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ABSTRACT

This thesis is concerned with dispersive estimates for a class of radially symmetric one-dimensional
Schrédinger equations on the positive halfline, that are important in many physical applications.
We generalize some already existing results and investigate certain borderline cases: In the first part
we look at the case of general boundary conditions; the second part deals with a critical case, that
has not been treated before, because of additional technical difficulties; the third part proves prop-
erties for transformation operators related to this equations and aims at improving some previous
results.

ZUSAMMENFASSUNG

Diese Arbeit beschéftigt sich mit dispersiven Abschitzungen fiir eine Klasse radialsymmetrischer
eindimensionaler Schrédingeroperatoren, definiert auf der positiven Halbachse, welche zahlreiche
Anwendungen in der mathematischen Physik besitzen. Wir verallgemeinern einige bereits ex-
istierende Resultate und beschéftigen uns mit einigen bisher noch nicht behandelten Grenzféllen:
Im ersten Teil betrachten wir den Fall beliebiger Randbedingungen; der zweite Artikel behandelt
einen kritischen Fall, welcher bis jetzt noch nicht im Detail analysiert wurde, da er in einigen tech-
nischen Details um einiges anspruchsvoller ist; im dritten Teil beschiftigen wir uns mit einigen
Eigenschaften der dazugehorigen Transformationsoperatoren, wobei der Fokus darauf liegt, einige
bisher erhaltene Resultate zu verbessern.
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INTRODUCTION

This work is concerned with the one-dimensional Schrédinger equation

. d? Wl+1
wit.x) = o), He= -0 D ) er xRy (0.1)

with real integrable potential ¢ and with the angular momentum ! > —%. The operators H naturally
arise in many physically relevant models, e.g. as the radial part after a separation of variables in
higher dimensional Schrédinger equations(cf. [21, Section 17.F]), as the most prominent example of
strongly singular Schrodinger operators (see e.g. [8111]), or also in some wave propagation models(cf.
|15, Section 3.7]). Our main interest here lies in dispersive estimates for the Schrédinger equation
associated to H. These are estimates of the form

e PalH) || oo,y = OV, £ o0, (0:2)

where e denotes the Schrodinger evolution obtained by the Spectral Theorem, and by P.(H) we
denote the projection in L?(R,) on the continuous subspace of H. In order for to even make
sense, we first of all will need to discuss spectral properties of H, especially self-adjoint realizations
and their spectral properties. Before digging deeper into the details, let us briefly discuss, why
dispersive estimates are interesting in general: On the one hand, they lead to Strichartz estimates
for the linear Schrodinger equations and thus, on the other hand, can provide for a useful tool to
obtain properties for associated nonlinear equations, especially when it comes to proving (in)stabilty
of solitons. On the whole line, there are already many results available in this direction, we refer
e.g. to the reviews [7,/16] for an overview. On the half line the case | = 0 was investigated by
Weder [20]. The case for general [ but with ¢ = 0 was considered in [13]. As mentioned above, let
us now get back to focus on details regarding H. Let us use 7 to describe the formal Sturm—Liouville
differential expression corresponding to H. By Hy.x we denote the maximal operator associated
with 7, i.e.
dom(H™>) = {f € L2(Ry) : Hf € LA(R4), f, ' € ACiu(Ry)}.

We further assume, that ¢ satisfies some further integrability conditions. Let’s therefore first
introduce the notion of weighted LP-spaces: for any set K C Ry, LP(K,w(x)) denotes the usual
weighted LP space with weight w(z), i.e. the associated norm is given by

1l ey = ( IEZE! dz)p |

Now we assume that ¢ should belong to the so called Marchenko class:

q€ {LI(R+7£C)’ > -

i

1
2
L' (R, 2(1+ [log(2)]), 1= -3

Then we end up with:

e For | € [~3,3): There is a one-parameter family H,, « € [0,7) of self-adjoint restrictions
of Hp,qe. The case a = 0 corresponds to the Friedrichs extension.
e Forl > 1: H = H},, is already self-adjoint.
For further details, proofs, and explicit formulas for the boundary conditions, we refer e.g. to [2]
and [1]. A short summary is also contained in |5 Section 2]. We continue with the spectral properties
of H resp. H,: it has a purely absolutely continuous spectrum on (0, 00) plus a finite number of

eigenvalues in (—o0, 0], cf. [18, Sect. 9.7] for details. At the edge of the continuous spectrum there
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could be a resonance (or an eigenvalue if | > 7). The precise meaning of a resonance will be

2

explained later. For the reader’s convenience, we will now briefly outline our main strategy for
proving estimates of the type (0.2)):

D

The starting point is Stone’s formula: Suppose g € C(R) is bounded. Then

b
o [ o)+ 19) ~ Ranl i)k > X0 (P, ) + Para,0)
strongly. Ry (2) = (H —z)~! denotes usual resolvent, and the (operator valued) integral is
understood in the sense of Riemann. For a proof and more information, see e.g. [18} Section
4.1]. Tt gives a convenient way to find formulas for functions g(H). In our situation we set
g( k) = o~ itk
Next we have a closer look at the resolvent. To this end let us denote by ¢(k?, ) a solution
of 7f = k? f, which satisfies the boundary condition near 0, and by f(k,x) the so called Jost
solution of 7f = k2 f, i.e. a solution that satisfies f(k,z) ~ ¢'** as x — co. Let furthermore
f(k) == W(f(k,.),o(k%.)) and F(k) := Cik'W(f, ), where W(f,g) = fg’' — f'g is the
usual Wronskian. The function F' is usually called the Jost function. A well known result
from the theory of Sturm-Liouville operators(see e.g. |18, Section 9.2.]) says that the
resolvent can be expressed as an integral operator, and the integral kernel G(k?,x,y)(or
also called Green’s function) is given by the following expression:

¢(k?, z) f(k,y)

(¢(k?, z), f(k, )

for x < y(if y < x: the positions of ¢ and f are reversed). Now applying Stone’s formula
in combination with the structure of the spectrum and the Green’s function of H, yields
the following expression for the integral kernel of the propagator appearing in :

. 2 [ 2 (k2 k2, y)k20+D)
[eiltHPc(H)](l’,y) _ ;[ e*ltk ¢( 7«%)'(2;7(‘(]6)7:’;) dk.

To properly analyze the oscillatory integral in (0.3), we make use of the famous van der
Corput lemma, which in our situation can be formulated in the following way: Let I(t) =
ff e~ g(k)dk. If the Fourier transform § of g is contained in L'(a,b), then |I(t)| <
Ct='/2||g|l;. Sometimes we need different versions, for a short summary we refer e.g.
to |5, Appendix A]. So in order to apply this lemma to and therefore get the desired
result , we need to establish satisfying estimates for the solutions ¢ and f, and also
for the Jost function F', such that the Fourier transform of the integrand can be controlled
properly. This is the main part of the whole analysis.

Gk, z,y) = W

(0.3)

We continue with some further technical remarks concerning the investigation of (0.3):

i)

ii)

To deduce useful estimates for ¢ and f and their derivatives, one starts with the behavior
of the corresponding solutions to the free equation(i.e. ¢ = 0) and then uses perturbation
theory. The free solutions can be expressed in terms of Bessel and Hankel functions, which
are of course much harder to handle than the trigonometric functions appearing e.g. in
the case [ = 0.

It can be the case, that near the edge of the continuous spectrum(i.e. near 0) the Jost
function F vanishes. In this case, we say that there is resonance (or an eigenvalue if [ > %),
and this situation usually imposes further technical difficulties. The analysis of F' near 0
is in general the hardest part in all the computations.



iii)

Also due to the lack of satisfying estimates for F', one has to use different strategies to
investigate near k = 0 and k = 0o, and therefore uses cutoffs to focus on the so called
low and high energy parts. Near 0 we utilize transformation operators and near co the
situation is handled with the aid of a Born series expansion of the resolvent. The details
are contained e.g. in [6}/12, Chapter 3].

Let us now discuss the main results of this thesis. The starting point was the article [12], where (0.2))

was proven in the nonresonant case for [ > —

1

5, with Friedrichs boundary condition and under some

further integrability assumptions on the potential g(which come from the transformation operators).
The main task was to relax these conditions and give some generalizations. This was partially done
in the three articles of the present work:

1)

The first article [5] considers general boundary conditions « € [0, 7) for H, but only in the
free case ¢ = 0 and if —% <l< % We observed the interesting fact, that the for negative
I, we get the usual decay (0.2)), but for positive 0 < I < £, the dispersive behavior might
change(either we have a worse time decay or we need to consider weighted LP-spaces).
The analysis basically follows the steps explained above, but in order to apply the van
der Corput lemma, we needed some more advanced results from Fourier analysis(cf. [14]
or [5, Appendix A]), that have not been linked before with this topic. It also provides
a useful condition, under which functions of Schrédinger operators can be expressed as
integral operators, cf. |5, Appendix C].

The second article [6] treats the critical case [ = f%, under the Friedrichs condition, in the
nonresonant case, but for general potential ¢ # 0. This case usually leads to additional
technical difficulties. We derive several new estimates for solutions of the underlying dif-
ferential equation and investigate in detail the behavior of the Jost function near the edge
of the continuous spectrum. Again in combination with rather recent results from Fourier
analysis(cf. |6 Appendix A]), we could establish under certain conditions on g.

The third contribution [4] is concerned with transformation operators for H. Let us briefly
explain this notion, as an example near co(similar considerations of course also make sense
near 0). The intention is to construct an operator, that maps the Jost solution f;(k, )
of the free equation to f(k,z), such that the properties of f; near oo are preserved. This
operator K should then be expressed as an integral operator of the following form:

Hhx) = Gk )+ [ Ko,k gy = (1 + K) ik )

The aim is to show existence of K and derive good estimates for the kernel K(z,y), e.g.
s.t. K is bounded operator. This usually leads to further restrictions on the potential q.
Especially the boundedness of K is crucial for our computations regarding the dispersive
estimates(see e.g. |6, Theorem 3.2.]). In principle, the approach to establish existence and
estimates for K is well known, and there are also some rather old results available, that deal
with proving these properties(ct. [3,j17}19]). Unfortunately, during this project, we realized,
that these results don’t cover all the situations that are considered in [6,[12]; thus the aim
of the present work is to fill this gap. With the techniques available so far, we needed to
impose stronger conditions on ¢ than the ones mentioned in [6,12], but we were at least
able to slightly improve the previous results and also give a rigorous and more detailed
presentation of the material. Probably there is a possibility to further relax the conditions
on g, but therefore one might need new methods. It’s also worthwhile mentioning, that



transformation operators for H play an important role in other recent research directions,
cf. [4, Introduction] for more information on the corresponding literature.

To conclude the introduction, we want to discuss some further open questions, that are connected
with our results and which would be interesting to work on:

(1]

(2]
(3]

[10]
[11]
[12]
[13]
[14]

[15]
[16]

[17]
18]
[19]

[20]

e Of course the resonant case is definitely an open task, that would be nice to resolve. The
new approach in [6] already gave us a hint on how we could find out more about the
behavior of the Jost function F' near 0.

e It would also be interesting, if our results could be applied to multi-dimensional Schrédinger
equations, especially in dimension n = 2, where the half integer values of I(and thus also
the case [ = —%) play an important role.
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DISPERSION ESTIMATES FOR SPHERICAL SCHRODINGER
EQUATIONS: THE EFFECT OF BOUNDARY CONDITIONS

MARKUS HOLZLEITNER, ALEKSEY KOSTENKO, AND GERALD TESCHL

Dedicated with great pleasure to Petru A. Cojuhari on the occasion of his 65th birthday

ABSTRACT. We investigate the dependence of the L' — L dispersive esti-
mates for one-dimensional radial Schrédinger operators on boundary conditions
at 0. In contrast to the case of additive perturbations, we show that the change
of a boundary condition at zero results in the change of the dispersive de-
cay estimates if the angular momentum is positive, I € (0,1/2). However, for
nonpositive angular momenta, | € (—1/2,0], the standard O([t|~/2) decay
remains true for all self-adjoint realizations.

1. INTRODUCTION

We are concerned with the one-dimensional Schrodinger equation

iy > l(l+1)
1w<t7x) = Ha'(/)(tvx)a Ha = _@ + 22

with the angular momentum |I| < % and self-adjoint boundary conditions at =0
parameterized by a parameter o € [0, 7) (the definition is given in Section 2, see (2.1)—
(2.2) — for recent discussion of this family of operators see [1, 4]). More precisely,
we are interested in the dependence of the L' — L dispersive estimates associated
to the evolution group e~!*#le on the parameters a € [0,7) and [ € (—1/2,1/2).

On the whole line such results have a long tradition and we refer to Weder [22],
Goldberg and Schlag [9], Egorova, Kopylova, Marchenko and Teschl [5], as well as
the reviews [10, 18]. On the half line, the case | = 0 with a Dirichlet boundary
condition was treated by Weder [23]. The case of general | and the Friedrichs
boundary condition at 0 (o = 0 in our notation)

11
. 1 o _ _ - =
i o (4 D) f (@)~ af () =0, 1€ (= 5.5). (12)
was recently considered in Kovaifk and Truc [14] and they proved (see Theorem 2.4
n [14]) that

. (t,z) e R xRy, (1.1)

lle ™ 0| L1 m )y ooy = O(JE]TY2),  t— o0, (1.3)

It was proved in [13] that this estimate remains true under additive perturbations.
More precisely (see [13, Theorem 1.1]), let H = Hy + ¢, where the potential ¢ is a

2010 Mathematics Subject Classification. Primary 35Q41, 34L.25; Secondary 81U30, 81Q15.

Key words and phrases. Schrodinger equation, dispersive estimates, scattering.

Research supported by the Austrian Science Fund (FWF) under Grants No. P26060 and
W1245.

Opuscula Math. 36, no. 6, 769-786 (2016).
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real integrable on R function. If in addition

1 eS]
/ lg(z)|dz < oo and / g2 () | da < oo, (1.4)
0 1

and there is neither a resonance nor an eigenvalue at 0, then

le™ M Pe(E)|| 1 g,y poe s,y = OUHTH2), t = o0, (1.5)

Here P.(H) is the orthogonal projection in L?(R ) onto the continuous spectrum
of H.

The main result of the present paper shows that the decay estimates (1.3) and
(1.5) are no longer true for a € (0,7) if I € (0,1/2). In other words, this means that
singular rank one perturbations destroy these decay estimates if I € (0,1/2) (since
the change of a boundary condition can be considered as a rank one perturbation in
the resolvent sense). Namely, consider first the operator H, 5, which is associated
with the following boundary condition at z = 0:

lim 2 (1f (@) +af () =0, Le (- %%) (1.6)

Theorem 1.1. Let |l| < 1/2. Then

le=Hnr2]| 11 gy, = O(HY2), & — o0, (1.7)
for alll € (—1/2,0], and
||e_itHﬂ'/2 ||L1(]R+,max(z*l,1))—>L°°(R+,min($lvl)) = O(|t|_1/2+l)7 t—= 0, (18)

whenever l € (0,1/2). The last estimate is sharp.

In the remaining case « € (0,7/2) U (w/2, ), the decay estimate is given by the
the next theorem.

Theorem 1.2. Let |l| <1/2 and o € (0,7/2) U (n/2,7). Then
le™ e Po(Ha)|l L1 24y s 1)) = Ot 7?), = oo, (1.9)
foralll € (—1/2,0], and

He_itHaPc(Ha)”Ll(R+7max(z*l,1))HL°°(R+,min(zl,1)) = O(|t|_1/2)a t — oo, (1.10)
whenever | € (0,1/2).

Notice that in the case [ € (0,1/2) we need to consider weighted L! and L*°
spaces since functions contained in the domain of H, might be unbounded near 0.

Finally, let us briefly outline the content of the paper. In the next section we
define the operator H, and collect its basic spectral properties. Section 3 contains
the proof of Theorem 1.1. In particular, we compute explicitly the kernel of the
evolution group e '*H=/2 and this enables us to prove (1.7) and (1.8) by using
the estimates for Bessel functions J, (all necessary facts on Bessel functions are
contained in Appendix A). Theorem 1.2 is proved in Section 4. Its proof is based on
the use of a version of the van der Corput lemma, which is given in Appendix B.
Also Appendix B contains necessary facts about the Wiener algebras Wy (R) and
W(R). In the final section we formulate some sufficient conditions for a function
f(H) of a 1-D Schrédinger operator H to be an integral operator.
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2. SELF-ADJOINT REALIZATIONS AND THEIR SPECTRAL PROPERTIES
Let I € (—1/2,1/2) and denote by Hyax the maximal operator associated with
1+ 1)
dx? x?
in L2(Ry). Note that 7 is limit point at infinity and limit circle at 2 = 0 since
[I| < 1/2. Therefore, self-adjoint restrictions of Hpax (or in other words, self-adjoint

realizations of 7 in L?(R,)) form a 1-parameter family. More precisely (see, e.g., [7]
and also [1]), the following limits

T=—

Pof i= lim W,(f,2'*1), Tif = m—lmW(f, D) (2.1)

exist and are finite for all f € dom(Hpax). Self-adjoint restrictions H,, of Hyax are
parameterized by the following boundary conditions at x = 0:

dom(H,) = {f € dom(Hpax): sin(a) Ty f =cos(a)Tof}, «€]0,n). (2.2)

Note that the case a = 0 corresponds to the Friedrichs extension of Hy,in, = HJ .
Let ¢(z,z) and 6(z, z) be the fundamental system of solutions of Tu = zu given

by

T™r 21+1

P(z,2) = Cz_l o~ Jl+ L (Vzz),
p z2l+1 (23)
0 C —
() = Oy i T (V)
where J, is the Bessel function of order v (see Appendix A) and
Cro— VT (2.4)

L+ 32+
The Weyl solution normalized by I'ge = 1 is given by

Y(z,x) = 0(z,2) + m(2)p(z, ) = iz \/7Hl+1/2 Vzz) € L*(0,00), (2.5)

where HV is the Hankel function of the first kind [17, Chapter X.2], and

o \l+1/2
m(z) = ~Cf
sin((l + 5)m)

is the Weyl function associated with Hy. Here the branch cut of the root is taken
along the negative real axis. Notice that

z e C\R+, (26)

02
dp(N) = —L g oy (WA ZdA (2.7)
™
is the corresponding spectral measure. It follows from (A.1) that

-1

o(z0) =" (1 +0(1)), O(z0) = o —

(1+0(1)),
as z — 0 and, moreover,

T =T1¢=1, T10=Typ=0.



