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ABSTRACT

The objective of the present work is to develop Weyl-Titchmarsh-Kodaira theory for one-
dimensional Dirac operators with strongly singular potentials. In particular, we will show
how to define a (singular) Weyl function in this case. Furthermore, we will establish
an associated spectral transformation which maps our one-dimensional Dirac operator to
a multiplication operator and we will show how the essential supports for the Lebesgue
decomposition of the spectral measure can be obtained from the boundary behavior of
the singular Weyl function. Moreover, we will derive an integral representation for the
singular Weyl function and give a criterion when it is a generalized Nevanlinna function.
If the endpoint a is limit circle, the singular Weyl function will turn out to be a Herglotz—
Nevanlinna function. Finally, we will apply some of our results to a prototypical example
of a Dirac operator with a strongly singular potential, namely the radial Dirac operator
with a Coulomb potential which describes an electron in the electromagnetic field of a
point nucleus.

ZUSAMMENFASSUNG

Das Ziel der vorliegenden Arbeit ist es, Weyl-Titchmarsh-Kodaira Theorie fiir eindimen-
sionale Dirac Operatoren mit stark singularen Potentialen zu entwickeln. Insbesondere
werden wir zeigen, wie man in diesem Fall eine (singuldre) Weyl Funktion definieren kann.
Weiters werden wir eine zugehorige Spektraltransformation angeben, die unseren eindimen-
sionalen Dirac Operator auf einen Multiplikationsoperator abbildet, und zeigen, wie man
die wesentlichen Trager fiir die Lebesgue Zerlegung des Spektralmafles aus dem Randver-
halten der singularen Weyl Funktion erhalten kann. Dartiberhinaus werden wir eine Inte-
graldarstellung fiir die singulare Weyl Funktion ableiten und ein Kriterium angeben, wann
sie eine verallgemeinerte Nevanlinna Funktion ist. Liegt am Endpunkt a der Grenzkreisfall
vor, so wird sich zeigen, dass die singulare Weyl Funktion eine Herglotz—Nevanlinna Funk-
tion ist. Schliefllich werden wir einige unserer Resultate auf ein typisches Beispiel eines
Dirac Operators mit einem stark singularen Potential anwenden, namlich auf den radialen
Dirac Operator mit Coulomb Potential, der ein Elektron im elektromagnetischen Feld eines
punktformigen Kerns beschreibt.
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Chapter 0

Introduction

This thesis deals with the one-dimensional Dirac operator which provides a description of
spin-1/2 particles (such as, e.g., electrons). It is consistent with the theory of quantum
mechanics as well as with special relativity.

The differential expression for the one-dimensional Dirac operator is given by

1 d
= -09— + O, x € (a,b 1
r=to 4 (a.0) (1)
where ¢ represents a potential (cf. Definition . A self-adjoint operator H can be ob-
tained from 7 if one restricts its domain by imposing additional boundary conditions (if

necessary, cf. Section [1.4)).

The objective is to develop Weyl-Titchmarsh-Kodaira theory for the case of Dirac op-
erators where both endpoints, a and b, are singular (cf. Definition . If at least one
endpoint, say a, is regular, one can choose a boundary condition at this endpoint and in-
troduce two solutions ¢(z, ) and s(z,x) of the Dirac differential equation 7u = zu, z € C
which are entire with respect to z such that the solution s(z,x) satisfies the boundary
condition at the regular endpoint a and such that the Wronskian (cf. Definition of
these solutions satisfies W (c(z), s(2)) = 1.

If one has given such a system of solutions, one can define the so-called Weyl-Titchmarsh
m-function m(z) via the requirement that the solution u, (z,z) given by

uy(z,x) = c(z,x) + m(z)s(z, x) (2)

lies in the domain of H near b (cf. Section[L.5]). The function m(z) is a Herglotz—Nevanlinna
function. A corresponding spectral measure dp such that H is unitarily equivalent to
multiplication by the identity function in L?(IR, du) can be obtained from m(z) by use of
the Stieltjes inversion formula (cf. Theorem [B.5]).

If neither endpoint is regular, one can still consider some point ¢ € (a,b) and obtain
similar results, but then one has to deal with two by two Weyl matrices (cf. [We(3]). This
is unavoidable if the spectral multiplicity is two. The question is now if there are cases
where a single function is sufficient and a singular Weyl function M (z) can be introduced.
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CHAPTER 0. INTRODUCTION

In order to define M(z), we have to find an entire system of linearly independent solutions
®(z,x) and 0(z,z) of the Dirac equation 7u = zu, z € C such that W(0(z),¢(z)) = 1. To
make the connection with H, one solution, say ¢(z,x), has to be chosen such that it lies in
the domain of H near a. Similarly as above, once the system ¢(z,z) and 6(z, ) is given,
we can define M (z) by requiring that

U(z,2) = 0(z,2) + M(2)¢(2, ) (3)

lies in the domain of H near the endpoint b.

This is the starting point for the present work. It has been shown how to construct such a
system of solutions if H is a one-dimensional Schrédinger operator (cf. [KST11]). The same
construction works for Dirac operators as well after some small modifications. In particu-
lar, as in [KSTT1], the requirement that the spectrum of H restricted to some subinterval
(a,c) C (a,b) is purely discrete is necessary and sufficient for the existence of ¢(z,z). We
will construct the second solution 0(z,x) explicitly by use of the Mittag—Leffler theorem
from complex analysis.

We will follow [KSTT1] and extend the main results to the case of one-dimensional Dirac
operators. Sometimes, this turns out to be quite easy whereas sometimes, one needs more
effort. We will reproduce the results of Section 24 and Appendix A, that is, in particular,
we will establish a spectral transformation and investigate certain properties of M (z). Fur-
thermore, we will provide an example, the radial Dirac operator with a Coulomb potential,
in order to illustrate some of our results. Below one can find a description of the content
of each chapter.

Chapter 1 provides a short overview of one-dimensional Dirac operators. We will recall
some basic definitions and see how to obtain a self-adjoint operator. Furthermore, we will
have a look at the Weyl m-functions. The information provided in this chapter is essen-
tially collected from [St10], [Te09], [Te98], [Tim95], [Th92] and [We03].

Chapter 2 is devoted to spectral theory for self-adjoint operators. The central object
in this chapter is the spectral theorem. During considerations concerning the spectral
theorem we will see that it is necessary to understand certain multiplication operators.
Furthermore, we will have a look at the different spectral types. This chapter is a sum-
mary of [Te09, Chapter 3.

In Chapter 3 we will construct a system of solutions of the Dirac equation such that one
solution lies in the domain of H near the (in general singular) endpoint a and such that
the Wronskian of the two solutions equals one. This will allow us to define a singular Weyl
function. This chapter has to be compared with [KST11, Section 2.

In Chapter 4 we will associate a measure with the singular Weyl function defined in
Chapter 2 by making use of the Stieltjes inversion formula. We will establish a spectral
transformation, that is, a unitary transformation which maps our one-dimensional Dirac
operator to a multiplication operator. This will allow us to read off the different spectral
types from the boundary behavior of the singular Weyl function as usual. In particular,
we extend [KSTT11l Section 3] to the case of Dirac operators.
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CHAPTER 0. INTRODUCTION

The aim of Chapter 5 is to derive some properties of the singular Weyl function defined in
Chapter 2. We will establish an integral representation, we will show that there is always a
system of solutions such that the singular Weyl function is a Herglotz—Nevanlinna function
and we will give a criterion when the singular Weyl function is a generalized Nevanlinna
function with no nonreal poles and the only generalized pole of nonpositive type at infin-
ity. In particular, the results included in this chapter have the same form as those from
[KST11, Chapter 4].

In Chapter 6 we will see how our considerations simplify in the special case where the
endpoint a is limit circle and show that the singular Weyl function is a Herglotz—Nevanlinna
function this case. This chapter is a generalization of [KSTT11, Appendix A].

In Chapter 7 we consider the radial Dirac operator with a Coulomb potential which is
an example of a Dirac operator with a strongly singular potential, that is, a potential with
two singular endpoints. We will use this example to illustrate some of the results from the
previous chapters. Our presentation in this chapter mainly follows [GTV07, Section 3].

The purpose of Appendix A is to recall some facts from Complex Analysis which are
used throughout this theses. In particular, we give a proof of Weierstrass’ product theo-
rem and the theorem of Mittag-LefHler. The material included in this chapter is collected
from [Mar85].

Appendix B provides some information about Herglotz—Nevanlinna and generalized Nevan-
linna functions by compiling facts from [KSTT11], [Te09] and [Tim95].
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Chapter 1

A brief overview of Dirac operators

In this chapter we are going to recall some basic facts about Dirac operators. We will
introduce the differential expression for the one-dimensional Dirac operator and give some
information about the solutions of the underlying Dirac equation. We will discuss the
behavior of these solutions at the boundary, shed some light at possible boundary conditions
and we will see how to obtain a self-adjoint operator. Furthermore, we deal with the
resolvent and the so-called Weyl m-functions. All material contained in this chapter is
essentially collected from [St10], [Te09], [Te98|, [Tim95], [Th92] and [We03]. Other good
references are [LS91] and [We87].

1.1 The Dirac differential expression

In order to give a proper definition of the Dirac differential expression and to discuss its
properties we need to introduce some notations and to recall some function spaces first.

(i) We write (a,b) C R for an arbitrary open interval with —oco < a < b < occ.
(ii) In C? we will use the inner product
(u,v) = (u,v)c2 = ujvy + uvy, u,v € C? (1.1)
and the corresponding norm ||u|cz = v/ (u, u).

iii) Furthermore, we define the tensor product © ® v € C? of two vectors u,v € C? b
Yy

UR v = ( dion vz ) . (1.2)

U2V1  U2V2

(iv) By o1, 02 and o3 we denote the Pauli matrices

01 0 —i 1 0
01:<1 O)’ 02:<i 01) and 03:(0 _1). (1.3)




CHAPTER 1. A BRIEF OVERVIEW OF DIRAC OPERATORS

(v) We write Lj,.((a,b),R) for the space of (equivalence classes of) locally integrable
functions f : (a,b) — R, that is, the set of measurable functions f : (a,b) — R which

satisfy [, |f(z)|dz < oo for every compact set K C (a,b).

(vi) By ACje((a,b),C?) we denote the set of (equivalence classes of ) functions f : (a,b) —
C? which are locally absolutely continuous (i.e., both components f;, j = 1,2 are
locally absolutely continuous). A function is absolutely continuous if and only if it
can be written as the integral of some (locally) integrable function.

(vii) As Hilbert space we will use L*((a,b), C?), that is, the space (of equivalence classes)
of square integrable functions f : (a,b) — C? (i.e., both components f;, j = 1,2 are
square integrable), equipped with the inner product

b
<f7 9>L2((a7b),(c2) = /a (fl*(x)gl(@ + f;(x)g2($)) dr, f,9¢€ LQ((aa b), CQ)

and the corresponding norm || f|| 2((ap),c2) = \/<f, ) r2((ap)c2)-

Now we are ready to introduce the differential expression for the one-dimensional Dirac
operator.

Definition 1.1 (Dirac differential expression). A differential expression T is called Dirac
differential expression on (a,b) if it is of the form

1 d
T= S0 + ¢, x € (a,b) (1.4)

where ¢ € R**? is a symmetric matriz.

The matrix ¢ represents a potential. It is given by

¢($) = (bel(x)]l + ¢am(x)0-1 =+ (m + ¢SC(I))U3 (15)

and includes the mass m of the observed particle, the scalar potential ¢, the electrostatic
magnetic moment ¢ and the anomalous magnetic moment ¢,,. We require m € [0, c0)

and ¢sc> ¢ela (bam € Llloc((a? b)’ R)

Explicitly, 7 reads

_ P11 —%‘1‘(?12 fi\ _ ( Lot onfotoufi 2
= ( % + P12 d¢22 ) (f2) N ( f{Q‘i‘ O12f1 + P2 fo ) » J € ACie((a, ), €

where primes denote derivatives with respect to x and @11 = e +M + Gsc, P12 = P21 = Gam,

¢22 = ¢el —m — (bsc-

Remark 1.2. The maximal domain of definition on which T makes sense is given by

D(r) = {f € L*((a,b),C*)|f € ACioe((a,)),C%), 7f € L*((a,b),C*)}. (1.6)

2



CHAPTER 1. A BRIEF OVERVIEW OF DIRAC OPERATORS

1.2 The Dirac differential equation

We are now interested in the solutions of the homogeneous Dirac equation
(1 —2)u=0, z € C. (1.7)

Definition 1.3 (Solutions of the Dirac equation). We call a function u : (a,b) — C? a
solution of (1.7) if u € ACe((a,b),C?) and Tu(z,x) = zu(z,x) is satisfied for almost
every x € (a,b).

The following theorem provides some information about the existence and uniqueness of
solutions of the inhomogeneous Dirac equation.

Theorem 1.4 ([We03, Corollary 15.2]). Suppose g € L}, ((a,b),C?). Then for all z € C,

loc

zo € (a,b) and (y1,y2) € C? the initial value problem

(r—2u=g, g(xo) = ( v ) (1.8)

Y2

is uniquely solvable. Furthermore, for all x € (a,b) the solution u(z,x) is an entire function
with respect to z.

The solutions of the homogeneous Dirac equation form a two-dimensional vector space.

Definition 1.5 (Wronski determinant). The Wronski determinant or Wronskian W, (u, v)
of two functions u,v € D(1) is defined by

us(z) vo(x)

W, (u, v) = det ( w(w) vi(w) ) = i(u(z)*, o9v(x)) = ui (2)va(z) — us(z)vr (). (1.9)
Furthermore, we define W,(u,v) = lim,_,, W (u,v) and Wy(u,v) = limg,_y, W, (u,v) when-
ever these limits exist.

Two solutions of (1.7)) form a fundamental system of solutions of (1.7)) if and only if their
Wronskian does not vanish.

Lemma 1.6 (cf. [We03, p121]). The Wronskian W, (u(2),v(2)) of two solutions u(z,x)
and v(z,x) of (1.7)) is independent of x. In this case we write W(u(z),v(2)) instead of
Wa(u(2), v(2))-

Proof. The straightforward calculation
W, (u(2),v(2)) = (u1(z, 2)va(2, ) — uz(z, v)v1(2, 7))’
1 d . 1 d
= (Y@%u(z,x) ,v(z,x)) + (u(z,m) ,T@%v(z,xo
= ((z"1 = é(x))u(z, )", v(z, x)) + (u(z,2)", (21 — d(x))v(2z,2)) = 0

shows that the derivative of W, (u(z),v(z)) with respect to  vanishes which clearly means
that W, (u(z),v(z)) is independent of . O
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Lemma 1.7 (cf. [We03, p122]). Suppose g € L}, .((a,b),C?). Let ui(x) and us(z) be a

loc
fundamental system of solutions of (T — zo)u = 0 which satisfies W (uy,us) = 1. Then all

solutions of (T — z)u = g are given by

) = s (0) + Buae) + o) [ (o), 900) dy = wno) [ ) o)y (110

where ¢ € (a,b) and «, f € C are constants.

Proof. This claim can be proved by using the method of variation of constants or simply
by a straightforward calculation. O]

Remark 1.8. A fact which will turn out to be very useful later on is that the identity (the
so-called Pliicker identity)

W$<f17f2)W$(f37 f4> + Wz(fl; f3)W$<f47f2) + Wﬂf(fla f4>WI(f27 f3) =0 (111)

holds for all f1, fa, f3, f1 € D(7).

1.3 Limit circle, limit point alternative

We will now shed some light at the possible behavior of the solutions of the homogeneous
Dirac equation (1.7 at the endpoints a and b.

Definition 1.9 (Square integrable functions near an endpoint). Suppose f : (a,b) — C?
is a measurable function.

(i) The function f is said to be square integrable near a if there is some ¢ € (a,b) such

that f|(a7c) € LZ((aa C)7 (CQ)

(i1) Analogously, f is said to be square integrable near b if there is some ¢ € (a,b) such

that f|(c,b) € LQ((C, b), C2).

As we will always apply these definitions to solutions of (1.7)), they hold either for all or
for no ¢ € (a,b).

Theorem 1.10 ([We03, Theorem 15.14)). Suppose T is a Dirac differential expression on
(a,b). If every solution of of (T — zo)u = 0 is square integrable near a (respectively b) for
one zg € C, then every solution of (T — z)u = 0 is square integrable near a (respectively b)

for all z € C.

Proof. A proof is given in [We03] on page 55 for Sturm-Liouville expressions. The same
proof holds for Dirac expressions if one modifies it like prescribed on page 128 in [We03]. O

Next, we distinguish between regular and singular endpoints. The title and the introduction
of the present work may already disclose that we will be interested in potentials with two
singular endpoints throughout the following chapters.

4



CHAPTER 1. A BRIEF OVERVIEW OF DIRAC OPERATORS

Definition 1.11 (Regular respectively singular endpoints). Suppose T is a Dirac differen-
tial expression on (a,b).

(i) We call T reqular at a if a > —o0 and if ¢11, P12 and ¢og are integrable over [a, c| for
one/all ¢ € (a,b). Analogously, we define being regular at b. T is called regular if T
1s reqular at a and at b.

(i) We call T singular at a (respectively b) if it is not regular at a (respectively b), singular
if it is not reqular at a or b and strongly singular if it is not reqular at a and b.

Concerning the behavior of solutions of ([1.7) near the endpoints a respectively b we can
distinguish between two cases as well.

Theorem 1.12 (Weyl alternative, [We03, Theorem 15.15]). For every Dirac differential
expression T on (a,b) we have either

(1) for all z € C every solution of (1.7)) is square integrable near a (respectively b), or

(i) for all z € C there exists at least one solution which is not square integrable near
a (respectively b). In that case, for every z € C\ R there exists a up to a complex
multiple uniquely determined solution of Tu = zu which is square integrable near a
(respectively b).

Proof. A proof is given in [We03] on page 55 for the case that 7 is a Sturm-Liouville
expression. This proof also holds for the case that 7 is a Dirac expression after the slight
modification prescribed in [We03] on page 129. O

Definition 1.13 (Limit circle, limit point). If (i) holds, we will say that T is limit circle
at a (respectively b). If (ii) holds, we call T limit point at a (respectively b).

