established. Indeed, by
Theorem 6.6, the existence of a dual optimizer is equivalent to the existence of a Bass
martingale (M;)o<:;<1 in the given form. Finally, by Theorem 1.3 and Theorem D.1, the
existence of a Bass martingale is equivalent to the irreducibility of (u, v). O

APPENDIX A: PROOF OF THEOREM 3.3

Proor oF THEOREM 3.3. Existence and uniqueness of the optimizer 758M € MT(u, v) of
the primal problem (1.5), as well as finiteness of the primal value P(u, v) in (3.3), were proved
in [5, Theorem 2.2]. In order to show that there is no duality gap, we apply [6, Theorem 1.3]
with the cost function

~MCov(p,y) +3 [ y|*dp, if bary(p) =x,

C(x,p) = .
(x.p) {+oo, if bary(p) # x,

for x € R and p € P>(R?). This function is bounded from below and convex in the second
argument. If we equip P>(R?) with the topology induced by the quadratic Wasserstein
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distance one verifies that C(x, p) is also jointly lower semicontinuous with respect to the
product topology on R x P, (R¢). We introduce the space of continuous functions which are
bounded from below and have at most quadratic growth

Cpq(RY) = {o: R¢ — R continuous s.t. 3a,k,L e Rwith £ < (-) <a+k|- |2}.
Then by [6, Theorem 1.3] the value P(u,v) of the primal problem (1.5) equals
Dypg(u,v) = inf (/(&(.)_l_%)dv_/@&dlu)’
JeCpq(RY)

where

. . 2

§/(x) = inf (/ (7()+ 55) dp - MCov(p, ).
pePF(RY)

Finally, passing from the functions i € Cb’q(Rd) toy(-)=y(-)+ % € Cqy (R?), we see that

Db,q(/'lav) :D(l,l,V). O

APPENDIX B: PROOFS OF LEMMAS 4.4,5.1, 6.2, 6.4 AND 6.5

Proor oF LEmma 4.4. Using probabilistic notation, we rewrite the supremum in (4.5) as

(B.1) o =supE[(Y,Z) —y(Y)],

where the supremum in (B.1) is taken over all probability spaces such that Z ~y and Y is an
R<-valued random variable with finite second moment. Replacing Y by E[Y | Z], we observe
that the maximization in (B.1) can be restricted to random variables Y which are measurable
functions of Z, and we obtain

(B.2) o= sup /((Y(z),z>—¢(Y(z)))y(dz),

YeL?(yRY)

where L?(y;R?) denotes the space of R%-valued Borel measurable functions on R4, which
are square-integrable under y. Clearly, for any Y € L?(7y; R?) we have

[ (@2 -utr@)van < [ sup (0. -v) v = [ 0@ v,

yeR4

which shows the inequality 0¥ < f Y™ dy. In order to see the reverse inequality, we define the
auxiliary problem

(B.3) b= s [ ((r@.2)-u(r@) v,

YeL®(y:R4)

where L (y;R?) denotes the space of R?-valued Borel measurable functions on R¢, which
are bounded y-a.e. Comparing (B.2) with (B.3), we obviously have o¥ > Qfo. Now we claim
that

(B.4) ol > / sup ((y,2) — ¥ () 7(d2) = / V(2 y(d2),

yeRd
which will finish the proof of (4.7). To see this, we first write
o%=lim  sup / ((Y(Z), z) — M/(Y(Z))) y(dz).

N=0oyep=(ymrd),
[Y|<N
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Using a measurable selection argument, we obtain

sup /((Y(Z),Z>—w(Y(Z)))’y(dZ)>/ sup ((y,2) =¢(3)) y(dz).
YeL®(y;RY), yeR?,
[Y|<N ly|<N

Since ¢ is proper we can choose yo € domy # @. Then for N large enough we have

sup ((v,z2) =¥ () = (vo.2) =¥ (o),
ERd,
Iyy|<N

with the right-hand side being integrable with respect to y(dz). Hence we can apply the
monotone convergence theorem and deduce that

lim [ sup ((v2) ~w(y) yid) = / sup ((y.2) — () y(d2).