DISPERSION ESTIMATES: THE EFFECT OF BOUNDARY CONDITIONS 5

Set
$a(z,x) := cos(a)(z, ) + sin(a)f(z, z),
Ia(e15) = conlo)(e ) — s ), 29
for all z € C. Therefore, W (0, ¢o) =1 and
Yal(z,2) = 0o(2,2) + Mo (2)Pa(z,2), ma(z) = m(z) cos(a) + sin(a) (2.9)
aT o aTITeRTeh ¢ cos(a) — m(z) sin(a)’
is a Weyl solution normalized by W (¢, ¢o) = 1. Hence
o feeenalzy), T <y,
Ga( ) ay) {(ba(z .T)wa( ) T Z v, (210)

is the Green’s function of H,. The absolutely continuous spectrum remains un-
changed, ,.(H,) = [0,00), but there is one additional eigenvalue

2
cot(a) cos(lm) | #+?
Ey=—-—|—Z%X—~ 2.11

< C? (211)
if § < a <. Finally, since

Imm(z)

Imm,(z) = (2.12)

| cos(a) —m(z) sin(a)[?’
we get the absolutely continuous part of the corresponding spectral measure of the
operator H:

1
pr(N)dX = - Immg (A +10)dA

== ’ dA.
7 (cos(a) — CF sin(a) tan(ml)A+1/2)2 4+ Cff sin® (o) A2+1

3. PROOF OF THEOREM 1.1

Similar to the case a = 0 (see [14]), the kernel of the evolution group e~ i#n/2

can be computed explicitly.

Lemma 3.1. Let |I| < 1/2. Then the evolution group e *H=/2 is an integral operator

for all t # 0 and its kernel is given by
il_1/2

e ) = e ag Ty (5), (3.1)
forallz, y >0 and t # 0.
Proof. First, notice that
Ory2(2,0) = 0(z,x),  maya(z) = =1/m(2),
and then define the spectral transformation U: L*(Ry) — L*(Ry; pr/2) by

Usf=f. fO)=[ 0(\2)f(z)da,

R+

for every f € L2(Ry). Notice that U extends to an isometry on L*(Ry) and its
inverse U~': L*(Ry; pr/2) = L*(Ry) is given by

Ulig—g, gla):= i O\, 2)g(N)dpra(N),
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for all g € L2(Ry; pr2). Therefore, we get by using (2.3) and (2.13)
(=02 ) () =(U =AU ) () = (U e 0 f) o)

= [ 0O 2)e™ T [ 00 y) f(y) dy dpr o (M)
Ry Ry
—(it+e Ty
= [ [ et (Vs (Vs dy
Since |I] < 1/2, (A.1) implies that

1+1/2
i) € o (14 0(k) (32

(1/2 = )kH1/2
as k — 0. Noting that f € L?(R,) and using (3.2), Fubini’s theorem implies

(e ) = [

R

1) [ e L (VR (VdAdy.
+ R
(3.3)
The integral

60z, ) o= VIV /O T (VA (Dg)d (34)

is known as Weber’s second exponential integral [21, §13.31] (cf. also [6, (4.14.39)])
and hence

. 1 o242 [Ty Ty
—(it+€)Hyr 2 _ IGFiD I d
(e @) 5+it/0 ¢ 2 *l*%(2(5+1t))f(y> 4

where I, is the modified Bessel function (see [17, Chapter X] and in particular
formula (10.27.6) there)

oo P v+2n .
I,(2) = Z nT((V/i)erl) = eTWm/2 ] (+iz), —m <arg(z) < 7/2. (3.5)

n=0

The estimate (A.2) implies

i1 (k)] < K21+ OKT) (3.6)
as k — oo. Therefore, there is C' > 0 which depends only on [ and such that
1+ k\
WkJ_1_1p2(k)| < C (k) . k>0 (3.7)

By (3.7) we deduce

VY

e_%l 1( xy )<C’ 1 1+2(8+it)
2le + it “E\ge +it) /| T e + it| Ty

which is uniformly (wrt. £) bounded on compact sets K CC Ry x R. Thus we can
apply dominated convergence and hence the claim follows. O

l
’

In particular, we immediately arrive at the following estimate.
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Corollary 3.2. Let || < 1/2. Then there is a constant C > 0 which depends only
on | and such that the inequality

_ C [2t+uzy !
e 2] (2, 9] < — ( ) 3.8
el )] < = (2 5)
holds for all x, y > 0 and t > 0.
Proof. Applying (3.7) to (3.1), we arrive at (3.8). O
Remark 3.3. For any fized x and y € Ry, we get from (A.1)
—itH VY (ﬁ)‘“” _ L (ﬁ)‘l
‘e 2($’y)’ 2t \dt 121\ 2 (3.9)
Moreover, in view of (A.1) one can see that
i -1
et (2, y)| 2 V2 (2) (3.10)

whenever xy < t with some constant ¢; > 0, which depends only on .
Now we are ready to prove our first main result.

Proof of Theorem 1.1. If I € (—1/2,0], then

(2t + xy)l <1
ry
for all 2,y > 0 and ¢ > 0. This immediately implies (1.7).
Assume now that [ € (0,1/2). Clearly,
2t +xy
zy
for all t > 1 and x, y > 0. Indeed, the latter follows from the weaker estimate

t
=14+2— <3tmax(z™*, 1) max(y 1, 1)
Y

t
— <tmax(z™ !, 1) max(y~1 1), t>1, x,y >0,
zy

which is equivalent to 1 < max(x,1) max(y, 1) for all z, y > 0. Therefore,
2t +xy

xy
which proves (1.8). Remark 3.3 shows that (1.8) is sharp. O

1
> < 3t'max(z~ ) max(y~L,1), t>1, 2,y >0,

4. PROOF OF THEOREM 1.2

Let us consider the following improper integrals:

Lto,y) = ay | e (ke)Jyy g (ky) Tmma (k) k~2'dE, (4.1)
Ry

Ltyz,y) = vay | e ™0 (k) (ky) Imma (k) kdk, (4.2)
Ry

Lto,y) = ay | e Ty (ke)J s (ky) Imma (k) K 2dk,  (4.3)
R

where z, y > 0 and t # 0. Moreover, here and below we shall use the convention
Imm, (k%) = Immq, (k? +i0) = lim.jo Imm,(k? + ig) for all k € R. Denote the
corresponding integrand by A;, that is, I;(t) = IR+ e—ithAj(k; z,y)dk. Our aim is
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to use Lemma B.2 (plus the remarks after this lemma) and hence we need to show
that each A; belongs to the Wiener algebra WW(R), that is, coincide with a function
which is the Fourier transform of a finite measure.

We also need the following estimates, which follow from (2.13)

, C?k|2+1L, a=0,
Immg (k%) = cos?(rl) 111211 o k — oo, (4.4)
WW + O(|k| ), a#0,
and
cosc K2+ O(K|MF2), o # 7/2,
Im ma (k%) = o k—0. (4.5
O} % cos?(ml) k| 7271, a=rm/2,
4.1. The integral I;. Consider the function
2/4
)=V dy (r 21+1/2Zn'I‘ (v+n+1) r=b

Note that J(r) ~ r'*t as 7 — 0 and J(r) = \/gsin(r -+ 00 ) asr — 40
Zcosr— )+ 06

as r — +oo (see (A.4)). In particular, J(r) := J(r) — \/?an(r — @) is in H'(Ry).
Moreover, we can define J(r) for r < 0 such that it is locally in H' and J(r) =
\/?sm(r — —) for r < —1. By construction we then have J € H'(R) and thus

J is the Fourier transform of an integrable function (see Lemma B.3). Moreover,

sin(r — %r) is the Fourier transform of the sum of two Dirac delta measures and so
J is the Fourier transform of a finite measure. By scaling, the total variation of the
measures corresponding to J(kz) is independent of z.

Next consider the function
Im m (k?) B C?

k[T (cos(a) — CF sin(a) tan(wl) [k[21+1)2 4+ Cf sin? (o) [k[41+2
By Corollary B.6, F is in the Wiener algebra Wy(R).

Now it remains to note that

L(t) = /R e R Ay (K2 2, y)dk = /R e J(ka) J (ky)F (k)dF, (4.6)

(see (A.2)). Moreover, J/'(r) ~ 7t as r — 0 and J'(r) =

&‘

F(k) =

and applying Lemma B.2 we end up with the estimate
| (t;2,9)| < Ct7Y2 >0, (4.7)
with a positive constant C' > 0 independent of x, y > 0.

4.2. The integral I,. Assume first that [ € (0,1/2) and write
xi(k) Tmmg (k?)

Ax(kr,) = (k)Y (ky) ST,

where

J0) = VT Dy (0, Y() = atWrI__ (), ) =
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The asymptotic behavior (4.4) and (4.5) of Imm,, shows that

Im my, (k? K|+t E—0
Mgy = e _ [ ko,
xu(k) [k[~=75, k[ = oo,
and hence M € H'(R), which implies that M is in the Wiener algebra Wy (R).
We continue J(r), Y (r) to the region r < 0 such that they are continuously
differentiable and satisfy

1= Zom (=) vy = s[4 7).

for 7 < —1. Then J(r) := J(r) — \/gsin(r— Hand Y(r) ==Y (r)— \/gcos (r+12h)
are in H'(R). In fact, they are continuously differentiable and hence it suffices to
look at their asymptotic behavior. For » < —1 they are zero and for r > 1 they are
O(r~1') and their derivative is O(r~!) as can be seen from the asymptotic behavior
of Bessel functions (see Appendix A). Hence both J and Y are Fourier transforms
of finite measures. By scaling the total variation of the measures corresponding to
J(kx) and Y (ky) are independent of = and y, respectively.
It remains to consider the function x;(k)/x:(ky). Observe that

xa(k) Lt lkyl  1—y™ »

=1- = =(1- 1—x:(k)).
xi(ky) Y+ Ryt 14 [k B DEExE)
By Corollary B.6, 1 — x; € Wy(R). Therefore, applying Lemma B.2, we obtain the
following estimate

h%l(k) =1-

|I(t; 2, 9)] < Ct™?max(1,y7Y), ¢ >0, (4.8)
whenever [ € (0,1/2).
Consider now the remaining case [ € (—1/2,0]. Write
Ax (k% 2,y) = J(k2)Y (ky) Tmmg (E?),
where
J) = VT (), V() = v d_ ().
Noting that Y (r) ~ r~! as r — 0 and using Lemma B.3, we can continue J and Y to
the region r < 0 such that both J and Y are Fourier transforms of finite measures.
It remains to consider Imm,,(k?) given by (2.13). However, by Corollary B.6,
this function is in the Wiener algebra Wy(R) and hence applying Lemma B.2, we
end up with the estimate
|L(t;z,y)| < Ct™Y2 >0, (4.9)
whenever [ € (—1/2,0].
4.3. The integral I3. Again let us consider two cases. Assume first that | €
(—1/2,0] and then write
As(k% z,y) = Y (k2)Y (ky) Immg (%) 2L
where
Y(r)= \/72]717%(7”)7 r> 0.
Notice that
C2 )1+

k 2l+lI o k2 — ,
14 mma (k%) (cos(a) — CF sin(a) tan(ml)k2+1)2 + Ot sin? (o) k41+2
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which is the sum of a constant and a function of the form (B.5), and hence it belongs
to the Wiener algebra W(R) by Corollary B.6. Arguing as in the previous subsection
and applying Lemma B.2, we arrive at the following estimate
Is(t;,y)| < C72, >0, (4.10)
whenever [ € (—1/2,0].
If I € (0,1/2), write
xi(k) xi(k) Imme (k?)

A3(k2;w,y)ZY(kf”)Y(kaz(kx) xi(ky)  xi(k)

where
Y(r) = uWr T (), ) = ——

Notice that

Im mg, (k2)| k|21
-

_ CPIk[* 2 (1 + KY)?
" (cos(a) — C2 sin(a) tan(xl) [k|2H+1)2 + C sin®(a) | k|4+2

Clearly, by Corollary B.6, M € W(R). Therefore, similar to the previous subsection,
we end up with the estimate

\Is(t; z,y)| < Ct™2max(1, 27" ) max(1,y~"), ¢ >0, (4.11)
whenever [ € (0,1/2).

4.4. Proof of Theorem 1.2. We begin with the representation of the integral
kernel of the evolution group.

Lemma 4.1. Let ||| < 1/2 and a € [0, 7). Then the evolution group e~ ‘= P,(H,)

is an integral operator and its kernel is given by

e P (o) () = /R e gu (K, 2)¢a (K, y) Inma (K)k dk,  (4.12)

where the integral is to be understood as an improper integral.
Proof. By (2.3) and (2.8),
Ga(k2,2) = cos(a)$(k?, x) + sin(a)0(k?, 2)

=4/ %x <Cll cos(a)k_l_l/QJH% (kx) + Clkl+1/2(:SH}£J717% (kx)) ,

os(ml)
and hence
b (K2, 2)pa (K y) = g\/@ (C‘)ZQY;CY)N“JH;(M)JH;(@) (4.13)
in(2
e rey () oy (k) Ty (k) () (414)
)
+O2E2A! :;212 ((:z)) T (kx)J s (k:y)) . (4.15)

By our considerations in the previous subsections, we have
da(k?, )0 (k®,y) Imm, (k*)k € W(R)
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with norm uniformly bounded for z,y restricted to any compact subset of (0, 00).
Moreover, we have e~ '(*=1€)Ha P (H,) — e *HaP,(H,) as ¢ | 0 in the strong
operator topology. By Lemma C.1, e"i(=1€)Ha P_(H,) is an integral operator for all
€ > 0 and, moreover, the kernel converges uniformly on compact sets by Lemma
C.2. Hence e *Ha P (H,) is an integral operator whose kernel is given by the limits
of the kernels of the approximating operators, that is, by (4.12). O

Proof of Theorem 1.2. Combining (4.7), (4.8), (4.9), (4.10) and (4.11), we arrive at
the following decay estimate for the kernel of the evolution group

. 1 le(-1/2
e P (H) ()| < CEVER P
max(1,z~")max(l,y~"), 1€(0,1/2).
(4.16)
This completes the proof of Theorem 1.2. a

APPENDIX A. BESSEL FUNCTIONS

Here we collect basic formulas and information on Bessel functions (see, e.g.,
[17, 21]). We start with the definition:

2\ Y —22/4)"
J,,(z):<f) anr((w/n)m‘ (A1)

n=0

The asymptotic behavior as |z| — oo is given by

Jo(2) = \/Z (cos(z — )2 - m/4) + ellmzloqzrl)) , largz| <m (A2)
Noting that
@) = =Juar(2) + ZJu(2) = Joma(2) = Z(2), (A.3)

one can show that the derivative of the reminder satisfies
i

< ?Jy(z)cos(zéywiﬂ)> =elm=O>2|™Y),  |z] = oo (A.4)

APPENDIX B. THE VAN DER CORPUT LEMMA AND THE WIENER ALGEBRA
We will need the classical van der Corput lemma (see, e.g., [19, page 334]):

Lemma B.1. Consider the oscillatory integral
b
) = / SRk A (1) .

If A € AC(a,b), then
—1/2
1) < Coltl ™2 (1Al + A1), [t > 1,
where Cy < 28/3 4s a universal constant.

Note that we can apply the above result with (a,b) = (—o00,00) by considering
the limit (—a,a) — (—o0, 00).

Our proof will be based on the following variant of the van der Corput lemma
(see, e.g., [13, Lemma A.2]).
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Lemma B.2. Let (a,b) C R and consider the oscillatory integral

I(t) = / b M A(k)d.

If A e W(R), i.e., A is the Fourier transform of a signed measure

A(k) = [ erda(p)
R
then the above integral exists as an improper integral and satisfies
—1/2
@] < Ca [t 72 [ Ally, It > 0.

where ||All,,, := ||| = |af (R) denotes the total variation of o and Cy is the constant
from the van der Corput lemma.

In this respect we note that if A; and Ay are two such functions, then (cf. p. 208
in [2])

(A1 As) (k) = ﬁ / e*Pd(; * ) (p)

is associated with the convolution

o % (@) = / / 1o(z + y)dan (z)das (y),

where 1 is the indicator function of a set €. Note that
[ar * co|| < [lea||f|ez-

Let Wh(R) be the Wiener algebra of functions C'(R) which are Fourier transforms
of L' functions,

Wo(R):{feC(R):f(k):/

e*g(x)dx, g € Ll(R)}.
R

Clearly, Wy(R) € W(R). Moreover, by the Riemann-Lebesgue lemma, f € Cy(R),
that is, f(k) = 0 as k — oo if f € Wy(R). A comprehensive survey of necessary and
sufficient conditions for f € C'(R) to be in the Wiener algebras Wy(R) and W(R)
can be found in [15], [16]. We need the following statements.

