GAP LABELLING FOR ALMOST PERIODIC
STURM-LIOUVILLE OPERATORS

GERALD TESCHL, YIFEI WANG, BING XIE, AND ZHE ZHOU

ABSTRACT. In this paper, we introduce a rotation number for almost periodic
Sturm-Liouville operators in the spirit of Johnson and Moser. We then prove
the gap labelling theorem in terms of rotation numbers for the operator in
question. To do this, we rigorously prove the almost periodicity of Green’s

functions.
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1. INTRODUCTION

1.1. Background. In their landmark paper [26], Johnson and Moser introduced
the concept of a rotation number for Schrodinger operators with almost periodic
potentials. A brief description is as follows. For A € R, let ¢ be a solution of the
differential equation

d%¢
Ho = =5 + a(a)o = Ao,

where H denotes the Schrodinger operator with a Bohr almost periodic potential
q(x). The rotation number for H is defined as the average winding per unit of the
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associated two-vector given by the solution ¢ and its derivative ¢’ around the origin
in the (¢, ¢)-plane. They used the so-called rotation number to establish the gap
labelling theorem and characterized the spectrum of the operator in question.

Regarding the gap labelling theorem, Jean Bellissard has made fundamental
contributions by establishing a topological framework for spectral gaps in a variety
of settings, including Schrédinger operators [2) Bl 5l [6], automatic sequences [5, [7],
and tiling dynamical systems [8, B5]. Bellissard showed that each spectral gap
is naturally labelled by an element of the Ky-group of the associated C*-algebra,
thereby revealing spectral gaps as stable topological invariants rather than purely
analytical features. For a comprehensive review, see also [4].

Recently, the concept of rotation number has been extended to more general
potentials, such as Stepanov almost periodic functions, almost periodic functions
with d-interactions, and the so-called a-norm almost periodic measures; see [42}, [15]
16]. However, the spectral analysis of the corresponding operators via the rotation
number method has yet to be developed.

In this paper, we consider the almost periodic Sturm-Liouville operators as fol-
lows.

L: : D(La

5 GW p,q,w)

f=1@) =710l =

— L2(R,w(x)dz)

1 ( d , df(z)

(1.1)
5 (0L ).

where D(L1 , ,,) C L*(R, w(z)dz) is a suitable domain so that L1 , ,, is self-adjoint,
L.a .4

and p := p(x), q := q(z),w := w(x) are Bohr almost periodic functions. For A\ € R,
let ¢ be a solution of the differential equation

7'%7q7w(;5: M. (1.2)

The rotation number is defined as the average winding per unit of the associated
two-vector given by the solution ¢ and its quasi-derivative p¢’ around the origin
in the (p¢’, ¢)-plane. The spectral analysis of the almost periodic Sturm-Liouville
operators will be addressed in detail via the rotation number method.

A typical model of almost periodic Sturm-Liouville operators is the case where
P, q,w are periodic functions with the same period. Research on periodic Sturm-
Liouville operators is extensive, such as [10, [31} [T] and references therein. However,
unlike Schrodinger operators, the Sturm-Liouville operator involves three coeffi-
cients, which means it may not be periodic even if all three coefficients are periodic.
This may have an impact on the corresponding spectrum. For example, consider
the Sturm-Liouville operator with all coefficient functions having the same period
T > 0. Using the method in [41], one can deduce that all periodic and anti-periodic
eigenvalues agree with the endpoints of {\ € R: p(\) = &7 k € Z}, where p(\) de-
notes the rotation number. Figure [1| shows an intuitive example with

1
sinx + 2’

p(x) = q(x) =2cosz, w(xr)=—cosz+2,

having the same period 27. Platforms at A = g,k € 7, are observable. Replace
q(x) with 2cos(v/2x). Then p, ¢, w are still periodic functions but the period of p
and w is rationally independent of that of g. As shown in Figure 2] the platforms

. . 7
are no longer regularly distributed at 3.
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FIGURE 1. p(z) = m, q(z) = 2cosx, w(x) = —cosx + 2

p(A}

FIGURE 2. p(z) = ﬁ, q(x) = 2cos(v2z), w(z) = —cosx + 2

The Sturm-Liouville operator (1.1)) with

1
p(z) = e q(z) = 2cos(V2zx), w(zx)= —cosz +2,

is almost periodic rather than periodic. It is reasonable to expect that almost
periodic Sturm-Liouville operators will have a wide range of applications, with
their spectra exhibiting a richer array of phenomena. For instance, the spectrum of
almost periodic Schrodinger operators displays remarkably complex behavior; see
the survey by Simon [33] and the references therein.

Besides the paper [26] that we mentioned in the beginning, there are also quite
a few papers to study the spectrum via the rotation number method. For instance,
Giachett and Johnson [21] studied two dimensional linear systems with bounded
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coefficients and proved that the rotation number increases exactly on the spec-
trum. Sun [34] studied one dimensional stationary ergodic Dirac operators on a
probability space, and proved the relationship that the increasing points of the ro-
tation number are exactly the spectrum for almost everywhere in the sample space.
Fabbri, Johnson, and Ninez [17, 18] studied non-autonomous linear Hamiltonian
systems and showed that, under certain assumptions, the rotation number remains
constant on open intervals where an exponential dichotomy exists. Consequently,
the rotation number can be used to label the different gaps of the spectrum. For a
comprehensive list of related works, see the book by Johnson, Obaya, Novo, Niinez
and Fabbri [27] and the references therein.