N—oo yeR¥4, yeRd
lyl<N
which completes the proof of (B.4). O

Proor oF LEMMa 5.1. To see that ¢¥ is convex on domys, we let x == cx; + (1 — ¢)x»
for x1,x, € domy and ¢ € (0,1). If ¢¥(x;) = —co, then there are p;'f) € P (RY) with
[wdpl? —MCov(p{,y) — —co. We observe that p{" = cp”) + (1 - ¢)6s, € PF(RY),
and consequently

o) <c / wdp™ + (1 - W (x2) — MCov(p(™. y)

<o [wdpl) -MCov(p) ) + (1= ),

where we have used the convexity of P> (R¢) 3 p — —MCov(p,y). We conclude that ¥ (x) =
—00. The case ¢¥(x;) = —0 is treated similarly. If, on the other hand, both ¢¥ (x1) > —co and
0¥ (x3) > —o0, then ©¥(x) < ce?(x1) + (1 = ¢)p¥ (x) follows by standard arguments. All in
all we see that ¢¥ is convex on dom .

If ¢¥ (x) > —oo for one x € int(domy), then ¥ (&) > —oo for all & € int(dom ), as can be
seen directly by convexity.

Finally, given some x € int(domy ) with ¢¥ (x) > —co, we show that i is co-finite. Without
loss of generality, we assume that x = 0 and ¥ (0) = 0. Using probabilistic notation, we rewrite
the supremum in (4.4) as

(B.5) —¢¥(0) =supE[(Y,Z) - y(Y)] < +oo,

where the supremum in (B.5) is taken over all probability spaces such that Z ~y and Y is
an R?-valued random variable with finite second moment and E[Y] = 0. By contradiction,
suppose there is e € R4 \ {0} such that

(B.6) fim £¢)

t—+00 t

< +00

We define the convex function i : R — (=00, +00] by ¥ (t) := ys(te), for t € R. By assumption
we have 0 € int(dom ), thus also 0 € int(dom). In particular, i is continuous in a neigh-
bourhood of 0. By (B.6), there is a constant K such that ¢ (¢) < Kt, for all  large enough. As
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¥ (0) =0 and  is convex, we conclude that ¢ () < Kt, for all ¢ > 0. Next we introduce four
parameters, A <0 and 6, M, C > 0, and define the R9-valued function

Me, if{e,z)>C,
R 52— f31C(2) = { ~de, if (e,2) € (A,0),
0, else.

Given Z ~ v, this induces a random variable YglAC = é‘/{f (Z). We impose the relation
(B.7) MP[{e,Z) > C| =6P[(e,Z) € (A,0)]

between M and 6, so that E[Yg/’/’f] =0. Now we fix A <0 and some & > 0. Then we choose
¢ > 0 small enough such that

[ (=6)I v 6 E[ (e, 2)I] < 4,

which we achieve by continuity of i/ and the fact that ¢ (0) = 0. We leave C as a free parameter,
which fixes M via (B.7). We compute

E[(vyC.2) —w(r}1O)]
=E|1(e,zy>c(M{e,Z) = (M)) + 1ie zye(a0) (— 6(e, Z) = (-9))]
>ME[L z)sc((e, Z) = K)| = 6E[Lie,zye(a0)(e, 2)] =¥ (=6) P[(e, Z) € (A,0)]
>M(C-K)P[(e,Z)>C] -¢
=5(C-K)P[(e,Z) € (A,0)] —&.

Now taking C 7 +c0 we conclude that —¥ (0) = +c0, which is a contradiction to (B.5). O

Proor or LEmMa 6.2. By contradiction, we suppose that
dim(dom op) < dim(suppv) =d.
Defining B, := {x e R¢: Wopt(x) < €} for £ > 1, we clearly have u(B¢) " 1 and furthermore

sup 7°BM (B, x (RY \ dom o)) > 0.
>1

Indeed, otherwise v would be concentrated on dom /o, contradicting the assumption that
dim(domop) < dim(supp v). As a consequence,

[ o) 7 dy) =40
e xR

forall £ > 1 large enough. We now show that ¢/, could not have been optimal, by establishing
that

D= [ s (MCov(p) = [ tedp) ¢ [ )23 ) = 400,

peP; (Re)