The terms limit circle and limit point originate in the approach of Hermann Weyl. He
considered the set of solutions of Tu = zu, z € C\ R satisfying W, (u*,u) = 0. They lie on
a circle which converges to a circle or a point as * — a or x — b.

Theorem 1.14 ([Tim95, Theorem A.4]). Let 7 be a Dirac differential expression on (a,b).
(i) If T is reqular at a (respectively b), then T is limit circle at a (respectively b).
(ii) If a = —oo (respectively b = o), then T is limit point at a (respectively b).

Proof. (i) At a regular endpoint, we are able to extend any solution of continuously
to this endpoint which means that it is therefore square integrable at this endpoint.
(ii)) We show the second claim for the endpoint b. For the endpoint a the claim can be
proved analogously. Let b = co. Suppose we had the limit circle case at b. Then there are
two linearly independent solutions u,v € L?((c,b),C?) of 7u = 0. From the estimate

[Wa(u,v)| < fug (2)va(2)] + Jua(@)vr ()] < Jur (@) + [uz(@)* + o1 ()] + [vz(2) |

we obtain W (u,v) € L'((c,b),R). On the other hand, as u and v satisfy 7u = 0, one infers
from the fact that the Wronskian of two solutions is independent of = that W, (u,v) # 0 is
constant which is a contradiction. ]
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1.4 Self-adjoint extensions

Our next goal is to obtain a self-adjoint operator associated with 7. Before we proceed, let
us recall the definition of a self-adjoint operator.

Definition 1.15 (The adjoint, self-adjointness). Let A : D(A) — $ be a linear operator
whose domain D(A) is dense in the (complex and separable) Hilbert space ).

(i) The adjoint operator A* of A is defined by

D(A") = {¢ € HFW € H: (b, Ap) = (I, ¢) Yy € H}, (1.12)

A =1). (1.13)

(i1) If we have A* = A, that is, we have D(A*) = D(A) and Ay = A*Y for allp € D(A),
we call A self-adjoint.

Note that any self-adjoint operator is necessarily symmetric which means that the iden-
tity (@, A) = (Ap, 1) holds for all ,9 € D(A). Using integration by parts yields the
Lagrange identity

b b
/ (9(0), (1)) dt = Walg", ) — Wilg", f) + / ((rg) (t), (8)) dt (1.14)

which shows that any operator associated with 7 can only be symmetric if and only if
Wa(g*, f) = Wy(g*, f) is satisfied for all g, f € D(7).

If 7 is limit point at both endpoints, a and b, then 7 gives rise to a unique self-adjoint
operator H when defined maximally (c.f. [LS91], [We87], [We03]). Therefore we do not
need any further conditions in this case. If 7 is limit circle at a, then let v € D(7) with
W, (v*,v) = 0 such that W, (v, f) # 0 for some f € ©(7) and if 7 is limit circle at b, then
let w € ©(7) with Wy(w*, w) = 0 such that W,(w, f) # 0 for some f € D(7). We fix the
boundary conditions

BC.(f) = Wy(v, f) and BCy(f) = Wy(w, f) (1.15)

at each endpoint where 7 is limit circle. A self-adjoint operator H associated with 7 is
given by (cf. [St10], [Te98])

H: ©(H) — L*((a,b),C?), (1.16)
f = Tf
where
D(H) = {f € L*((a,b),C*)|f € ACioe((a,0),C?),7f € L*((a,]),C?), (1.17)

BC,.(f) = BCy(f) = 0 if 7 is limit circle at a respectively b}.

Definition 1.16 (Functions lying in the domain of H near an endpoint). We say that
a function f : (a,b) — C? lies in the domain of H near a (respectively b) if f is square
integrable near a (respectively b) and fulfills the boundary condition at a (respectively b).

6
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Next, we recall some definitions concerning the resolvent and the spectrum of an operator.

Definition 1.17 (Resolvents and spectra). Suppose again A : ©(A) — $ is a linear
operator whose domain ©(A) is dense in the (complex and separable) Hilbert space ).

(i) The resolvent set of A is defined by
p(A) = {z € Cl(A— =) € 2(5)} (1.13)

where £(9) is the set of all bounded linear operators from ) to itself. More precisely,
z € p(A) if and only if (A — 2) : D(A) — 9 is bijective and its inverse is bounded.

(i) The map

Ra: plA) — £(H) (1.19)

1s called the resolvent of A.

(iii) The complement of the resolvent set of A is called the spectrum
o(4) = C\ p(A) (1.20)

of A. The discrete spectrum o4(A) is the set of all eigenvalues which are discrete
points of the spectrum and whose corresponding eigenspaces are finite dimensional.
The complement of the discrete spectrum is called the essential spectrum

Gess(A) = 0(A) \ oa(A). (1.21)

Remark 1.18. The spectrum of any self-adjoint linear operator A satisfies o(A) C R.

Making use of Theorem [1.12| we can already say something about the eigenvalues of the

self-adjoint operator H given by ((1.16) and (1.17).
Corollary 1.19 ([St10, Corollary 1.11]). All eigenvalues of H are simple.

Proof. If 7 is limit point at a, then there is at most one (linearly independent) solution
of which is square integrable near a. If 7 is limit circle at a, then the Wronskian of
two solutions which satisfy the same boundary condition vanishes. Thus they are linearly
dependent. The same arguments hold for b. O

Definition 1.20 (Weyl solutions). We define the Weyl solutions u+(z,x) by the following
requirements (whenever such solutions exist):

(i) us(z,.) € ACie((a,0),C?), Tus(2) = zus(z) and u # 0.

(11) uy(z,.) (respectively u_(z)) is square integrable near b (respectively a) and satisfies
the boundary condition of H at b (respectively a) if any (i.e., if T is limit circle at b
(respectively a)).
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The resolvent (H — 2)~! of the self-adjoint operator H given by (1.16]) and (1.17) can be
expressed in terms of the Weyl solutions u4(z,.) by

b
(=27 @) = [ Gl =€) (1.2

where
us(z,2) @ ug(z,9)

W (), 0 (2))
denotes the Green function of H (cf. [Te98, Section 1]). Note that W(uy(z),u_(z)) can

only vanish if u,(z,.) and u_(z,.) are linearly dependent. This can only be the case if
u+(z,.) both exist and satisfy both boundary conditions which is equivalent to z € o4(H).

G(z,z,y) = t(x—y)>0 (1.23)

1.5 The Weyl m-functions

We choose an arbitrary, but fixed point x € (a, b) and call it the base point. We write H, _
and H,  for self-adjoint operators associated with 7 which are obtained by restricting H to
(a,x) and (z,b), respectively. Furthermore, we impose the additional boundary condition
fi(z) = 0. Let G, 4(z,.,.) denote the resolvent kernel of H, .. We set G(z,z,z) =
lim. ,o(G(z,x +¢e,2) + G(z,z — e,x))/2.

Definition 1.21 (Weyl m-functions). We define the Weyl m-functions m, +(z) (with re-
spect to the base point x) by

0 +1
— 2
Gaa(z, 2, ) ( +1 i, (2) ) . (1.24)
The Weyl m-functions are Herglotz—Nevanlinna functions. We will now show that the Weyl
solutions u.(z, ) exist if we are away from the essential spectrum.

Lemma 1.22 (cf. [Te98, Lemma 1.1}). The solutions uy(z,x) ezist for z € C\ Oess(Hpy+)-
and can be assumed to be real analytic with respect to z € C\ 0ess(Hyy +)-

Proof. IfU(z,x,x¢), z € C is a fundamental matrix solution for (1.7)) (i.e., U(z, xq, o) = 1,
zo € (a,b)) and my, +(2) are the Weyl m-functions with respect to the base point z,, we
can choose

ui(z,x):U(z,x,xo)( : )

mtﬂo,:l:(z)

By removing the corresponding poles of my, +(z) we can include any number of isolated
eigenvalues in the domain of holomorphy of uy(z,x). This is possible as Weierstrass’
theorem (Theorem does not only hold in the whole complex plane, but also in
arbitrary domains G C C. O

Remark 1.23. The Weyl solutions uy(z,x) do not only exist for z € C\ 0ess(Hyy +), but
also if z € 0.55(H) is an eigenvalue.
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From now on we fix ¢ € (a,b) as our base point. Restricting H to (a,c) and (¢, b) yields
the operators H(, ) and H.), respectively. As a fundamental system for (1.7)) we choose

the functions
o(z,2) = ( a1z 2) ) and  s(z,2) = ( s1(2,7) ) (1.25)

co(z, ) So(z, )

which are assumed to be solutions corresponding to the initial conditions
ci(z,¢) =1, co(z,¢) =0 and si(z,¢) =0,82(z,¢) = 1. (1.26)

Our fundamental matrix solution U(z, z, x¢) from the proof of Lemma is then of the
form

{ alzz) si(z ) o) =
U(z,x,c) = < (zz) sz ) ), U(z,c,c) =1, (1.27)

and thus we can define the Weyl solutions

w(zz) = ( (2, 7) ) and w,(z,7) = ( (2, 7) > (1.28)

u_o(z, 1) Uyo(z,T)
as usual by
u_(z,x) =c(z,2) —m_(2)s(z, ), z2€ C\o(Hyy),
uy(z,x) = c(z,x) + my(2)s(z, ), z2€C\o(Hep). (1.29)

Here, m4(z) are the Weyl m-functions corresponding to the base point ¢ and associated
with the operators H, ) and H(.p), respectively. The different sign in front of m_(z) is
introduced such that m_(z) is a Herglotz—Nevanlinna function as well.







Chapter 2

Spectral theory for self-adjoint operators

The purpose of this chapter is to give an overview of spectral theory for self-adjoint oper-
ators. In the first section we are going to deal with the spectral theorem for self-adjoint
operators which is in some sense an analogue to the diagonalization of a symmetric ma-
trix. During the considerations towards the spectral theorem we will see that, in order
to understand self-adjoint operators, we need to shed some light on certain multiplication
operators. Finally, in the last section, we will generalize some results which hold for these
multiplication operators to arbitrary self-adjoint operators.

The presentation in this chapter strictly follows [Te(9, Chapter 3]. There, more details on
this topic and the proofs of the results mentioned in the following sections can be found.
In order to refresh the necessary background concerning measure theory, the reader is
recommended to have a look at [Te09, Appendix A].

2.1 The spectral theorem

We begin with establishing integration with respect to projection-valued measures and
observe that we can assign a self-adjoint operator with every projection-valued measure.
We will see that, in further consequence, the converse is also true, that is, we can assign a
projection-valued measure P4, the so-called spectral projection, to any self-adjoint opera-
tor A. This fundamental result is known as the spectral theorem for self-adjoint operators
as the spectral projection P, contains all the information about the spectrum of A.

Let $ be a (complex and separable) Hilbert space which is equipped with the inner product
(.,.) and the norm ||.||. Furthermore, we denote the Borel sigma algebra of R by 8.

Definition 2.1 (Projection-valued measures). A projection-valued measure P is a map
P:%B — £(9), Q— P(Q) (2.1)

from the Borel sets to the set of orthogonal projections P, that is, P satisfies P(Q2)* = P(£2)
and P(Q)* = P(Q), such that the following two conditions hold:

11



CHAPTER 2. SPECTRAL THEORY FOR SELF-ADJOINT OPERATORS

(i) P(R) = 1.
(ii) If Q= U~ Q, with Q,NQy, =0 forn #m, then Y>> | P(Q,)Y = P(Q)Y for every
Y € $ (strong o-additivity).

Remark 2.2. Suppose 2,4,y € B. For any projection-valued measure P the following
identities hold:

(i) P(0) =0, P(R\Q)=1- P(Q).
(ii) P(Q UQy) + P(Q N Q) = P(Q) + P(Q).
(i) P(21)P(S22) = PS4 N Q).

Futhermore, a projection-valued measure is monotone, that is, 3 C Qo implies P(y) <

P(Qy) in the sense that (1, P(21)Y) < (v, P(Q)1) for two Borel sets 1 and ;.

With every projection-valued measure we can associate a resolution of the identity
P(A) = P((—o0, A]). (2.2)

Recall that a sequence A,, of linear operators which is defined on a dense domain D(A,,) C $
is said to converge strongly to a linear operator A (defined on ©®(A) C ©(A,)) and write
s-lim,, oo A, = A if we have A1) — Ay for every ¢ € D(A) C D(A,).

Remark 2.3. P()\) has the following properties:
(i) P(X) is an orthogonal projection,
(i) P(A1) < P(XAg) for A\ < Ag,

(iti) s-limy, 5 P(An) = P(A),

(i) s-limy,_o P(A) =0 and s-limy, o P(\) = 1.

Choosing ¢ € § yields a Borel measure 114(Q2) = (¢, P(Q)y) = [|[P(Q)|* with py(R) =
|¥||* < co. The distribution function corresponding to g, is given by (X)) = (1, P(A\)1)).
For every distribution function there is a uniquely determined Borel measure (cf. [Te(9,
Theorem A.2]) and therefore, for every resolution of the identity there exists a unique
projection-valued measure. By invoking the polarization identity, we obtain the complex
Borel measures

1

pow(§2) = {0, PY) = 7 (Hprp () = fo—4 () + iy () = iy (V). (2.3)

By the inequality of Cauchy-Schwarz we get |pu,(2)| < [|¢||||¢]| < co. The next step is
to establish integration with respect to our projection-valued measure. First, we define
integration with respect to the projection-valued measure P for any simple function f =

> i1 ajXe, (where Q; = f~(ay)) by setting

P = [ SO0PO) =Y a;P(@,) (2.4)

12
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In particular, we have P(xq) = P(€2). Then, by (p, P(f)1) = > 72, iy () we infer

(0, P(f)) = / F\) (V). (2.5)

Invoking the linearity of the integral, we see that the operator P is a linear map from the
set of simple functions to the set of bounded linear operators on §). Moreover, ||P(f)y|* =
> oo lePdpy () (where Q; M Q; = () for i # j) shows

1P = / PO g (). (2.6)

We equip the set of simple functions with the sup norm |||« and get || P(f)¢] < || f]loll?]l
which allows us to conclude || P|| = 1. The set of simple functions is a dense subset of the
Banach space of bounded Borel functions B(R) and therefore it exists a unique extension
of P to a bounded linear operator P : B(R) — £($) (with ||P|| = 1) from the bounded
Borel functions on R (equipped with |[|.||o) to the set £()) of bounded linear operators on
. In particular, and remain true. Thus we have established integration with
respect to our projection-valued measure for bounded Borel functions.

We want now to define integration for unbounded Borel functions as well. As we ex-
pect the resulting operator to be unbounded, we cannot define it on the entire Hilbert
space $) which means that we need to find suitable (dense) domain. Inspired by ({2.6]), we

set

D, = (¢ € 5| / PO Pdpg(A) < oo}, 2.7)

Note that D forms a linear subspace of ) since fiqy(2) = |a|?11y(2) and since pp44(2) =
IP) (e + ¥)I* < 201 P Q)ll + [IP(QUN?) = 21 () + 1(€2)).

We define the sequence of bounded Borel functions

fo = Xxau f, Q= {Al[f)] < n} (2.8)

which is a Cauchy sequence converging to f in the sense of L?(R,du,) for every 1) € D;.
From ([2.6)) we conclude that the vectors ¢, = P(f,)1 form a Cauchy sequence in $) (cf.
[Te09) p91]). Thus the limit of the sequence (2.8]) exists and we are allowed to set

P(f)g = lim P(f.)0,  ¢eD, (2.9)

By construction, P(f) is a linear operator which satisfies (2.6). Note that (2.5 remains
true at least for p = ¢ as f € L'(R,duy) where py, is finite. Furthermore, D is dense (cf.
[Te09l po1]).

Definition 2.4 (Normal operators). Suppose A is an unbounded operator and denote by
A* the adjoint of A. We call A normal if D(A) = D(A*) and || Ay|| = [|A*Y].

13
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Theorem 2.5 ([Te09, Theorem 3.2]). For any Borel function f, the operator
P(f) = Rf(/\)dP(A)a D(P(f)) =9y (2.10)
P(f)

is normal and satisfies P(f)* =

These considerations seem to indicate some kind of correspondence between the operators
P(f) in $ and f in L*(R,duy).

Definition 2.6 (Unitary operators, unitary equivalence). Suppose $ is another (separable
and complex) Hilbert space equipped with the norm ||.||g.

(i) An operator U : § — $ is called unitary if it is a bijection which preserves norms,
that is, [|[U3| 5 = [|¢]| (hence U also preserves scalar products).

(i) Two operators A : $ — $ and A9 = 9 are called unitarily equivalent if UA = AU
and UD(A) =D(A).

Note that A is self-adjoint if and only if A is and o(A) = o(A) holds. Now, we return to
our original problem. Consider the subspace

$y = {P(9)¥]g € L*(R,dpy)} C 9. (2.11)

This subspace is closed as L?(R, du,,) is and as 1, = P(g,)1 is convergent in § if and only
if the sequence g, is convergent in L*(R, dy).

Lemma 2.7 ([Te09, Lemma 3.3]). The subspace $),, reduces P(f), that is, PyP(f) C
P(f)Py. Here Py is the projection onto $)y.

In particular, we can decompose P(f) = P(f)| ,® P(f)}ﬁr Note that we have
P

b))
PyD;=9;N 9y ={P(9)lg, fg € L*(R,duy)} (2.12)
and P(f)P(g)y = P(fg)¢ € $y in this case. By (2.6)), the relation
Uy(P(N)Y) = f (2.13)
defines a unique unitary operator Uy : $ — L*(R, du,) such that the identity
ULP(D)],, = U, (2.14)

holds. Here f is identified with its corresponding multiplication operator. If f is un-
bounded, we have Uy (DN H,) = Dy ={g € L*(R,duy)|fg € L*(R,duy)} (as ¢ = P(f)Y
implies du, = |f|*dpy) and therefore, the above equation still holds.

Definition 2.8 (Cyclic vector). A wvector ¢ € $) is called cyclic if we have £y = 9.

If ¥ € $ is cyclic, our picture is complete. If this is not the case, we need to extend our
approach.