Lemma B.3. If f € L*(R) is locally absolutely continuous and f' € LP(R) with
€ (1,2], then f is in the Wiener algebra Wy(R) and

1£lw < Co(Ilf L2y + ILF 1o (m)) s (B.1)

where C, > 0 is a positive constant, which depends only on p.

Proof. Since the Fourier transform is unitary on L?(R), it suffices to show that
f € L'(R). First of all, the Cauchy—Schwarz inequality implies f € L (R) and, in
particular,

/ Clfooldr < va (f 11 |f<A>|1/2dA)2 < V3 flleee. (B.2)

—1
On the other hand, f’ € LP(R) and hence the Hausdorff-Young inequality implies
Af(A) € LYR) with 1/p+ 1/q = 1. Applying the Holder inequality and then the
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Hausdorff-Young inequality once again, we get

/ 1FVdA < 2/ L afoulan
[A|>1

a1 LA
1 1/p . 1/q
<2 ——d\ AF(N)]9dN < CNF M prees
B (/R (T+ AP ) (/R| FI ) < Cllf'llze )
which completes the proof. .

Remark B.4. The case p = 2 is due to Beurling [15, Theorem 5.3]. A similar
result was obtained by S. G. Samko. Namely, if f € L'(R) N AC)c(R) is such that
f, f € LP(R) with some p € (1,2], then f € Wy(R) (see Theorem 6.8 in [15]).

The next result is also due to Beurling (see, e.g., Theorem 5.4 in [15]).

Theorem B.5 (Beurling). Let f € Co(R) be even and f, f' € AC1oc(R). If

C:= k|f" (k)|dk < oo, (B.3)
Ry
then f € Wo(R) and ||f|lw < C.

Consider the following functions, which appear in Section 4:

|k|'
= B.4
Xl(k) 1+|k‘l’ l>07 ( )
fo) = —F s s (B.5)
l,p 7a—|—b|k:\l+\k|21’ p=Y, .

where a, b € R are such that a + b|k|P + |k|?? > 0 for all £k € R. As an immediate
corollary of Beurling’s result we get

Corollary B.6. x; € W(R), 1 — x; € Wo(R), and fi, € Wo(R).

APPENDIX C. INTEGRAL KERNELS

There are various criteria for operators in LP spaces to be integral operators (see,
e.g., [3]). Below we present a simple sufficient condition on a function K for K(H)
to be an integral operator, where H is a one-dimensional Schrédinger operator. More
precisely, let H be a singular Schrédinger operator on L?(a,b) as in [11] or [12] with
corresponding entire system of solutions 6(z, z) and ¢(z,x). Recall

b
(H =27 @) = [ Gl f W)y, o
where
2. 1.y) = (2, 2)¢(2,y), y=>u,
G(z,2,y) {W%wwaw,yg@ ©2)

is the Green function of H and ¢(z, x) is the Weyl solution normalized by W (6, ¢) = 1
(cf. [20, Lem. 9.7]). We start with a simple lemma ensuring that a function K(H)
is an integral operator. To this end recall that K (H) is defined as U ' KU with
K the multiplication operator in L?(R, dp), p the associates spectral measure, and
U : L?(a,b) — L*(R,dp) the spectral transformation

b
UHO) = / 6\ 2) f (x)dz. (C3)
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Lemma C.1. Suppose H is bounded from below and |K(\)| < C(1 + |A])~1
otherwise |K(\)| < C(1+ |\|)72. Then K(H) is an integral operator

(K / K (2,9)f(y)dy, (C.4)
with kernel

K(z,y) / K60, )9\, y)dp(N). (C.5)
In particular, (1 + |.[)"Y2¢(.,2) € L*(R,dp) and K(x,.) € L?(a,b) for every x €
(a,b).
Proof. Note that (cf. [11, Lemma 3.6])
P\, x)
2=
If H is bounded from below then G(z;x,.) is in the form domain of H for fixed x
and every z € C\ o(H) (cf. [8, (A.6)]) and we obtain from [11, Lemma 3.6] that
(14 |\)"Y2¢(\, z) € L*(R,dp). In the general case we at least have G(z;x,.) €

L?(a,b) and thus (1+ |A])71¢(\, z) € L2(R, dp). Hence we can use Fubini’s theorem
to evaluate

b
K(H)f(x) = U~ KU f(2) / o NE(N) ( / ¢<A,y>f(y>dy) dp(\)

b
- / K(x,9)(y)dy. O

As a consequence we obtain that (4.12) holds at least for Im(¢) < 0. To take the
limit Im(¢) — 0 we need the following result which follows from [5, Lemma 3.1].

UG(z2,.))(A) =

Lemma C.2. Consider the improper integral
F(e) = / " et fk)dk,  e<0,
where
1) = [ date), Jal(®) <o,
Then ‘

Fe) = ().

1 / 2
B e 4+ doy
VAri(t +ie) Jr
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DISPERSION ESTIMATES FOR SPHERICAL SCHRODINGER
EQUATIONS WITH CRITICAL ANGULAR MOMENTUM

MARKUS HOLZLEITNER, ALEKSEY KOSTENKO, AND GERALD TESCHL

To Helge Holden, inspiring colleague and friend, on the occasion of his 60th birthday

ABSTRACT. We derive a dispersion estimate for one-dimensional perturbed
radial Schrodinger operators, where the angular momentum takes the critical
value | = —%. We also derive several new estimates for solutions of the underly-
ing differential equation and investigate the behavior of the Jost function near
the edge of the continuous spectrum.

1. INTRODUCTION

The stationary one-dimensional radial Schrodinger equation

. 2
Wt 7) = Ho(ta), Hi= _% + l(l; Yy @), (o) eRxRy, (11)

is a well-studied object in quantum mechanics. Starting from the Schrodinger
equation with a spherically symmetric potential in three dimensions, one obtains
(1.1) with [ a nonnegative integer. However, other dimensions will lead to different
values for [ (see e.g. [34, Sect. 17.F]). In particular, the half-integer values arise
in two dimensions and hence are equally important. Moreover, the integer case is
typically not more difficult than the case [ > —% but the borderline case [ = —%
usually imposes additional technical problems. For example in [19] we investigated
the dispersive properties of the associated radial Schrodinger equation, but were
not able to cover the case [ = —%. This was also partly due to the fact that several
results we relied upon were only available for the case | > —%. The present paper
aims at filling this gap by investigating

. _ d? 1

iw(t,z) = Hy(t,z), H:= oz e q(z), (t,z) e R xRy, (1.2)
with real locally integrable potential q. We will use 7 to describe the formal Sturm—
Liouville differential expression and H the self-adjoint operator acting in L?(R.)
and given by 7 together with the Friedrichs boundary condition at x = 0:

lim W(V, f(z)) = 0. (1.3)
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More specifically, our goal is to provide dispersive decay estimates for these
equations. To this end we recall that under the assumption

/om z(1 + [log(z)|)|g(z)|dx < oo

the operator H has a purely absolutely continuous spectrum on [0, 00) plus a finite
number of eigenvalues in (—o0,0) (see, e.g., [25, Theorem 5.1] and [29, Sect. 9.7]).
Then our main result reads as follows:

Theorem 1.1. Assume that

1 o)
/ lg(z)|dx < 0o and / zlog®(1 + z)|q(z)|dx < oo, (1.4)
0 1

and suppose there is no resonance at 0 (see Definition 2.17). Then the following
decay holds
—itH _ -1/2
e Pe(E) || 1 g,y ey = OUHTH2), t = 0. (1.5)
Here P.(H) is the orthogonal projection in L?(Ry) onto the continuous spectrum of
H.

Such dispersive estimates for Schrodinger equations have a long tradition and
here we refer to a brief selection of articles [4, 5, 8, 10, 11, 14, 19, 20, 24, 32, 33],
where further references can be found. We will show this result by establishing
a corresponding low energy result, Theorem 3.2 (see also Theorem 3.1), and a
corresponding high energy result, Theorem 3.3. Our proof is based on the approach
proposed in [19], however, the main technical difficulty is the analysis of the low
and high energy behavior of the corresponding Jost function. Let us also mention
that the potential ¢ = 0 does not satisfy the conditions of Theorem 1.1, that is,
there is a resonance at 0 in this case. However, it is known that the dispersive decay
(1.5) holds true if ¢ = 0 [17] and hence Theorem 1.1 states that the corresponding
estimate remains true under additive non-resonant perturbations. For related results
on scattering theory for such operators we refer to [2, 3].

Finally, let us briefly describe the content of the paper. Section 2 is of preliminary
character, where we collect and derive some necessary estimates for solutions, the
Green’s function and the high and low energy behavior of the Jost function (2.29).
However, we would like to emphasize that the behavior of the Jost function near the
bottom of the essential spectrum is still not understood satisfactorily, and for this
very reason the resonant case had to be excluded from our main theorem. The proof
of Theorem 1.1 is given in Section 3. In order to make the exposition self-contained,
we gathered the appropriate version of the van der Corput lemma and necessary
facts on the Wiener algebra in Appendix A. Appendix B contains relevant facts
about Bessel and Hankel functions.

2. PROPERTIES OF SOLUTIONS

In this section we will collect some properties of the solutions of the underlying
differential equation required for our main results.
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2.1. The regular solution. Suppose that

1
g€ L. (Ry) and / z(1 —log(z))|q(x)|dz < co. (2.1)
0
Then the ordinary differential equation
. d? 1
Tf ==z2f, T.z—ﬁ—ﬁ—kq(az),

has a system of solutions ¢(z, ) and 6(z,z) which are real entire with respect to z

and such that
&(z, ) ,/W b(z,z), 0(z,2)=— g(2)0(z, x), (2.2)
z,0

lo
where ¢(z,-) € WH1[0,1], 6(z,-) € C[0,1] and ¢(z,0) = A(z,0) = 1. Moreover, we
can choose 0(z,z) such that lim, ,o W(y/zlog(z),0(z,2)) = 0 for all z € C. Here
W (u,v) = u(z)v'(x) — o' (z)v(x) is the usual Wronski determinant. For a detailed
construction of these solutions we refer to, e.g., [17].
We start with two lemmas containing estimates for the Green’s function of the
unperturbed equation

G—%(vaay) = ¢_%(Z,J})9_%(Z,y) - ¢—%(zay)9—%(zax)
and the regular solution ¢(z,z) (see, e.g., [15, Lemmas 2.2, A.1, and A.2]). Here

6 3(0) = | T RWED), 040 = [ (logo)(vED) ~ Yalam) ).

(2.3)
where Jy and Yp are the usual Bessel and Neumann functions (see Appendix B). All
branch cuts are chosen along the negative real axis unless explicitly stated otherwise.

The first two results are essentially from [15, Appendix A]. However, since the
focus there was on a finite interval, some small adaptions are necessary to cover the
present case of a half-line.

Lemma 2.1 ([15]). The following estimates hold:

1

\ 2 < z : Im k|x i
oy =0 (55 ) o (2.4)

3 1+ |k|z
L) <0 ——) (14 flog [ —EE) | eltm Kl 2.
oo <0 (55m ) (e (BT emmre

for all x > 0, and
Y x [Tm k| (z—y)
1+1 2.6
<1+|k|y) ( og(y)>e (26)

G_y )| =0 (=
Gy <0 (55m
forall0 <y <z < oo.

Proof. The first two estimates are clear from the asymptotic behavior of the Bessel
function Jy and the Neumann function Yy (see (B.1), (B.2) and (B.4), (B.5)).
To consider the third one, first of all we have

Gy (K, 2.y) = =5 /Ey [ Jo(ke) Yo (ky) — Jo(ky) Yo (ka)]

=
W=

| (2.7)
= — g [ () B (k) — (D () B ()]
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We divide the proof of (2.6) in three steps.
Step (i): |ky| < |kxz| < 1. Using the first equality in (2.7) and employing (B.1)
and (B.2), we get

682 )] < Oy (1108 () ) = v (11 (3) ).

which immediately implies (2.6).
Step (i1): |ky| < 1 < |kz|. Using the asymptotics (B.1)—(B.5) from Appendix B,

we get
1 _
Gy, 2,y)| < Cyam, ™ e (1 Tog(Hly)).

We arrive at (2.6) by noting that

0 < —log(lkly) <log(z/y)

since |kly <1 < |k|z.
Step (iii): 1 < |ky| < |kx|. For the remaining case it suffices to use the second
equality in (2.7) and (B.6)—(B.7) to arrive at

C
) |Im kl(z—y) — ~ ,|Im k[(z—y)
Gy (% w9)| < OV |k\x|k|y N ’

which implies the claim. (I

Lemma 2.2 ([15]). Assume (2.1). Then ¢(z,x) satisfies the integral equation

B(z,2) = 6_1 (2 2) / G_ 1 (22, 9)6(= y)ay)dy. (2.8)

2

Moreover, ¢(-,x) is entire for every x > 0 and salisfies the estimate
¢(k2 l‘) _d) 1(k2 x)‘ <C L %e‘lm k|z
’ A - 1+ |klx

<t (1o (5) ) iy 29)

Proof. The proof is based on the successive iteration procedure. As in the proof of
Lemma 2.2 in [15], set

for all x >0 and k € C.

$= ¢, Go=6¢_1, Gu(k /G (K2, 2, y)bn—1(k*, y)a(y)dy
n=0

for all n € N. The series is absolutely convergent since

1

ontl x 2
2 < Im k|z
’¢n(l€ ,m)| -~ nl <1+|k|x> ¢

x (/O 1+y\l<;|y <1—|—log (g)) |q(y)dy>n, neN.

This is all we need to finish the proof of this lemma. O

(2.10)

We also need the estimates for derivatives.
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Lemma 2.3. The following estimates hold

[

(k2 < € 2 |Im k|z
ooy (2 0)| < Clble (7 ) e (2.11)

for all x > 0, and

2 < T 2 Y 2
8kG_§(k axvy)‘ < Clk|x (1 + |k|1‘) (1 + |/€|y>

" <1 +log (m)> olim Kl(z—3).
y

(2.12)

forall0 <y <z < 0.

Proof. The first inequality follows from the identity (see [23, (10.6.3)])

Ond_y (K, 2) = =y | - i (ka)

along with the asymptotic behavior of the Bessel function J; (cf. [19, Lemma 2.1]).
To prove (2.12), we first calculate

OnG_y (K, ,y) = Z /&y w1 (ke)Yo(ky) — yJ (ky)Yo (k)

— wJo(ky)Yi (k) + yJo(ke)Yi (ky)|
im 1 2 1 2 (2.13)
= T [ (k) B (k) — i1 ) P k)

ol (ky) B (k) = yHD (k) B (k)]

where we have used formulas (2.7) and the identities for derivatives of Bessel and
Hankel functions (cf. Appendix B).

Step (i): |ky| < |kxz| < 1. Employing the series expansions (B.1)—(B.2) we get
from the first equality in (2.13)

9 . kx 2log(ky)  ky 2log(kz)
akG_%(k X, Y) = 2./xy [m4 1 -

N x<27rlkx ZIng(kx) %) * y(27r1ky + zloi(ky) %)} (1+0(1))

_ gm(kxz 1 ky?) (log(ky) — log(kx)) (1 + O(1))
= Vayka? log(y/x) (1 + O(1)).

This immediately implies the desired claim.
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Step (i1): |ky] < 1 < |kz|. Again we employ the asymptotics (B.1)—(B.5) from
Appendix B to get:

2 Ty | 22 _ 3m\ 2log(ky) [ 2 T
akG_%(k X, Y) = 5 [ 7, €8 (ka: 1 ) - yky — €08 (kx 4)

—\/:cos (kx - %T) +y %cos (kzx - Z)ﬁ (1+0(1))
[ )b
-H/Ecos (kx - %) (ﬁ — yk:y) (1+0(1)).

This gives the desired estimate, where we have to use ﬁ < z to estimate the second
summand and the logarithmic expression appropriately (cf. step (ii) of 2.1).

Step (i11): 1 < |ky| < |kz|. To deal with the remaining case we shall use the second
equality in (2.13) and the asymptotic expansions of Hankel functions (B.6)—(B.7):

i/ 2 . . 2 . .
8kG_;(k2,x,y) — 1T/ 1Y T elk(mfy)fnr/Q —y elk(yfm)fm/2
2 4 wky/Ty wk/Ty
2 ik(y—x)+im/2 ik(z—y)+im/2
__ —y— 4 1 1

+ kT yﬂk,/xye (1+0(1))
Tty B
= sin(k(z —y))(1+ O(1)).

This again immediately implies (2.12). O

Lemma 2.4. Assume (2.1). Then Or¢(k?, ) is a solution to the integral equation
ak¢(k25 I) = 6k¢—% (kza ‘T)
+/ (kG _y (K, 2, 9))o(k?, y) + G_y (K, 2, 9)pp (K, y)la(y)dy  (2.14)
0

and satisfies the estimate
3
2 _ 1 2 < L 2 \Im k"E 21

X /Ox I +y|k|y (1 + log (;)) la(y)dy.

Proof. Let us show that dx¢(k?, x) given by

Okd =Y Bn Bolk,x) = dkd_1 (K, x), (2.16)

n=0
B (k, ) :/ G _1 (K, 2,y) pn_1(k*,y)q(y)dy
0 ’ . (2.17)
+/O G_1 (K 2,y)Bu-1(k, y)a(y)dy, neN,
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satisfies (2.14). Here ¢,, is defined in Lemma 2.2. Using (2.10) and (2.11), we can
bound the first summand in (2.17) as follows

3

Cn+1 2

I1st term| < lklz [ —2 ellm klz
(n—1)! 1+ |klx

[ (eros () i ([ (vron (3)) )
< St () () (s () i)

Next, using induction, one can show that the second summand admits a similar
bound and hence we finally get

Cn+1 T % z T ‘Q(y” "
< Im k|z / 1+1 = Yigwr .