To wit, selecting p, = 75EM for x e R? \ B, and p, = 6, for x € B, we find

Do) > [ MCor™ ) ()~ [ (o)~ [ wp3) 28 d)) et

R9\By
SN / Yo () 75 (d, dy),
B[XRd

for a finite constant c. We conclude by taking £ > 1 large enough. O



BASS MARTINGALES AND MARTINGALE BENAMOU-BRENIER 41

Proor or LEmMa 6.4. We first prove the identity (i). We denote F := V f, which is well
defined Lebesgue-a.e. For y, 77 € R we have to compute

(f*v)(y+h72)—(f*7)(y)=/f(y+hn+2)—f(y+Z) dy(2)

>

as h — 0. For all y,7 and for y-a.e. z € R?, we have

y fO+hm+2z)— f(y+2)
1m
h—0 h

=(F(y+2),1m),

so we only need to justify the exchange of limit and integral. To this end, it suffices to show
the uniform integrability, with respect to the reference measure vy, of the family

%:z{f(y+hn+ -h)—f(y+ ).

(B.8) 0<h<1}.

Using twice the above-tangent characterization of convexity, we obtain
JO+hn+2) - f(y+2)
h
We take r € (1,2), p :=2/r,and g := p/(p — 1) its Holder conjugate, and compute

(B.9) (F(y+2),m) < S(F(y+hn+2),n).

/ F(y+ I+ )] dy(2) = / F( 42 dYyamyc (2)

- / F( 421" exp (= [y — £+ P2+ zy — ¢+ hn) dy(2)
< {IFI ), g d/ exp (—qly —{+mmP/2+q(z,y -+ hn)) dy(2)

< HFNT: ), i// exp (¢(z,y = £ +hm)) dy ()
B10) = fIFIZ, o Yfexp(a2ly - ¢ +hn2).

We see that the first factor in (B.10) is finite (and independent of /) by assumption, while the
second factor is uniformly bounded for 0 < / < 1. Hence both the upper and lower bounds in
(B.9) are uniformly integrable for O < & < 1, implying the same property for the family % of
(B.8).

We now turn to (ii) and (iii). The arguments given at the end of the proof of Proposition
5.2 show that, under the assumptions made here (but with f instead of ), the function f %y
is strictly convex. We already know that this function is differentiable, and that the interior
of its domain is R?. Hence by [54, Theorem 26.5] we deduce the stated properties. The only
thing that merits an explanation is the inclusion int(dom( f * y)*) 2 int(dom f*). To this end,
observe that

(Frnr = swp (@)= [ ernay@f < [ s e - g+ ) are

ZeR4 L eR4
- / sup {(£ - 2x) — £(O)} dy(2) = / (F* () = (20)) dy(2) = £ ().
L eR4d

so dom(f *7y)* 2 dom f*. m|
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Proor or LEmMma 6.5. The first equality in (6.3) follows from
int(domy) € dom dy C domys
and dom 0y = (8y*)(R?). We also note that
(B.11) int ((9y*)(RY)) = intconv ((dy ™) (RY)),

where conv denotes the convex hull. Indeed, as a consequence of a result by Mirsky [50], we
have that int conv((9y*) (R9)) C (0¢*)(R?), since the subdifferential (multi-valued) mapping
of any lower semicontinuous proper convex function is also a maximal monotone mapping
by [54, Corollary 31.5.2].

Let us turn to the proof of the second equality in (6.3). Without loss of generality we can
assume that 7 = 0 and 7 = 1. Since we already verified the first equality and by virtue of (B.11),
it suffices to show the inclusions

(B.12) (Vg™ «y)(RY) C intconv((dy*) (RY))
and
(B.13) int(domy) C (Vg™ * ) (RY).
Note that we have (Vy* * y)(R?) C conv((dy*)(RY)) and therefore
(B.14) int(Vy™ ) (RY) C intconv((dy™)(RY)) = intconv((dy*) (RY)).

Under the assumptions of Lemma 6.5, the function i is co-finite by Lemma 5.1 and therefore
we can apply Lemma 6.4 to its convex conjugate f = *. In particular, by (iii), the set
(Vi *y)(R?) is open and hence the inclusion (B.12) follows from (B.14).