14
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Definition 2.9 (Spectral vector, spectral basis). We will call a set {¢;};es (V; € $, J
some index set) a set of spectral vectors if ||;| = 1 and $y, L 9y, for all i # j. A set of
spectral vectors is called a spectral basis if @ i Ny, = 9.

The following Lemma gives a positive answer to the question whether such a spectral basis
always exists.

Lemma 2.10 ([Te09, Lemma 3.4]). For every projection-valued measure P there is an (at
most countable) spectral basis {1, } such that

9 =P H.. (2.15)
and a corresponding unitary operator
U=, : 9> PL R du,) (2.16)
such that we have for any Borel function f
UP(f) = U, UD;=D(f). 217)

The cardinality of a spectral basis is not well-defined.

Definition 2.11 (Spectral multiplicity, simple spectrum). The minimal cardinality of a
spectral basis is called the spectral multiplicity of P. If the spectral multiplicity is one, the
spectrum is called simple.

The above considerations show that we can assign a self-adjoint operator

A / AP()) (2.18)

to every projection-valued measure P. Our next aim is to show that we can invert this
map. We consider the resolvent

Ra(z) = /R(A —2)7dP()) (2.19)

whose quadratic form is given by

Fol2) = (b, Ra(2)0) = / !

5= “dps(N). (2.20)

This expression is exactly the Borel transform of the measure p, (cf. Definition .
Furthermore, in Appendix is shown that Fy(z) is an analytic map from the upper
half plane to itself and thus a Herglotz—Nevanlinna function. The measure p, can be
reconstructed from Fy(z) by the Stieltjes inversion formula (cf. Theorem (B.5)

A+5

o (N) = 1;&1 l;{gl = Im(Fy(t + ic))dt. (2.21)

15
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Conversely, if Fy(z) is a Herglotz-Nevanlinna function which fulfills the growth estimate
|Fy(z)] < %, it is the Borel transform of a unique measure p,, (which is given by the

Stieltjes inversion formula) satisfying p,,(R) < M (cf. Theorem [B.4]).

Suppose now A is some given self-adjoint operator. We consider the expectation of the
resolvent of A,

Fy(2) = (&, Ra(2)1)). (2.22)
This function is holomorphic for z € p(A) and satisfies
Fu(=) = Fy(z) and |Fy(z) < 19 (2.23)
~ Im(z)

Moreover, Fy(z) is a Herglotz-Nevanlinna function. Thus, by the above remarks, we can
associate a measure fi,(A\) with Fy(z) which is given by the Stieltjes inversion formula.

Definition 2.12 (Spectral measure). The measure ju,(\) is called the spectral measure
corresponding to 1V € .

More generally, by polarization, we get a corresponding complex measure p,,, for each

v, € H such that
1
L. (2.24)

The measure fi, 4 is conjugate linear in ¢ and linear in ¢». We define a family of operators
via the sesquilinear forms

(. Raz)) = |

R

sl 1) = / N (Ndjtp(N). (2.25)

The associated quadratic form is nonnegative. Indeed, we have ¢q(¢) = sq(¥,¢) =
py($2) > 0 for every ¢ € §. The inequality of Cauchy-Schwarz for sesquilinear forms
then implies

[sa(, ¥)] < 4a(0) a2 ()" = wp(0)2 s ()Y < pp(R) 2y (R)2 < (o]l

Recall that, for every bounded sesquilinear form s, there is a unique bounded operator
A such that s(p,1) = (Ap, ) is satisfied (cf. [TeQ9, Corollary 1.9]). Hence there exists
a family of nonnegative (0 < (1, P4(2)7)) < 1) and self-adjoint operators P4(§2) which
satisfy

(o PA@)) = [ xo(\dits V). (2.26)
The family of operators P4(2) forms a projection-valued measure (cf. [Te09, Lemma 3.6]).

Theorem 2.13 (Spectral theorem, [Te09, Theorem 3.7]). To every self-adjoint operator A
there corresponds a unique projection-valued measure Py such that

A= / AdP4(N). (2.27)

16
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The quadratic form of A is given by

1a(0) = / Ay (V) (2.28)

and can be defined for every ¢ in the form domain
2(4) = D(AI") = (¥ € 51 | Py < o0}, (2.29)

This extends our previous definition to nonnegative operators. Note that Q(A) is larger
than D(A) = {¢ € 9| [; Adpy(N) < oo}. If the operators A and A are unitarily equiva-
lent, then we have UR4(z) = R;(2)U and thus du, = dfiyy.

The spectrum of A can be characterized in terms of the associated projectors.
Theorem 2.14 ([Te09, Theorem 3.8]). The spectrum of A is given by
0(A) ={ XA e R|Ps((A—e,A+¢)) #0 for all € > 0}. (2.30)
In particular, P4((A1, A2)) = 0 if and only if (A, A2) C p(A).
Corollary 2.15 ([Te09, Corollary 3.9]). We have
Py(o(A)) =1 and Ps(RNp(A)) =0. (2.31)
By the simple observation
Pa(f) = Pa(o(A))Pa(f) = Pa(Xo(a)f) (2.32)

we see that P4(f) is not affected by the values of f on R\ o(A). From now on we will
write f(A) instead of Pa(f).

2.2 Multiplication operators

We have seen that, in order to understand self-adjoint operators, we need to understand
multiplication operators on L?(R, du) where du is a finite Borel measure.

Definition 2.16 (Spectrum of a measure). We define the set of all growth points o(p) by
o(p) ={X e Rlu((A—e,A+¢)) >0 for alle > 0} (2.33)

and call it the spectrum of .

Note that the spectrum o = o(u) supports u, that is, (R \ ¢) = 0. As we have already
noticed, the Borel transform of y,

F(z) = /R )\izdu()\), (2.34)
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plays an important role in our considerations. The Borel transform of a finite Borel mea-
sure is a Herglotz—Nevanlinna function which is holomorphic in C \ o(u) and satisfies
F(2*) = F(2)* (cf. Theorem [B.3)). Furthermore, note that F cannot be holomorphically
extended to a larger domain. Indeed, if F'is holomorphic in a neighborhood of some A\ € R,
then we have Im(F(\)) = 0 (as F(\) = F(\*)) and from the Stieltjes inversion formula
(Theorem [B.5)) we get A € R\ o(u).

Associated with the measure p is the operator
Af) =Af),  D(A) ={f € L*(R,duw)|\f(N) € L*(R, dp)}. (2.35)
By Theorem the spectrum of A coincides with the spectrum of pu, that is,
o(A) =o(u). (2.36)

What can we say about the function f(A) (which is precisely the multiplication operator
by f) of A7 We just consider the case where f is real-valued and introduce the measure

(fur)(Q) = p(f (). (2.37)

Then we have

/R GOVA(fu)(A) = / g (F(N)du(n). (2.38)

R

It is sufficient to check this identity for simple functions g which follows from yq o f =
Xf-1(0)- In particular, we have

Pra)(Q) = x5-1@)- (2.39)

We have that f(A) is unitarily equivalent to multiplication by A in L*(R,d(f.u)) via the
map

L*(R,d(fup)) = L*(R,dp),  grrgof (2.40)
if L*(R,dp) is its range (cf. [Te09, Lemma 3.11]).

Lemma 2.17 ([Te09, Lemma 3.12]). Let f be real-valued. The spectrum of f(A) is given
by
o(F(A)) = ol fun). (2.41)

In particular,

a(f(A)) € f(o(A4)) (2.42)

where equality holds if f is continuous and the closure can be dropped if, in addition, o(A)
15 bounded.

Definition 2.18 (Absolutely continuous, mutually absolutely continuous and singular
measures). Suppose py and po are two Borel measures.

(i) We call piy absolutely continuous with respect to ps (in symbols g < pa) if po(A) =0
implies pu1(A) = 0 for every Borel set A.
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(ii) The measures i and py are called mutually absolutely continuous if p; < ps and
ILRSYUE

(iii) Moreover, py and pg are called mutually singular if they are supported on disjoint
sets.

One can now read off the unitary equivalence of two operators with simple spectrum from
the corresponding measures.

Lemma 2.19 ([Te09, Lemma 3.13]). Let Ay and Az be self-adjoint operators with simple
spectrum and corresponding spectral measures p; and po of cyclic vectors. Then, A; and
Ag are unitarily equivalent if and only if uy and ps are mutually absolutely continuous.

Next we recall that one can decompose p with respect to the Lebesgue measure (cf. [Te09,
Theorem A.29]),
dp = dptge + dpts. (2.43)

Here pi,. is absolutely continuous with respect to the Lebesgue measure (i.e., we have
tac(B) = 0 for all B with Lebesgue measure zero) and pus is singular with respect to the
Lebesgue measure (i.e., s is supported, us(R\ B) = 0, on a set B with Lebesgue measure
zero). Onme can decompose the singular part p into two further parts, a (singularly)
continuous and a pure point part,

dpts = dprse + dptpy (2.44)

where [, is continuous on R and i, is a step function. The measures djiq., dptse and dyy,
are mutually singular. Hence their supports ¥, X, and ¥,, are mutually singular. These
sets are not unique. They are chosen such that ¥, is the set of all jumps of x(\) and such
that Y. is a set of Lebesgue measure zero.

To the sets Y4, Y, and X, correspond projectors P = xx,.(a), P* = Xxx,.(4) and
PPP = xx,(a) satisfying P + P* + PP = 1. Therefore we can decompose both, our

Hilbert space
L*(R,du) = L*(R, dptae) ® L*(R, dps.) © L*(R, dtpp) (2.45)

and our operator

A= (AP*) @ (AP*) @ (AP™). (2.46)
We call the corresponding spectra

ac(A) = 0 (thac), 0sc(A) = o (thsc) and opp(A) = o (ttpp) (2.47)

the absolutely continuous, singularly continuous, and pure point spectrum of A, respec-
tively. Note that, in general, 0,,(A) is not equal to the set of eigenvalues

op(A) = {\ € R|\ is an eigenvalue of A} (2.48)

since we only have 0,,(A4) = 0,(A).
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Finally, the spectrum can be read off from the boundary values of Im(F) towards the
real line. We define the sets

Yae = {A0 < limsup Im(F (X +ie)) < oo}, (2.49)
el0
Y = {A| limsup Im(F'(\ +ie)) = oo}, (2.50)
el0
Y =3, UXs ={\0 < limsup Im(F (X +1ie))} (2.51)
el0

which are minimal supports for i, pts and pu, respectively (cf. [Te09, Theorem 3.23]). We
could even restrict ourselves to values of A\ where the limsup is a lim (finite or infinite).

Lemma 2.20 ([Te09, Lemma 3.14)). The spectrum of u is given by
o(p) =X (2.52)

Recall that the essential closure of a Borel set {2 C R is defined by

~ESS

Q7 ={NeR||[(A—e,A+¢)] >0forall e >0} (2.53)

Lemma 2.21 ([Te09, Lemma 3.15]). The absolutely continuous spectrum of u is given by

€SS

0 (Hae) = qe - (2.54)

2.3 Spectral types
The aim of this section is to transfer the above results to arbitrary self-adjoint operators.

We will make use of Lemma [2.10] Therefore we need a spectral measure containing the
information from all measures in a spectral basis.

Definition 2.22 (Maximal spectral vector). A wector ¢ € $ is called maximal spectral
vector of A and p, if for every ¢ € $ the spectral measure p, is absolutely continuous with
respect 1o iy,

If a maximal spectral vector exists, there is a spectral measure which contains the informa-
tion from all measures in a spectral basis. Luckily, for every self-adjoint operator A there
is a maximal spectral vector (cf. [Te09, Lemma 3.16]).

Definition 2.23 (Set of ordered spectral vectors). A set {1;} of spectral vectors is called
ordered if 1y is a maximal spectral vector for A restricted to (@f;ll )"

We can even deduce that, for every self-adjoint operator, there is an ordered spectral basis
(cf. [Te09, Theorem 3.17]). Next, we define the spaces

Hae = {0 € H|py is absolutely continous}, (2.55)
$se = {1 € H|py is singularly continous}, (2.56)
Hpp = {¥ € 9|py is pure point}. (2.57)

20



CHAPTER 2. SPECTRAL THEORY FOR SELF-ADJOINT OPERATORS

Lemma 2.24 ([Te09, Lemma 3.19]). We have
H= ﬁac S jy)sc S ﬁpp- (258)

There are Borel sets Y., such that the projector onto $)., is given by P*™ = xsx, . (A),
xx € {ac, sc, pp}. In particular, the subspaces 9., reduce A. For the sets ¥, one can
choose the corresponding supports of some mazimal spectral measure pi.

We define the absolutely continuous, singularly continuous and pure point spectrum of A

as
ﬁsc) and UPP = O-(A’ﬁpp)7 (259)

Oac = U<A’~6ac)7 Osc = U(A
respectively. Suppose 1 is a maximal spectral measure. Then we have
Tac(A) = 0(lae), 0se(A) = o(pse) and Opp(A) = (fipp)- (2.60)

If A and A are unitarily equivalent via a map U, then so are Alg,, and Al §,,- In particular,
we have 0., (A) = 0., (A).
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Chapter 3

The singular Weyl function

The aim of this chapter is to define a Weyl function at the (in general singular) endpoint
a. To this end, we have to find an analogous system of solutions to the Weyl solutions
introduced in Section [I.5] We are going to construct such a system of entire solutions
0(z,z) and ¢(z,z) for such that ¢(z,) lies in the domain of H near a and such
that the Wronskian of 0(z, z) and ¢(z, x) satisfies W(0(z), #(z)) = 1. This will, in further
consequence, enable us to define a singular Weyl function at the endpoint a. In particular,
we extend [KSTT1I1L Section 2] to the case of one-dimensional Dirac operators. Some back-
ground concerning Complex Analysis which is helpful to understand this chapter can be
found in Appendix [A]

We will use the same notations as in Section , that is, we choose a base point ¢ € (a, b)
and consider the operators H, . and H(. which are obtained by restricting H to (a,c)
and (c,b), respectively. We recall the solutions ¢(z,z) and s(z,z) corresponding to the
initial conditions and define the Weyl solutions u_(z,z) and uy(z,z) as in ((1.29).

We start with a Hypothesis which will turn out to be equivalent to the existence of the
announced system of solutions 6(z,z) and ¢(z,x) such that ¢(z,z) lies in the domain of
H near a and such that the Wronskian satisfies W (0(z), ¢(z)) = 1.

Hypothesis 3.1. Suppose that the spectrum of H ) is purely discrete for one (and hence
for all) ¢ € (a,b).

Lemma 3.2. There exists a (nontrivial) solution
¢1 <Z7 ZL‘)
z,x) =
oz = (00
of Tu = zu which is in the domain of H near a and which is entire with respect to z if and
only if Hypothesis is satisfied. Furthermore, ¢(z,x) can be chosen such that we have

o(z,x) = a(z)e(z,x) + B(2)s(z, ) (3.1)

where a(z) and [5(z) are real entire functions with no common zeros.
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Proof. Suppose Hypothesis is satisfied. Then m_(z) is meromorphic with poles at the
points in o(H,)). As these poles are simple, one can construct a (real) entire function
a(z) with simple zeros (and no other zeros) at the poles of m_(z) by Weierstrass’ theorem
(Theorem [A.13). By setting ¢(z, z) = a(2)u_(z, ) we are done.

Conversely, let ¢(z, ) = a(z)c(z, z) + B(2)s(z, ) be entire. Then a(z) = ¢1(z, ¢) is entire.

Consider
(bl(za SL’) _ Oé(Z)Cl(Z,QJ) _ (]52<Z, I) _ Oé(Z)Cz<Z, LC)
31(2737) 82(2,1') ‘
All possible poles of §(z) on the real line are removable because the left-hand side of this

formula is independent of x and the possible poles on the right-hand side vary as x varies.
Thus [(z) is also entire. Note that we have

a(z) = ¢1(z,¢) and  B(z) = ¢2(2, ). (3.2)

Due to Theorem [1.12] ¢(z,z) and u_(z,z) are both square integrable near a and satisfy
the boundary condition at a if H is limit circle at a. If H is limit point at a, the square
integrable solution is uniquely determined up to a multiple. Therefore we can set ¢(z,z) =
c(z)u_(z,z) for any real entire function ¢(z) which implies that ¢o(z,c) = ¢(z) must hold
as well. Finally, using , obtain that

m_(z) _ _u_2(27c) _ gb?(z’c) _ _¢2(Z’C) _ _5(2) (33)

c(2) ¢1(z,c)  a(2)
is meromorphic which means that Hypothesis [3.1] holds. O

pz) =

Corollary 3.3. The function ¢(z,z) constructed in ~Lemma 15 uniquely determined up
to a real entire function without zeros, that is, if ¢(z,x) is another real entire solution
which is nontrivial for all z € C and in the domain of H near a, we have

a(z) = e9®a(z) and  B(z) = "9 B(z2) (3.4)
where g(z) is some real entire function.

It remains to find the second solution 6(z, x) such that the Wronskian of 0(z, x) and ¢(z, x)

satisfies W (0(2), ¢(z)) = 1.

Lemma 3.4. Suppose Hypothesis holds. Then there is a second solution
— 91(2’ x)
Q(Z’I) N ( 92(27:6)

0(z,x) =v(2)c(z,x) + I(2)s(z, x) (3.5)

where v(z) and §(z) are real entire functions with no common zeros. Furthermore, the
Wronskian of 0(z,x) and ¢(z,x) satisfies

W(0(2),6(2)) = v(2)5(2) — a(z)d(z) = 1. (3.6)

which satisfies
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Proof. The ansatz

_—ﬁ(z) —nlz)alz an Z:——a(z) —Nn{z)P\z
1) = s aep MR and 0() = s —n()8) (3)

will turn out to work. Here, 7(z) should be a meromorphic function which has poles at the
the zeros of a(z)? + B(z)%. Our first goal is to determine n(z).