This immediately implies the convergence of (2.16) and, moreover, the estimate

Dbk, 2) — Db (K, 0) < 3 |Bulk, )],
n=1

from which (2.15) follows under the assumption (2.1). O

Furthermore, by [9, 7, 30] (see also [12]), the regular solution ¢ admits a repre-
sentation by means of transformation operators preserving the behavior of solutions
at x = 0 (see also [6, Chap. III] for further details and historical remarks).

Lemma 2.5. Suppose q € LL _([0,00)). Then

loc

o) =0 450+ [ Blao Gty =T+ By, (215)

where the so-called Gelfand—Levitan kernel B: ]R2+ — R satisfies the estimate

1 THY\ oz v
|B(m,y)|§2ao( )e @), aj(x)z/o Sla(s)lds, (2,19

2
forall0 <y <z and j € {0,1}.
In particular, this lemma immediately implies the following useful result.
Corollary 2.6. Suppose ¢ € L*((0,1)). Then B is a bounded operator on L>°((0,1)).
Proof. If f € L*°((0,1)), then using the estimate (2.19) we get

EN@I=| [ B <1l [ 1Bl

o * x+ 1 o
11 [0 (S5 )y < 511 le” V(1)
0

which proves the claim. O

Remark 2.7. Note that B is a bounded operator on L*((0,a)) for all a > 0.
However, the estimate (2.19) allows to show that its norm behaves like O(a) as
a — oo and hence B might not be bounded on L?(R.).
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2.2. The Jost solution and the Jost function. In this subsection, we assume
that the potential ¢ belongs to the Marchenko class, i.e., in addition to (2.1), ¢ also
satisfies -
/ xlog(l + z)|q(z)|dz < oo. (2.20)
1

Recall that under these assumptions on g the spectrum of H is purely absolutely
continuous on (0,00) with an at most finite number of eigenvalues A, € (—o0,0).
A solution f(k,-) to 7y = k?y with k # 0 satisfying the following asymptotic
normalization

fk,z) =e**(1+0(1),  f'(k,x)=ike*® (1 + o(1)) (2.21)
as r — 00, is called the Jost solution. In the case ¢ = 0, we have (cf. (B.6))

wxk

fos(hyz) =o' Fy | = HY (ko), (2.22)

which is analytic in C and continuous in C \ {0}. Here H. M is the Hankel function
of the first kind (see Appendix B). Using the estimates for Hankel functions we

obtain

|k|l‘ B m & |k|x B
1 ]{j ’< RN L — ‘ ‘I 1 1 < |III kl:r
‘f_i( , ) C(l e e~ I g (1 T Ce
(2.23)

for all z > 0. Notice that for the second inequality in (2.23) we have to use the fact

that the function = — /%7 log (#H) is bounded on R.

Lemma 2.8. Assume (2.20). Then the Jost solution satisfies the integral equation

flha) = £y ho) = [ G2 i bty (220

For all x > 0, f(-,x) is analytic in the upper half plane and can be continuously
extended to the real azxis away from k=0 and

1

)= £y ) < € () e (2.25)

() (108 (2)) et

Proof. The proof is based on the successive iteration procedure. Set

f = an7 fO =J-L fn(kax) = _/ Gfé(kQ’w7y)fn71(k7y)q(y)dy
n=0 x

for all n € N. The series is absolutely convergent since

1

contl x 2
< —|Im k|x
ool < S (55 )

x </j <1+$|/k|y>% (1+102(%)) q(y)ldy>n

holds for all n € N. The latter also proves (2.25). O
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Furthermore, by [9, 7, 26, 27] (see also [12]), the Jost solution f admits a
representation by means of transformation operators preserving the behavior of
solutions at infinity.

Lemma 2.9 ([26, 27]). Assume (2.20) and let k # 0. Then

flke) = £y (o) + [ KGaf by = (T4 ) y(ko), (220
where the so-called Marchenko kernel K : R? — R satisfies the estimate
&0 (“’;Ly) DT (D=5 5 (7) = /OO sq(s)|ds,  (2.27)

for all x <y < oco. Here ¢y is a positive constant given by

co:= sup (1— )1/2 <1/2 1/2,8> = sup (1-— 5)1/2 Z 7((1/2);)25”.

s€(0,1) 1 s€(0,1) —  (n)

Notice that ¢ is finite in view of [23, (15.4.21)]. Moreover, this lemma immediately
implies the following useful result.

Corollary 2.10. If (2.20) holds, then K is a bounded operator on L*((1,00)).
Proof. If f € L*°((1,00)), then using the estimate (2.27) we get

=] [ K] < 1l [ 1y
e 1

< DUl [ a0(5 )y

< ol [ on(s)is = ol (1) — (1)),
1

which proves the claim. O

By Lemma 2.8, the Jost solution is analytic in the upper half plane and can be
continuously extended to the real axis away from k = 0. We can extend it to the
lower half plane by setting f(k,z) = f(—k,z) = f(k*,2)* for Im(k) < 0 (here and
below we denote the complex conjugate of z by z*). For k € R\ {0} we obtain two
solutions f(k,z) and f(—k,x) = f(k,x)* of the same equation whose Wronskian is
given by (cf. (2.21))

W(f(=k,.), f(k,.)) = 2ik. (2.28)
The Jost function is defined as
fk) = W(f(k,.), o(k*,.)) (2.29)

and we also set

such that
fk,x) = f(R)O(K?, x) — g(k)p(k?, ). (2.30)
In particular, the function given by
m(kQ) = —@ ke C+,
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is called the Weyl m-function (we refer to [16, 18] for further details). Note that
both f(k) and g(k) are analytic in the upper half plane and f(k) has simple zeros
at ik, = VA, € C.

Since f(k,x)* = f(—=k,z) for k € R\ {0}, we obtain f(k)* = f(—k) and g(k)* =
g(—k). Moreover, (2.28) shows

f(=Fk)
2ik

f(k)
2k

¢(k271‘) =
and by (2.30) we get
2ilm(f(k)g(k)*) = f(k)g(k)" = f(k)"g(k) = W(f(=k,-), f(k,")) = 2ik.

Moreover,

f(ka 1‘) - f(*k,ﬁ?), keR \ {O}v (231)

oy Im(f(k)*g(k) K
Im m(k*) = GOE = ok k e R\ {0}. (2.32)

Note that
for (k) =Wy (k)01 (K2, ) = VEe 5, 0 <arg(k) <.

Thus, by [18, Theorem 2.1] (see also Eq. (5.15) in [18] or [13]), on the real line we
have

1F(B)] = VIE](1+0(1)), &k — oc. (2.33)

2.3. High and low energy behavior of the Jost function. Consider the fol-
lowing function

F(k) = ff%) =Tk f(k) =Tk TW(f(k,.),6(k%.), Imk>0. (2.34)

Let us summarize the basic properties of F'.

Lemma 2.11. The function F' defined by (2.34) is analytic in C1 and continuous
in C4 \ {0}. Moreover, F(k)* = F(—k) #0 for all k € R\ {0} and

|F(k) =14 0(1) (2.35)
as k € R tends to oco.

Proof. The first claim follows from the corresponding properties of the Jost function.
Next, (2.31) implies that f(k) # 0 for all £ € R\ {0}. Finally, (2.35) follows from
(2.33). m

The analysis of the behavior of F' near zero is much more delicate. We start with
the following integral representation.

Lemma 2.12 ([18]). Assume (2.1) and (2.20). Then the function F admits the
integral representation

Flk) = 145k / Ty k)60, 2)a(x)da (2.36)
0
1T [ ey (02 n)ate)ds
0

for all k € C4 \ {0}.
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Proof. To prove the integral representations (2.36), we need to replace ¢ and f in
(2.34) by (2.8) and (2.24), respectively, use the asymptotic estimates for ¢, f and
G_%, and then take the limits x — +o00 and x — 0. O

Corollary 2.13. Assume in addition that q satisfies

/1OO zlog?(1 + z)|q(z)|dz < oc. (2.37)

Then for k > 0 the integral representation (2.36) can be rewritten as follows

) =1+ 0_1( (K%, 2)(k*, z)q(x)dx
/ (2.38)

+ (i T10u) [ ooy (02 0000 Do),

Proof. Indeed, the integrals converge for all k € R\ {0} due to (2.4), (2.5) and (2.9).
Then (2.38) follows from the first formula in (2.36) since (cf. (2.3) and (2.22))

1 ro 1
0_1(k* x) — —log(—k?)d_1(k* ) =Tk 2f 1 (k).
2 T 2 2

Notice also that it suffices to consider only positive k > 0 since F(—k) = F(k)* by
Lemma 2.12. 0

Before proceed further, we need the following simple facts.

Lemma 2.14. Suppose that q satisfies (2.1) and (2.37). Then

[ 640.9060.9a(s)s = |5 Jim W(00.0)), (289

T—>00

/00 07%(0, $)6(0,8)q(s)ds = —1 — \/5 lim W (y/zlog(z), (0, z)). (2.40)
0 ™

Proof. First observe that the integrals on the left-hand side are finite since

6_3(0.2) = |55 0_4(0.2) = \/?logm,

and ¢ satisfies (2.1) and (2.37). Now notice that
| 009000510005 = [ 040,56 0.5) + 500.9)ds

since T¢ = 0. Integrating by parts and noting that ¢_ (O x) solves y" + ﬁy =0,

we get
/qzﬁ_,()s (0, s)q dS—\/7W\/>¢O$)

since W(y/z,¢(0,2)) — 0 as & — 0. Passing to the limit as x — oo, we arrive at
(2.39). The proof of (2.40) is analogous. O

Lemma 2.15. Assume the conditions of Lemma 2.14. Then the equation

1
Ty =—y" — L2y ta@)y=0

has two linearly independent solution yy and yo such that

() = Vel +o1)), w(r)= 2\[(1+0( ) (2.41)
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and
log(v/z)

ya(x) = Valog(z)(L+o(1), ys(x) = NG

(1+0(1)) (2.42)

as r — OQ.

Proof. The proof is based on successive iteration. Namely, each solution to 7y = 0
solves the integral equation

f(@) = a7 + by/Tlog(z) / Vs log(z/s) f(s)q(s)ds.

Since the argument is fairly standard we only provide some details for yo(x); the
calculations for y;(«) are similar. For simplicity we set 2 > e, which is no restriction
since we only need estimates for large = anyway. As in, e.g., Lemma 2.2 we set

=3 6u Gu(e)i= VElog(a), dula)i=— [ Vaslog(o/s)ons (als)is
n=0

Since log(s/x) < log(x)log(s) for all e < x < s < 00, we immediately get

oo

|¢1(2)| < /OO Vaslog(s/xz)v/slog(s)|q(s)|ds < \/Elog(ﬂf)/ slog?(s)la(s)|ds

x

and then inductively we obtain that
z log(x o0 "
6 ()] < % (/ slog2(s)|q(s)ds> :

for all n € N and x > e. Therefore, we end up with the following estimate

o0

lya () — v log(x)| < Oz log(x) / slog?(s)lq(s)lds, @ >e  (243)

x

The derivative y5(x) has to satisfy

yo(z) = \}» (1 + log(v/x / \/7 1+10g /s)) y2(s)q(s)ds

Employing the same procedure as before we set

Z ﬂn BO : 1 * IOg(f)

n=0
Iteration then gives

n+1 o T e’} ) n
Bufa)) <« S 1 jim ([ stglalas)

for all n € N and x > e since

1 +log(z/s) < (14 1log(x))(1 +log(s)) < 2log(s)(1 + log(x)),

for all e < x < s < 00. Thus we end up with the estimate

(1+108(V/2/5)) Bu-r()a(s)ds

a\m

1+ log(v/x 1+ log(y/z) [
ys(z) — \/gi(f) <C \/ga(f) / slog?(s)|q(s)|ds, z>e, (2.44)
which completes the proof. O

Now we are in position to characterize the behavior of F' near 0.
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Lemma 2.16. Suppose that k > 0 and q satisfies (2.1) and (2.37). Then

Fky = Fy(k) + (i %log(kQ))Fg(k), k40, (2.45)

where Fy and Fy are continuous real-valued functions on R. Moreover,

Fy(0) = \[ lim W (vz,$(0,z)) = (2.46)

r—00
precisely when ¢(0,z) = O(y/x) as x — co. In the latter case
F(k) = F1(0) + O(k?log(—k?)), k — 0, (2.47)
with

Fi(0) = —\/z lim W(v/ log(z), (0,)) # 0. (2.48)

Tr— 00

Proof. The first claim follows from the integral representation (2.38) since the
corresponding integrals are continuos in k by the dominated convergence theorem.
Moreover, ¢(k?,z) and 6(k?, x) are real if k € R and hence so are F; and Fy.

By Lemma 2.15, ¢(0,x) = ay;(x) + by2(x), where the asymptotic behavior of
y1 and ys is given by (2.41) and (2.42), respectively. Combining Lemma 2.14 with
the representation (2.38), we conclude that F»(0) = by/7/2 # 0 in (2.45) precisely
when b # 0 and hence the second claim follows.

Assume now that FQ (0) = 0, which is equivalent to the equality ¢(0,2) = ay;(x)
with @ = /m/2F1(0) # 0. Noting that both ¢_1(-,z) and ¢(,z) are analytic
for each = > 0 and applying the dominated convergence theorem once again, we
conclude that

o0
/ ¢_1 (k% 2)p(k* x)q(a)dz = O(K?), k — 0.
0
This immediately proves (2.47). O

Definition 2.17. We shall say that there is a resonance at 0 if $(0,z) = O(/x)
as T — oo.

Let us mention that there is a resonance at 0 if ¢ = 0 since in this case ¢(0,z) =

¢_1(0,2) = /7x/2.

We finish this section with the following estimate.

Lemma 2.18. Assume that q satisfies (2.1) and (2.20). Then F is differentiable
for all k #£ 0 and

F < k4o
||
Proof. Setting
~ f,;(k,x) 1
_1(k,x) = 2 =e'1k72f 1(k,x),
Fitba) =71 f_y ko)
we find that its derivative is given by (cf. [23, (10.6.3)])

akf (k,x) flx,/ H
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Similar to (2.23) we obtain the estimate

z(1+ |k|x)e—|1m K|z

‘akf,%(k,m)‘ <oV= (2.49)
which holds for all x > 0. Using (2.36), we get
P = [ (0 (ba)o(h2,0) + ()00, 2) (o)
The integral converges absolutely for all £ # 0. Indeed, we have
Ltlog (0] < (1 + [log@))(1+ [log(y)), 0<y<z  (250)

By (2.15), (2.23) and also (2.50), we obtain
< c/ VI (155 ) o log@late)las
<t e Nog@aas

Using (2.9) and (2.49) (again in combination with (2.50)), we get the following
estimates for the first summand:
C
< z(1 + |log(x)|)|g(x)|dz.

| oy tew)o ataras
0 # Jo

Now the claim follows. O

| Ty tmianot2 2t
0

o0

3. DISPERSIVE DECAY

In this section we prove the dispersive decay estimate (1.5) for the Schrodinger
equation (1.2). In order to do this, we divide the analysis into a low and high energy
regimes. In the analysis of both regimes we make use of variants of the van der
Corput lemma (see Appendix A), combined with a Born series approach for the
high energy regime suggested in [10] and adapted to our setting in [19].

3.1. The low energy part. For the low energy regime, it is convenient to use the
following well-known representation of the integral kernel of e "*# P.(H),

o~ B (HY|(z, y) = %/jo o ith? o(E%, 2)o(k?, y) Imm(k?)k dk

2 [ _. k2 k2, y)k?
— / e—ltk2 ¢( 7.’17)¢( 27:1/) dk (31)
TJ o |f (k)]

g /Oo e—itk2 ¢(k?x)¢(k?y) dk,

™ |F(k)[?

where the integral is to be understood as an improper integral. In fact, adding an
additional energy cut-off (which is all we will need below) the formula is immediate
from the spectral transformation [16, §3] and the general case can then be established

taking limits (see [19] for further details).
In the last equality we have used

Sk, z) = k|2 ¢(k%, 2), kER (32)

— 00
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Note that

bk, 2)| < C (1f|i|x>éeumk|m <1+/0$ (1+1og (;)) f'_gﬁﬁ;dy), (3.3)

- Kz \ "7 e . 2\ yla(w)|
|Okd(k, )] <Cx(1+|k|x) ell <1+/0 (1+10g (y)) 1+|/<:|ydy>7
(3.4)

which follow from (2.4), (2.9) and the equality
1
2

Ok, ) = ~sgn(k)|k| 2 ¢(k2, x) + k|20 (k?, z)

together with (2.11), (2.15).
We begin with the following estimate.

Theorem 3.1. Assume (2.1) and (2.37). Let x € C°(R) with supp(x) C (—ko, ko).
Then

[l X () Po(H)) ()| < C/glt] (35)
for all x,y < 1.

Proof. We want to apply the van der Corput Lemma A.l to the integral

It = e ) D) = 2 [ e ) LS

T J |F(k)|?
Denote ~ }
ok, )¢ (k,y)
A = A A =
Note that
[Alloo < lIxllocllolloss 1A < X[l 1 A0lloo + llxIl1 ]| Ap o

By Lemma 2.11, F(k) # 0 for all & € R\ {0}. Moreover, combining (2.35) with
Lemma 2.16, we conclude that ||1/F ||« < co. Using (3.3) and noting that log(z/y) <
log(1/y) for all 0 <y < x < 1, we get

py e : | Tm k|
< mr 1]. .
Sl <0 (o) o ae o (3.0
Therefore,
W0 [Ao(k)| < CIL/FI[3|kolv/zy, (3.7)
€|l—Fo,ko

which holds for all z,y € (0, 1] with some uniform constant C' > 0.
Next, we get

_ ok, )Pk, y) + ok, 2)0u(kyy)
[F (k)|

To consider the second term, we infer from (3.6), Lemma 2.16 and Lemma 2.18 that

|¢§(k,az)q§(l§,y)l ‘1;’((:))‘ < Cyam.