In order to prove (B.13), we first observe that int(dom ) C int(dom(y* *y)*) by Lemma
6.4, (ii). Since int(dom(y* * y)*) = (V¢* % y)(R4) by Lemma 6.4, (iii), the inclusion (B.13)
follows. O

APPENDIX C: PROOF OF PROPOSITION 7.20

Lemma C.1. For every sequence (Wy)ns1 of lower semicontinuous convex functions
Un: R4 — [0, +00) there is a closed convex set Ciim C R9 with relative interior Iy and a
subsequence (Yp, )k>1 such that the limits

(C.1) Yiim(y) = lim g, (y) <+eo, y € fiim
(C2) Yiim(y) = im Y (y) =400,y €RI\ Cim

exist. Moreover, the convergence in (C.1) is uniform on compact subsets of Lin.

Proor. Step 1. We denote by N the collection of increasing subsequences /" = (ng)is1
of N. For two subsequences A, /" € N we call #” finer than A4, denoted by N7 > A, if
A C N, up to finitely many elements.

We write 7 for the collection of relatively open convex sets / C R¢. For two pairs
L,N), (', N") eI x N we say that (I’, /") is finer than (I,/), again denoted by
Ny =U,N), it 2l and N = N,

We call a pair (I, /) € I X N admissible if it satisfies
(C.3) Vyel: sup yp, (y) <+oo.

ngeN
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Step 2. Let (I,./) be admissible. Write ./ = (nz)x>1 € N and denote by C the closure of 1.
Then one of the following two alternatives hold: either

(C.4) Jim gy, (y) =400,y R\ C,

in which case we call (1,.4) maximal; or there is some yo € R¢ \ C and a subsequence
N’ =(n})k>1 € N finer than /" such that

sup %;{ (y0) < +o0.
ny eN’
Now we define the relatively open convex set I’ := riconv(yo, /) and note that I’ 2 I. Then
the pair (I’,.#") is admissible and finer than (Z, .4"). In this second case we say that (1, /) is
refinable.

Step 3. Assume that (1,.4") is maximal, so that both (C.3) and (C.4) are satisfied. In particular,
the sequence (Yp, )k>1, With /' = (ng)k>1, is pointwise bounded on I. By [54, Theorem
10.9] we can select a further subsequence, still denoted by (i, )x>1, such that (C.1) holds
for all y € Ijiy, := I and the convergence is uniform on compact subsets of /j;y,. Furthermore,
condition (C.2) is still satisfied for this further subsequence thanks to (C.4).

Step 4. In light of Step 3, in order to prove Lemma C.1, it suffices to show the existence of a
maximal pair (/,./"), which we will denote by (fjim, #im). The construction of the maximal
pair (Liim, Mim) is done via transfinite recursion along the countable ordinal numbers @ < wy,
where w; is the first uncountable ordinal.

We start the construction as follows. If sup, . ¥, (y) = +c0 holds for all y € R¥, the
pair (I, #p) = (@,N) is admissible. Otherwise, we can find some yo € R? such that
SuUp,,en ¥n(Yo) < +o0 and then the pair (1o, #o) = ({yo},NN) is admissible.

Now let @ < w; be an ordinal number and suppose that the transfinite family (Ig, /3)g<a
in 7 X N is such that

(i) the pair (Ig, /) is admissible, for all 8 < a,
(ii) the pair (/g,, #3,) is finer than (Ig,, #p,), for all 1 < B> < a.

We first assume that « is a successor ordinal, i.e., there is an ordinal 8 such that @ = 5+ 1.
Since (Ig, /) is admissible, by Step 2 only two cases are possible. If (I3, .#jg) is maximal,
we set (fim, Mim) = (Ig, /) and finish the construction. If (I, #j) is refinable, we can find
a pair (/4, /o) which is finer than (Ig, #j).