By {z;} we denote the zeros of the entire function a(z)? + 3(z)2. Suppose z; is a zero of
order n; € N. Then, at each z;,

B(k) (Zj) = O'jiOé(k) (Zj), 0<k< n; (38)

holds for some o; € {£1}. In order to obtain entire functions, we choose 7(z) such that
the principal part of 7(z) near z; matches the one from o;i(a(2)? + 5(2)?)~*, that is, we

have .
oji

ar e HOEmHn

Such a function can be constructed due to Mittag-LefHler’s theorem (Theorem [A.15]). Then
we compute

S CO N 2)a(z
1) = s~ (2)ale)
_ ojiia(z) + O(z — z;)™ ojia(z)

+0(z — zj)o =0(z— zj)o

a(z)2+ B2 al2)+B(=)?
which shows that all poles of 7(z) are removable. By a similar computation

—a(z)

_ —a(z) _(UJ) a(z) +0(z = z)™ z—2)" =0(z — z)°
_ NP NEEEWIBE + O( ) O( i)

we see that all poles of §(z) are removable. Finally, by use of (1.26) and (3.7)) we have

W(0(2), 9(2)) = 01(2, ¢)da(2, ) — ba(2, ) da(2, ¢)
= (V(2)ar(z,¢) +0(2)s1(2, ) ((2)ea(2, ¢) + B(2)s2(2, ¢))
— (1(2)ea(z, 0) + 6(2)s2(2, ¢))(a(2)er(z, ¢) + B(2)s1(z, ¢)
=7(2)B(2) = d(2)a(z)

=1

as stated. If v(z) or 6(z) are not real, they have to be replaced by 3(v(z) + v(z*)*) and
1(6(2) + 6(2%)"), respectively. O

Note that similarly to (3.2) we have

v(2) = 01(z,¢) and d(z) = ba(z,0). (3.9)
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Corollary 3.5. Given a system of solutions ¢(z,x) and 0(z,r) as above, any other real
entire solution 0(z,x) for which W(0(z),#(z)) = 1 holds as well can be written as

where f(2) is some real entire function.

Definition 3.6 (Singular Weyl function). Suppose we have given a system of real entire
solutions ¢(z,z) and 0(z,z) as in Lemma[3.J, We define the singular Weyl function

M) = WO ) — () -

W(g(2),ur(2))  alz)ms(z) - B(2)
such that the solution which is in the domain of H near b (cf. (1.29)) is given by

uy(z,2) = a(2)(0(z,2) + M(2)d(z,z)) (3.12)

where a(z) = —W(¢(2), uy(2)) = B(z) — m4(2)a(z)
This definition immediately enables us to prove two properties of M(z).

Lemma 3.7. The singular Weyl function M(z) is analytic in C\R. Moreover, the identity
M(z) = M(2*)* holds.

Proof. Note that m(z) is analytic in C\R. All the other functions are entire by con-
struction. Thus it follows from that M (z) is meromorphic in C\R. Moreover, every
zero of the Wronskian W (¢(2),u(z)) corresponds to a complex eigenvalue of H. As H is
self-adjoint, there are only real eigenvalues and we have that W (¢(z), uy(2)) cannot have a
zero for z € C\R. Hence the first claim follows. The second claim is obvious by (3.11). O

Instead of u, (z,x) we will use
U(z,x) =0(z,x) + M(2)p(z, ). (3.13)

Remark 3.8. If we combine Corollary [3.5 and Corollary (3.9, we see that any system of
real entire solutions 0(z,x) and ¢(z,x) which satisfy W(0(2),$(z)) = 1 is related to the
ones constructed in Lemma[3.9 and Lemma[3.4) by

0(z,2) = e 990(z, ) — f(2)p(z, ) and  P(z,2) = 9P ¢(z, 2)

where g(z) and f(z) are real entire functions. If M(z) is a singular Weyl function cor-
responding to the system ¢(z,x) and 0(z,x), then it is related to M(z) defined in (3.11)
via

M(2) = e 2O M(2) + e 9 f(2).

In particular, the mazimal domain of holomorphy or the structure of the poles and singu-
larities do not change.
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Chapter 4

Spectral transformations

This chapter deals with spectral theory for our self-adjoint Dirac operator H. In particular,
we extend [KSTTI, Section 3] to the case of one-dimensional Dirac operators. We start
by observing that the singular Weyl function M(z) defined in the previous chapter shares
many properties with the Borel transform my(z) of the spectral measure p; which will
allow us to associate a measure with M (z) by using the Stieltjes inversion formula. We are
going to establish a spectral transformation which maps H to a multiplication operator.
Furthermore, we will be able to read off the spectral types of H from the boundary behav-
ior of the singular Weyl function M(z). The chapter is concluded by a few observations
concerning the Green function of H.

We start by setting

f(z) = / (612 2) f1(2) + b2, 2) fol) de (4.1)

where (@) (2.2)
fi(z ) 2 2 ( o1(z, @ )
xr) = € L7 ((a,b),C and z,x) =
fo)= (15 ) € € and oten) = (90
is the solgtion which lies in the domain of H near a constructed in Lemma B.2l The
function f(z) is entire and satisfies

f) = / (612, 2) fi(2)" + da(z, 2) o)) de (4.2)

As we have seen in Chapter [2 for every f € L?((a,b), C?) there is an associated spectral
measure jty whose Borel transform is given by

dji (N
mp(e) = (£ =97 = [ (43)
Furthermore, for the resolvent we have
b
(H =2 f(e) = [ Gleag)f @y (4.4
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where
<
Gloay) = (z,0) @ P(2,y), y <,
¢(z,2) @P(z,9), y >z,
is the Green function of H. (4.5)) is obtained from ({1.23) as ¢(z,.) is a solution which is in

the domain of H near a, as ¥(z,.) given by ({3.13) is a solution which is in the domain of
H near b and as the Wronskian satisfies

(4.5)

W(W(2), ¢(2)) = W(0(z) + M(2)¢(2),0(z))
= (01(2) + M(2)¢1(2)) d2(2) — (02(2) + M(2)¢2(2))
= 01(2)2(2) — 0a2(2)01(2)
= W(b(2), ¢(2))

=1.
Explicitly, (4.5) reads
¢1(Z,$)¢1(Z,y) ¢1(Z’x)¢2(zay) y<uw
a _ Va2, )01 (2,y) Ua(2,2)ba(2,y) ) ’
(z,2,y) = (4.6)
O1(2, )i (2,y)  d1(2,2)2(z,y) y>
Go(z, )01 (2,y) da(z, 2)ha(z,y) )

Now we link the singular Weyl function M (z) to the Herglotz—Nevanlinna function m(z)
by a simple, but essential observation.

Lemma 4.1. Let f(z) be given by (4.1). Then we have

my(z) = E;(z) + f(2) /(") M(2) (4.7)
for every f € L2((a,b),C?). E¢(z) is entire and satisfies E¢(z*)* = FE4(z).
Proof. By plugging (4.5)) into (4.4), we obtain

=27 = [ b (f<w>, / Glen ) ) dy) dn

= [ (1. [[ e @ o) s [ @ s oGi6) a) i

Now we use (3.13)) in order to get
(f.(H = 2)"f)

b T
-/ (f<x>, [ 0G0 & 06e.5) + 20002 ) © 01 9))10) dy
+ [0z 9 0.0) + ME0) © 601 dy) da
-/ (f<x>, / (0(z2) ® 9, 9)) f ) dy + M(2) / (Oa2) © 0(=,0) () dy

b b
+ / (62, 2) © 8(z, ) fy) dy + M(2) / (6(2,2) ® 6(2, 1) £ (9) dy) d.
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If we set

we have

=270 =+ [ (10, 6600 060010 ay) o

= Eg(z) +M(2)/ ¢1(2,2) f1(2)" + ¢a(z, x) fo(x)" dfC/ 01(2,y) f1(y) + d2(2,9) f2(y) dy

= By(2) + f(2)f(=7) M(2).
Note that Ef(z) defined above is entire and satisfies Ey(2*)* = Ef(2). O

Now we fix some A\g € R and choose

o _ Xc, ¢ ()\ ,.CL')
1) = xeateotoo ) = (Yo ).

Then we have f()\g) = fcd (d1(Xo, 2)? + da(Xo, 2)?) dz > 0 and obtain

M(Z) _ _Ef(z) + mf(z)
f(z)?

for z in a neighborhood of \y. These considerations show that our singular Weyl function
M(z) shares many properties with the Herglotz—Nevanlinna function ms(z). Now the
Stieltjes inversion formula (cf. Theorem [B.5)) comes into play. We can use it to associate a
measure with M (z) which will turn out to be equal to the spectral measure of f associated
with the self-adjoint operator H up to multiplication with |f|2.

(4.8)

Lemma 4.2. There is a unique Borel measure dp defined via

1 M

3 (P((Ao, A1) + p([Mos M])) = lim — A Im (M (X + ig))dA (4.9)
such that )
dup = |f2dp, [ € L¥((a,b),C?) (4.10)

where dyuy is the spectral measure of f defined in (4.3)).

Proof. We fix \g < A and some f € L2((a,b), C?) such that f()\) # 0 holds for X € [Ag, \y].
Then, for some function w € C[A1, A3}, we have

1 )\1 1 )\1 _E . .
lim — wN)Im(M (X +ig))dA = lim ~ w(A)Im ]i()\—l—le) —J—mf()\‘i‘l&) I\
el0 T Sy, el T Sy, f()\ + 15)f<)\ _ 15)*

~lim © /\lw()\)lm<A —EA+ie) )d/\ (4.11)
), O+ i) fO i)

im0 < _ myAtie) ) d\. (4.12)
=0 T [y, fA+ie) f(N—ie)*
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Note that the absolute value of the integrand of is bounded since w(\) is continous
in [Ao, A1] and thus bounded by the extreme value theorem, since E(z) is entire and since
we have chosen f € L2((a,b),C?) such that f()\) # 0. Therefore we can use dominated
convergence to obtain

1N _E(A+i
lim — w(A)Im | = f()\:i_ i) d\ =0
G FOTie)f(h— i)

as we have Ef(z) = E¢(2*)" and thus Im(E(\)) = 0 for A € R. Rewriting (4.12) yields

liml Alw(/\)lm < - mf(/\:kis) )d)\
0 Ty, fA+ie) f(\ —ie)*

e At
—lim= | w()Im <M> dA

=0T [FV?
+ liml : w(A\)Im ( - mf(Aj— ic) - mf(A)\ i ig)) dA. (4.13)
0T Sy f+ie) f(A—ie)*  [f(M?

We continue by estimating the integrand of (4.13)).
w(\)Im ( mys(A + ie) B mf(A)\—i-is))‘

~ ~

f+ie) f(A =gy [f(V

1 1
w(A)| [mp(N+1e)| | = ; T
s|<n|f<+€wf@+gﬁu_gy FOOP

We have |w(A)| < C; for some constant Cy since F'(A) is continous in [Ag, A;] again by the
extreme value theorem. Furthermore, for |m (X + ic)| we have

dps(t) dpg(A) — py(R)
/Rt — (A +1ie) = /R '

lie] €
Concerning the last expression, note that we can write f(A+ie)f(A—ie)* = |f(\)[2 4+ O(e)
using Taylor series expansion. Thus we get

imp(A +1ie)| =

~ ~

FO+ie) f—ie)  [fFV]?

for some constant Cy. Combining these estimates yields

‘ 1 1

w(MIm | = mf(Aj—ig) _mf(A)\—i_ig))‘ C1Coup(R
. <f(/\+i€)f(>\—i€)* TSk < py(R)

which shows that the absolute value of the integrand of (4.13)) is bounded. Using dominated
convergence and the fact that

( my(\ + ie) B mf(A)\—{—ig))

lim Im
el0

~ ~

fAtie) f(A—ie)*  [fAP
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shows
M : .
lim = wA)Im [ = me(A:’_ ie) — — mf(A/\ Tic) d\ = 0.
=07 Sy f+ig) f(A i) [f(M?
Altogether we have
I LM w(A
lim — wA)Im (M (X + ie))dA = lim = wlm (ms(X+ie)) dA
elo ™ [y, elo T /), |f()\)|2
A (A
- [ a0
oo [FA)]

where the second equality follows from the Stieltjes inversion formula (Theorem [B.5)).
In order to get (4.9) we can choose w(\) = 1 (if it is necessary, split the interval into smaller
subintervals and use different functions f for the different subintervals). If we replace w(\)

by |f(A)2w()), we obtain
/wlfIdez/wduf
R R

for every continuous function with compact support away from the real zeros of f (A\) which
are discrete since f(z) is entire.

At every real zero Ao of f we have pr({\o}) = 0. Suppose ps({Ao}) > 0. Then Xy must
be an eigenvalue of H corresponding to the eigenfunction ¢(Xg,.). Then 0 < pr({Ao}) =

1F () 2/ [l6(No)|1? is a contradiction to f(Xo) = 0. Therefore we can remove the restriction
7away from the real zeros of f(\)” which implies (4.10)). O

Now we are ready to establish the main result of this chapter, that is, the spectral trans-
formation which maps H to multiplication by A.

Theorem 4.3. The mapping

U L2((a,0),C%) — LAR.dp),  fr f (4.14)
where f 15 defined by

FO =t [ on(\0) @) + a0 0) o) do (4.15)
1s unitary and its inverse

U™ LA(R,dp) — L*((a,b),C?), [ f (4.16)

18 given by

>

x) = lim ' z)f = lim f—TrQSl(/\@)Jf(/\) dp(N)
fle)=lim [ 6(X2)f(N)dp(A) Loo(ffrqﬁz(k,x)f(A) a0\ ) (4.17)

Moreover, U maps H to multiplication by A. Note that the right-hand sides of (4.15)) and
([4.17) are to be understood as limits in in L*(R,dp) and L*((a,b),C?), respectively.
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Proof. From (4.10]) we obtain

112 ooy = / djiy = / o= [ F oy 1€ L2((.0),C?)

and conclude that the unique extension of this map to L?((a,b),C?) is isometric. (4.10))
also implies

(f, F(H)f)r2((ap),c2) = /RFde = /RFU?WP = ([, Ff)r2@.ap), f € Li((a,b),C?)

for every bounded Borel function F. If we define ¢p(f) = (f, F(H) f)r2((a),c?) and O(f) =
(f, Ff>L2(R,dp), we can write this as ¢p(f) = qf;(f) Using the polarization identity yields

1
(f, F(H)g)r2((ap),c2) =

1 (ar(f +9) —ar(f — 9) +igr(f —ig) —igr(f +ig))
1
4

(667 +9) = (= 9) +iap(f — 19) — iaf(f +19))
= <f7 Fg)LQ(de)
for f,g € L?((a,b),C?) and every bounded Borel function F'. By approximation we get

(fy F(H)G) r2((ap).c2) = (fy FO) 12(m.ap)s f.9 € L*((a,b),C?) (4.18)

for every bounded Borel function F. Now consider f,g € L*((a,b),C?) and two bounded
Borel functions F,G. Set h = F(H)g. Then we have

(G(H)f,h— F(H)g)r2(ap),c2y = (GH)f, h = h)r2(ap),c2) =0

and, by (4.18)), also

(Gf,h— F§)r2map) = /RGf (h—Fg) dp=0 (4.19)

for every bounded Borel function G and thus f(\)*(h(A) — Fg()\)) = 0 for almost every
A with respect to the measure p. As we can find a function f such that f(Xg) # 0 holds
for every Ay, we even get h=F g and conclude that Ran(U) contains, for example, all
characteristic functions of intervals which implies Ran(U) = L*(R, dp). Altogether we see
that U is unitary. This means that the inverse of U must be equal to the adjoint of U
which we determine by the computation

b
(9, Uf)r2m.dp) :/g()\)*/ G1(A ) fr(x) + @2(X, ) fo) d dp())

// (610N 2N 1 (2)* + da(h )3V fale)* d)* dp(N)

=/f1 [0 ()+f2 (/@Ax (>)dw
=((Fotamm ) (20 ) mnen

= (U9, ) r2(ap).c2) = (U9, ) r2((ap).c2)-
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We have used Fubini’s theorem to interchange the integrals in the third step and we have
omited writing the limits of (4.15) and (4.17). This calculation shows that the inverse of

U is indeed given by (4.17]). O

We are now able to read off the spectral types from the boundary behaviour of the singular
Weyl function M(z) as usual.

Corollary 4.4. The sets

Yae = {0 < limsup Im(M (A +ie)) < oo},
el0

Ys = {A|limsup Im(M (X + ie)) = oo}, (4.20)
el0

Y, ={}| ligldm(M()\ +1ie)) > 0},

¥ =3, UXs ={\0 < limsup Im(M(\ +ie)) } (4.21)
el0

are manimal supports for pac, ps, Ppp and p, respectively. We could even restrict ourselves
to values of X\ where the limsup is a lim (finite or infinite).
Moreover, the spectrum of H is given by the closure of X2,

o(H) =73, (4.22)
the point spectrum (the set of eigenvalues) is given by X,
0,(H) = 3, (4.23)

and the absolutely continuous spectrum of H is given by the essential closure of Y.,

€SS

o(Hy) =% (4.24)

ac *

Proof. 1t is sufficient to prove the claim restricted to sufficiently small intervals [Ag, A;].
To this end, we choose f € L2(a,b) such that we have f()\) # 0 for A € [Ag, A{] as in the
proof of Lemma [4.2] Then, by Lemma [4.1] the above sets (restricted to [Ag, A1]) remain
unchanged if M (z) is replaced by the Herglotz-Nevanlinna function my(z). Moreover, the
measures fr and p are mutually absolutely continuous on [Ag, A1]. The claim then follows
from the results in Section 2.2. O

Remark 4.5. According to Remark 3.8, the singular Weyl function M(z) is not unique.
If we have given M(z) as in Remark|3.8, then the spectral measures are related via

dp(X) = e 29N dp(N).