F'(k)
Fk)

AL (k) Ao (k) Re

= TE®)

‘Ao(k) Re F'(k)‘

(k)
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The estimate for the first term follows from (3.6) and (3.4) since

Ok, 23k, ) + (0, 2)Oh (R, )|

k| )( Ikly )é(lmm 1+k|y)
<C
= <1+k|x 1+ [kl T

1+ |kl + 1+ |kly
< Cyry C(+ |kl)yzy, w,y€(0,1].
V(@ [klz)(1+ Ikly)
The claim now follows by applying the classical van der Corput Lemma (see [28,
page 334]) or by noting that A € Wy(R) in view of Lemma A.2 and then it remains
to apply Lemma A.1. O

Theorem 3.2. Assume

1 oo
/ lg(z)|dz < 0o and / zlog?(1 + z)|g(z)|dx < oo. (3.8)
0 1

Let also x € C°(R) with supp(x) C (—ko, ko). If ¢(0,2)/v/x is unbounded near oo,
then

[le™ " x(H) P.(H)] (w, 9)| < Cl¢]~7, (3.9)
whenever max(z,y) > 1.

Proof. Assume that 0 < x <1 < y. We proceed as in the previous proof but use
Lemma 2.5 and Lemma 2.9 to write

(I+ B)g_y (k2) - (I + Ky)d_y (k)
[E(k)[? ’
Indeed, for all k € R\ {0}, ¢(k?,-) admits the representation (2.31). Therefore, by

Lemma 2.9, (k,y) = (I + K,)p_ 1(k,y) for all k € R\ {0}.
By symmetry A(k) = A(—k) and hence our integral reads

I(t,2,y) = %/ e R A(k)d.
0

A(k) = x(k?) k # 0.

Let us show that the individual parts of A(k) coincide with a function which is
the Fourier transform of a finite measure. Clearly, we can redefine A(k) for k < 0.
To this end note that ¢7%(k2,x) = J(|k|x), where J(r) = /rJo(r). Note that
J(r) ~/rasr—0and J(r) = \/Ecos(r —Z)+O0(r ) as r — 400 (see (B.4)).
Moreover, J'(r) ~ 52= as r — 0 and J'(r) = \/%cos(r + )+ 0 1) as r — +oo

2\/F
(see (B.8)). Moreover, we can define J(r) for r < 0 such that it is locally in H* and

J(r) = \/%cos(r — 7) for » < —1. By construction we then have J € L*(R) and
Je LP(R) for all p € (1,2). By Lemma A.2, J € Wy and hence J is the Fourier

transform of an integrable function. Moreover, cos(r — ) is the Fourier transform
of the sum of two Dirac delta measures and so J is the Fourier transform of a finite
measure. By scaling, the total variation of the measures corresponding to J(kx) is
independent of x.

Let us show that y(k?)|F(k)|=2? belongs to the Wiener algebra Wy(R). As in

Lemma A.3, we define the functions fo and fi. Since ¢(0, z)/+/z is unbounded near



DISPERSION ESTIMATES 33

o0, by Lemma 2.16 we conclude that F(k) = log(k?)(c + o(1)) as k — 0 with some
¢ # 0. Hence Lemma 2.18 yields

d 1 1 F'(k) )‘ |F (k)| C
— = |- 2Re ( <2 <
dk |F(k)[? |F(k)[? F(k)* [F(K)[> — |kl log(k)[?
for k near zero, which implies that
k) <C——s——, ke(0,1).
fl( )_ klog3(2/k) ( )

Therefore, we get

1 1 dk V2 gk C
log (2/k) fi(kydk<C | — 2 —C - < .
JRUCOHRETE /()k10g2(2/k) | Flog?(k)  log2 =

Noting that the second condition in (A.3) is satisfied since x has compact support
and hence so are fy and fi. Therefore Lemma A.3 implies that x(k?)|F (k)| =2
belongs to the Wiener algebra Wy (R).

Lemma A.1 then shows

~ C ~ 4 [ 2 gb_;(k,o:)qﬁ_;(k,y)
< = —itk 2 2 2
T S (R R T
But by Fubini we have I(t,z,y) = (1 + B,)(1 + K,)I(t,2,y) and the claim follows
since both B: L*°((0,1)) — L*((0,1)) and K: L*°((1,00)) — L*((1,00)) are
bounded in view of Corollary 2.6 and Corollary 2.10, respectively.

By symmetry, we immediately obtain the same estimate if 0 <y <1 < . The
case min(z,y) > 1 can be proved analogously, we only need to write

dk.

(I + Kby (kea) - (L4 K,)d_y (k)
FR)P

3.2. The high energy part. For the analysis of the high energy regime we use
the following —also well-known— alternative representation:

A(k) = x(k*) ) O

e p.(H) = —/ e " Ry (w+10) — Ry (w —i0)] dw
2mi Jy
_ % ¢TI Ry (K2 4 10) k dk, (3.10)

where Ry (w) = (H —w) ™! is the resolvent of the Schrodinger operator H and the
limit is understood in the strong sense (see, e.g., [29]). We recall that for k£ € R\ {0}
the Green’s function is given by

+k
(R (k£ 10)) () = [Ra (5 £ 0](.0) = o2, 0) L) o<y ()
Fix kg > 0 and let x: R — [0, 00) be a C*° function such that
0 ‘k| < 2kg
k) =4 ’ 3.12
x(F) {1, k| > 3ko. (3.12)

The purpose of this section is to prove the following estimate.
Theorem 3.3. Suppose q € L'(R,) satisfies (2.20). Then
—j _1
|[e™ ™ X (H) Pe(H))(z, y)| < Ct] 2.
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Our starting point is the fact that the resolvent Ry of H can be expanded into
the Born series

Ry (k* £i0) = ZR (k* +1i0)(—g R_1 (K> +10))", (3.13)

where R _ 1 stands for the resolvent of the unperturbed radial Schrédinger operator.
To this end we begin by collecting some facts about R_1. Its kernel is given

m

1
R_1(k*£i0,2,y) = Er_%(ik,x,y),

1
2
where

o (kia,y) =1y (ky, @) = ky/@y Jo(ka) Hi" (hy), = <y.

Lemma 3.4. The function r_y (k,z,y) can be written as

r_1
2

(F, 2, 9) = X(—o0,0) (k) / e dpy 4 (p) + X[0,00) (F) / e *Pdp; ,(p)
R R
with a measure whose total variation satisfies
[Pz yll < C.
Here p* is the complex conjugated measure.
Proof. Let x <y and k > 0. Write
r_y (ko) = J(ke) H(ky),
where
J(r) =P do(r), H(r) = vr Hg' (r).

We continue J(r), H(r) to the region r < 0 such that they are continuously
differentiable and satisfy

J(r) = \/zcos (r-%) HO= \/zei(rz),

for r < —1. It’s enough to show that

J(r) = J(r) — \/Zcos(r - %) and H(r) = H(r) — \/zei(r—)

are elements of the Wiener Algebra Wy (R). In fact, they are continuously differen-
tiable and hence it suffices to look at their asymptotic behavior. To do this, we need
the results about Bessel and Hankel functions, collected in Appendix B. For r < —1
both J(r) and H(r) are zero. J is integrable near 0 and for 7 > 1 it behaves like
O(r~1) and O(r~1) for the derivative. So .J is contained in H'(R) and therefore in
Wy by Lemma A.2. As for H, near 0 it behaves like /T logr and hence its derivative
belongs to L? for all p € (1,2) near zero. Since H(r) and its derivative also behave
like O(r—1) for r > 1, Lemma A.2 applies and thus we also have H € W). As a
consequence, both J and H are Fourier transforms of finite measures. By scaling
the total variation of the measures corresponding to J(kx), H(ky), are independent
of = and y, respectively. This finishes the proof. O

Now we are in position to finish the proof of the main result.
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Proof of Theorem 3.3. As a consequence of Lemma 3.4 we note

C
2 - o
Ry 10.00) <
and hence the operator ¢ R_1 (k* £1i0) is bounded on L' with
) C
lgR_3 (k* £10) 2 < mHQHLl-

Thus we get
‘<R,%(kz2iio)(—q7€,%(k‘2iiO))”f,g>‘:‘<—q7€,;(kz2iio)) £ Ry (K Fi0)g >’
< H(—qR L(R2£i0))" f ’ HR,% (k2 Fi0) gH )

CmH gl
< T Il gl

This estimate holds for all L! functions f and g and hence the series (3.13) weakly
converges whenever |k| > ko = C(1)||q||z:. Namely, for all L' functions f and g we
have

oo

(Ru(k £i0)f,¢) = <R_%(k2 +10)(—qR_s (K + iO))”f,g> . (3.14)

n=0

Using the estimates (2.9), (2.25), (2.34), and (2.35) for the Green’s function (3.11),
one can see that

Ry (k* +£i0)g € L™
whenever g € L' and |k| > 0. Therefore, we get
’<RH(k2 +i0)(—qR_, (K £10))"f >’
= |[(am_y imwmnmﬁ$mmﬂ

< |[(aR_y (82 10 f | [Ru (62 F 10)g]]

C 1 .
< ||Q||L> HRH(kz:Flo)gHLm7

which means that Ry (k? £i0)(—qR_ (k:2 +i0))™ weakly tends to 0 whenever
|k3| > kg.

Let us consider again a function y as in (3.12) with kg = C/|q||1. Since e xy(H) P, =
ey (H), we get from (3.10)

<efitH ( )f, >7

/\

IN

1

i

/ - e (k) k (R (k* +10) £, g) dk
Using (3.14) and noting that we can exchange summation and integration, we get
(e~ \(H), g)
- Z/ e IRy (k2K <R,%(k2 +i0)(—qR_1 (K + iO))”f,g> dk

710
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The kernel of the operator Rf;(k2 +i0)(—¢R_1 (k2 410))™ is given by

n—1

1
] /R r_a(ksz, 1_[161 Yi) L o1 (ks yi, yir)r_ 1 (R yns y)dys -+ dyn.

Applying Fubini’s theorem, we can integrate in k first and hence we need to obtain
a uniform estimate of the oscillatory integral

5 k -n n
I, U, .-y Uy :/ —itk ]{)2 ( ) r_1 k;ui7ui dk
(0, i) = [ 80 (5 ) Ty (k)

=0
since, recalling that ko = C(I )||q||L1 one obtains
i 1 o
(TS| < 2 3 e, s altior o uns) 17 ol
n=0 {u Ho

Consider the function f, (k) = x(k?) (2 ko) . Clearly, fo is the Fourier transform

of a measure vy satisfying ||vg]| < Cy. For n > 1, f, belongs to H*(R) with
| fullzr < 77 1/2C1(1 + n). Hence by Lemma A.1 and Lemma 3.4 we obtain

2C,C4

[ In(t; w0, - o oy Ung1)] < G (1+n)Cmt!
implying
i 20 Cl 1+n
[T x(H) f,9)| < —F—IfllL: Hgllle on "
\/> n=0
This proves Theorem 3.3. O

APPENDIX A. THE VAN DER CORPUT LEMMA

We will need the the following variant of the van der Corput lemma (see, e.g.,
[19, Lemma A.2] and [28, page 334]).

Lemma A.1. Let (a,b) CR and consider the oscillatory integral

I(t) = / ' % A(k)dk.

If Ae W(R), i.e., A is the Fourier transform of a signed measure

A(k) = [ eda(p)
R
then the above integral exists as an improper integral and satisfies
1
()] < Colt] 2 [[Ally, [t} >0.

where || Al := |la|| = |a| (R) denotes the total variation of o and Cy < 28/3 is a
ungversal constant.

Note that if A, Ay € W(R), then (cf. p. 208 in [1])

1 .
(A142)(h) = sz [ (o 0o)o)
is associated with the convolution

a1+ az() = [[ 1ae + y)dan(@)das(v)
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where 1 is the indicator function of a set 2. Note that
o * azl| < [Jaa||[|evz]-
Let Wh(R) be the Wiener algebra of functions C(R) which are Fourier transforms

of L' functions,

Wo(R) = {f € CR): f(k) = / ek g(2)dz, g € Ll(R)}.

R

Clearly, Wy(R) € W(R). Moreover, by the Riemann-Lebesgue lemma, f € Cy(R),
that is, f(k) — 0 as k — oo if f € Wy(R). A comprehensive survey of necessary
and sufficient conditions for f € C(R) to be in the Wiener algebras Wy(R) and
W(R) can be found in [21], [22]. We need the following statement, which extends
the well-known Beurling condition (see [11, Lemma B.3]).

Lemma A.2. If f € L3(R) is locally absolutely continuous and f' € LP(R) with
p € (1,2], then f is in the Wiener algebra Wy(R) and

1w < Cp (Il 2@y + 1 Lo ry)» (A1)
where C, > 0 is a positive constant, which depends only on p.
We also need the following result from [22].

Lemma A.3. Let f € Cy(R) be locally absolutely continuous on R\ {0}. Set

fo(@) == sup [f(y)l, fi(@) := esssupjy s [ ()], (A.2)

ly| =]z

for all x #£ 0. If
1 o0 o0 1/2
/ log (Z/x) fi(z)dx < o0, / </ fo(y)fl(y)dy> dr < oo, (A.3)
0 1 T
then f € Wo(R).

APPENDIX B. BESSEL FUNCTIONS

Here we collect basic formulas and information on Bessel and Hankel functions
(see, e.g., [23, 31]). First of all assume m € Ny. We start with the definitions:

aym 2 (—zZ)n
I (2) = (5) gm’ (B.1)
V() = 2L DU 2,0
n=0 '
+ﬂi(¢(n+l)+w(n+m+l))i (B.2)
7r nl(n+m+ 1) '

n=0

Hf,%)(z) = Jn(2) + 1Y (2), HT(,?)(Z) = Jn(z) — 1Y (2). (B.3)
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Here 1) is the digamma function [23, (5.2.2)]. The asymptotic behavior as |z| — oo

is given by
2 | Im z| -1
Im(2) = — (cos(z —mm/2—m/4)+e O(|#] )) , |argz| <m, (BA4)
T
2 : | Im z| -1
Yin(z) = — (sm(z —mm/2—m/4)+e O()#| )) , largzl <m, (B.5)
T
(1) 2 i(s—2mEln —1
H, (z)= —e 1 (1+0(z]™"), —-m<argz<2m, (B.6)
T
H? (2) = ~ (a2t (14+0(]z|™"), —2m<argz<m. (B.7)
T

Using [23, (10.6.2

~—

], one can show that the derivative of the reminder satisfies

(5 e —eost ﬂ/4>)/ = ol™#10(|2| ), (B.5)

as |z| = co. The same is true for Y,,, Hﬁ%) and Hff).
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TRANSFORMATION OPERATORS FOR SPHERICAL
SCHRODINGER OPERATORS

MARKUS HOLZLEITNER

ABSTRACT. The present work aims at obtaining estimates for transformation
operators for one-dimensional perturbed radial Schrédinger operators. It pro-
vides more details and suitable extensions to already existing results, that are
needed in other recent contributions dealing with these kinds of operators.