1.2. The setting and main results. Let us now describe the setting we consider
in more detail. Let f: R — K be a continuous function. Denote the shift of f by

fti=f(-+1), for any t € R. (1.3)
We say that f is Bohr almost periodic if one can extract a sub-sequence {t,} from
any sequence {tn} C R such that lim f -, exists uniformly on the real axis. The

n—oo
space of all such functions is denoted by AP (R, K). It is well known that AP (R, K)
is a Banach space with respect to the uniform norm || - ||; see [19].
For any f € AP(R,K), one can associate f with the so-called mean value as
R
M) = Jim 7 [ f@)ae.

The limit is well-defined by the definition of Bohr almost periodic functions. For
A € R, we denote the corresponding Fourier coefficient as

FO) = M, (f(2)e™ ™),

and define the set of Fourier exponents of f by exp(f) := {\ € R: f()\) # 0}. The
smallest additive group of R containing exp(f) is denoted by M. We call it the
frequency module of f. The hull of f is defined by

7 =il
E(f):={f t:teR} .
It is well known that E(f) is a compact and minimal set with the Haar measure,

denoted by ug(y), being the unique invariant measure of E(f) under the shift f
f - t. For our purpose, we introduce the following space

AP, (R,R) := {f € AP(R,R) : any function feB(f)is positive}. (1.4)

Note that AP, (R, R) is not a Banach space, and AP (R, R) # AP(R,R; ) because
of the example cos(x) 4 cos(v/2z) + 2.
From now on, we always assume that

p,w € AP (R,R), and ¢ € AP(R,R), (%)

and consider the almost periodic Sturm-Liouville operator (L.1). It is natural to
require that p and w are positive. However, this is not sufficient. When one
studies almost periodic differential equations, the relevant equations in the hull also
need to be considered. Like Favard’s theorem [I9, Theorem 6.3], when confirming
the existence of almost periodic solutions, one must consider all the non-trivial
solutions in the homogeneous hull of the original almost periodic system. That
is why AP, (R,R) was introduced in . If p and w degenerate as periodic
functions, then the assumption is equivalent to the positivity of p and w themselves.
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For the sake of simplicity, we take the following notation
1
vi= (5, q,w) € AP, (R,R%) := AP (R,R) x AP(R,R) x AP, (R,R), (1.5)

where 1% is well-defined; see Lemma [2.2|ii). Let ¢(z) be any non-trivial solution of
(1.2). We consider a continuous branch of the following argument as

O (x;v) := arg (p(x)qb'(m) + id)(m)).
Then we have the first main result.

Theorem 1.1. The limit

i 2 @3v) = 05(05v)
T—r+00 xX

exists and is independent of the choice of solutions. We call it the rotation number
of (1.2), and denote it by p (A, V).

Remark 1.2. The concept of rotation number is due to Poincaré and is used to
obtain a classification of orientation preserving self-homeomorphisms of the circle;
see [28]. Extensions of this concept have been considered by many authors in the
literature; see, for example, [9] 23] 29| 30].

Similarly to My, we denote the smallest additive group of R containing the
Fourier exponents of v by

MV = {i nk)\k

k=1
Note that M1 = M, for p € AP, (R,R); see Lemma iii). Then we have the
gap labelling theorem as follows.

)\kEMPUMqUMw,nkEZ7m€N}. (1.6)

Theorem 1.3. Let J be an open interval of R\ o(Ly). Then p(\,v) is a constant
inJ and

2p(A,v) € My, for X e J.

Remark 1.4. i): Very recently, Damanik and his collaborators have conducted a se-
ries of studies on gap labelling for discrete one-dimensional ergodic Schrédinger/Jacobi
operators using the Schwartzman homomorphism developed by Johnson; see, for
example, [12] 13}, [14] T1]. In contrast, our work investigates gap labelling for almost
periodic Sturm-Liouville operators directly in terms of Green’s functions. In par-
ticular, we establish the almost periodicity of the Green’s functions and exploit the
module containment relationship between the coefficient functions and the Green’s
functions; see Lemma [3.7]

ii): Let us revisit Figure [1] and Figure It is easy to verify that M, = Z
for Figure Thus it is reasonable that the platforms are only distributed at %.
However, we have M, = Z + v/2Z for Figure [2l Due to the density of Z + v/2Z,
the phenomenon of the Devil’s Staircase may appear in this case.

Throughout this paper, we adopt the following notation:
e i: the imaginary unit;
e ¢: the FEuler number;
o K: either R or C;
e [: the identity operator;
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*

e -*: the conjugate of -. If - = f is a complex function, then f* denotes its
conjugate function. If - = z is a complex number, then z* denotes its conjugate
complex number;

d
e f’: denote the derivative —f;

x

e LP(D,du): the space of all £P-integrable functions f defined on the set D with
1

the norm | f{| zo(p,ap) = ([ |f[Pdp)”, for p € N;

e C(R,K): the space of all continuous functions f : R — K with the norm || f||ec :=

maxzer |f()];

e AC(R,dpu): the space of all absolutely continuous functions with respect to the
measure y, i.e., for any f € AC(R,dpu), there exists a locally integrable function g
such that f(z) = f(c) + [ g(t)du(t), c € R;

e o(L): the spectrum of the operator L;

e #{-}: the number of elements in a given set.

2. ALMOST PERIODIC FUNCTIONS

In this section, we state some fundamental results on almost periodic functions,
and then introduce the triplets of almost periodic functions and the corresponding
joint hulls which will be used later. For more details on almost periodic functions,
see [19].

2.1. Module. Let f € AP(R,K), and M} be the frequency module of f. AP x4, (R, K)
denotes the space of all functions in AP (R, K) whose frequency module belongs to
M. C(E(f),K) denotes the space of all continuous functions from E(f) to K.

Lemma 2.1. [19] Let f € AP(R,K).
i): If f'(z) is uniformly continuous on R, then f'(z) € AP(R,K) and M C
M.
ii): AP, (R,K) is a Banach algebra.
iii): APm,; (R, K) and C(E(f),K) are isomorphic as Banach algebras.