Hence the measures are mutually absolutely continuous. The spectral transformation asso-
ciated with M(z) just differs by a simple rescaling with the function e=29™,

We conclude this chapter with a simple fact concerning the spectral transformation of the
Green function of H which will turn out to be very useful later on.
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Lemma 4.6. Recall the Green function

o Gul(z,z,y) Gz, 2,9)
Gz 2,9) = < Ga(z,2,y) Gaalz,2,9)

of H defined in (4.5)). Then we have

(UGy(2,z,.))(\) = ¢;<i’ j), i=1,2 (4.25)

for every x € (a,b) and every z € C\ o(H). Here Gi(z,x,.) has to be interpreted as

Gilz,3,.) = ( g;gzig ) , i=1,2. (4.26)

Proof. First we observe that, by ([.5), Gi(z,z,.) € L*((a,b),C?), i = 1,2 for every x €
(a,b) and every z € C\ o(H). Moreover, we have

1

(=2 = U

uf (4.27)

where the left hand side is given by (4.4) and the right hand side can be written as

P\ x)
7‘*)00/ ( )
Explicitly, (4.27)) reads

f Gll )f1<y) + Gl?(za z, )fQ(y) dy _ R ¢1/\(/\ZI f()‘) (A) . (4.28)
f Gai(2,2,.) f1(y) + Gaa(z, 7, .) fa(y) d - 2R F(0) dp()N)

If we write the i-th component of (4.28)) in terms of scalar products, we get

((B0) (Em)) (o S28) ia e

Now we take advantage of the fact that U is unitary, that is, we have in particular

(f, r2an c2) = (US,Uf)r2rap), and obtain

<f?()\)*7 U(Gi(z,2,.)) r2rdp) = <f()\)*, %>L2(Rd | i=1,2 (4.30)

for every f € L*((a,b),C?). Hence we obtain (4.25)) for almost every z. If f has compact
support, the left-hand side of (4.29)) is continuous with respect to = and then, so is the
right-hand side. Thus (4.25)) follows by a density argument. ]

We can even prove a stronger version of Lemma [4.6|if we differentiate with respect to z.
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Corollary 4.7. We even have

Kl x)

(UOFGi(z,2,.))(N\) = e i=1,2 (4.31)

for every x € (a,b), k € Ny and z € C\ 0(H).
Proof. We prove the claim by induction. For the case k = 0 (4.31)) is just (4.25)). For k =1

we have

D.(UGi(z,2,.))(\) 6Z< A_Z) TS 1,2 (4.32)

where
0. (UGH(2,2,.))(\) = 0. (12% / "o 2)Gin (2 ,) + Ga(h, ) Gnl2, 2, .)da:)
=l / "o 2)0.Cin (2, 2,) + ba(N, )0, Ca(z, ,) d
UGz, )N, i=1,2. (4.33)
Suppose holds for £k = n. Then we have

nlgi(Az) \  (n+1)gi(A x) L
B b

0.(UIIG(z,z,.))(N) = 0, <

where 0,(U0"Gi(z,z,.))(\) = (U0"'G,(z,x,.))(N), i = 1,2 by performing the same com-
putation as above with U0?G; instead of UG;. Thus we have verified (4.31]) for every
k € No. O
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Chapter 5

Properties of singular Weyl functions

One of the most important properties of Herglotz—Nevanlinna functions is the existence
of an integral representation. In this chapter we are going to establish such an integral
representation for our singular Weyl function M(z). As a consequence we will see that
there is always a system of solutions such that the corresponding spectral measure is finite
and that M (z) is a Herglotz—Nevanlinna function. Furthermore, we will give a criterion
when M(z) is a generalized Nevanlinna function of the type N2° that is, a generalized
Nevanlinna function with no nonreal poles and the only generalized pole of nonpositive
type at infinity. In particular, all results stated in [KSTI1I, Section 4] remain true in the
case of one-dimensional Dirac operators as well.

In order to prove the existence of an integral representation for M(z), we need a result
concerning the substitution rule for Lebesgue—Stieltjes integrals from [ETT1].

Lemma 5.1 (cf. [F'T11, (8) and (9)]). Suppose u, v are nondecreasing functions on R and
g 1is monotone. Then we have

[wowdvew< [ ga (5.1
R hull(Ran(u))

if wis right continuous and g nonincreasing or p left continuous and g nondecreasing. If
W is right continuous and g nondecreasing or p left continuous and g nonincreasing, the
imequality has to be reversed.

Theorem 5.2. Suppose M(z) is a singular Weyl function. Denote by p its associated
spectral measure. Then there exists an entire function g(z) which satisfies g(A) > 0 for
A ER and e 9N € L2(R, dp).

Moreover, for any entire function §(z) such that g(\) > 0 for A € R and (1+X?)"1g(\)~! €
LY(R,dp) (e.g., §(z) = %)) we have the integral representation

1 A\ dp(N)
(A_Z— 1+A2) 0 2 € C\o(H) (5.2)

M(z) = E(2) +§(2) /

R

where E(z) is a real entire function.
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CHAPTER 5. PROPERTIES OF SINGULAR WEYL FUNCTIONS

Proof. We first show that an entire function g with the required properties exists. We start
by defining the function

dp, A>0
R(\) = Jiaxdp: 220, (5.3)
0, A <0,

and observe that it is nonnegative and nondecreasing for A > 0. Then, by Corollary [A.17],

we can find an entire function h(2) = Y77 h;2/ which satisfies h(n®) = R(n + 1) for
n € Ny. We choose

1 & ,
= §Z|hj|22j
§=0

and note that g(\) > 0 for A € R is satisfied. By construction it follows

R(n+1)=h(n?) =>_ hmn¥ <> |h;|n¥ = 2g(n)
=0 =0
and thus
R(N\) <2g(X) for A > 0. (5.4)

Moreover, we have

/ng()‘)d,O()\)I/ e 29NdR(N) g/ e FNVIR(N) (5.5)
R [0,00) [0700)

where the first step follows from the definition of R()) in (5.3) and the second one from
(5.4). Now, if we set v(\) = R()\), p(\) = X and g(\) = e, all assumptions of Lemma
[b.1] are satisfied. Thus we have

/ e FVIR(N) < / e M\ < oo. (5.6)
[0,00) 0

Combining (5.5) and (5.6) yields [, e72™dp(\) < oo which means e~ 9™ € L*(R, dp).
It remains to verlfy the integral representation ([5.2)). To this end, let some g be given and

set
M(2) —Q(Z)/R (Aiz B 1+AA2) C;p((;))'

Note that M(z) is holomorphic for z € C\ R. Therefore we just need to show that
M(z) — M(z) is holomorphic near any point Ay € R. Fix A\g € R and choose some real-
valued function f € L%((a,b),C?) such that f(z) defined in (4.1]) does not vanish at Ag.
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Then, by virtue Lemma [.T], we get

Muy—M@y:—%SQ+?g?—Aﬂ@

_ Bz 1 dps(A) 1 A\ dp(N)
=——=——2+= —9(2) - 5 )=
f(2)2 f(2)2Jr A==z RA\A—2  14+A2) g(A)
RO LA Ve
==t - —9(2) 5 ) =
f(2)2 f(2)?2Jrg A== R \A—2  1+A2) g(A\)
1 dpg(A . 1 A dp(\
Pl [ g [ ()
f(2)2 ) A== I\A—2z 14X/ g(N)
CEB) 1 d) LA Y de
=—=-2+3 9(2) 5 )=
f(2)2 f(2)?2Jrg A—2 rRI\A—2  1+A2) g(A)
: A dp(N) / L (f0)a(2)
+ g(z / L+ = dp(A).
<)11+A2m» A=z \ f(2)2 9 W
Here [ is some small interval which contains Ao such that f (z) does not vanish in a neigh-
borhood of I. All terms in the above representation are holomorphic near A\q. For the first

four terms this is clear. Concerning the last term note that the integrand is holomorphic
as a function of both variables in a neighborhood of (Ag, Ag). O

As a consequence, we can now show that there is always a system of solutions such that
the corresponding spectral measure is finite and such that M(z) is a Herglotz—Nevanlinna
function. If we choose §(z) = €®9(*) in the previous theorem, we have

ME) =B+ [ (- 155 ) 6.1

which can be written as

- —29()
M(z) = E(z) 4 *®) / o dp(A) (5.8)
R A—Z
where 2509 dp(N)
- Ae 9N dp( A
— _ 29(2)
Fz) = E(z) —e A e (5.9)

Setting f(z) = —e 9 E(2) and switching to a new system of solutions as in Remark
yields

M(z) = e 269G M (2) + e 93 (—e 9 E(2)) = e 23 (M(2) — E(2))
_ / e~ 29N dp(N)

A—2z
By Remark [4.5, the new measure is given by dp(\) = e 2Mdp(\). Note that dp(\)
is a finite measure. In particular, we conclude that the new singular Weyl function is
a Herglotz—Nevanlinna function as it can be written as the Borel transform of a finite
measure.
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Corollary 5.3. There is always a system of real entire solutions 0(z,x) and ¢(z,x) such
that the associated spectral measure p is finite and the associated singular Weyl function is
a Herglotz—Nevanlinna function given by

M(z) = /Riﬁ—?z). (5.10)

In the case one does not want to rescale the measure too much, the entire function
§(z) = e™29) constructed in the proof of the previous theorem will not be optimal. In
order to find a better g(z), note that ¢1(\,x)* + ¢2(\, x)? is positive for A € R and in
LY (R, (1 + A\*)"tdp).

Indeed, using the same notation as in (4.26), we have that G;(z,z,.) € L*((a,b),C?),
i = 1,2 as already noted in the proof of Lemma [£.6] Then, by Theorem [£.3, we conclude
UGi(z,z,.) € L*(R,dp), i = 1,2 which means

/\UGi(z,a:, J2dp(N) < oo, i=1,2.
R

Plugging in (4.25)), we obtain

¢l(>\a '7;)2 .
————dp(\) < =1,2
R |)\ o Z|2 p( ) OO? [/ 9
independently of the value of z. If we now choose z = i, we obviously have ¢;(\, x)* €
LR, (14+X?)"'dp), i = 1,2 which is then clearly true for every linear combination as well.

We will show in Chapter [6] that M(z) is always a Herglotz—Nevanlinna function if one
has the limit circle case at the endpoint a.

As another consequence of the established integral representation we get a criterion when
our singular Weyl function M(z) is a generalized Nevanlinna function with no nonreal
poles and the only generalized pole of nonpositive type at infinity. We denote the set of all
such functions by N:°. Further information concerning generalized Nevanlinna functions

is provided in Appendix [B.2]

Theorem 5.4. Fiz the solution ¢(z,x). Then there is a corresponding solution 0(z,x)
such that M(z) € N for some k < k if and only if (1 + X*)7*"1 € LY(R,dp). Moreover,
k=kifk=0 or (1+ )" ¢ LYR,dp).

Proof. Suppose (1 + A2)7%=1 € LY(R dp). Then we can choose g(z) = (1 + z2)* and by
Theorem [£.2] we have

_ 2\k 1 A dp(A)
M(z) = [() + (1 + ) /R(A_Z—Hv) T

where f(z) is an entire function. Now we invoke Remark and set 0(z,x) = 0(z,z) —
f(2)¢(z,z) (note that here we have chosen g(z) = 0 in Remark [3.8). Then, our corre-
sponding Weyl function reads

WI(z) = M(2) - f(2) = (1+z2)k/R (Aiz - 1:\)\2) (ﬁ(ig)k. (5.11)
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CHAPTER 5. PROPERTIES OF SINGULAR WEYL FUNCTIONS

As (5.11]) coincides with we have M(z) € N° for some £ < k by Theorem [B.9

Conversely, let M(z) € N2° for some k < k. Then, M (z) admits the integral representation
@ f where the measure dp coincides with the one from Lemma . Thus, by
(B-14), we get (1+X?)7*~1 € LY(R, dp). The last claim also follows from Theorem[B.9] [l

The condition (14+X2)7%~1 € L(RR, dp) is related to the growth of M (z) along the imaginary
axis (cf. Lemma [B.10). One can try to bound A=* by a linear combination of ¢;(\, z)?
and ¢o(\, )% (which is in L' (R, (1 + A?)"'dp)) in order to identify possible values of k.
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Chapter 6

The limit circle case

In this chapter we are going to extend [KST11, Appendix A] to the case of one-dimensional
Dirac operators, that is, we show that the singular Weyl function is a Herglotz—Nevanlinna
function whenever 7 is limit circle at a. To this end, we start with a Hypothesis which will
turn out to be equivalent to the claim that 7 is limit circle at a.

Hypothesis 6.1. Fix \g € R. Suppose
Po,1(x) ) ( Bo,1(z) >
— ’ d 0 — ’ 61
o) = (21wt el = () (6.1
are two real-valued solutions of Tu = Agu which satisfy W (6y, ¢o) = 1. Assume that the

limats
lim W, (¢, u(z)) and lim W, (0o, u(z)) (6.2)
rT—a

Tr—a

exist for every solution u(z,x) of Tu = zu.
Remark 6.2. Hypothesis[0.1] is independent of the choice of Ao.

Indeed, let ¢1(x) and 6;(x) be two real-valued solutions of Tu = A\ju for some A\; € R,
Ao # A1 which satisfy W (61, ¢1) = 1. Setting fi = ¢o(z), fo = ¢1(z), f3 = bo(z) and
fa = u(z,z) in the Plicker identity (1.11)) and using W (6, ¢o) = 1 yields

W$(¢1> U(Z)) = Wa:(¢0a gbl)Wm(QOa u(z)) - W:L‘(QSO; u(Z))WI(007 ¢1) (63)

The Pliicker identity remains valid in the limit z — a. If Hypothesis holds, the
limit lim,_,, W, (¢1,u(z)) exists as then all limits on the right-hand side of exist. To
see that lim,_,, W, (61, u(z)) exists as well, one needs just to replace ¢;(x) by 61(z) in the
above calculation. Altogether we have shown that, if Hypothesis holds for one Ay € R,
it also holds for any other \; € R, \g # A; which justifies Remark [6.2]

Lemma 6.3. Suppose T is limit circle at a. Then Hypothesis holds. In this case, the
limits (6.2)) are holomorphic with respect to z whenever u(z,x) is.
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Proof. For a solution u(z) of 7u = zu and a solution v(z) of 7v = Zv we have

(=2 [ W) o) dy=Walv) = Welu,v). (6.4)
First, we note that both sides of (6.4) are equal at = ¢. Next, we compute the derivatives
with respect to x of both sides of (6.4]). For the right-hand side we get
(Walu, v) = We(u, )" = (w1 (2)vz(2) — uz(2)vi(2))
= uy (2)v2(7) + ur(2)vy(2) — uy(z)vr () — ua(x)vy (2)

whereas differentiating the left-hand side yields

(@—é[AZU@Vw@»@OC=(Zadwwﬂww)+éwwfw@»@0

!/

=(/7vwwﬁmwwuwwwm@»@)
— ) (e)ea(a) + i (2)ui(e) — dhe)un(e) — uale) (@),

As the derivatives coincide as well, (6.4 holds. In particular, this shows that we have

ly 7, (60, 0(2) = Welen,u(2)) = Qo = 2) [ (@u)uz) s (69)
li V. (00, u(2)) = Wt u(2) — o= 2) [ Golo)aeomdy. (66)

As 7 is limit circle at a, all solutions of 7u = zu are square integrable near a for all z € C
and thus lim,_,, W, (o, u(z)) and lim,_,, W, (0, u(2)) exist.

In order to see that the limits are holomorphic with respect to z whenever u(z, x) is, we
need to show that the integrals on the right-hand side of and are holomorphic
if u(z,x) is holomorphic in a neighborhood of z. To this end, we recall Lemma [1.7]
We suppose (7 — z)u = 0 and choose ¢(zg, x) and s(zg,z) as the fundamental system of
(T — zo)u = 0 which satisfies W (c(z), s(z0)) = 1. Using (7 — z9)u = (2 — 29)g and
we get

u(z, ) = ac(zo, ) + Bs(z0, )
+(z— Zo)/ (s(z0, @) (c(20,y)", ulz,y)) — (20, 2) (s(20,9)", u(z, y))) dy. (6.7)
Since ¢ € L*((c,b),C?) and s € L*((c,b),C?), we can find a constant M > 0 such that
b b
[ leiow dy <M and [ s dy <21 (©:5)

where ¢;(29,y) and s;(29,y) denote the j-th component of ¢(z, y) and s(zo, y), respectively.
We consider temporarily just

f@%mw%wumwwam@wmwﬁ@WMy (6.9)

and choose ¢ close enough to b such that |z — z|>M? < 1/24 holds.
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Estimating the first component of using the inequality of Cauchy-Schwarz yields
2

/ (51020, ) (€20, )" (22 ) — 1 (20, ) (0, 9)" s ulz ) dy

= ‘/j(sl(zo,:v)cl(zo,y) — c1(20, 7)81(20, ¥) )u1 (2, y)dy

+ (s1(20, 2)2(20,y) — c1(20, 2)52(20, y) Ju2(2, y)dy
| (o) (an)

< ( [ sz ) = eatan,2)sa o)

+ |31(207$)C2(2’0,y) - C1(ZO,I)S2(ZO;y)|2dy) / |u1(z,y)|2 + |u2(z,y)|2dy

Cc

S <|51(Zo,l')|2/ |81(Z()7y)|2dy+|Cl(207x>|2/ |Cl(20ay)|2dy+|81(207m)|2/ |62<20ay)|2dy
T lex (o 2) / |52<ZO,y>|2dy) / sz ) + [z, 9) dy

<2M (jer(an ) + o1 o)) [ sl ) + Jus(e.) Py
By applying the same estimate to the second component of we get

[ a0 (07" u(2.0) = a0, ) (520, )"l 90)) |-

< 2M (|ea(en, ) + [saCeon)) [ a0 + o) Py
Then we are able to conclude

[ ) + sty

Cc

§3(|a|2/ Icl(ZO,y)IQdyHBIQ/ |51 (20, y) 2dy+
oMz — 2 ( / e1(z0,y) Py + / rsl<zo,y>\2dy) / s (2, )| + lua(z, y) Py
T laf? / ea(z0, )%y + |8 / 15220, 1) Pdy+

LMz — 2 ( / leaz0,y) Py + / |82<20,y>|2dy) / |u1<z,y>|2+|uz<z,y>|2dy)

< 6M(|a)* + |B)?) + 12M?|z — Zo|2/ lui (2, 9)|* + |uz(z, y)|*dy

[

1 x
<M (ol + 151)+ 5 [ funl )P + )P,

45



CHAPTER 6. THE LIMIT CIRCLE CASE

and thus we have
/ s (2, )2 + Jua(z, )Py < 12M (Jaf? + |82).