1. INTRODUCTION

In general, transformation and transmutation for one dimensional Schrédinger or
Sturm-Liouville operators on the whole or the half line have a long history due to
their importance in inverse spectral theory, see e.g. [2, Page 145-163] for an overview.
The present work deals with transformation properties for the radial Schrodinger
operators

2

o 7d7+l(l+1)
dx? 22
where [ > —% and g should satisfy some further integrability conditions mentioned
later. Operators of the form (1.1) appear naturally after a separation of variables,
and therefore have received considerable attention (see, e.g., [3], [4], [5], [16], [17],
(18], [21], [22], [26, Section 3.7] and [31]). It’s also worthwhile mentioning, that
one field of recent research is concerned about proving dispersive estimates for
the related Schrodinger equations, c.f. [11], [12], [19] and [20]. In many of these
contributions the existence and precise estimates for transformation operators for
H are crucial. There are some rather old publications available, that aim at proving
these properties for H: [30] is concerned with transformation operators near 0, and
[28] with the situation near oo, cf. also [9, 13]. Unfortunately, we realized, that
these results don’t cover all the situations that are considered in the recent articles
mentioned before; thus the aim of the present work is to fill this gap, i.e. to give full
and detailed proofs and also to provide appropriate extensions. The work should
also be seen as a useful tool to stimulate further research for topics that deal with
Bessel operators of the form H. Now let us discuss the main theorems that we want
to establish. By 7, 7; let us denote the differential symbols corresponding to H, H;
respectively. We first focus on transformation near 0: The intention is to construct

a transformation operator, that maps a solution ¢;(z,x), z € C, of the equation

+q(z) = Hi +q, z€Ry, (1.1)

Tl(m(zax) = Z¢l(2,$), (12)
to a solution ¢(z,z) of

T¢(va) = Zd)(zax)» (1'3)

Key words and phrases. Schrédinger equation, transformation operator, scattering.
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such that the properties of ¢; near 0 are preserved. Concerning the asymptotic
behavior of these solutions ¢;, we refer e.g. to [12, 19, Section 2]. We want to express
this transformation operator as an integral operator and prove an estimate for it.
To fix some notation, for any compact set A CC Ry := (0,00), LP(A, w(k)) denotes
the usual weighted LP space with positive weight w(k), i.e. the associated norm is
given by

1/p
171 ([ wwiswpa) ", 1<p<x.
P(Aw = A
Lr(Aw(k)) sup w(k)|f(k)], P
keA

Furthermore, by p’ we denote the corresponding dual index, i.e. = + =, = 1. The

S AL
’E‘,_.

main theorem of the first section now reads as follows:

Theorem 1.1. Let L >0 fized and 0 < y < x < L. Then

o(ern) = tn(za) + [ Blop)oendy = (1 +Boa), (1)
0

where B : Ri — R is the so-called Gelfand—Levitan kernel. Concerning the conditions
on the potential q for (1.4) to hold, and the estimates for B, we need to distinguish
three cases:

(i) If 1 >0, p>1 and q € Lt ([0,00)), then (1.4) is valid and B satisfies the
following estimate:

1 I i
(xy) 2’ o Cx™ v
|B(z,y)| < o ”q”LP((OJ]) 2** exp o ||QHLP((O7J;]) ) (1.5)

where 0 < a < 55
(ii) If -3 <1 <0, p> 21+1
are valid for O<a<i+ sy
(i) Ifl=—5,p>2andq € LIOC([ 7oo),k'_ﬁ), then (1.4) and

1
L —a

() Lip

and g€ L} ([0,00)), then again (1.4) and (1.5)

_» 22 (max(1, L)) (1.6)

Lr(0,a)k ¥)
||qLP((07x]VZ_;,))

|B(z,y)| <
«

( max(1, L)) xHﬁ

< —

X exp

hold, where 0 < « 2 +

An important conclusion of this theorem is, that the closer the parameter [ is
to —%, the more we need to restrict our assumptions on the potential ¢. Moreover,
in the case [ = 2, not even boundedness of ¢ seems to be enough to guarantee
the desired estimates. The proof of this result will be discussed in the first section.
The aim of the second section is to verify a similar result near oo, i.e. establishing
the following theorem, where f(k? x), fi(k? z) denote the Jost solutions of the
corresponding equations (1.2), (1.3) respectively, which satisfy f(k,z) ~ e** as
T — 0O near oo:
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Theorem 1.2 ([9]). Suppose [ (z + 2')|q(z)|dz < co. Then

£02,2) = 0. ) + [ T Ko ) A2, g)dy = (I + K) (. 2),  (L7)

where the so-called Marchenko kernel K : R? — R satisfies the estimate

wezar(2) o () eo, gw e [Criwa 0

for all x < y < oc0.

Here we end up with a similar situation as in the case of Theorem 1.1: The bigger
the parameter [, the more restrictive the assumptions on ¢ need to be. The approach
we use to obtain our results is in principle well known: first of all, one establishes a
second order equation for the kernel, which can be solved using Riemann’s method
in combination with successive approximation. The crucial points are the estimates
for the Riemann function and the iterates, which we improve at some points. We
will go through the details later. Let us finish the introduction by briefly explaining
the main novelties of this article: concerning the transformation operators near 0, we
are able to generalize the previous results from [10, 9, 13, 30], where only continuous
potentials ¢ € C[0, L] were considered. Moreover we are able to fix some technical
inconsistencies in the proofs of the estimates for B and provide further details to
make the presentation more accessible. For the transformation operators near oo,
the results in [28] only consider estimates for the case ! > 0, which we are able to
generalize to f% <l.

2. TRANSFORMATION OPERATORS NEAR 0

As a starting point, we want to obtain an equation for the kernel B(xz,y) on a
finite interval 0 < y < = < L. To this end we assume first that B is C*(R%) and
satisfies the estimates from Theorem 1.1, which leads to

O(y%p,_a)a I>—
1 -

a1, asy — 0. (2.1)
Oy ™),

B(SL‘,y) :{

N|— N|—

We will see later that these asymptotics are indeed valid. We start by differentiating
(1.4) twice wrt. = to obtain

B
" (z,x) =] (z,x) + %d)l(ax} + B(z,2)¢)(z, x) (2.2)
9B(z,y) * 9 B(x,y)
+ o ’y:md)l(zvz) +/0 o2 ¢l(2ay)dy
On the other hand, using the facts that ¢ satisfies (1.3), ¢; satisfies (1.2) and
plugging in (1.4) for ¢ , we also get

' (ert) = 6 (20) @z, 00+ [ Bl bale) -ty (23)
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Once more applying (1.2) and integrating by parts twice leads to

[ Beaad= [ B oG+ 060
0 0 Yy

9B(z,y) ‘
By y=x

- B(xvx)¢;(zvx) +

0B(x, * 9°B(x,
S e BCCURY e O TACR)

Now plugging in (2.4) into (2.3) and setting (2.2) equal to (2.3) gives us the following
identity for the kernel B(z,y):

(bl(Z,.T)

%@(&m) n (83;? ) n 53227 y)) yzwq/)l(z,x) —q(z)i(2,x)
+ B 0)0i(,0) - 2| a0
(2B 9B I(l+1), I(l+1) B
+/0 (83@2 o T Pz Bq(fﬂ)) Gi(zy)dy =0 (2.5)

Hence, in order to ensure that the right-hand side of (1.4) satisfies equation (1.3),
it’s sufficient that B solves the following problem:

0?2 9% l(l+1) I(1+1) B
(&62 *87y2+ 22 q(z)) B(z,y) =0, 0<y<z (2.6)
OB(z,z) _q(z) . / o !
9~ 2 dmBy)hiley)=0=limBy)y. (2.7)

The term %;’y)’ #1(2,0) will disappear, since ¢;(z,y) = O(y'*1) by the prop-
y=0

erties of ¢; mentioned e.g. in [12, 19, Section 2], which will go to 0 as y — 0, and
%:;’y) can be assumed to be bounded(cf. Lemma 2.13). The next step is to bring
this equation into a simpler form. As the resulting transformed equations in [30](cf.
formulas (1.4)—(1.6) there) contain a small error, we provide the details of these

calculations in the following lemma:
Lemma 2.1. Let

_@ty?  _ (@-y)? _
p= T, s=E u(z,s) = (z — s)' B(z, y). (2.8)

Then u(z, s) satisfies the equation

0%y I Ou [ Ou 1

6285—'_2—3&_z—s%zzl\/g(ﬂ\/;‘f'\/g)u» (2.9)

whereas the boundary conditions (2.7) transform according to

l_% l+%p,—o¢ _
ou n lu =z q(\/g)7 u(z, 2) = {(9(2 ), ; >

as z — 0. (2.10)

Dz z 4

N|— N|—

— O(ZH»ifa)’

4 ’ 4

Proof. Let us first evaluate the second derivatives of B(x,y) = (zy) " u (M (xfyf)

in formula (2.8):
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0B ou z+vy 8u.xy>

e I R -1 [ ou ou
ox . yut (zy) 0z 2 0s 2

_i—o _ 41 4 f{0u z4+y Ou x—y
L V(-2 -1, 1
O (= )2y 2y (az L )

1 (0u Ou ity (0®u z+y OPu x—y
( > ) 2 (822 T T 9z0s 2
lx—y<82u r+y 0%u x—y)

+zy) 2 020s 2 * o2 0s? 2

and similarly

0’B 1 —
87/2 = (—l - 1)(—l)$ ly

_ 1 (Ou xt+y Ou x—y
1-2 _ 1, —1-1 (oW
ut2A=hry (82 2 ds 2 )

ou Ou ity (O*u z+y  OPu x—y
(zy)” 2(&2’+a9>+(xy) 2 (82 2 +6‘z85 2

i Pu sty Ou z—y
Yy 2 0z0s 2 952 2 .
Thus we get
9?B  9’B — -2 _ -2 - O u
5oz~ gyr = ) WA D@ =y Rt () e+ ) - )5

+(zy) ™! (l(CU +y)(y ' - x_l)% —lz—y)(a "+ y—1)g7:>

0%y l Ou l 8u>

S+ DB — )+ (o) e~y + ) (

Since B satisfies (2.6) and (z + y)(z — y) = 4/zs, we end up with (2.9). To get the
equation for the boundary conditions we first note that B(z, x) = u(22,0)z~% and
then perform the following calculation:

0z0s oy xy 0z  xy Os

aa—f(:r,x) = (gz (22,0)2z + g—(x 0)0) 2212y (22, 0)
= 2z 2HL (gz (z%,0) — lmzu(xQ,O))

Because of (2.7), (2.10) immediately follows. The last claim is clear. O

To solve the equation (2.9)—(2.10), we will use Riemann’s method, a well known
approach to solve linear hyperbolic partial differential equations of the second order
in two independent variables. We will go through this procedure carefully in the
subsequent calculations, for further information and applications we refer to the
huge amount of literature, e.g. [6], [8], [15], [23]. For the time being let us assume
that our potential ¢ and our function u from Lemma 2.1 are smooth enough, i.e.
C?(R4)(or C*(R?%) resp.). Moreover let us continue by introducing the following
operator defined on C?(R?):

Ty 32u+ l @ l @
YT 9285 ' 2—50z z—303
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and its formal adjoint, which can be computed, using integration by parts, as

0%v [ Ov [ Ov 21

020s z—s50z z—s0s (z—s)QU'

Next let 0 < <& < L and €, § > 0. We define the points 0', A, B, B’, B, B, Bs,

By, C, C1, C5 and P in the z-s-plane according to the following picture:
s

Mv :=L*v =

B Bs P
B
2 IS
B’ By
B
n
€
€
& *® *® | 2z
0 (14 Cy C Oy A
—>
1)
n
¢

By G we define the region enclosed by the segment I' := APBO. If all the
appearing functions are smooth enough and well defined on G, applying Green’s
Theorem leads to:

v ou 21
2//G (vLu — uMwv) dzds —jg (uaz g + Z_Suv) dz

— <ug: - v% - 22—151“}) ds. (2.11)
However, the problem is, that z = s and 7 = z might lead to singularities for u
and v. So we have to be careful and continue as follows: we divide GG into the parts
APB3B>Cs and 0/ B1C; and investigate these regions separately, thus isolating the
singularities at z = s and = z, and afterward let € and § tend to 0. Let’s begin
with APB3B>C5 and apply Green’s Theorem to get:
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2 // (vLu — qu) dzds =
APB3B5Cs
ov ou 2 ov ou 21
/02A <uazvaz+zuv> dz—/AP (uasvas £_Suv> ds
+/ <u(9v — v% + 2 uv) dz — / (uav — v@ — 21uv> ds
PBs \ 0% 0z z-—n B,y \ 05 0s mn+e—s

—I—/ <u@ _, 2 + Al uv — u@ + v@)dz. (2.12)
B3 B>

0z vaz zZ—8 Os 0s

Now we further evaluate some of the appearing integrals using integration by parts:

/ u@—v%—&—zguv dz—uvA—Z/ v @—iu dz
oA \ 0% 0z =z e coa \Oz 2
ov ou 21 P ov l
e - _ 2 -
/AP (u&s Vs g_Suv>ds uv‘A-i- /Apu(as 5_Sv>ds

ov ou 21 Bs ov l
U— —v— + uv dz:—uv‘ +2 ul =— + v | ds.
pBs \ 0z 0z z—n P PB; 0z z-—n

To proceed we introduce the Riemann-Green function v; to simplify some of the
expressions in (2.12). vy shall be a solution to the following problem:

1) MUl =0
2) %—F Z vy =0 on PB
0z —-n
81}1 l
3) gif—svlio' on AP
4) v (P)=1 (2.14)

In [15], [23] an explicit formula was computed:

) _ l l —21 =1, =l (Zf)(sn))
nesn) = - 26 - s - an (T THESSEET) )
Let’s give a very short sketch of proof for the previous formula. By considering
symmetry groups for the Euler-Poisson-Darboux operator L, one first sees by a
lengthy but rather straightforward computation, that L is invariant under the group
action of GL(2,C)(so especially, under SL(2,C)); i.e., if u(z,s) is a solution of

Lu = 0, then @(z, ) := (b2 + d)' (bs + d)'u (szbﬁ s

ad — be # 0. Also motivated by symmetry group considerations, one chooses the
following ansatz for the solution w: u(z,s) = z*u1(%), and it turns out, that u; is
indeed a solution of the hypergeometric equation (A.3) with parameters a = —p,
b= —land ¢ =1— u+ . Next one sets u = [ and observes, that a solution u of
Lu = 0 can be transformed to a solution v of Mv = 0 via v(z,s) = (z — )" ?lu(z, z)
and thus, since v is invariant under linear transformations, we act with the matrix

(_177 _1§> This indeed leads to formula (2.15) and we observe, that also the

boundary conditions given in (2.14) are satisfied. For further details, especially for

) is also a solution, if
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the connections between symmetry groups for certain PDEs and special functions,
for the definition of the group action, etc..., we refer e.g. to [24]-[25]. To continue,
employing (2.14) and (2.13) leads to:

Bs

A P
‘ — uvy

l
2// v1Ludzds = —2/ V1 <(9u — u) dz 4+ uvy + uvy
APB3B3C; CaA 0z 2 &
/ < Ovy ou 21 >
— U—— — V] — — ———uvy | ds
BoCs 0s 0s n+e—s

Oy ou 4] vy ou
+/B3B2(uaz—Ulaz‘f'z_SUUl_UaS—FUlas)dz. (216)

2

Next let’s focus on the region enclosed by 0/B1C; first. Similar computations as

before imply:
C
1—2/ v(au—lu>dz
o’ 0'Cy 0z z

2 // (’ULU — uMU) dzds = uv
0'B1Cy

—/ u@—v%—iuv ds
B, \ 05 0s mn—e—s

Ov ou 41 Ov Ju
+/BlO’ (u%fvng z_suvfu%Jrv%)dz. (2.17)

Using formula (2.15) for v; and the form of a second linearly independent solution
to (A.3), we obtain a solution vy, defined in 0'B;C1, to the following problem:

1) M’U2 =0
2) w2(z,2) =0
3) wvi(z,n) —va(z,m) =0O(1) as z—n. (2.18)

v9 has the following explicit representation(cf. [23] for details):

I(1+1)

rrerayc D £)1H+2(n — 2)7I (s — )~

va(z, 831, €) = (—1)"

Setting v = vy in (2.17) we end up with

c l
2// voLudzds = uv o 2/ Vg ((“)u — u) dz
0'B1C, 0’ 0'Cy 82 z

—/ u%—v@—iuv ds
C1 By 0s * s n—e—s 2

0y ou 4] Ovy ou
— —vy— —u— — )dz. 2.2
+/310,<u 9z 20z +z—suv2 “os +U26s)dz (2.20)

Now if we introduce

v, Z>71,
v =
Vg, 2 <.
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and combine (2.16), (2.20) with the boundary condition (2.10), this implies

1 1
272dy — f/ vq(Vz)2 " 2dz
CaA

1
2// vLudzds = —7/ vq(v/2)
0’B1C1+APB3;B;Cs 2 Joc, 2
A P B3 C1
Juvy|  + uvl} —uvy| +uv| + A+ Ay, (2.21)
2 A P 0’
where
A= / (uavl — vl@ - 2luvl) ds
Co By as ds n+e—s
21
— / (uav2 - ’02@ - ’U,’Uz) ds, (2.22)
Cy By s Jds mn—e—s
oy ou 4] vy ou
A = _— —_— - I d
2 /BSBQ(u@z v18z+z—suv1 u85+ 3)Z
4
! Ovz au)dz (2.23)

n / ( Ovy ou + .
U—F— — Vo vy —U—— + v
B0’ aZ 2 az — S 2 3 2 8
The next lemmas show, what happens, if we perform limits in the previously
introduced expressions:

Lemma 2.2. If e — 0, we obtain
E_ T] l B/
Ay — (Ay — Ay) ( ) u’ (2.24)
n—s c

for some A1, As € R.
Proof. To start, we integrate by parts to obtain

B l
—2/ vl(au—i—u)ds
Co B ds n+e—s

B
A1 =uvy| —uvsy
Co C
0 l
+2/ Vs (“ + u) ds. (2.25)
C1 By Js n—e—s

Using that u € C?(G), and thus %(., s), u(., s) being locally Lipschitz continuous,
we observe the following properties:

0 0

ou _gu = O(e),

Os z=n—¢e Os z=n+¢
Inserting (2.26) into (2.25), we obtain the following expression for A

B, n—e—34 ou lu
+2/0 (vz(n—E,S)—vl(ﬂJr&S)(as+7755)

ou l
- 2/B432 vy <3s + 77+s—su> ds+ O(e).
Now we use (2.15), (2.19) and (A.7) to get the following asymptotic expansions
_ 1 ¢—n\' (n—s)(€—n) 6 U
ot = pepry (=) s (P ) o (522) +ot

lu(n+e,s) = O(e). (2.26)

lu(n —e,s)
n+e—s

n—e—s

ds

z=n—¢

B2

— UV
2

uv,
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w9 = ey (2 o (e ) v (522) roe
Thus we end up with
B B

A1 = uvy — Uy

2

1 ou lu
2 ge,.
Cl+ /01310(5)(8s+77—5—s)d8

§—n ' ou lu
2 /CIBI (42 = A1) (n - s> (85 * 77—6—3) ds+ /3432 O(log(e))ds + O(e).

Finally we let € — 0, so that one more integration by parts leads us to:

C1—C E—n Lop
+2(A2 _Al) () ’U/‘
B1—B n—s c

BQ*}B
—+ uvg

Cz—)C

o (e-n\' 1 [e-n\
+2/CB’(A2 Ao <_0s (n—S) T (n—8> )ds'

Since the integral expression disappears and by observing that

A1 =uvy

l
(uva(ca>—<uvn<ca>f:i$<A2-A4>(5“”> u(C)

n—s
and
1
(uor) (Ba) = (o) (B1) = (= 1) (27 (),
(here we again use the asymptotics for v; and vy and the fact that the log-terms
cancel), the claim follows. O

Thus Lemma 2.2 leads to the following expression for (2.21), when we let £ — 0:

_—1 v Zzl_%z u _U/’U/—u v
2/A&MUMW%_ QAAqWV dz + 2u(P) = u(0')o(0') — u(Bs)v(Bs)

l
It remains to perform the limit § — 0. In the next lemma this is done for As:

Lemma 2.3. If§ — 0, we obtain As — 0.