Moreover, we have

Lemma 2.2. Let f € AP (R,R).
i): There exists a constant 6 := §(f) > 0 such that f(x) > ¢ for all x € R.
i): % is well-defined, and % € AP, (R,R).

iii): M1 = M;y.

1
f

Proof. : We extend f(z) to F(&) € C(E(f),R) such that F(§ -x) = f(x) where

& := f and z € R. By (L.4) and Lemma 2.1} we have F(£) > 0 for all £ € E(f).
Thus there exists a constant § > 0 such that F'(§) > § for all £ € E(f), because

E(f) is compact. In particular, f(z) > > 0 for all z € R.
i)

iii) | : For any sequence {t,} C R such that lim f-t, = fy exists uniformly on
n—oo

: It is obvious by i) and the boundedness of Bohr almost periodic functions.

.-

the real axis, we have

folz) > >0, for all z € R,
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where i) is used. It follows that

1 f x + tn) fo(x)
tn .
Hence lim f tn = J%O exists uniformly on the real axis. By [19, Theorem 4.5], we
n—oo

obtain M 3 C My. Conversely, by a similar argument, we have M; C M 1 The
desired result is obtained. O

Remark 2.3. 1)~ For any fe E(f), Lemmaholds as well, and § is independent
of the choice of f.

ii): In general, we do not have exp (%) = exp(f). For example, let f := cos(z) + 2.
Then exp(f) = {0,+1}, but exp (%) =7.

iii): If we consider the following space:
APL(R,C) := {f € AP(R,C) : |f(x)’ is positive for each f € E(f)},

then Lemma still holds, and one only needs to replace f(z) by |f(x)| in i).

We state the following lemma which plays a fundamental role in the proof of the
gap labelling theorem.

Lemma 2.4. Assume that f(z) € AP(R,R), f'(x) is uniformly continuous on R,

and any function f(a:) € E(f) has only simple zeroes. Then the following limit
exists and

b T3 €[0.2): () = 0}

Tr——+00 X

€ ./\/lf.
Proof. By Lemma and Corollary [26, p.412], we have the desired result. O

Remark 2.5. The value of the limit can be regarded as the so-called mean index,
which is a key quantity associated with non-periodic orbits in Hamiltonian systems
arising from astromechanics; see [25] [40].

Recall the notation (L.6). Denote by AP, (R,K) the space of all functions
in AP(R,K) whose frequency module belongs to M,. The relationship between
the frequency modules of two elements in AP(R,K) has been established in [19]
Theorem 4.5]. If we consider the vector-valued case instead of the scalar-valued
case, the proof remains unchanged, except for the fact that the Fourier coefficients
are vectors for the vector-valued case. Thus the relationship between the frequency
modules of elements in AP (R, K?®) and those in AP(R,K) can be stated as follows.

Lemma 2.6. Let f : R — K be a continuous function. Then the following state-
ments are equivalent:

i): f e AP am, (R K);

ii): For any sequence {t,}nen C R such that lim 1 b, hm q-t, and lim w-
'I’L‘)OO n—oo

t, exist uniformly on the real axis, it follows that hm f - tn also exists
n—oo

uniformly.
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2.2. Joint hull. Recall the notation v € AP, (R,R?) in (1.5). AP.(R,R3) can be
equipped with the metric

1
Viloo = max{HpHm, Il ||w||oo}. (2.1)

Note that AP, (R, R?) is not complete, although AP (R, R?) is a Banach space. We
consider an R action on AP, (R, R?) by shifts, and denote for v € AP, (R, R?) and
t € R the corresponding shifted element in AP, (R, R3) by

v-ti= (pi-t’q't’w.t)' (2.2)
It is easy to verify that the R action satisfies the following conditions.
e group structure:
v-0=v,and v- (t; +t2) = (V- t1) - ta, for all v € AP, (R,R?), t;, t; € R,
e isometry:
[Ivi-t—va-tlloo = V1 — V2lco, for all t € R, v; € AP.(R,R?), i = 1,2, (2.3)
e uniform continuity: for any € > 0, there exists a § = d(¢) > 0 such that
[v-t—v]o <e for all v € AP, (R,R?), t € R with |¢| < 4.
By 7 we have

Lemma 2.7. The shifts {v - t}icr are equicontinuous homeomorphisms.
For v = (11)’ q, w) € AP.(R,R?), denote the orbit of v by
Orb(v) :={v-t:t e R}
We introduce
Definition 2.8. The joint hull of v € AP.(R,R3) is defined by
B(v) = OT(V)IHlOQ.

Obviously, we have
E(v) C E <;> x E(q) x E(w) C AP.(R,R?) C AP(R,R?).

By the definition of Bohr almost periodic functions and Lemma ii), we obtain
Lemma 2.9. E(v) is compact in AP(R,R3) with the metric || - ||oo-

One may equip E(v) with a group structure as follows. Let

vi= lim v-t,, Vvo= lim v-s,
n—oo n—oo

be elements of E(v), then the product is defined by
vy - Vg = ILm v (tn + Sn)- (2.4)

The limit is well-defined and the product is obviously commutative. The inverse is
defined by

vili= im v (~t,), (2.5)

n— 00

and v is thus the identity element of the group E(v).
Lemma 2.10. We have
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): E(v) = E(v), for each v € E(v);

): Mg = My, for each v € E(v);

iii): (E(v),-,~') is a compact abelian topological group;
): the flow {V - t}ier on E(v) is uniquely ergodic with the Haar measure,
denoted by pg(v), being the only invariant measure; and

v): for any continuous function [ : E(v) = K,

1 [
lim */ f(v-t)dt = fdpg),
0 E(v)

x——+oco I
uniformly for all v € E(v).