Plugging in this estimate, we get

[ 0ca) et ue) = e ) s(aa, )",z ))
< V3IM(Ja] + 1) (Jer (20, )| + 1 (z0, )],
[ Galea) cta, " ue.) = el ) (e, e 90)
< VIIM(Ja] + [B1)(|ea 20, 2)] + Isa 20, ).

Altogether, for all z in a bounded neighborhood of zy we have
lu(z, )| < Chler(zo, )| + Calsi(zo,2)| and  |ug(z,z)| < Cylea(z0, )| + Ca|s2(20, )]
where O = |a| +v24M (|a| 4 |8|) and Cy = |B| + v24M (|a| + |B]). Furthermore, we get
[y (2, 2)| < Cslcy (20, )| + Cul sy (20, 2)|  and  |uj(z, 2)| < Cs| (20, 2)| + Calsy (20, 7)]

for some other constants ('3 and C4. This shows that we have integrable bounds of the
integrands independent of z in (6.5)) and and thus the limits (6.2]) are holomorphic in
the same domain as u(z, x). O

Let now 7 satisfy Hypothesis and set

o(z,x) = Walc(z), po)s(z,x) — Wa(s(2), ¢o)c(z, ), (6.10)
0(z,x) = Wy(c(2),00)s(z,x) — Wa(s(2),6)c(z, x). (6.11)

The solutions s(z,x) and ¢(z,z) are defined in the same way as in Section 1.5. Observe
that we have ¢(z,2)* = ¢(z*,x) and 6(z,x)* = 6(z*,x). Moreover, an easy calculation
shows ¢(Ag, ) = ¢o(z) and O(Ng, ) = Oy(z).

Lemma 6.4. Suppose Hypothesis[0.1. Then the solutions ¢(z,z) and 0(z,z) defined in
(6.10) and (6.11)) satisfy the identities

W(b(z),0(z)) =1, (6.12)
Wa(0(2), ¢(2)) = 1, (6.13)
Wa(d(2), 6(2)) = Wa(0(2),0(2)) = 0. (6.14)

Proof. Tt suffices to show (6.13)) and (/6.14]).

Wa(e(’z)a ¢(2)) - Wa(c(z)a (bO) (Wa(c 7‘90>Wa(5(2)7 S(Z)) - WQ(S(Z), ‘90>Wa(5(2)7 C(Z)))
+ Wa<5(2)7¢0) (Wa<3 790)W Wa

()
()

z
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Choosing f1 = c(2), fo =0y, f3 = c(2) and f; = s(z) in (L.11]) yields

Wa(s(2), 00) = Wa(c(2), 00)Wa(s(2), s(2)) = Wa(s(2), 00)Wa(s(2), ¢(2)),
and by replacing ¢(2) by s(2) we obtain

Wa(c(2),00) = Wa(c(2), 00)Wa(c(2), 8(2)) — Wa(s(2), 00)Wa(e(2), ¢(2))-
As the Pliicker identity remains valid in the limit z — a we have

Wa(e(z)v ¢(2)) = _Wa(c(2)7 QO)Wa(S(é)v 90) + Wa(s(éa QO)WQ(C(ZA/)a 90)
:WQ(C(ZA’), 8(2))Wa(907 9250) =1

as stated. For z = Z this is clearly (6.12)), so it remains only to show (6.14]).

Wa((b(’%)v ¢(Z)) :Wa<c<’2>7 ¢0) (WG(C(Z), ¢0)Wa(8(2)7 S(’Z)) - Wa(S(Z), (bO)Wa(S('%)? C(’Z)))
— Wa(s(2), o) (Wa(c(2), do)Walc(2, 5(2)) — Wals(2), po)Wa(c(2), ¢(2)))

Now we choose fi = c(2), fo = ¢o, f3 = s(2) and f, = s(z) in to get
Wa(s(2), ¢o) = Walc(2), ¢0)Wa(s(2), 5(2)) — Wals(2), o) Wa(s(2), c(z))
and replace s(2) by ¢(2) to obtain
Wa(c(2), do) = Wa(c(2), do)Wa(c(2), 5(2)) — Wals(2), o) Wa(c(2), ¢(2)).
Again, by letting  — a and plugging in we get
Wa(d(2), ¢(2)) = Walc(2), do)Wa(s(2), @) — Wa(s(2), ¢o)Wa(c(Z), ¢o) = 0.
Replacing ¢ by # in the above calculation shows W,(¢(2), #(z)) = 0. O

Now we will prove that Hypothesis is in fact equivalent to 7 being limit circle at a.

Corollary 6.5. If Hypothesis[6.1] holds, then T is limit circle at a. Moreover, the solutions
¢(z,x) and 0(z,x) defined in (6.10) and (6.11) satisfy

We(9(2)", ¢(2)) = —2ilm(z) /c l6(z, )| dz, (6.15)
W.(0(2)",0(2)) = —2iTm(2) / 110Gz, )| da (6.16)

and are entire with respect to z.

Proof. We recall (6.4) and choose u(y) = ¢(z,y) and v(y) = ¢(z,y)*. Then we have

(= — =) / (62, 0= )) dy = Wald(2), (%)) — Wal(2), (7))
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which can be rewritten to
2itin(z) [ 6z ) dy = Wal8(2), 6)) — Welo(2). 6(2)).

Letting  — a and using Lemma6.4] proves (6.15). To obtain (6.16]), just set u(y) = 6(z,y)
and v(y) = 0(z,y)* in (6.4)) and perform the same calculation as above. As both integrals on

the right hand sides of (6.15)) and (6.16)) are finite, ¢(z, x) and 6(z, x) are square integrable
near a and thus 7 is limit circle at a. But then, by Lemma [6.3] we get that both solutions
are entire. O

Lemma 6.6. Suppose Hypothesis let H be some self-adjoint operator associated with
7 and let the boundary condition at a be induced by ¢q.

Then ¢(z,x) defined in (6.10) lies in the domain of H near a. Moreover, we have

_ Waldo,cl2)
Wa((bOv S(Z)) '

Proof. In order to prove that ¢(z,z) lies in the domain of H near a, one needs just to

verify W, (é(2), ¢o) = 0 by a direct calculation using (6.10)).
Now recall u_(z,z) defined in ([1.28) and note that u_(z,z) and ¢o(z) are both in the

domain of H near a, that is, W,(¢o, u(z)) = 0. Using ((1.29)), we calculate 0 = W, (¢o, c(z) —
m-(2)s(z)) = Waldo, c(z)) — m—(2)Wa(do, 5(2)) which shows (6.17). O

Now we are able to introduce the singular Weyl function M (z) as in Chapter 3 such that

m_(z) (6.17)

B(z,2) = 6(z,2) + M(2)6(2,2) € L*((c,b), C?) (6.15)
and ¢ (z, x) satisfies the boundary condition of H at b if 7 is limit circle at b.

Now we are ready to prove the main result of this chapter.

Theorem 6.7. Suppose Hypothesis [0.1. Let H be some self-adjoint operator associated

with 7 and let the boundary condition at a be induced by ¢og. Then the singular Weyl
function defined in (6.18)) is a Herglotz—Nevanlinna function and satisfies

I (M(2)) = T(2) [ oz, )l de (6.19)
Proof. Fixing z and setting ¢ = a, u(y) = ¥(z,y) and v(y) = ¥(z,y)* in yields
=) [ 0w o)) dy = Wal(e),0:)) - Walw(0)) (620
For the left-hand side we get

(2 - =) / "Wz y)* (2 y)") dy = 2iTm(z) / oz )l dy.
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Next, by a straightforward calculation using (6.18) and Lemma we obtain

Wa((2), 9(2)") = Wa(6(2), 0(2")) + M(2)"Wa(0(2),
M (2)Wa(o(2),0(2)) + [M(2)[?

= M( ) = M(z)

= — 2ilm(M(2)).

&(
Wa(9(2), 6(27))

Altogether, we have

) [ 10 IE: dy = W02, 0= + (),

Letting © — b and observing that we have Wy (1(2), ¢ (2*)) = 0 as ¢(z) and 9(z*) are both
in the domain of H near b proves (6.19)). This formula shows that for z € C, we have
M(z) € C; and thus M (z) is indeed a Herglotz—Nevanlinna function. O

Lemma 6.8. Suppose Hypothesis[6.1. Let H be some self-adjoint operator associated with
7 and let the boundary condition at a be induced by ¢o. Denote by U the associated spectral
transform from Chapter 4. Then we have

1

Uy (z,))A) = +— (6.21)

for every z € C\ o(H). Differentiating with respect to z we even obtain

k!
(U (2, ))(\) = o (6.22)

Proof. Recall the Green function

N Gul(z,z,y) Gu(z,2,y)
G(Z,x,y) - ( GQl(Za'Iay) G22(z7$ay)

of H given by (4.5). By Gi(z,z,y) and Gy(z,x,y) we denote the first and the second
column of G(z,x,y), respectively. By use of (6.18]) we calculate

W.(0(2),Gi(z,y)) = 2)Gor(z,x,y) — O2(2,2)G11(2, 2, )

_ 2, 2)Pa(2, 7)1(2,y) — Oa(2, )01 (2, 7)1 (2, ), vy <,
2, 7)oz, )1 (2,y) — O2(2, )01 (2, 2)U1 (2,y), y > =,
(Z>)M(Z) 1(273/)’ y<uw,
2))01(z,y) + Wa(0(2), 6(2)) M (2)¢1(2,y), vy > =,

2)01(2,y), y <uw,
1(z,y) + M(2)p1(2,y), y >z

01 (
{ <

< )
[ 2)é1(z,y) + Wa(0(2),
-~ |
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Analogously, we get

W.(0(2), Ga(z,y)) (z,2)Gaa(z, x,y) — O2(2,2)G12(2, 2, y)

= 0(
{ 2, 2)e(2, ) pa(2,y) — O2(z, )01 (2, ) a(2,y), Y
(z,2)¢2(2, 2)ha(2,y) — O2(2, 7)1 (2, )¢ ) Y
{ 2))éa(2,y) + Wal6(2), 6(2)
2))02(z,y) + Wa(0(2), #(2)
2)da(z,y), y<uw,
(z,y) + M(2)pa(z,y), y> x.

Next, we set

=
—
>
—
I\
~—
0
—
—
R
<

; Gi(zy) | _ M=)z, y <
Ve = ( W,(6(2). Galz. ) ) - { . e

Observe that we have

lim (2, ,y) = ¥(z,y).

We will now derive the spectral transformation of .
ULz D) =l [ 610 )W0(:),Cl10) + 6a(e. ) Walb). Galz, )y
= 91 (Za .CB) 1;%/ ¢1()\7 y)G21<Z> z, y) + ¢2()\7 y)022<27 z, y)dy

— 92(27 95) 1%1/ ¢1()\7?J)G11(Z7$a y) + ¢2(/\7 y)Gu(z,x,y)dy

= 01(2,2)(UGy;(z,2,.))(N) = Oa(2,2)(UGH;(2, 2,.))(A)

=61(z,2) (bi(i’:) —Oy(z,x) (b;\(i’j)

_ Wal0(2), 6(0)

A—2z
Letting * — a and using Lemma [6.4] E shows (6.22) is proven by induction with
respect to k which is done similar as in the proof of Corollary 4.7 O

We conclude this chapter by refining the integral representation of M(z) which has been
established in Theorem [5.21

Corollary 6.9. Suppose the same assumptions as in Theorem[0.7. Then we have

M(2) = Re(M(i)) +/R (A ! o fv) dp(\), (6.24)

where p (which is exactly the spectral measure from Chapter /) satisfies fR dp = oo and

dp(\)
fR 1+)2 < 00.
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Proof. First, we rewrite (6.19) by using unitarity of U : L?*((a,b),C*) — L*(R, dp), that is,
we have ||Uv||L2m,ap) = [1%]|22((a,p),c2), and Lemma to obtain

Im(M(z)) = Im(z)/ [U(2,2) 122 do = Im(2)|[¥(2, 2)|Z2((a).c2)
= Im(2)[[(Ud(2, )N 2ap) = Inﬂ(Z)/R(U@b(z,-))(A)2 dp(A)

The calculation

tin(31(:)) = i (Re(r ) + T ([ (2 = 1255 ) do)

()\ 2 1+)\2)dp<>\)
dp(A)

M—ZP

shows that the imaginary part of the representation ([6.24) coincides with the one of M(z).
Next, we consider the real part of (6.24]) at z =1i. By

e (/R (Al—i B 1+AA2>d”(A>> :A(R6<Aii) _Re<1j\)\2))d,0(/\)
/R(Re<1k++;2> _Re(lj\v))dp()\)

0,

the real parts of M(z) and the right-hand side of (6.24)) coincide at z = i. As a holomorphic
function is determined by its imaginary part up to a real constant, we have proved the
integral representation (6.24)).

Moreover, we have
| m(i) dp(\)
m(M () = [ () /le

and

which shows [, 1Jr/\de(/\) < oo as € L*((a b), C?).

If [ dp < oo, we would have (z — X)(Uy(z,.))(A) € L*(R,dp) by Lemma and thus
(UY(z,.))(\) € D(UTHU) which implies ¢ € D(H), a contradiction. Therefore we have
Jg dp = oo as stated. O
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Chapter 7

An example: the radial Dirac operator

In this chapter we provide a prototypical example of a Dirac operator with two singular
endpoints, namely the radial Dirac operator with a Coulomb potential. We will use this
explicit example to illustrate some results from the foregoing chapters. Concerning the
derivation of the solutions presented below we follow [GTV0T7, Section 3]. We will modify
the solutions constructed there if it is necessary. Additional information about the radial
Dirac operator mentioned in this chapter can be found in [Th92].

The radial Dirac operator is a self-adjoint extension of the differential expression

1 d
T = 02— + o(z), x € (0,00) (7.1)
where the potential ¢(z) is a symmetric matrix given by
_ [ M+ Gse(@) + dal) 5+ Gam(2) )
o) = ("L L (72

with ¢sc, Gel, Pam € Li,.((0,00),R). The endpoints of the Dirac differential expression
are now explicitly given by a = 0 and b = oco. Note that 7, is singular at a = 0 as
$12 = £ + ¢am(z) is not integrable near this endpoint and singular at b = oo because
the endpoint itself is not finite (cf. Definition [L.11]). Therefore ¢(z) is indeed a strongly

singular potential.

We are interested in the case of a Coulomb potential which describes an electron in the
field of a point nucleus. Then we have

(bsc = Qbam =0 and Qbel(x) == _z (73)

T

where v = ¢2Z/h is a constant including the elementary charge e, the nuclear charge Z
and the Planck constant A. The minus sign in ¢,; corresponds to an attractive Coulomb

potential. Explicitly, (7.1]) reads

(m—
Tr = d 5
&tz My

gla8 R

_%+5)‘ (7.4)
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Note that 7, is always limit point at © = oo (cf. Definition |1.11). For |y| < /K% —1/4
we are in the limit point case at © = 0 as well. If |y| > \/k2 — 1/4, then 7, is limit circle
at © = 0 (cf. [Th92, p211]). In this case we need to restrict the domain. A self-adjoint
realization H, of 7, is given by (cf. (7.122) in [Th92])

H,: D(H,) — L*(a,b),C?, (7.5)
f = T f

where
Q(HT) - {f S L2((a,b),C2)\f S ACIOC((a7b)=C2>>Tf S Lz((a7b)7c2)7a1}£% W$<¢T7f) = 0}

Here ¢,(z,z) denotes the solution which will be defined in ([7.43]).

We are interested in solutions
. U1 (Z7 1’)
u(z,x) = ( sz, ) ) (7.6)

Tu(z, x) = zu(z, x), z € C, (7.7)

or, equivalently, of the system of equations

of the equation

%ul(z,x) + gul(z’x) — <m + % + z) us(z, ) =0, (7.8)
%UQ(Z, ) — gug(z,x) — (m - % - z) uy(z,z) = 0. (7.9)

We call and the radial equations. We will now present the general solution of
the radial equations and start to follow [GTV0T7, Section 3]. The aim to get a fundamental
system of special solutions ¢(z,x) and 6(z,x) such that ¢(z,x) lies in the domain of H,
near a = 0 and such that W(0(z),¢(z)) = 1 (cf. Chapter 3). If we have given such a
system, we can explicitly write down the singular Weyl function M(z).

To this end, we represent u(z,x) and us(z, ) as a linear combination of some functions

P(y) and Q(y),

ui(z,2) = y e [P(y) + Qy)], (7.10)
us(z, ) = =iy e 2 [P(y) — Q(y)]. (7.11)
The new variable y is given by y = —2iKxz. The radial equations (7.8) and (7.9) are

now equations with respect to the temporarily unknown functions P(y) and Q(y). The
constants T, A and K are given by

T2 =K% — 2% A== and K =+Vz2—m?2,

respectively.

54



CHAPTER 7. AN EXAMPLE: THE RADIAL DIRAC OPERATOR

Choosing
a:T—il[? and  b=1+2T
allows us to reduce the radial equations ([7.8]) and ((7.9) to the system
d*Q dQ
T (h—y) = — =0 7.12
1 d
P=————(y— +a)Q. (7.13)

i) Yy

Note that is Kummer’s equation (cf. (13.1.1) in [AST2]) with respect to the function
Q(y). Fortunately, we know how the general solution of this differential equation looks
like. In order to construct solutions for and , we have to distinguish the cases
T #4,T=75wheren € Nand T = 0. First, let T # —2, n € N. Then the general

solution of ([7.12)) can be represented as
Q(y) = AM(a,b,y) + BU(a, b,y) (7.14)

where A and B are arbitrary constants and M (a,b,y) and U(a,b,y) are the so-called
Kummer functions given by

- (a); j
M(a,b,y) = jZO (b)jj!y (7.15)
and
o7 M(a,b,y) Ly M1 +a—-0,2-0,y)
Ula.by) = 5 (m oot Y Tare o) ) (7.16)
(cf. (13.1.2) and (13.1.3) in [AST72]) where
(a),=ala+1)(a+2)...(a+n—1), (a)p = 1. (7.17)

Note that the representation ([7.14)) only makes sense if b = 14271 # n, n € N (cf. (13.1.11)
in [AS72]). Let us now determine P(y). By (7.13) we have

— Q) + Q)

1 d d
T (Ay@M(a, by) + By@U(a, b, y)) + AaM(a,b,y) + BaU(a, b, y).