Proof. Here we only sketch the proof in a way such that the main argument should
be clear. Let’s first divide the integral into two parts:

oy ou 4] oy ou
Ay = — —v— —U— — v —
2 /BSB, (u 0z Ul(“)z_kz—sw}1 “os Ulas)dz
Ovg ou 4] Ovy ou
g —U—= —v9— |dz =1 A A
+ /B’O’ (u 9. 20z + s 2T s T2 85) : 21+ B2

and focus on the part Ag; first. Each summand in this expression needs to be
treated separately, however, since the calculations are similar, we will only focus on
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vlg—g. W.l.o.g. we can also set € = 27 compute the integral along B3B5 and then let

0 — 0. An integration by parts gives:

ou B, [, Ou 5 5
/3332 U1$d8 = (uv1) |, —/0 (ua)(n + 3 +t,n— 3 + t)dt.

Next we provide an estimate for % along B3 Bs. A straightforward calculation
using (A.2) gives:

‘%l__ — s — (s — 2) 2 L, =l (z=8(s—n)
S = =) s - 91— o) Mo (7T EESEE)
— (s — ) (s — )21 _lv—l_(Z—f)(S—U)
2l = s - s — 972 am (T T EESEED)
— (s — 157272172(5*77)(5*77)
+(n—2)(s =€) (s—2)" (=) o002

—l+1,-1+41 (z—f)(s—n))
X oF] o
21( 2 (c=m(s—€
and thus the following upper bound follows by taking (2.15), (A.4)—(A.6) and

s = z — ¢ into account:
25(—n4xz—ou—6—m>
L T (z=n)(z-6-¢)

< st sup

8’01
7<Z’ 8)
9z se(r+§n+9)

sup
(z,s)€B3 B3

< (5_l_1 Cl, ) [ > — s

C’log(g), l=—3.
Consequently, in combination with (2.10) and the fact, that the length of B3Bs is
proportional to §, we obtain:

Era _1
[l fo0 12
BsB, 02 O(57 “log(L)), 1=-1

27

= N

which goes to 0 as § — 0. The reasoning for the boundary term is similar. For
Ay o, we will only look at the term %uvg, since the others are again treated
analogously(compare with the previous computations for Ay ). Thus, using (2.19)
and (2.10) in combination with the observation, that the hypergeometric-function-

term in (2.19) is bounded for sufficiently small § > 0, leads us to:

41
/ P uvadz
BsB' 2 —

CpoM T = (173 (g — 2) 7 dy < O8I TG 1> 0,
< { ol e ;= 2)T e < Ci6t =8l 01> -1,
1 1 _3s P T S 1
Co~ Tt 172 (n — 2)"3de < O 2T v (- 9)3, 1=-1,

where p’ and « are defined according to the different values of [ in Theorem 1.1. O

SO SIS

So finally, after ¢ tends to 0 and after applying Lemma 2.3, the expression (2.27)
provides us the following integral equation for u:

§ ) L
u(é,n) = i/o vq(v/2)2 "2 dz + i//OBPA(zs)fﬁvq(\/g—F Vs)udzds (2.28)
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Now we go the other way round, i.e. under our assumptions in Theorem 1.1 we want
to show that this equation has indeed a solution. To do so we use the successive
approximation method, which will lead to the subsequent result:

Theorem 2.4. Under the conditions on q stated in Theorem 1.1, there is a unique
continuous function w(&,n) that solves (2.28) and satisfies

1
(§ — ,r])l"rrp/—a o
T (VE+ v gl e (0, v/&+ a1

(CWE N

u(§,n) <

1
|Q|LP((O,\/Z+\/T7])> , > BCR

X exp

(¢ ><i(§‘”l+ﬁ_awé+ )2 (max(1, L))" |q|
2p’ P
S = o \/ﬁ maxt 1 Lr((0,V/E+ymlz P')
C(VE+ )7 (max(1, L) 1
X exp la] PR [ p——
a Le((0,v/E+y/m),z 7)) 2
(2.29)

The constant C' only depends on 1.

Indeed, we want to represent u as a series u = ug + ZZOZI Uy, where the u,,’s are
defined recursively as follows:

E 1
up(&,m) == i/o v(2,0)q(V2)2 " 2dz
Unt1(&,m) = i//OBPA(zs)_%v(zs)q(\/g—&— V8)un(z, s)dzds. (2.30)

The crucial point here is of course to find appropriate estimates, such that this
series converges. This will be done carefully in several steps and we will start with
providing some estimates for v. This has basically already been done in [22], however,
we will give a slightly more general version here and, for convenience, also repeat
some of the arguments:

Lemma 2.5. [22, Lemma A.2] Fiz some 0 < s <n and let z1(s), z2(s) be defined
by the following equations:
o @@ =9=n . (2)=s)n=§)
TaO e T ee e

Then the functions v1 and vy satisfy the following inequalities:

(s 6 < Culz - (€~ 9z - 97, 2 € (m0,) (2.32)
122571 < Cale = 9) 6 = 2) = 9/ og E=SA=T 4 1), 2 ()

(2.33)
a2, 550, €)] < Col€ — )+ — )€~ )27 2 (0,2) (230

(z—=8)(€=n)

[oa(zss5m O] < Ca(€ =)' (2 = 5) " (log - — S5

+1), z¢€(z2,m). (2.35)
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Proof. The proof heavily relies on estimates for the hypergeometric function, col-
lected in Appendix A. Let’s denote the argument % of the hypergeometric
function in (2.15) by o1. We start by proving (2.32). In this case we have that

0> 01 > —1 and gFl(_li_l;m) is bounded, since for k > [, the expression

2
o |* (%) is monotone decreasing and converges to 0, thus the series in (A.1) is

also converging, since the terms additionally alternate in sign. For (2.33), we first
consider the case [ ¢ Ny. We note that 01 < —1, and, employing (A.7) and (A.8),
we first of all end up with the following equation:

-1\ (o)t DR\
2F1< 1 "’1>‘r(_1)r(1+1)kz_0< k! ) o
x (log(—o1) + 201 + k) — 2¢p(k — 1) + 7w cot wl).

o} 2
-l
We already know that E (( ')k) _k is bounded. By (A.9), we also see that

) o7 F (14 k)~ 20(k—1))
(=Dk

Y(1+k)—p(k—1) = ﬁ:’—u(’)( andthusZ(

I+1 2
admits the absolutely convergent series Z + ( ) as a uniform bound.

k!
Therefore we can deduce:
—1,—1 o, |! > 2
F ’ M :— 1 —k
’ ( 1 “)’ T+ ] (o8 +meotm) 2( )
£ 3 (E0 ok + 4 - 200k - 1)
k! 1

k=0

< = -
NN E (Cy [log(—01) + ot ml| + Ca)

< Oy loy| (log(—o) +1)

In the case | € N, the hypergeometric function reduces to a polynomial and thus
the proof is easy. The proof of the remaining estimates (2.34)—(2.35) is similar. O

The following result now will act as a useful tool to estimate certain integral
expressions:

Lemma 2.6. Let v > 1 and 0 < z < 1. Then we have:
Nog(2)ll £+ ((0,57) < Cs (2.36)

where the constant C' is independent from Z.

Proof. We first use the transformation u = —log(z) to get

/0 (—log(2))"dz = / we “du=T(y+ 1,—1log(2)),

—log(2)
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where I'(a, z) denotes the incomplete Gamma function, cf. [27, (8.2.2)]. Furthermore
I'(a, z) enjoys the following asymptotics(cf. [27, (8.11.2)]):

M(a,2) =2"""e *+ 007", z— .
This leads to the following estimate:

0g(2)l 1 (0.2 < C(~log(2))27 < C,

where in the last estimate we used that the local maximum of (—log(Z))z % on [0,1]
is proportional to 7. O

In the next three lemmas we investigate the iterates u,, and thus start with ug:

Lemma 2.7. The following estimates hold:

S llallooer vy (VE + v —m) 2, 1>-1
£ _» 1. L)% 2
uo(&ml < § allall, o e Vel (max(1, L))" (V€ + /1)
() A [=-1
(2.37)

where the constant C' only depends on .
Proof. First we split the integral for ug into two parts:

13 . " 1 . 1
i/o v(z,O)Q(\/E)zl—adz:Z/o U(Z’O)q(\/g)zl_de"’_i/n U(Z,O)q(\/Z)zl—adZ

and estimate each part separately. We then estimate the integrals from 7 to & and
from 0 to n respectively and use (2.32)—(2.35) to further decompose it into three
more parts:

1 /¢ . 21(0)
[ e 0vA) |t < et | C L ) s

3 l z1(0) l

z (z—n) | (€—=2) ((f—@n)
+Cié /21(0) s \q(\/5)|clz+Czn/77 1 los e ) lava)l ds
=: .[1 +12+I3
and
i = )1+2z 22(0) +1
1 [ e oatva e < 0 [T oA s

+C5(6 —n)' /22(0)2 > g Z)|dznl+05(§—n)l/zj(o)log((755_ ?)\q Vz)|dz

= Iy + Is + I,

where z1(0) and 23(0) are given via (2.31). Now to bound I;, we first note that

— _ _ _ )\ _ )\l
E-n_E-z_&om (€ ZZ) <€ ln)
n

< < , where C; = max(1,27!). Hence
2n z i z
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in the case [ > —%:

. \/71(0)
o |g(vE)| dz = 201Ca(€ — n)'2 /f l9(2)|dz

21(0)

1| < 2C,Cy(€ — )t /

n

| NeORRG
< 2CCo(§ = )" llall o (o0, va)) / Lz
i

20 \* . \7
20,C5(¢ — )’ lall 2o o0, vep) <(§+77> - W)

n 37
< 2C,Co(€ — )’ <5+77<£ - 77)) lall 2o (0,va)
< 20l02(\/g + /) (€ - 77)[+2T’l_a ||Q‘|Lp((o7\/g+\/ﬁ]) )

where we have used Holder’s inequality in the third, the elementary estimate
: (VE+ vn)? :
va—b>\/a—+/bin the fifth, and the fact that e Tn > 1 in the last
-n
1

step. In the case | = —35 we proceed as follows:

W=

1 <20, Cale— ) 2 Jo(e)| d

/Vzl(o) 1 1
V1

zl(O) i
J e R T
o (08,2~ 7)

<20, Co(VE+ V) (E—m) T g

Nl

<20 .CH(E—m)”

Lo(OVE+ymlz 7))
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Y/ Y
( Zln) e (€ 5177)

instead. Let’s

The calculations for Is are similar, we just use

continue with I3, again in the case | > —3 ﬁI‘bt

21(0) 1 77
272 log () la(Vz)] dz
n 2=

l zZ1 (0) ,]7
::m%Cﬂg—wﬁ(K; g () lata)la:
n

V71(0)
<20,04(€ - n)l/ log (%) lq(2)| d=

|Is] < CiCh (€ — ﬁ)l/

Vi
l Vam N\
<260 lalove | [* ¢
NI

m ) 2a
X / log 2o <\/ﬁ> dz

Vi 2TV

2a

<2016 — )~ )" w/’ log)F | el ve)

2a
; QClclem

+-5 —a
&—n) T ”qHLP((O,\/E]) )

where in the fourth step we again used Holder’s inequality with indices #’ap,,
2a and p, in the fifth step we did a linear transformation inside the logarithmic
integral (u = vl

Vi
case | = f%, we have to make similar changes as for I;, namely the fourth step will

read as follows:

1_q o
STONEN o Va© o o;
[ b / 1%a(>w lal s
/i i z—\/ﬁ Lr((0,v¢€],z »")

while the first integral can be further estimated:

YCONNEN CA
/ 2?7 T=re dz < 2z1(0)2
NG

and now we can proceed as for I; and the logarithmic integral can of course be
treated the same way as in the case [ > —5. For I in the case [ > —5 we can now
deduce the following inequality:

), and in the penultimate step we applied Lemma 2.6. In the

[N

/71(0) 7
/ zdz ,
Vv
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22(0) 11
1| < Cs(& - n)”zli‘l‘l/ AT T (= 2) T g(Vz) | de
0

1 22(0) , P
0

200 »
X (/ PEr ) !q(ﬁ)}pdz>
0

To further estimate this expression, we need to distinguish cases. If (—{—1)p’+1 < 0,
we get:

Cs
(L =1+ 117
=145 —l-14 -1+ 1%
x (26 =) TR T T (E =) T 26 = ) T lall Lo o,vep

Cs l+1<s—n)z?ﬂ(n)zb
= T - 2’ - qlir»
(- 1)p’+1|?(€ n) 2% 1 ¢ I ”L ((0,/2))

CS I+ —a
< —(VEF VD€ -T2 T gl s :
RN Lo ((0,/E+ )

while for (—1 —1)p’ + 1 > 0, the following estimate is valid:

(e e )
(=1 + 1)

—l-14+ 14
x (26 — 1) 1) 7 Nall e o,va)

B Oy ot (=TT g\
_|(—l—1)p’+1|$(£ n) %y G lall e (0, va))

Cs I+ —a
< =(VE+ V) (€ =) gll :

|I4] < (€ - 77)1+2l§7171(€77)l+172%,

|14] <

Since p’ only depends on [, we will also in this case end up with a constant only
depending on [. One also has to treat the case (= — 1)p’ + 1 = 0, but we omit
the details here (one of the inner integrals would result in the logarithm, but this

wouldn’t cause any further difficulties). In the f%—case, with similar changes as in

1
I — I3, we get an additional factor z(0)2»". For the remaining part of this lemma,
we will only focus on the computations in the case [ > —% in order to avoid writing
down the same changes all the time. Next, for I5 we get:

1
7

Vil Vil P
|I5] < Ca(€ - n)l/ lg(2)|dz < Ca(€ —n)" |lal| 1 (/ 1d2>
Vo) L7((0,VE) =0

22(0)
1,
< Ca(VE+ VI (€= " Nlall ooz ymp -

It remains to look at I, and with similar arguments as for I3, we obtain:
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M (ﬁ) la(2)] d=

i< Cute—n)' [
2:2(0)
L _—2a 2a
vai v’ v L Vi
(€~ n)! / d / g (YT az ) lal,
22(0) \/z2(0) Vin—z L ((0.vED
2c
<Cie—n'e - Vi / " (tog)Fdu | lalioe
04(\/54’ \/77)2(1 I+ —a
< VI (e ) o ey
O
In the next lemma we are concerned with proving an inequality for u
Lemma 2.8. The following estimates hold
1
2

o l e
‘QHLP((O NEN)) (Ve + \/ﬁ)HP 2 €-n) BRI
2
2p/

oz |
ax(1,L
anm(wwz 2, (a1, 1)
—5t+r—a _
E—mn) 277, l=-1
2.

lur (&,m)] <
x(\f—k\f)H +2a(

The constant C only depends on | and it may differ from C in Lemma 2.7.

I\J‘Q‘ N‘Ql

Proof. Similarly as in Lemma 2.38, we split the corresponding integral

//BPA 28) L ,8)q(VZ + Vs)uo(z, 5)dzds =
/ / (25) B 5)q(Vz + V/s)uo (2, s)dzds
“hu(z, 8)q(Vz + Vs)uo(z, s)dzds.

/ / (25)
= CC;, where C is the constant obtained in Lemma 2.38, and

Let us denote C~’Z = ;
the C;’s again are taken from Lemma 2.5. Using the results from Lemma 2.5 and

i
Lemma 2.7 we end up with
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n € )
/ / (25)72 |v(z,8)q(Vz + V/s$)uo(2, s)| dzds

0

>~ =

<C2

o\

' /( oz + VA (2 — )

(S (77 )'(z = 5)"*dzds
C

1

¢
2/ )Z 5oz + Vs)| (2 —s) T e

X
+ Cy

1(
x (2 n)l(f — 5)'(z — 5)"Hdads

.o, 2
+02/0 / gz VA (2 — )T e — ) — 8) (2 — )
E—2)—s), . _
><10g(z_77)(5 S)dd Ji1+ Jo+ Js3,

and similarly:

111/017 /Sn(zs)5 [u(2,8)a(VZ + V/s)uo (2, 5)| dzds

~ n 1 #2(s) 1 1 _
§C3/ 5—5/ 273 ’q(\/E—I— \/g)‘(z_s)z+1+2p, @
g 77)1+2l Z)*l*l(f_ )7l71d2’d5

(n—
-3 273 2 — )ty 2 —s) " ldzds
+c4/ /Zm la(vZ + V5)| (2 — ) (e = m)l(z — ) ~ldzd

B L z1(s) o
# O [(ad [T E VA = ) T ) )

(z=s)(€=n)
(n—2)(€ —s)

x log dzds =: Jy + J5 + Jg,

where z1(s) and z3(s) are again given via (2.31). So let’s consider J;. A similar

l 1
reasoning as in the Lemma 2.38 gives (f Z) <(C (H> and thus:
z n—=s

N)\»—-

- Ul zi(s)
A<= [ 5 [T s m laVE+ V)
n
i

x (Vz +/35)**(z — 8)2  “dzds
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Next, by Holder’s inequality, we obtain:

B n N L vV z1(s)
1< G0 [[VEVATSE [ e ot + VB s
n

( ;

||QHip((07z+\/ﬂ) |(J(Z + \/§)|de> ds

.
o7

v z1(s) p
/ dz>
v

S

<él<§—n>l/0"<¢é+ Vot

/\/zl (s)
Ji

X
/N

~ 1, ||q||2Lp 0,v& Vi a
< Ci(e—n) T o (/E+ V) ((Q’l S / (VE+Vs)7 ds
v 0

Gy
+1

P

L —a L 12a
E—m) T+ )Tt ||Q\|ip((0,\/é+\/ﬁ])

IN
—_

In the [ = —%—case, we also only remark, that in the end one gets a factor (v/€ +

ﬁ)”%”a instead of (v/€ + \/ﬁ)Hz%’*za, with similar changes as in the previous
Lemma 2.7. From now on we restrict ourselves to provide details only for the
case [ > —%. The tiny modifications in the [ = —%—case will always be similar to
l !
Lemma 2.7. Concerning Jo, we use (Zn> < <§7l) instead, the remaining
—s

procedure is the same as for J;. Now we come to J3. As for I3, we use Holder’s
inequality with indices ﬁaﬂ’ 2« and p, the inequality z1(s) < z1(0), and Lemma
2.6 to arrive at:

= 2«

~ n 1 N z1(s) pl,
5| <Ci(é —n)l/ (VE+3)7 st (/ dz)
0 Vi

1
zl(s) » » p
L a0y late VR dz ) ds

v

63 I+ —a 1+ L 420 2
< m(f —n) T e+ )t lallZe (0, ve+ym) -

We continue with Jy, and here, for brevity, only consider the case (-l —1)p'+1 <

0(cf. the calculations for I for the other cases). First we use 2z2(s) — s = %
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and Holder’s inequality to obtain:

|J4| < C4(f " 1+2l/ f+ S o % _ S)ilil(f _ s)lJrlfzx(?7 N s)lJrlfa

1
7

z2(s) , P
X (26 —n—s)ITHe (/ (n— )7t 0r d2>
0

22(8) 11
X (/0 Pl —3) |q(\/2-|- \/E)’p ||q||1£p((o,\/2+\/ﬂ)dz> ds.