Proof. : Let v € E(v). Since E(v) is invariant under the shift 1) we have
Orb(v) € E(v). By Lemma we know that E(v) is closed. Thus E(v) =

Orb(V)| e C E(v). Conversely, assume that lim v-t, =V € E(v). Then one has

n— oo

v = li_>m V - (—t,,) which implies v € E(V). Thus by a similar argument, we have
E(v) = E(v).

: Because of 1) it is sufficient to show that for any fixed f € AP(R,R),
one has Mz = My for each f € E(f). We first claim that Mz € My. In fact,
assume that lim f-¢, = f € E(f). This implies that for any € > 0, there exists

n— oo
an Ny := No(e) > 0 such that
|f(z) = flz+tn)] <6 for all n > Ny and x € R. (2.6)
For any sequence {s,}neny C R such that lim f - s, exists uniformly on the real

n—oo

axis, it follows from 1) that lim ]7 s, exists as well. By [I9, Theorem 4.5], we
n—oo
complete the proof of the claim. Conversely, if ILm ftn = f € E(f), then we have

f= lim f- (—tn). Along line with a similar argument, we have M C M5, and

n—-+oo

have the desired result.

: By , we may obtain that operations of the product and the
inverse are continuous on E(v).

: By , we have vt = (v-t)-v for any v € E(v) and ¢ € R. This
implies that the shift v - ¢ can be regarded as a rotation on E(v). Then the result
is deduced from i), iii) and [38, Theorem 6.20].

: The result is deduced from iv) and the unique ergodic theorem [38, Theo-
rem 6.19]. O

3. ALMOST PERIODIC STURM-LIOUVILLE OPERATORS

As mentioned in the Introduction, it is not sufficient to study the almost periodic
Sturm-Liouville operator on its own. The operator ([L.1]) needs be embedded into a
family of operators as follows.

3.1. Operators associated with an element of the hull E(v). Let v € AP, (R, R?).
For any v := (%, q, QE) € E(v), consider the Hilbert space

R o) = {1+ [ 11@Paws < oo
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with the following inner product
()= [ f@) g@)la)de  for all f.g € L(R.d(z)da),
R

and the Sturm-Liouville differential expression

1 d_, .d -

wt = (a0 4 i0rw)  orafenm), @D
where D(75) = {f € L2(R,w(z)dz) : f,pf’ € AC(R,dz), 75 f € L2(R, w(z)dz)} is
the maximal domain of 7. Note that all items depend on v. For f,g € D(ry)
and —oo < ¢ < d < +00, using integration by parts twice, we obtain the Lagrange
identity as follows.

d d
/ 9(0) 7o f(@)B(@)dz = Wolg®, £;9) — Walg", £;7) + / ra(@)* f(@)@(z)d,

where

Wi, f29) = (LG5 — B2 @) (3:2)
is called the modified Wronskian associated with v. Taking the limit ¢ — —oco and
d — +00, one has

<ga TVf>V = W—oo(g*a fa V) - W—i—oo(g*v fav) + <Tvg, f>V )
where Wi (g%, f; V) is regarded as a limit. For any z € C and any two solutions
¢1 and @9 of T3¢ = z¢, we know that
W((bh ¢2a v) = Ww(¢l7 ¢2a v)

is independent of x. Moreover, W(¢1, ¢2;V) # 0 if and only if ¢ and ¢o are linearly
independent.

The differential operator 7 is called limit point at 4oo if there exists a zg € C
such that at least one solution of 75¢ = 29¢ does not belong to £2(R,,w(z)dr).
A similar definition applies at —oo. If 7 is limit point at both +00 and —oo, then
T is called to be limit point. The concept of the limit point was introduced by H.
Weyl. For more details, see [24, Theorem 10.1.1]. Due to and [39, Theorem
6.3], we have

Lemma 3.1. For any v € E(v), the differential expression 75 defined by (3.1) is
limit point.

Furthermore, it follows from [36, Lemma 9.4 and Theorem 9.6] that

Lemma 3.2. The Sturm-Liouville operator, defined by
Ly: D(Ly) — L3R, w(x)dx)
[
is densely defined and self-adjoint on L?(R,w(z)dx), where D(Ly) := D(15).
Since a family of operators is under consideration, we recall a notion of conver-

gence of operators. For each n € Ny := NU {0}, let L,, be a self-adjoint operator
on a Hilbert space H,,. Define

Jni HO*)Hn
f=f
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We say L, — Lg in generalized norm resolvent sense if there exists a zy € C
satisfying 3zg # 0, such that

| e (L, —201)" T, — (LO—ZOI)_1|| — 0, as n — 00. (3.3)
For more details, see [37].
Lemma 3.3. For any v € E(v), 0(Ly) = 0(Ly).
Proof. For any v € E(v), there exists {¢,} C R such that v - ¢, — v. Thus by [37,
Theorem 2.10], we have o(Ly) = lim o(Ly., ), where lim o(Ly., ) denotes the

n— oo n—00

set of all A for which there is a sequence A,, € o(Ly.¢,) converging to A. Since Ly,

is a translation of Ly, we have o(Ly.;, ) = 0(Ly). Therefore, o(Ly) = o(Ly). O

3.2. Green’s function. The so-called Green’s function is a fundamental tool for
studying the spectral theory of Sturm-Liouville operators. For more details, see
[32, 36, 20]. For v = (%,qﬁ 15) and z € C\ o(Ly), we consider the differential
equation

1 d ., do(z) -

o) = — (-4 - , 3.4
Ro(e) = =5 (-4 G + T0)o(o) ) = 000 (3.4
By Lemma up to a constant multiple, equation (3.4)) has a unique nontrivial so-
lution ¢ (z,2;v) € L2(R4, w(z)dz) and a unique nontrivial solution ¢_(z, 2; V) €
L2(R_,w(z)dz), which are known as WeyI’s solutions; see [36, Theorem 9.9]. Then
the Green’s function for Ly is defined by

L) 1 d)+(x,z;V)¢7(y7z;\~f), x Z Y,
Gy 59) = o 590, 6 (o 9959 { o mToens B, <y
3.5

Here G(z,y, z; V) depends on v as well.