P(y) = -

Using the differentiation formulas

iM(a,b,y):EM(a—f—l,b—i—l,y) and iU(a,b,y):—aU(a—i—l,b—i-l,y)
dy b dy
(cf. (13.4.8) and (13.4.21) in [AST2]) we obtain
1 y
P(y) = 7w (Aa (EM(CH- Lb+1,y) —l—M(a,b,y))

K
+ Ba(Ula,by) — yUa+1,b+1,y)) ).
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Invoking the relations

M(a+1,b,y) = $M(a+1,b+1,y) + M(a,b.y).

(b —a- 1>U<a + 1vbvy) = U(aa b7 y) - yU((Z +1, b+ 173/)7
(cf. (13.4.4) and (13.4.18) in [AST2]) finally yields

Ply) =~ (AM(a 4 Lby) = B+ )0+ 1by)). (719

If we now plug (7.14)) and (7.18)) into (7.10) and (7.11)), we obtain that the general solution
of the radial equations (7.8]) and ([7.9) is given by

ui(z,2) =y e’ [A(M(a,b,y) — ¢ M(a+1,b,y)] + B[U(a,b,y) + dU(a + 1,b,y)]),
up(z, ) = ihy e?? [A (M(a,b,y) — cyM(a+ 1,b,y)] + B[U(a,b,y) + dU(a + 1,b,y)]),

where the constants ¢y and d are given by

+TK —ivyz d p kK +1iym
Cy = ——F—— an = —
T kK —iym K
respectively. If we use the Kummer transformation
M(a+1,b,—2iKz) = e 25" M (b — a — 1,b,2iKx) (7.19)

(cf. (13.1.27) in [AST2]), we are able to represent the general solution of the radial equations

(7.8) and (7.9) by the expression
u(z, ) = (

uy(z, )
us(z, )

) = AX(z,2,7) + By e V?[U(a,b,y)d; —dU(a+1,b,y)0_] (7.20)

9. — T 7.21
(i) (7.21)

and X (z,z,Y) is given by

[M+(z,a:,T)+M_(z,x,T) ( oomEs )} ( ir ) (7.22)

Y

(m)”

2
M, (2,2,T) = KoM (T + 7—; 1427, —2iKz) + e Ke0r(T — 7—; 1427, 2iK ),
1 1

X(z,2,7) =

1 7. )
M (22, T) = — [eleM(T + 7; 1+ 27, —2iKz) — e K7 M (T — 7—; 1+ 2T, Qin)} .
1

i i
Now we are going to present some special solutions of (7.7]). First we choose A =1, B=0

and
VK2 — 72, if v < |k,
T, = 7.23
* {i\/'yz—/-@, if v > |k (7.23)
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In what follows, we set v = y/Kk? — 2 and ¢ = /7?2 — k2. We obtain a solution
o(z,x) = X(z,2,74) (7.24)
whose asymptotic behavior near the endpoint 0 is given by (cf. (13.5.5) in [AS72])

o(z, ) = (mx) T+ ( @ ) + 0™,z =0 (7.25)

v

In the case T, # 5, n € N we can use another solution,

0(z,z) = %X(z,x, -T,) (7.26)

whose asymptotic behavior near the endpoint 0 is given by

1

0(z, 1) = %((mx)—h ( e ) +0(x—T++1)>, z = 0. (7.27)

Note that ¢(z,z) is in the domain of H, near the endpoint 0. Furthermore, using
and (7.27), one can compute the Wronskian of 6(z,z) and ¢(z,x) at x = 0 and infers
W(0(z),¢p(z)) = 1. It follows from the standard representation of the Kummer function
M(a,b,y) that, for real T (T # %, n € N), the functions M_ and M, are real-valued
and entire functions. Therefore, §(z,x) and ¢(z, x) are real-valued entire functions for real

T, =+/k?—~2 If T, is purely imaginary, T, = i\/7? — k2, then 0(z,z) and ¢(z,z) are
entire in z and complex conjugate for real 2 = A. Thus we have now explicitly given a
system of solutions whose existence was shown in Chapter 3, at least if T, # 5, n € N.

In this case, another useful nontrivial solution is given by (7.20)) with A = 0 and a special
choice for B, namely

U(z,2) = M(2) (B(2)(mz)" + %" [U(a,b,y)d; — dU(a+1,b,y)0_]) (7.28)
where
L=y + )
F(=2Y1)(1 —cy)

and M (z) is determined in ([7.30)). As any solution, ¥(z, z) is a special linear combination
of 0(z,x) and ¢(z,x),

B(z) =

W(z,x) =0(z,2) + M(2)p(z, x) (7.29)
where
1 (2T )0(T4 + 32) (1 —cy)

M) = 00, 0() = DL T@IDN( T, + E)(1 - e (2on/2E) 2t

(7.30)

Note that 1(z, x) lies in the domain of H, near the endpoint b = co as it decreases expo-
nentially with polynomial accuracy (cf. (12.5.2) in [AST2] for the asymptotics of U(a, b, y)
as y = —2iKz — 00). For T # %, n € N we have thus given a singular Weyl function.
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Next, we consider the case T = 2, n € N. Note first that 6(z,z) and ¥(z, z) are solutions
which are not linearly 1ndependent of ¢(z, ) at the points T = %, n € N because 0(z, )
is not defined while (z,z) vanishes in this case. We need the analogues of 0(z,z) and
¥ (z,z) defined at these points such that all the required properties are satisfied. Unfortu-
nately, we are only able to construct such solutions in some neighborhood of an arbitrary,
but fixed n € N.

The solution ¢ (z,z) tends to zero as v — 4. The solution 6(z, ) has a singularity at

the point v = 5 and can be represented in a neighborhood of this point as

0(z,z) = - [(—2v)Anjo(2) (2, ) + 2—1/6’n/2(z x) (7.31)
274 Y
where
App(z) = (%M) (7.32)
& =\S ), ‘

The function 6,,5(z,z) has a finite limit as ¥ — % and moreover, it satisfies the radial

equations (7.8) and (7.9). Using the identity ['(2) = 2I'(z 4 1) shows that A, »(z) is a
polynomial in z with real coefficients. As 6(z,x) and ¢(z, x) are real-valued solutions which
are entire with respect to z, we conclude that the function

Oz, 7) = % (%e(z,x) - F(—Zu)An/g(z)¢(z,:v)> (7.33)

is a solution of the radial equations which is defined in some neighborhood of the point

v = % and at that point itself. This solution is entire, linearly independent of 6(z,x) and

moreover, we have the asymptotics
Y —v 1 —v+1
Onsa(z, ) = 5 (mx) v | FO@™) ), x—0 (7.34)
vy
which are obtained from combining (7.25) and - Using ([7.25) and - one can

compute the Wronskian of 6, 5(z, x) and gb(z x) at z = 0 which ylelds W(Gn/Q( 2),6(2)) = 1.
Another solution v,,/2(z, ) which is well defined in some neighborhood of v = = 4 and at
that point itself is given by

Una(z,2) = M(2)(2,2) = py2(2, ) + My, 2(2, ) (2, x) (7.35)

where

Mua(s) = g (F-2T0) + LM Aa(2). (7.36

F(—2T+ 2v
Note that both, the function M, /»(2) as well as the solution v,,/2(z, z), are defined in some

neighborhood of the point v = % and at that point itself. Moreover, v,,/(2, z) decreases

exponentially as x — oo (as 1(z,x) does). The solutions ¢,/2(z,x) and 9,/2(2,x) are
therefore the required analogues of ¢(z,z) and ¥ (z,z) defined in the neighborhood of the
point ¥ = 7 and at that point itself.
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Let us finally consider the special case T = 0. Denote by 0,(z,x), ¢,(z,2) and 1,(z, x)
the solutions 0(z, x), ¢(z,z) and ¢ (z, ) where v = 0, respectively. From now on we write
(= 5 If one differentiates the radial equations and with respect to v at v = 0,
one can check that the function

(2, )
ov

27T
v\~ - _+0V )
_ jiy 22T = 582 0) (7.37)

v—0 2v

v=0

is a solution of these equations with v = 0. As two linearly independent solutions of the
radial equations with v = 0 we choose

o(z,x) = ¢(z,2)| _, (7.38)
Oo(z,2) = —v (W . — %gb(z,a:)L,_O) (7.39)

which are both entire. Note that (cf. (13.5.9) in [AST2] for the asymptotics of 6y(z,x))
14+0(x
oz, z)|,_, = ( it ngg > , z— 0, (7.40)
log(maz) — & + O(xlog(z))
) — — Y
ote:0)= =1 (gt Ototont) )

Moreover, we have W (6y(2),¢(z)) = 1. Let £ be a symbol for the logarithmic derivative
of the I'-function. As an analogue of 1(z,z) in the case v = 0, we take the function

B K 7z (K +im vz o 1
o(z,x) = Cye {U (iK’l’ 21Kx) ]l—l—’y—K U <iK +1,1, 21K(IJ> 031 ( A ) )

x — 0. (7.41)

where o~
=Ll
(1 = o)

We represent ¢(z, x) in terms of 0(z, x) and ¢(z,z) by

77/)0(2’, 93) = 9(2’,$) + MO(2)¢0(2’ ZL‘)

My(z) = —% {log (25””%) +L <_il) + (= _;ZJF =i 2L(1) | . (7.42)

The solution v¥y(z,z) decreases exponentially with polynomial accuracy (cf. (12.5.2) in
[AST72] for the asymptotics of U(a,b,y) as y = —2iKx — o).

Altogether, we have found an entire system of linearly independent solutions

¢T‘(Z7x) :X(’Z?xaTJr) (743)
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and

X (22, =), T#3

Qr(z,:p) = 21 ( ( ) - F(_2V)An/2(Z>X(Z7I’ T-i-)) ) T = 37
v (a@X(z,x, T, = $X(2,2, T)lmo) T =0

where A, /2(2) was defined in ((7.32)). The solution ¢,(z,x) is in the domain of H, near the
endpoint 0. Moreover, we have

W(0,(z), dr(2)) = 1. (7.45)

In all three cases, a solution 1(z, x) which is in the domain of H, at infinity can be written
down by
Ur(z,2) = 0,(2,2) + M, (2)p, (2, x) (7.46)

where the singular Weyl function M,.(z) is given by

AD(=20 OD(T 4+ 32)(1—cs)

2TJ\2F(2T+)F(—T++%)(l—c,)(Qei’T/Q%)*2T+’ T g’ neN,
M,(2) = § ;e (D(=274) + 22 M(2) Ana(2)) T=—2 neN,
_’_1Y [log (26—17r/2K) + E( 17) + ¢(z 2n;i+1K + 2£( ):| T — 0’
(7.47)

where M (z) was defined in ([7.30)).
Using Lemma [4.2] we obtain a measure dp,(\) from M, (z) by virtue of the formula

dp,(\) = liigl M, (X +ie). (7.48)

Furthermore, a spectral transformation U, which maps H, to multiplication with the iden-
tity function in L?(R, dp) is given by

~

U, : L*((0,00),C?) — L*(R, dp,), frsf (7.49)

where

F) = lim OC@(A,x)f(x)dx (7.50)

and ¢,.(z,z) = X(z,z,T) as in ([7.43)).
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Appendix A

A short glimpse on Complex Analysis

The purpose of this appendix is to recall some standard terms and results from Complex
Analysis which are used in this thesis. After having a short look at analytic functions and
their Taylor series expansion we will introduce the concept of Laurent series. We are going
to recall the types of singularities of functions of a complex variable and we will see how
the type of a singularity of such functions can be read off from the corresponding Laurent
series. Furthermore, we will recall the necessary basics of entire and meromorphic functions.
The second and the third section are devoted to the theorems of Weierstrass and Mittag—
Leffler concerning the construction of entire and meromorphic functions, respectively. All
the material contained in this appendix is standard and taken from the classical book of
Markushevish [Mar85]. Another good reference is [Jan93].

A.1 Basic knowledge

Definition A.1 (Complex differentiability, analyticity). Suppose f(z) is a function of a
complex variable which is defined on a set E C C and let zy be any point of E which is a
limit point.

(i) We call the expression
f(z) = f(20)
zZ— 20
the difference quotient of f(z) with respect to zy. Note that (A.1)) is a function of z
which defined for any point z # zy of E.

(A1)

(i) The limit of (A.1)) as z — 29, 2 € E, provided it exists, is called the derivative of the
function f(z) at the point zy and denoted by 0, f(zo).

(i1i) A function f(z) which is differentiable on a domain G, i.e., at every point of G, is
said to be analytic (synonymously holomorphic) on G.

() If f(z) is analytic in a neigborhood of zy, f(z) is said to be analytic at z.
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Theorem A.2 ([Mar85, Theorem 1.16.7]). Let f(z) be an analytic function on a domain
G, let zg be an arbitrary (finite) point of G, and let d(zy,0G) be the distance between z
and the boundary of G. Then there exists a power series

Z an(z — 29)" (A.2)

n=0
converging to f(z) on the disk Bz, 0c)(20) = {2 € C: |2 — 2| < d(20,0G)}.

One can also consider series of a related type which involve arbitrary integer powers of
z — zg. These are series of the form

oo

> an(z—2)" (A.3)

n=—oo

which are interpreted as the sum of the series

Z an(z — 2z9)" and Z a_m(z — 20)"™. (A.4)
n=0 m=1

Definition A.3 (Laurent series). Series of the form (A.3) are called Laurent series and
they are regarded as convergent if and only if both series in in (A.4) converge. In other

words,
o0

v n
Z a,(z — zp) :}Lrgonz%an(z—zo) +A}g§o;a_m(z_zo) :

n=—oo

The first and the second expression in (A.4) are called the regular and the principal part
of the Laurent series ((A.3)), respectively.

Theorem A.4 ([Mar85, Theorem 1.1.3]). Let f(z) be an analytic function on an annulus
DE(z) ={2 € C:r < |z — 2| < R}. Then there exists a Laurent series

[e.e]

f(z) = Z an(z — 29)" (A.5)

converging to f(z) on DE(z).
Recall that a deleted neighborhood N’(2g) of 2y is a disk around zy without zy itself.
Definition A.5 (Laurent series expansions, isolated singular points).

(i) A function f(z) is said to have a Laurent series expansion at z = zy if f(z) has a
Laurent series expansion (in the variable z — zo) in some deleted neighborhood of zy.

(i1) If f(z) is a function which is analytic in a deleted neighborhood of zy, then zy is called
an isolated singular point of f(z).

Concerning the behavior of f(z) at an isolated singular point there are three possibilities.
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Definition A.6 (Poles, essential and removable singularities). An isolated singular point
2o of a function f(z) such that

(i) f(z) = 00 as z — zq is called a pole of f(z).

(ii) f(z) approaches no limit (finite or infinite) as z — zy is called an essential singular
point (or essential singularity) of f(z).

(iii) f(z) can be analytically extended to N'(z9) U {z0} is called removable singular point
(or removable singularity) of f(z).

The point 2 is a pole of the function f(z) if and only if it is a zero of 1/f(z) (cf. [Mar85,
Theorem I1.1.6]).

Definition A.7 (Order of a pole). We say that the point zy is a pole of order k (k> 1)
of the function f(z), if zo is a zero of order k of the function 1/f(z).

We can read off the type of a singularity zo of f(2) from the corresponding Laurent series

(A.3) of f(2) in z.

(i) The point zy is a pole of order k of the function f(z) if and only if the Laurent series
expansion of f(z) at z is of the form "~  a,(z — 2p)" where a_g # 0.

(ii) The point z is an essential singular point of f(z) if and only if the Laurent series
expansion of f(z) at z has infinitely many terms of the form a_z(z — )% where

k:>0,a_k7é0.

(iii) The point z is removable singular point if and only if the principal part of the Laurent
series expansion of f(z) at zy vanishes, that is, a; = 0 for all negative integers k.

We conclude this section by a short glimpse on entire and meromorphic functions.

Definition A.8 (Entire functions). A function is called entire if it is analytic everywhere
in the finite complex plane.

Such a function has a Taylor series expansion » -, a,(z —2o)" (or, equivalently, a Laurent
series expansion with vanishing principal part) for all z in the finite complex plane.

Definition A.9 (Meromorphic functions). A function f(z) is called meromorphic if it can
be written as a quotient

() = 4 (A0
of two entire functions g(z) and h(z) where h(z) # 0.

Finally, we recall that there is an equivalent characterization of meromorphic functions.

Theorem A.10 ([Mar85, Theorem I1.10.8]). A single-valued function f(z) is meromorphic
if and only if its only singular points in the finite complex plane are poles.
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A.2 Weierstrass’ theorem

This section is devoted to Weierstrass’ theorem which gives a positive answer to the question
if one can construct an entire function whose zeros coincide with the points of an arbitrary
increasing sequence of nonzero complex numbers {(,} converging to infinity. In order to
prove this, we recall two important facts from [Mar85].

Theorem A.11 ([Mar85, Theorem 1.15.6]). If the series

D fal2) = f(2) (A7)

is uniformly convergent on every compact subset of a domain G, and if every term f,(z)
is analytic on G, then the sum f(z) of the series is also analytic on G.
Moreover, the series (A.7)) can be differentiated term by term any number of times, i.e.,

S 04(2) = 0F). keN (A5)

forall z € G, and each differntiated series is uniformly convergent on every compact subset

of G.

Theorem A.12 ([Mar85, Theorem 1.15.8]). If the sequence { f,,(z)} is uniformly convergent
on every compact subset of a domain G, and if every term f,(z) is analytic on G, then the
limit function

f(z) = lim fo(2)

n—oo

is also analytic on G. Moreover, as n — 0o, each sequence of derivatives {0 f,(2)}, k € N
converges uniformly to O f(z) on every compact subset of G.

Now we prove the famous product theorem which was found by Karl Weierstrass in 1876.