Suppose that « is a limit ordinal, i.e., it can be written as @ = {8: 8 < a}. Since a < w1, the
ordinal « is countable and can be enumerated as a = {ay : k < w}, where w is the first infinite
ordinal. Letting By := 0 and defining inductively 8;,,+1 := a¢, where £ := min{k: B,, < i}, we
obtain a strictly increasing cofinal sequence (8,,)m<« in @. Now we define I, := U<, 15,
By (ii), (1g,,)m<w 1s a strictly increasing sequence of relatively open convex sets, therefore also
I, € I. Again by (ii), the sequence (/g,,)m<c satisfies /V/g,nl > /Vﬁmz, for all m; < my < w.
Thus we can find a diagonal subsequence 4, € N of (A3, )m<«, meaning that A, > Mg,
for all m < w. Since by (i) the pair (Ig,,, /p,,) is admissible, for all m < w, by construction
also (I, #y) is admissible. Furthermore, (I, /) satisfies (1o, /o) > (1g,,, V35,,), for all
m < w. Since (Bm)m<ew is cofinal, it follows that (1, V) > (Ig, Np), for all B < a.

After countably many steps, this transfinite recursion must stop, which happens when
a < w; is such that (I, /) is maximal and we can then set (/jim, Mim) ‘= (Io, Vo). Indeed,
otherwise we would have a transfinite sequence (/g)g<.,, of strictly increasing relatively open
convex sets, indexed by the countable ordinals, which is impossible. O
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Proor or ProposiTiOoN 7.20:
Step 1. By Lemma C.1, there is a closed convex set Cji, © R4 with relative interior Iy, and a
subsequence (¥, )k>1 such that the limits

(CS) lﬂlim()’) = kh—I}z}o ‘ﬂnk (y) < o0, y € Ilim
(C.6) Yiim(y) = klglgo Y (¥) = +o0, y € R\ Ciim

exist, where the convergence in (C.5) is uniform on compact subsets of /[j;y. Via (C.5) and
(C.6) we define a lower semicontinuous convex function i, : R4 — [0, +00] on all of RY.

Step 2. By the hypothesis (7.25) and the construction of /j;y,, we clearly have I C Ijjy. Our
goal is to show that I, = 1. To this end, we define the set A C R? as in (7.6), now with I
replaced by Iy, i.e.,

A ={x € Liim® Yiim % Y3y mod (aff)}.

Again, we will show that u(A) = 0. Repeating the reasoning of Lemma 7.16 we obtain,
for u-a.e. x € A, measures 7ty € Py (RY) satisfying (7.7), which now are supported by Ciin,.
Then we choose an increasing sequence (K;);>; of relatively compact subsets of Ijj, such
that ;5 K = lim. As in Lemma 7.17, for y-a.e. x € A, we find measures #1) e P;‘(Rd)
satisfying (7.13) and supported by K (), for some j(x) € N. Arguing as in Lemma 7.18
we conclude that u(A) =0, i.e., Yim = Y3, mod (aff), for u-a.e. x € lim. In particular,
since ljim = ri(domyim) and ri(domy gy, ) = risupp(v), we conclude from the assumption
supp(v) C C that i, = I and consequently C = Supp(v). From Lemma 7.19, we conclude that
the limiting function iy, is a dual optimizer. Together with Step 1, this proves the statement
of Proposition 7.20 for the subsequence (¢, )k>1.

Step 3. Applying Step 1 and Step 2 to an arbitrary subsequence (¥, )¢>1 instead of the original
sequence (¥,)n>1, we obtain a further subsequence (wmgj )j>1 and a lower semicontinuous

convex function ¢im : R? — [0, +c0] such that
Vyel: ‘ﬁlim()’) :Jh_)n‘}ol//m"j (¥) < +o0,
Vy € R\ C: him(y) = JILTEO Wmg, () = +0o,

and Yiim = Yipy mod (aff), for p-a.e. x € I. We conclude that there is an affine function aff
depending on the subsequence (mg_,.) j>1 such that Yy, = Yim + aff. In particular,

(&) Yy eTURINC): im (Y, () +aff(3) = i ().