Lemma 3.4. Let v € E(v) and z € C\ o(Ly) be fized. We have

1): G(z,y,2;V) is continuous with respect to x € R and y € R.
ii): Glx+t,y+t,2,v)=G(z,y,2,v-t), forallt € R.

Proof. : It is obvious by and the continuity of ¢4 (-, z; V).

: For any t € R, since both ¢ (z +t,2; V) and ¢4 (z, z; V- t) are solutions of
To.4¢ = z¢ in L2(Ry,w - t(z)dxr), by the uniqueness (up to a constant multiple) of
solutions in £2(R4,w - t(z)dz), we have

dr(r+t,2;V) =ki(2;V)ps(z,2;V - 1), (3.6)
where k4 (z; V) are non-zero constants. Hence for > y and ¢ € R, we have
Glx+ty+t,zV)
bo(o+t 50 (y+t,5)

Tt ) (bt (Tt V) — (@t b5 V)G (Tt V) by €3, €2)

P (2, 2V -1)p_(y,2;v - 1)
= b .3.6
pt(@) (o4 (z, 2V )¢ (x, 2,V t) — (2,2, V- t)p_(w, 2,V - 1)) (by B9)

The similar argument applies to the case where x < y. The proof is complete. [
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Remark 3.5. Let z € C\R be fixed and take 2 = y in Lemma 3.4 Then the map
(z,v) = G(z, 2,2 V)

defines a cocycle over the shift (2.2)) on R x E(v). An interesting application is the
following. We apply Lemma iv) to the observation f,(v) = G(0,0,z;v) € C.
Then we have

Mz(G(x,x,z;V)) = / G(0,0; z; V)dpug(y),
E(v)

where pg(y) is the Haar measure on E(v).

According to [39, Section 9], the Green’s function can also be written as follows.
For i = 1,2, suppose u; := u;(x, z; v) are two linearly independent solutions of (3.4))

with
p(0)ui(0,2;v) P(0)uz(0,2v))  \0 1)°
Due to the linear independence of u; and us, one has

{ O+ (x,2;V) = my1(2z; V)ur (x, 2, V) + maa(z; V)ue(x, 2; V), (3.7)

O (x,2;V) := may(2; V)ui(x, 2; V) + maa(z; V)us(z, 2; V),
where m;(2; V) are constants depending on z and v, for j, k = 1,2. Beacause of

the uniqueness (up to a constant multiple) of solutions in £2(Ry, w(z)dz) , we may
assume that

W(py(,2V),0-(,2V);v) = L.
Then it follows from (3.5) and (3.7)) that
S s M (V) (@, 2 Vuk(y, 1Y), @ >y,
G(z,y,zV) = (3.8)
3 e Mz V) (2, 2 Vuly, 5 9), x <y,
where
mi (2 V) = ma (2 V)ma1(2,V),  maa(2;V) = mi2(2;V)maa(2; V),

mi5 (2 V) = may (2, V) 1= myy(2;V)maa (2, V),  may(2;V) = mpy(2;V) = mia(2; V)ma1 (25 V).
Based on (3.8)), we derive the following continuity results.

Lemma 3.6. Forn € Ny, let v,, € E(v) and z € C\ o(Ly). Suppose that v,, — Vg
and Ly, — Lg, in generalized norm resolvent sense. Then, as n — 400, we have
0): mi(2:Va) = my(2:%0), 4 k=12
il): G(z,y,2;vn) = G(z,y, z; Vo) uniformly on any finite interval of © € R and
y € R.
iii): %G(x,x,z;?n) — %G(I,I,Z;VO) uniformly on any finite interval of x €
R.
Proof. : Let v € E(v). For any z € C\ 0(Ly) and —oo < a1 < by < ag < by <
400, denote
(-, 25 V) = ug(, 2

Diay, k=12 (3.9)

Since Vv is real-valued, we have

ug(,2;v) = u(-, 2% v)", k=1,2. (3.10)
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Then for n, i = 1,2, one has
<Un2(‘, Z3 v)v (LV - ZI)iluil(‘, Z*; V)>G

+oo
/ Uno(x, 2, V)" (Ly — 2I) " uip (z, 2% V)w(x)dx

+oo
Un2(x, 2; V)™ G(z,y, % V)un(y, 2% v)w(y)dy w(z)dz

o0 — 00

L.
_/b2 Una (T, 2; V) /b1 G(x,y, 2, V)uii (y, 2% V)w(y)dy w(x)dx (by )
/.

ay
2

m;k<z;6>uj<x,zﬁ)uk@,z;w)uﬂ(y,z 9)i(y)dy @(x)de
(by (3:3))

by
Una(z, 23 V) uj(z, 23 V)w(w )dx/ ug(y, 2; V)ui (y, 2% v)w(y)dy

az al

b2

+oo +oo
= mjk(z;V)/ Una (2, 2, V) uj(z, 2 V)w(z )dx/ uk(y, 2% V) uin (y, 2% v)w(y)dy

jk=1 —o0 —o0
(by (3.9) and (3.10))
2
= Z m;’k(z,V) <un2(,z,V),u32(,z,V)>v <Uk;1(',Z*;V),Uﬂ(',z*;V)>V
k=