We further estimate this expression by first calculating the inner integrals. After that,

we use 1) — z3(s) = % and we group the remaining terms in an appropriate
way:

4] < C +(VE+ VP (E - 77)“”/ sTH(E—8) M (n—s) 1O
(~1 = 1)p/ + 1|7

X (26— — )" (g — )T (g - T Y
_ 1
x (26 =0 =)V gl 7o 0,vzs ) 48
C o, N
< e TV VD e over )
(=1 = 1)p" + 1]

Seeir () (#55)T (FEs) e

The last expression immediately leads to:

03 l %704 % @
= (1+ F)al(-1-1) /+1|%(€—77)+2P (Vv 7 2 al o,z s o) -
p P

We omit the details for J5 and Jg. Concerning Jg, we only remark that we follow
the same procedure as for Js, at one point though we have to use the estimate
z2(s) > s in order to get s as the lower bound of the inner integral. 0

The next lemma treats the n-th iterate wu,,:

Lemma 2.9. The following estimates hold:
|un (€ m)]

n(1+ +2a(§ n)lJr

~m n+1
w190 o, ves ymy (VE+ VD)
x(1,L)) 5"

> +1
a(’fn lgll” (ma
_1
2

IN

Lr((0, f—*—f],

The constant is identical to the one obtained in Lemma 2.8.

Proof. We do a similar integral splitting as before, and, as an example, only provide
details for the inequality for J3'. The other expressions can be treated in a similar
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way. We will proceed inductively:

i o OCa(E—m) [y (VA Vi
|J3 | < log
Cantlpl z2—/n

X ‘Q(Z—f- \/g)‘ H‘Zsz(l(o 24+/3]) (\fﬁ‘ \[)n(H_ /)( — 8)¥ dzds

CnC?,(f n (1t ,)+% . v/ 71(s) o
< W/ (VE+ V) 2 / dz

Vi
©) 2c
21
X / log% (\/ﬁ> dz
Vi z2 =/

1
AV z1(8) P
p(n+1) P
X <~/\/ﬁ HQHLp((())Z_i_\/g]) |q(2 + \/g)‘ dZ) ds.

2c

With an analogical reasoning as for J3, we obtain the expected inequality:

Crti(g —np)ta e i
n+1 (n+1)(F+1)+2c n+2
’J?) ‘ < a2 (n +1)! \/E—i— \/77) P ||‘J||Lp((07\/g+\/,7]) .

We are now in the position to finish the proof of Theorem 2.4:

Proof of Theorem 2.4. Everything now follows from the Lemmas 2.5-2.9, since
>0 o [un| converges uniformly on compact sets. O

We continue now with some remarks, which aim at relating previously obtained
results to our work:

Remark 2.10. [t has already been mentioned in [21, Appendix, Page 21|, that the
estimates for u in [30] contain an error. Indeed, if they were true, we would have
the inequality | B(z, )| < Cx*72° for any 0 < p < 1, which is impossible for p < 3
due to M = q(z) ((2.7)), because not even a constant potential q(x) = C would
satisfy the condztwn In [21, Appendix|, the authors tried to give valid estimates for
u, but it seems there is also a small inconsistency in the estimate for Iy. That’s the
main reason, why we have been very careful in the proof of the previous Theorem and
also pmvided many details regarding the technical estimates. Moreover, in the case
[>— , our computations also allow to generalize to more general potentials lying
in some LP-space, while in [21] and [30] only continuous potentials were considered.

Remark 2.11. In the —5 case, howewver, it seems, that not even continuous po-
tentials suffice, and we imposed some extra decay condition near 0, mentioned in
Theorem 1.1. It was not clear to the author, why, e.g. the asymptotics given in [21,
Theorem 3.1.], i.e. u(z,s) = O((z — s)~%), are good enough for the proof of Lemmas
2.2-2.5.

Remark 2.12. In [19] and [12] it was conjectured, that Theorem 1.1 continues to
hold for any q € L%OC([O, 00)). This would of course be very convenient, but it seems
that to treat the logarithmic singularities e.g. in I3 and Ig, one has to work with
Hélder’s inequality, which of course isn’t available for locally integrable potentials.
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If we are now able to prove that, in addition to Theorem 2.4, u is also a Cy
function, then we can indeed conclude that it satisfies all the equations from Lemma
2.1. This will be discussed next:

Lemma 2.13. Let g € C*([0,L)). Then B(z,-) € C?([0,7]).

Proof. This proof closely follows the arguments from [28](c.f. end of page 6). Let the
corresponding kernel B(z,y) be given by (2.8). We start by establishing an integral

equation for B. We thus introduce the new coordinates z := /z = 3%, §:= /s =

5%, and the function u(Z, 5) := B(x,y) = B(Z + 5, Z — 3), so that (2.6) transforms

to

0%u  4l(l+1)25
0205 = (22 —32)2
Now we integrate with respect to Z and § and transform back to « and y coordinates(z =

Z435, ¢ = Z—35) and obtain the following equation for B(the first term origins from

(2.7), the upper bounds of the inner integrals come from the inequalities % < %

and § < ):

m;ry 1 ITH T T r+y—=
B(z,y) :/0 q(Z)dz + 3 /0 d&?/o —&-/Hy dfc/o
1

y {q(i) FUl+1) <x2 - ;2)] B(#,§)dj, 0<y<a.

This immediately shows that B obtains second derivatives, if ¢ is differentiable. [

u=—q(z+35)t.

So far we have shown that for a smooth potential ¢ the transformation operators
exist. Now we suppose the assumptions on ¢ from Theorem 1.1 and proceed as

follows: Approximate the function ¢ by a sequence of smooth functions ¢, such that
1

for any = € (0, L], g, converges to ¢ in the L?((0, z])-norm(or LP(z~ #", (0, x])-norm
in the —1-case). Let B, (z,y), B(z,y) be the kernels obtained from the potentials
Gn, q reps. via Theorem 1.1. Then from (1.5) we can conclude that B,, converges to
B uniformly on [0, L]2. This proves Theorem 1.1.

3. TRANSFORMATION OPERATORS NEAR 00

Completely analogous computations as in the beginning of the previous section
lead to the following set of equations for the transformation operator K:

02 9% 1(l+1) I(l+1)
(8252—82/2“!‘ y2 - 332 _Q(x)> K(l’,y) _07 0<a:<y (31)
OK(z,2)  qlw) L K ()
= 5 yhﬁn;o K(z,y)=0= ylingo oy (3:2)

The next step is to put the problem into integral form using the same transformation
as in Lemma 2.13, i.e. £ := %717 =52 w(én) = K(z,y) = K(E—-n¢+n),

so that (3.1) transforms to

0? 41(1
S+ (A = —a(€ (33

w60 =5 [ ads Jm wen) =0, >0 (3.4)
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Again, as in the previous section, for the time being we assume ¢ to be differentiable.
We furthermore introduce the Riemann function vz as a solution to the problem

0vs Al +1)zs
0z0s (22 — s%)?
1)3(27&5’77)' 7521 56[0777]7

v3=0, 0<s<n<E<z<oo (3.5)

(03(235;'5,77)’577] =1 z¢€ [g,OO)
Using the transformation Z = 22, § = s and defining v3 := (Z — §)'v3, we see that
v3 satisfies the equation Lvs = 0, where L is the Euler-Poisson-Darboux operator
defined in the previous section. Similar considerations as for v; finally lead to the

following explicit formula for vs:
227772 52—32 l 1,1 22752 772752
U3(278;17’§)(22_82.£2—7’]2) 2F1( 1 ;22—7’]2.62—82>. (36)
If we apply Riemann’s method to (3.3), we end up with the following integral
equation for w:

wie = [0 ez + [ [ ol - uste, i€ mpete )
(3.7)

In the case [ > 0, instead of w, we will use a little trick and consider an integral

-1

equation for the function w := (%) w(&,n) instead. Thus in the sequel we are
concerned with the following expression:

1/ ¢ N\

w(&n) = 5 (52 > 772) /5 v3(z,0;€,m)q(2)dz
oo rn
+ / / q(z — s)vs(z, s; €, m)w(z, s)dsdz.
¢ Jo

Again we intend to solve this equation via successive approximation and set w =
o0 ~ ~ .
Y o Wy, where the w,,’s are defined recursively as follows:

2 =l S
wo(&,m) = (525_172) ;/e v3(2,0:¢,m)q(2)dz

2 =l poo pn
i = (gts) [ [ ate-ntse it @9
- ¢ Jo
The iterates w,, in the case [ < 0 are obviously defined in the same way, just without
-1
the factor (%) . Finally we will end up with the following theorem:

Theorem 3.1. Under the conditions on q stated in Theorem 1.2, there is a unique
continuous function w(€,n) that solves (3.7) and satisfies

2 l ~ )
w(&n) < 5 (éﬁ) Go(&)eC1E=m=a1©) | > g,

] ) (3.9)
%&0(€)ecl[01(5_77)_0'1(5)]’ —% <1<0.

To establish this result we start with proving estimates for vs:
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Lemma 3.2. The Riemann function vs satisfies the following estimate:

e\
lus(z,8:€m)| < ¢ (5"’*772) , 10 (3.10)
Cla ) S l S 0

where 0 < s <N <& <z <o00.

Proof. Set t := ChE g;::; Clearly 0 < t < 1. A short calculation also shows

22_n2
1—-t= jj:;i . %7 thus we also have 0 < 1 — ¢t < 1. It remains to look at

asymptotics for (1 —¢)"*oF} (711"4;75), where 0 < ¢ < 1. In the case [ # —%, by
employing (A.4) we obtain

B 1, Ci(1—t)"l, 1>0
1—t)"%F it <
‘( ) 1( 1 )"{Oz, —1<1<0

which immediately leads to (3.10). Moreover, in the case [ = —1, using (A.6), we

get
1 l l 1 1
(1—t)22F1<2’12;t>:O<(1—t)210g<1 t)) t— 0,

and thus again |vs(z, s;€,1)| < C', since (1 —t)2 log (ﬁ) is bounded on [0,1]. O

The next step is to find suitable estimates for the iterates w,,, which will immedi-
ately lead to a complete proof of Theorem 2.4:

Lemma 3.3. We have the following estimates for our iterates w,, defined in (3.8):

o (&, )| < =+60(€), 1>0

a6l < Lo (E )~ ar(€)), 1> 0

Wi )] < S0OCHE ) - 7@, —5 <I<0,

and finally
G (E,)] < (;l&o(f) (Ci[o1(€ —Z? - 51(5)})71) 150
walen)| < Saoe) NE *Z? SLALS S <i<o

Proof. The estimate for wy(or wyg resp.) follows immediately from (3.8) and (3.10).
Let’s proceed with w;. We only consider the case [ > 0, since the other one is



66 M. HOLZLEITNER

—l
similar(just without the factors (52572”2) ):

Wi (&) < ( > / / (2 — s)vs(z, ;€ n)wo (2, 5)| dsdz

“(e55) / G )I&O(Z)Q(Z_S)'dm

< o) [ (e =) - o)
= Coy(©O)nE —n) - (),

Now we come to the estimate for w,, which is done inductively:

[wn(&,m)] < ( & 2) / / lg(z — s)vs(z, 8;&, Mwn_1(2,s)| dsdz

S(é?—n) / /WCQ (5252 )l‘}O(z)
Q] —1;1<z>)>

Lante) /:o (G (z —n) ~r(z))"!

dsdz

x lq(z — s)|

IN

2 (n—1)! (01(z = n) — 61(2))dz

_ %360(5) (A _3 al3))

O

Proof of Theorem 3.1. Everything now follows from the Lemma 3.3 again by uniform
convergence of the corresponding series w = Y o~ Wy (or w =Y~ wy, resp.). O

Also here we want to state some remarks about existing results in the literature:

Remark 3.4. The content of this section is strongly influenced by [28], however,
in [28] only the case | > 0 was considered. We extended this work to | > —% by
providing a more detailed analysis of the Riemann function vy in Lemma 3.2, but
also provide the remaining details for the reader’s convenience.

The next result is the analogous version of Lemma 2.13

Lemma 3.5. Let q satisfy the assumptions of Theorem 1.2 and additionally q €
Cl([z,0)). Then K(z,.) € C?*([z,00)).

Proof. Similar ideas as in the previous section lead to the following integral equation
for K(z,y):

TH+y—x o] T+y—=x
K(;my):/ dw—i— / dm/ / d;fc/
=ty Itaty zty i

y {q(a?) U+ 1) <;2 - ;2)] K(#§)dj, 0<z<y,

which gives the desired claim. O
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The arguments for the approximation procedure, that conclude the proof of
Theorem 1.2, are now exactly the same as in the previous section.

APPENDIX A. THE GAUSS HYPERGEOMETRIC FUNCTION

Here we collect basic formulas and information on the Gauss hypergeometric
function (see, e.g., [1],[27]). First of all by T" is denoted the classical gamma function
[27, (5.2.1)]. For x € C and n € Ny

n+ux x4+ 1),
(@) =z(x+1)---(z+n—-1) (n>0), (z):=1, ( " > = %
denote the Pochhammer symbol [27, (5.2.4)] and the binomial coefficient, respectively.
Notice that for —z ¢ Ny
(2) _ T(x+n) n+z\  T@+n+1)
" T(x) n Mz+1)(n+1)"
Moreover, the above formulas allow to define the Pochhammer symbol and the
binomial coefficient for noninteger x, n > 0 as well. For —¢ ¢ Ny the Gauss
hypergeometric function [27, (15.2.1)] is defined by

b - b
o F1 <a,c ;z) = ];0 ((Z():l;:k)!k 2% (|z] <1 orelse —a or —b € Ny). (A1)
The branch cut is chosen along the positive real axis. By analytic continuation this
definition may also be extended to other values of z. Thus the derivative is also easy
to compute and given by the following formula(see [27, (15.5.1)]):

0 a,b ab a+1,0+1
8ZzFl<c;Z)02Fl< el ;Z)~ (A.2)

Functions of the form (A.1) are closely related to the Hypergeometric equation

2

x(l—x)Z—xJQf—i—(c—(a—i—b—l—l)x)%—abx:& (A.3)

Indeed, the hypergeometric functions appear in explicit formulas for solutions of
(A.3), one has to be careful with certain values of the parameters a, b and ¢ though.
For a summary of the types of solutions that may occur, see [27, (15.10)]. Next, we
also need the asymptotic behavior near the possible singular points 1 and oo for

2o F (ac’b; z) for specific values of a, b and c(see [27, (15.4.20), (15.4.21), (15.8.8)]):

a,b \  T(c)l'(c—a—0) ole—
2F1< c ’1>F(c—a)F(c—b)’ R( b)>0 (A4)

i 2072) _r@r@ss-g
S T== T Tre)

21 (;fb;z) T(a+b)

Re(c—a—5) <0 (A.5)

zl—igl— —log(1 —2) - I'(a)T(b) (A.6)
and
a,a L(e)(=2)"" ¢ (a)n -
2F1( c ;Z) - I'(a) Z(k!)21"(c—a— k)(—l)kz g (A7)

k=0
x (log(—2) +2¢(k+1) —Y(a+ k) —Y(c—a—k)),
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if |z| > 1. Here ¢ denotes the digamma function [27, (5.2.2)]. It satisfies the reflection
formula (c.f. [27, (5.5.2)] )

1
P(z+1) =¢(z) + 2 (A.8)
and we also briefly mention an estimate near oo (c.f. [27, (5.11.2)] ):
1
P(z) =logz — % +0(272), z— oo, (A.9)

which will be useful in order to show absolute convergence of the series in (A.7). To
conclude, we also need to mention that for integer values of a, the hypergeometric
function reduces to a polynomial.
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