Step 4. Let xq, . . ., x4 be affinely independent points in 7 U (R? \ C). For each n > 1 there is a
unique affine function aff,, such that

(C.8) Vie{0,....d}: yn(x;) +afl, (x;) = Yiim (x;).
We claim that
(C9) VyeTURNC): lim (Y (y) +affy(y)) = im(y)-

Indeed, if this were not the case, there would be some yg € 7 U (R \ C) and a subsequence
(myg)es1 such that

(C.10) 611_{20 (Wme (o) +aff, (v0)) # Yiim (Vo).
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By Step 3 there is a further subsequence (m¢;);>1 and an affine function aff such that (C.7)
holds. In particular,

(C.11) Vie{0,...,d}: lim ((ﬁm{,_(xi)+aff(x,-)) = Yiim (x7),
J—o J
(C.12) J.ILIQO (¢mpj (yo) +aff(y0)) = Yiim (yo)-

From (C.8) and (C.11) we obtain that
(C.13) Vie{0,...,d}: lim affmé,j (x;) = aff(x;).
J—00 p

Since the points xy, . . ., x4 are affinely independent, the convergence in (C.13) holds for every
yelU R4\ C). Then (C.12) leads to a contradiction to (C.10), which proves claim (C.9).
Defining /,, := ¢, + aff,,, for n > 1, we derive from (C.9) the limiting assertions (7.26) and
(7.27). Finally, by [54, Theorem 10.8] the convergence in (7.26) is uniform on compact subsets
of / and we have already seen in Step 2 that Yjim = ¢35, mod (aff), for p-a.e. x € 1. O
APPENDIX D: CHARACTERIZATION OF IRREDUCIBILITY
Tueorem D.1.  Let p, v in P>(R?) with pu <. v. Then the following are equivalent.

(1) The pair (u,v) is De March-Touzi irreducible in the sense of Definition 7.2.

(2) There exists 1 € MT(u,v) such that s ~ v, for u-a.e. x € R4,

(3) The pair (u,v) is irreducible in the sense of Definition 1.2, i.e., for all Borel sets A, B C
R? with u(A),v(B) > 0 there is a martingale (X;)o<;<1 with Xo ~ , X1 ~ v such that
P(Xp€ A,X; €B) >0.

(4) For all Borel sets A,B C R¢ with u(A),v(B) > 0 there exists 1 € MT(u,v) such that
(A X B) > 0.

(5) For all compact sets A C R and open halfspaces H with u(A),v(H) > 0 there exists
€ MT (u,v) such that n(Ax H) > 0.

Proor. For the proof of “(1) = (2)” we can take 7 = 758M in (2) by Corollary 7.7. We
turn to the proof of the implication “(2) = (3)”: Clearly condition (2) implies (4). Thus,
in order to show (3), it suffices to construct a continuous-time martingale (X;)o<r<1 With
Law(Xp, X1) = . This can be achieved as in the proof of [5, Theorem 2.2]. For the proof of
“(3) = (4)” we can take 7 = Law(Xp, X1) in (4). The implication “(4) = (5)” is trivial. It
remains to show that “(5) = (1)”: We fix an open halfspace H satisfying v(H) > 0 and set

m:=  sup {y({x eR¢: n.(H) > 0})}.
neMT (u,v)
Considering countable convex combinations of elements of MT(u,v) it follows that the
supremum is attained by some 7 € MT (y, v). If the set

{xeRY: 7,(H) =0}

had positive y-measure, it would contain a compact set A with positive y-measure in contra-
diction to condition (5). Hence m = 1.
Observe that there is a countable family of open halfspaces {H}, },>1 with v(H,) > 0 such
that, for every open halfspace H with v(H) > 0, there is some n > 1 satisfying H,, C H.
Next, for each n > 1, we pick 7" € MT (i, v) such that n,(cn) (Hy) > 0, for y-a.e. x € R4,
Set 7 := Y,51 27" € MT(u,v). Then by Lemma D.2 below it follows that supp(v) C
supp(t,), for p-a.e. x € RY. i
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Lemma D.2. Let p € P(RY). Then y € supp(p) if and only if p(H) > 0 for every open
halfspace H such that y € H.

Proor. This is a simple consequence of Hahn—Banach. ]

Remark D.3. We note that irreducibility is not only a sufficient assumption for the
existence of a Bass martingale from u to v, but in fact also necessary. Indeed, as in the proof
of Corollary 7.7 one sees that the Bass martingale does the job of connecting any two sets
which are charged by u and v, implying the irreducibility of (u, v) by Theorem D.1.
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