That is to say,
U(z;v) = Us(z; V)M (2;v)Uy (23 V),
where

25 V) (a5 9), (Le — 2I) " tug (-, 2% V)
(uga (-, 2;V), (Ly — 2I) "tugy (-, 25 V)

,U21("Z*;Y)>v> 7

1
oy [(uaa(e 2 V), w25V
Us(z;v) := (<u22(_,2ﬁ)7u12(. i

Since Uy(z;V) is the Gram matrix of the linearly independent solutions u (-, 2*; V)
and wus (-, 2*;V), it is non-singular. The same holds for Us(z; V). We then have

M+(z;\~f) = Ug(z;V)*lU(z;V)Ul(z;V)*l. (3.11)
Since
[Vallo = [[Vllw <00, n € No,

and

||vn *VOHOO HO, as n — o0,
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by the initial value theory of ODEs, we have

ui(z, 25 V) u;(x, 2; Vo) L
(pn(x)u;(x,z;Vn)> — (po(x)ug(a:,z;vo)) , asn — oo, fori=1,2, (3.12)

uniformly on any finite interval of x € R. It follows that
Ui(z;v,) = Ui (2;v9), as n — oo, for i = 1, 2.
Combining with the generalized norm resolvent convergence , we have
U(z;vy) = U(z;vo), as n — 0o,

and then
M™(z;v,) — M™T(z;v0) as n — 0o,
where 1) is used. The same holds for m;; (2;v,). Thus we obtain the desired

result.

: Combining i) with |D and (3.12]), we have the desired result.
: Take = y and consider %G(m,x, z;v). By l) we have

2
d
de T, X, 2;V) Z m V) (uj (@, 23 V)ug(z, 2;v))'
7,k=1
& 1
Z =) (ﬁ(m)ué(m, 2 V)ug (2, 23 V) + uj(@, 2;v)p(x)uy (x, Z;G)).
7,k=1
For z € C\ o(Ly), it follows from i) and (3.12) that
d - d ~
ﬁG(x,z,z;vn) — @G(x,z,z;vo), as n — 0o,
uniformly on any finite interval of & € R. The proof is complete. O

Based on Lemma[3.6] we have the following result that play a fundamental role
in the proof of gap labelling theorem.

Lemma 3.7. For z € C\ o(Ly), we have

G(z,z,2;v), %G(m z,z;v) € APam, (R,C).
Proof. Consider any sequence {t,},en C R such that
v-t, = veEWw). (3.13)
For any z € C\ o(Ly), using Lemma [3.4]ii) and Lemma [3.6]ii) we have
G +tn,x+tn,2;v) =G, z,2;v - ty) = Gz, 2,2, V),
uniformly on any finite interval of z € R.
We claim that as n — oo, G(x+t,, x+1t,, z; v) converges uniformly for all z € R.

If not, then there exist two sub-sequences {k1,} C {t,} and {kon} C {t,.} and a
sequence {z, } C R such that

|G(xp + k1n, Tn + kin, 2;V) — G(zn + kon, Ty + kan, 2; V)| > 0o, for allm e N,
(3.14)
where 6y > 0. As v € E(v), there exists a sub-sequence {z,,, } C {z,} such that

V~xn_7%$€E(V), as j — oo.
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This implies from 1) that v - (2, + k1n;) — v and v - (T, + kopn,;) — i~7,
simultaneously as j — oo. Note that

Iim Gz + xn; + kin,, T+ Tn, + k1n,, 2;v) = G(z, 2, 2; %),

Jj—o00

lim G(x+ xpn; + kop,, @ + 2p; + kon,, 2;v) = Gz, 2, z;%),

Jj—o0
uniformly on any finite interval of x € R. If o = 0, this is contradict with
(3.14)). Hence the proof of the claim is complete. By Lemma we conclude
that G(z,z, z;v) € AP, (R, C).

The argument for %G(x, x,2;v) € AP am,, (R, C) is analogous to that for G(z, z, z;v) €

AP, (R, C). The proof is complete. O

4. ROTATION NUMBER

4.1. Priifer angle. Let v in (1.5) be fixed. As in Subsection we consider a
family of operators 7% in (3.1)) as v varies over E(v). Introduce the so-called Priifer
transformation as

()¢ (z) +ig(x) = r(z) ™), (4.1)
where ¢(x) is any non-trivial solution of
7ob=Ab,  AER. (4.2)
Then the Priifer angle 0(x) satisfies the differential equation
1
0 (x) = ) cos? 0(z) + (Aw(z) — q(x)) sin® O(z). (4.3)
p(x

The following basic properties of the solution 8(x) of (4.3]) are easily deduced
from the classical ODE theory.

Lemma 4.1. For any® € R, there exists a unique solution of (4.3) with 6,(0,8;V) =
8. Moreover, the solution is continuously defined for all x € R. We denote it by
0(x) := 0x(x,8;V) for z € R.

It follows from (I.5) and Lemma[2.2]i) that

Lemma 4.2. When x € Ry, 8 € R and v € E(v) are fized, 0)(x,8;V) is strictly
increasing and continuous with respect to .

We now state some results about 6 (x, 8; v) that we need, which are not surpris-
ing. For the sake of completeness, we nevertheless decide to sketch their proofs.

Lemma 4.3. Let A € R be fized.
i): When B € R, k € Z and v € E(v) are fized, one has

Ox(x,0 + 2km; V) = 05 (2,0; V) + 2k7 for all z € R.
ii): When 8 € R and v € E(v) are fized, one has
Ox(z1 + x2,8;V) = O (21,07 (22,8;V); V - 22) for all x1,25 € R.

iii): When xg € R is fized, 0x(x0,8;V) : R x E(v) — R is Lipschitz continuous.
iv): When © € R and v € E(v) are fized, 0x(z,8;v) : R — R is a strictly
increasing self-homeomorphism.
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Proof. : Due to the 27-periodicity in 6 of the vector field of and by Lemma
we have the desired result.
: Denote 0 (z) := O\(z,0(z2,8;V);V - 22) and Oz(z) := O\(z + 29,8;V).
Then both 6, () and 05 (x) satisfy the following initial problem
{%) — L cos 0(a) + (Ab(@ + 22) — (@ + 22)) sin? 0(a),
0(0) = Ox(w2,8;V).