Theorem A.13 (Weierstrass’ theorem, [Mar85, Theorem I1.10.1]). Given a nonnegative
integer A and an increasing sequence of nonzero complex numbers {(,} converging to in-
finity, there exists an entire function f(z) whose zeros coincide with the points

0,..0,0,Cryeey Gy (A.9)
N——

A times

Proof. Consider the sequence of entire functions

fu(2) = 2* ﬁ (1 - Ci> @ meN
n=1 n

where the P, (z) are polynomials, to be suitably chosen later. Obviously, the zeros of f,,(z)
coincide with the first m + A points of the sequence (A.9). In general, f,,(z) has multiple
zeros, since (|A.9) can contain the same point several times (this possibility is explicitly
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indicated for the point z = 0). The idea of the proof is to choose the polynomials P,(z) in
such a way that the sequence {f,,(2)} is uniformly convergent on every compact subset,
since then we can invoke Theorem [A.12] to deduce that the limit function

f(z) = lim f,(2) (A.10)

m—o0

is entire. With this in mind, let Kr = {z € C: |z| < R} and let N(R) be the smallest
integer such that |(,| > 2R for all n > N(R). Then, if z € Kg and n > N(R), we can
write f,,(2) in the form

ful) = fem@ 11 1(1—1) P (A1)

n=N(R)+ Gn

- z
= fnr)(2) exp H {hl (1 — C_) + Pn(z)} } (A.12)

n=N(R)+1 "

where every logarithmic therm can be expanded as a power series
z z Zn Zn—i—l

m(l-—)=-" o = - A.13
( Cn> Cn n¢r (n+1)grtt (A.13)

since |£] < 5 for all z € Kg and n < N(R). Choosing P,(z) so as to cancel the first n

terms of this series, i.e.,
n

Pa(z) =€i+~--+n—€n, (A.14)
we have »
z ik
which implies
z 1|z 1 |z]|"" 1 1 1
In{1——)+P,(2) < = ad =
n( Cn)+ ) T n+1|G n+2|G * <2n+1+2n+2+ on

Then the series

i ) [m (1 - Ci) + Pn(z)} (A.16)

n=N(R) "

is uniformly convergent on Ky since

i In (1 - Ci) + Po(2)

n=N(R)+1 "

o0

<221—n—1<oo.

n=1

Therefore (A.16) represents an analytic function yg(z) on Kg (cf. Theorem [A.11)). Com-
paring (A.10) and (A.11]), and using the continuity of the exponential function, we find
that

f(2) = fnwen®, 2 € Kg. (A.17)
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This shows that f(z) is analytic on Kg. Since the radius of the disk Kz can be arbitrarily
large, {fm(z)} is uniformly convergent on every compact set, and hence the function f(z)
is analytic on the whole plane, i.e., f(z) is entire. The fact that the zeros of f(z) coincide
with the points is almost obvious, and follows from the representation and
the arbitrariness of R, since eX#(*) is nonvanishing, while, by construction, the zeros of
Iy (2) in K are precisely those points of the sequence (A.9) which lie in Kp. Finally,
we note that

f(z) = lim 2* H (1 - Qi) efn(?) (A.18)
m—0o0
n=1 n
which follows just by recalling the definition of f,,(2). O

A.3 Mittag-Leffler’s theorem

Now we turn to Mittag-Leffler’s theorem which shows that any increasing sequence of
distinct complex numbers converging to infinity, together with any infinite sequence of
rational functions of the a certain form, can serve as the poles and corresponding principal
parts of a meromorphic function. In order to prove this, we have to recall the so-called
M-test of Weierstrass from [Mar85].

Theorem A.14 (Weierstrass’ M-test, [Mar85, Theorem 1.15.2]). Given a convergent series

i M, (A.19)
n=1

whose terms are nonnegative constants, suppose the functions f,(z), n € N are such that
|fu(2)] < M, (A.20)

for all z € E and all n exceeding a certain integer N > 0. Then the series
d fulz)=f(2), z€E (A.21)
n=1

is uniformly convergent on E.

Now we are ready to prove Mittag-Leffler’s theorem which is kind of an analogue of Weier-
strass’ theorem. It was published in 1884 by Magnus Gosta Mittag-Leffler.

Theorem A.15 (Mittag-Leffler’s theorem, [Mar85, Theorem I11.10.10]). Let

Co=0,C1. G- . (A.22)

be an increasing sequence of distinct complex numbers converging to infinity, and let

Go(2),G1(2),...,Gu(2),. ..
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be a sequence of rational functions of the form

a") al")
_ % T o A2
Gn(2) TR RS e (A.23)

where B, # 0, a(_nﬁ)n # 0 if n # 0. Then there exists a meromorphic function f(z) whose
poles coincide with the points (A.22)), and whose principal part at the pole ¢, equals G, (z),
for each n € Ny.

Proof. Tt is now not really surprising that the proof bears a strong resemblance to the proof
of Weierstrass’ theorem (Theorem [A.13). We start from the Taylor series expansion

Go(2) = al” +a§n)z+...a§€n)zk+..., n € Ny
which is convergent on the disk D = {z € C : |z] < |(n|} and uniformly convergent on

every smaller disk, in particular on D,, = {z € C: |z| < 3|(,|}. Let {e,} any sequence of
positive numbers such that

Zen < 00. (A.24)
n=0

Then, choosing integers kg, k1, ko, ... such that

Gn(z) — (a(()") +az 4+ a,i?z“) ‘ < &, n € Ny (A.25)

for all z € D,,, we introduce the polynomials
P.(z) = —agn) — agn)z — = a,(;)zk", n €Ny (A.26)
where Py(z) = 0 if Go(z) = 0. Given any disk Kr = {z € C: |z| < R}, let N(R) be the
smallest integer such that ||(,|| > 2R for all n > N(R). Consider the series
> [Gula) + P2, (A.27)
n=N(R)+1

noting that Kr C D, for all n > N(R), while Kg contains none of the points CN(R)+1
CN(R)+2, - - - - 1t follows from (A.25)) and (A.26) that we have

1Gn(2) + Pa(2)l] < &

for all n > N(R) and z € Kg. Therefore, because of (A.24)) and Weierstrass’ M-test
(Theorem [A.14)), the series ((A.27)) is uniformly convergent on Kg, and hence represents an
analytic function wg(z) on Kg (Theorem |[A.11)). Thus, if

[M]8

f(z) = ) [Gn(2) + Fu(2)], (A.28)

i
o
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we have the representation

f(Z) = fN(R)(Z) + wR(z), z € KR, (A29)

where wg(z) is analytic on Kg, and the partial sum

2
S

(
fxm(2) = ) [Ga(2) + Pu(2)]

n

I
o

is a rational function whose poles in K are precisely those points of the sequence
which lie in Kz. Moreover, the principal part of fy(g)(z), and hence of f(z), at any point
(n € Kpg is just G,(z). The theorem now follows at once from the observation that Kg
can have arbitrarily large radius. ]

Corollary A.16. Let f(z) be a meromorphic function whose poles are given by an increas-

ing sequence of complex numbers by = 0,b1,...,b,,... with corresponding principal parts
Go(2),G1(2),...,Gn(2),.... Then f(2) can be represented in the form
f(2)=9(z)+ ) _[Gu(z) + Fu(z)], (A.30)
n=0

where g(z) is an entire function and the P,(z) are polynomials.

Proof. Use Mittag-Leffler’s theorem (Theorem |[A.15) to construct a function

p(2) = ) [Gul(2) + Pu(2)]

n=0

with the same poles and principal parts as f(z). Then f(z) — ¢(2) is analytic in the whole
plane and hence equals an entire function which we denote by g(z). O

Corollary A.17 ([Mar85, II., Section 51, Example 1]). Given an increasing sequence
{C.} of distinct nonzero complex numbers converging to infinity, and an arbitrary complex
sequence {A,}, find an entire function f(z) such that

f(¢) = A, n € N. (A.31)
Proof. We begin by using Theorem[A.T13]and Corollary[A.T6)in order to construct an entire
function g(z) with simple zeros at the points (i, (s, . . ., i.e.,

9(2) :f[1 (1 - Cin) ol@t+im), (A.32)

Then, we calculate the derivative 0,g(z) at every point (,, obtaining a sequence of nonzero
complex numbers {0,¢((,)}. Next, we use Mittag-Leffler’s theorem to find a meromorphic

function ¢(z) with simple poles at the points (i, (s, ... and corresponding principal parts
ATL aZ n
/—QC(“ neN. (A.33)
Z—Gn
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Thus

n/0:9(Cr)
23[ [006) 4 p (o

where the P, (z) are suitably chosen polynomials. Then the function

f(z) = g(2)p(2)

n=1

is obviously entire, and satisfies

F6) = T g(2)(z) = timn |20y,
. azg(gn)An _
7—329(@) =A,, neN
as stated. O
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Appendix B

Nevanlinna functions

This appendix provides some facts concerning Herglotz—Nevanlinna and generalized Nevan-
linna functions. In particular, we will have a look at generalized Nevanlinna functions which
have no nonreal poles and the only generalized pole of nonpositive type at infinity.

B.1 Herglotz—Nevanlinna functions

We are going to define Herglotz—Nevanlinna functions and list some of their properties.
The content of this section is taken from [KSTTI], [Te09] and [Tim95].

Denote by C. = {z € C| & Im(z) > 0} the upper, respectively, lower half plane.

Definition B.1 (Herglotz—Nevanlinna functions). A function F : Cy — C, is called

Herglotz—Nevanlinna function if F is analytic everywhere in Cy. On C_ one defines F
using F(z*) = F(z)*.

Definition B.2 (Borel transform). We define the Borel transform F of the measure pn by
1
F(z)= du(N). B.1
@)= [ ) (B.1)
Considering just the imaginary part of (B.1)),

Im(F(2)) = Tm(2) /R ﬁdﬂm, (B.2)

we infer that F'(z) is an analytic map from the upper half plane into itself and thus a
Herglotz—Nevanlinna function. Furthermore, F' satisfies a growth estimate.

Theorem B.3 ([Te09, Theorem 3.10]). The Borel transform F(z) of a finite Borel measure

p is a Herglotz—Nevanlinna function. It is analytic in C\ o(p) and satisfies

F(z")=F(2)", |F(2)| < %, zeC,. (B.3)

Here, o(u) denotes the spectrum of the measure p defined in (2.33)).
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The converse of Theorem also holds, that is, if a Herglotz function F’ satisfies a growth
estimate, then there exists a finite measure p such that £’ is the Borel transform of pu.

Theorem B.4 ([Te09, Theorem 3.20]). Suppose I is Herglotz function satisfying

M

() < gy

Then there is a Borel measure p satisfying u(R) < M. Here, M > 0 is some constant such
that F is the Borel transform of u.

Furthermore, the so-called Stieltjes inversion formula shows that one can associate a mea-
sure with every Herglotz—Nevanlinna function.

Theorem B.5 (Stieltjes inversion formula, cf. [KSTI11, Lemma 3.2]). Suppose F(z) is the
Borel transform of a finite measure dyu,

re) - [, B5)

then we have o N
lim — wA)Im(F(A +ie)) d\ = / w(A) du(N) (B.6)

E\LO T )\O )\0

for every w € C[\g, \1| where

A1 1
/ wd,u——(/ wdu—i—/ wd,u). (B.7)
2o 2 \Jon) DooAd]

Another important property of Herglotz—Nevanlinna functions is the existence of an integral
representation.

Theorem B.6 ([Tim95, Theorem B.1]). A function F is a Herglotz—Nevanlinna function
if and only if it admaits the integral representation

F<z):a+bz+/(;z—1%>du<x), cec, (B.)

R

where a = Re(F'(i)), b > 0, and u is a measure on R which satisfies

e o

The measure () in the above representation is given by the Stieltjes inversion formula.
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B.2 Generalized Nevanlinna functions

This section provides some information about the classes NN, of generalized Nevanlinna
functions and coincides with [KST11, Appendix C] apart from some slight modifications.
More information on this topic can be found, e.g., in [KxL'77] and [Lan86].

Definition B.7 (Generalized Nevanlinna functions). We define the set of generalized
Nevanlinna functions N, k € Ny as the set of all functions G(z) which are meromor-
phic in Cy UC_, satisfy the symmetry condition

G(z) = G(z")" (B.10)
for all z in the domain D¢ of holomorphy of G(z), and for which the Nevanlinna kernel

G(z) = G(O)

NG(27C) = Z—g* )

2, €Dg, z#(" (B.11)

has Kk negative squares.

The Nevanlinna kernel (B.11]) has exactly x negative squares if and only if the matrix

{NG<2j’Zk>}1§j,k§n (B12)

has at most x negative eigenvalues for any choice of finitely many points {z; };?:1 C D¢ and
exactly x negative eigenvalues for some choice of {z;}7_,. Note that Ny coincides with the
class of Herglotz—Nevanlinna functions.

Definition B.8 (Generalized poles). Suppose G € N, k > 1.
(i) A point Ny € R is said to be a generalized pole of nonpositive type of G if either

limsupe|G(Ag + ig)| = o0 or liﬂ)l(—is)G()\o + ie)
el0 €

exists and is finite and negative.
(ii) The point Ay = oo is said to be a generalized pole of nonpositive type of G if either

lim sup M = 00 or lim Gliy)

ytoo 1y ytoo 1Y

exists and is finite and negative.
All limits can be replaced by nontangential limits.

We are interested in the special subclass N2° C N, of generalized Nevanlinna function
with no nonreal poles and the only generalized pole of nonpositive type at infinity. A more
general version of Theorem holds for this subclass. In particular, for every function in
N, there exists an integral representation.
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Theorem B.9 ([KST11 Theorem C.1]). A function G € N2° admits the representation

G(z):(1+z2)k/R()\iz—1:\)\2) 1H2 +Za]z] (B.13)

where k < k, | <2k +1,
a; € R and /(1 + X)) 1dp()) < 0. (B.14)
R

The measure p is given by the Stieltjes inversion formula (cf. Theorem

A1

(P((Dos A)) + p(1Ro, Ad])) = lim —

1 :
5 = Im(G(X +ie))dA. (B.15)

The representation (B.13)) is called irreducible if k is chosen minimal, that is, either k =0
or [o(14+A?)"*dp(X\) = oc.
Conversely, if (B.14) holds, then G(z) defined via (B.13)) is in N2° for some k. If k is

minimal, Kk 1S given by

k. 1< 2k,
K= L%J, 1 >2k+1, [ even, or, | odd and a; > 0, (B.16)
1L]+1, 1>2k+1, | odd and a; < 0.

Given a generalized Nevanlinna function in N2°, the corresponding  is equal to the mul-
tiplicity of the generalized pole at infinity which is determined by the fact that the limits

. Gliy)
c (0, d 1
(0,00]  an o (i) 21

lim —

- € |0,
ytoo  (iy)2e—1 0, 00)

exist and take values as indicated. Again, the limits can be replaced by nontangential
ones. Note that, if G(z) € N,, then —G(z)™', —G(1/z) and 1/G(1/z) also belong to
N,. Moreover, generalized zeros of G(z) are generalized poles of —G(z)™! of the same
multiplicity.

Lemma B.10 ([KST1I, Lemma C.2|). Let G(2) be a generalized Nevanlinna function
given by (B.13) and (B.14) where | < 2k + 1. Then, for every 0 <y < 2, we have

dp(A 1)*Im(G (iy
/]R g ])EP)’“*V < oo if and only if / Qkfy ( ))dy < o0, (B17)

Concerning the case v = 0, we have

/ dp(\) _ . (=D m(G(iy))
R (LEA)FE ymeo g2t

(B.18)

where the two sides are either both finite and equal or both infinite.
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Glossary of notation

ACio((a,b), C2)
B

C

Cy

xa(.)

2(.)

det

LP(R,dp)
Ly,.((a,0),C?)
L?*((a,b),C?)
m(2)

M(z)

Hop

set of locally absolutely continuous functions from (a,b) to C?
Borel sigma algebra of R

set of complex numbers

upper, respectively, lower complex half plane
characteristic function of the set (2

domain of an operator or a differential expression
determinant

exponential function, e* = exp(z)

Green function of the self-adjoint Dirac operator H
self-adjoint Dirac operator

self-adjoint radial Dirac operator

convex hull

a (complex and separable) Hilbert space

complex unity, i = —1

identity operator

imaginary part of a complex number 2

set of all bounded linear operators from the space X to itself
a real number

real-valued p-integrable functions with respect to the measure p
set of locally integrable functions from (a,b) to C?
set of square integrable functions from (a, ) to C?
Weyl m-functions

singular Weyl function

spectral measure associated with the function ¢
set of generalized Nevanlinna functions

set of positive integers

=NuU{0}

Landau symbol big-O

a Borel set

projection-valued measure

family of spectral projections of an operator A
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qga

Oess (A)

0se(A)

01, 02, 03

Ty
U:I:(Z7 $)
W (u,v)

f/

[ -]lc2

Bl

|- £2((ab).c2)
|1l 2 (R,ap)

[-lloc

)

L2((a,b),C2)
L2(R,dp)

P e e
~ ~— ~—

.y .

TEEz®9®
>

—

)/\2>

1 2]

~

quadratic form of A

form domain of A

real part of a complex number z

set of real numbers

resolvent of an operator A

range of A

resolvent set of A

spectrum of A

absolutely continuous spectrum of A
discrete spectrum of A

essential spectrum of A

point spectrum of A

pure point spectrum of A

singularly continuous spectrum of A
Pauli matrices

Dirac differential expression

radial Dirac differential expression
Weyl solutions

Wronski determinant of the functions v and v at x

a complex number

complex conjugation

adjoint of an operator A

differentiation with respect to z

spectral transform of f

derivative of f with respect to x

norm in C?

norm in the Hilbert space $

norm in the Hilbert space L*((a,b), C?)
norm in the Hilbert space L*(R, dp)

sup norm

inner product in C?

inner product in the Hilbert space $)

inner product in the Hilbert space L*((a,b),C?)
inner product in the Hilbert space L*(R, dp)
orthogonal sum of linear spaces or operators
tensor product in C?

orthogonal complement of the set M
closure of M

= {) € R|A\; < A < A}, open interval

={A € R|\; < X < Ao}, closed interval
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