Due to Lemma we conclude that 0 (x) = () for all z € R. Taking x = xy,
we have the desired result.
: Fori=1,2,let 0;(x) := 0x(x, 8;;V;) be the solutions of 1) with different

v; and 8;. Then they satisfy

(x) = 8; ’ 1(3052-3 W;(8) — q;(s)) sin? 0;(s s, 1=
0ie) =0+ [ (=1 o 0,6) + (AT(9) ~ G s () ) s i =12

(4.4)
Note that
(ﬁgl(s) cos® 0z (s) + (AMa(s) — Ga(s)) sin® 92(5))
- (1711(5) cos? 01 (s) + (AMw1(s) — qi(s)) sin® 91(s)>
! 1 25 1 25 2 (4.5)
_(m — m) cos” Oa(s) + m(cos 5(s) — cos” 01 (s))

+ (AMa(s) — Ga(s) — A1 (s) + G (s)) sin® B(s)
+ (M1 (s) — qi(s)) (sin® Oa(s) — sin® 01 (s)).

When s is fixed, we can regard 6;(s) and 63(s) as two real numbers. By the
Mean Value Theorem, there exist ((s) and 7(s) which belong to the interval with
endpoints 61 (s) and 62(s) such that

cosBa(s) — cosby(s) = —sin((s)(02(s) — 01(s)),
sin 05 (s) — sin 1 (s) = cosn(s)(02(s) — 01(s)).
Without loss of generality, we assume that zy > 0. Denote

D(z) := 02(x) — 01(x), x € [0, x0],

! ! 2 W (s) — Ga(s) — M1 (s) + qi(s)) sin® Oz (s
B(s) := (52(5) — 171(5)) cos” O(s) + (Aa(s) — q2(s) — Awi(s) + qi(s)) 0a(s),
A(s) == _fﬁ sin ((s)(cos Oa(s)+cos 01 (s))+ (A1 (s)—q1(s)) cosn(s)(sinba(s)+sin by (s)),

for s € [0,z]. Combining A(s) and B(s) with and (L.5)), we have
D(z) = (82 — 8y) —|—/ (A(s)D(s) + B(s))ds, x € [0, zo].
0
Then

D) <182 -1+ [ (D) +BE)s, o€ 0]
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Denote C(x) := |82 — By| —|—/ |B(s)|ds. Then we have
0

1 1 ~ ~ ~
C(w) <loa -0l +0 (|2 = | +1 ~ fllc + 172 - 1)
P2 Pilleo
<|82 — 81| + 3o max{1, |A}||v2 — Villco,
where (2.1]) is used. By the generalized Gronwall inequality [22], Corollary 6.6], we
obtain

D) <0+ [ AGICEHRE O, ae bl (1)

Taking = = ¢ in (4.6)), we have
[ D(zo))|
S(‘BQ — 81| + 31’0 max{l, |>\|}||62 — \71||oo)

. <1+Zexp (2/()% (’]%(t)‘ + @)+ |/\|@1(t)|)dt>

'/omo (‘]Tts)‘ +|qi(s)| + |/\||zﬂl(s)|)d3>

<(|82 — 81| + 3zo max{1, [A[}[¥2 — Villeo) - (1 + 65701V e 4|17 || ),

where Lemma 2.2 and (2.1)) are used. Since ||V oo = [|V]|s is fixed, we have the
desired result.
: Due to Lemma we know that for any fixed v € E(v) and z € R,

Ox(z,0;v) : R — R is strictly increasing. By ii), we have
9)\(1‘, Or(—z,8;v - x); V) =0= 9)\( —x,0)(2,08;V); V- x)
This implies that the inverse of 0y (x,8;V) is 0x(—z,8;V - ). Combining this with

iii), we complete the proof. O

4.2. Reduction to skew-products. Let So, := R/27Z. Introduce the product
space Z := S, x E(v) with the distance
d((91,v1), (V2,V2)) := max {|U1 — Y2|2x, V1 — V2loo ]

where (191,?1) S Z,i = 1,2, and |’l91 — 192|27r = |’L91 — ’192| mod 2. Lemma
implies that Z is a compact metric space.
For each ¢ € R, the skew-product transformation ¥} on Z can be defined by

U4 (9,v) == (0:(t,8;v) mod 2m,v-t), (4,v)€Z, (4.7)
where 8 € R satisfies 9 = 8 mod 27. By Lemma i), U} is well-defined. More-

over, we have

Lemma 4.4. {\Ilﬁ\}teR defined by 1} s a continuous skew-product on the compact
space 7.

Proof. The continuity of ¥% can be deduced from (2.3) and Lemma iii). We
only need to prove that

Pt =0l oWl forall ty,t2 € R.
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Indeed, for (¢,v) € Z, there exists a 8 € R such that ¥ =8 mod 27. Then we have
\I/’;1 o \1132 (9,v) = \I/';l (9>\(t2, 8;v) mod 27,V - tg)
= (0x(t1,0x(t2,0;V); V- t2) mod 27,V - (tz + t1))
= (0x(t1 +t2,8;Vv) mod 27,V - (t1 + t2))

=Ty, 9),

where Lemma ii) is used. The proof is complete. O
Introduce an observation function f) : Z — R by
~ 1 ~ -
H9,v) = 50) cos® ¥ + (Aw(0) — ¢(0)) sin? 1. (4.8)

By (2.1), it is obvious to verify that
Lemma 4.5. f\(9,V) is Lipschitz continuous on Z.

Based on the above construction, we can relate the existence of the rotation
number to the convergence of the following time average under the skew-product

{qjg\}tER.
Lemma 4.6. For any (¥,V) € Z and x € R, one has
9,\(&6,[‘3;6)—8 - QA(LL',B;V)—G)\(O,@;V) 1

=2 [ nwes

x x x
where B € R satisfies 9 =8 mod 2.

Proof. For s € R, by , (4.8) and (|1.3), we have

A (T50,v)) = 7 i(O) cos® 0 (s,8;v) + (Aw - 5(0) — g - s(0)) sin? 6, (s, 8; V)

= NL cos® 0 (s,8; V) + (Aw(s) — q(s)) sin® Ox(s, 8; V).

p(s)
Combining this with (4.3]), we complete the proof. O

According to the Krylov-Bogoliubov theorem [38, Corollary 6.9.1] and Lemma
the flow {@’3\} tcp POssesses at least one invariant probability measure on the

compact metric space Z, denoted by vy. In general, {@’3\} teR is not uniquely ergodic.
We then establish the following relationship between any invariant measure v on
Z and the Haar measure pp(v) on E(v).

Lemma 4.7. Let I : Z — E(v) be the projection. Then pgn) = vx © II= for each
invariant probability measure vy .

Proof. By Lemma iv), we only need to verify that vy oII~! is invariant on E(v)
under the shift (2.2). Let B C E(v) be any Borel subset, and B - (—t) := {v - (—t)
v € B}, for any t € R. By (4.7) and Lemma iv), we have
~1
(U5)  (Ser x B) = Sar x B+ (—1). (4.9)
Since v, is invariant, we obtain
vy 0 II7Y(B) = vy (Sor x B) = 13 ((xp;)*l(s% X B))
=vA(Sor x B+ (=t)) =vaoIIT (B - (—1)),
where (4.9) is used. Since ¢ is arbitrary, the proof is complete. ([
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4.3. Rotation number. In this subsection, we first prove the existence of the
rotation number and then derive its fundamental properties. Recalling Lemma [4.6
we introduce the following two notations.

- . Ox(2,8;v) — 8 ~
firB,v) = xll}rlloo % for (8,v) € R x E(v),
and
o 1 z
H8,v) = lim 7/ (P50, v))ds for (¥,v) € Z, (4.10)
r——+o00 I 0

if this limit exists. Then we have

Lemma 4.8. If fk(ﬁo,%) exists for some (¥9,Vo) € Z, then fo,\(ﬂ,Vo) exists for
all ¥ € So, and is independent of the choice of 9.

Proof. By Lemma we know that there exists a By € R satisfying 99 = 8o

mod 27 such that fy(8g, Vo) exists. By Lemmai), we have that fy (84 2k, Vo)
exist for all k € Z. Moreover, for each 8 € R, there exists a kg € Z such that
B0 + 2kem < 8 < By + 2(kg + 1)m. By Lemma[4.3]i) and iv), we have that
0)\(30, By + 2k@71';\~/) < 9)\(1‘, @;\N/') < HA(LE, Bo + 2(]47@ + 1)7T;v)
= 0)(z,8¢ + 2kem; V) + 27 for all z > 0.

This implies that f5(8, Vo) exists as well for all 8 € R and is independent of the
choice of 8. By Lemma [4.6| again, we obtain the desired result. (]

We present the following uniformly ergodic theorem by Johnson and Moser,
which will be used to establish the existence of the rotation number. For its discrete
version, see [23].

Lemma 4.9 (|26, Lemma 4.4]). Let {\Ilt}teR be a continuous dynamical system on
a compact metric space X. Then for any continuous function g : X — K satisfying

/X g(x)dv =0

for all invariant Borel probability measures v of {\I/t}, one has

B O A B
lim 7/0 g(¥*(z))ds =0

t—+oo t

uniformly for all x € X.
Proof of Theorem[I.1. Using the argument of Johnson and Moser [26], we consider
the skew-product {\I/f\} rer o0 Z. The crucial difference is that we adopt the joint
hull E(v).

Step 1: Let vy be any invariant probability measure on the compact metric space
Z. By the Birkhoff ergodic theorem, there exists a Borel set Zy C Z that depends on
the choice of vy such that vx(Zo) = 1 and f) (9, V) in (4.10) exists for all (9,¥) € Zo.
By Lemma [£.8] Z; can be expressed as

ZO = Sgﬂ- X Eo.
Combining this with Lemma we obtain
HE(v) (EO) = V)0 Hil(Eo) = V)\(Sgﬂ- X Eo) =1. (411)
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Meanwhile, f\(9,%) € £1(Z,dvy) is invariant under { ¥} and satisfies

/ A9, ¥)dvy = / (9, ¥)dvy =: p(A, V), (4.12)
VA Z

where p(A,v) € R is a constant that depends on A and v.

Step 2: By Lemma and l , f,\(ﬁ,V) can be regarded as a function on
E(v). We still denote

AF) = [1(0,%)  for ppey)-almost everywhere ¥ € E(v). (4.13)
By , f(¥) is invariant under the shift (2.2) on E(v). By Lemma iv), we

know that the Haar measure gy is ergodic. This implies that fx(Vv) is constant
for pip(v)-almost every points. Combining this with (4.12) and (4.13)), we have

AF) =p(\,v) forallveE, CE(v), (4.14)

where E; is a Borel set of pgy)-full measure.

Step 3: We claim that p(\, v) is independent of the choice of the measure v.
To this end, assume that there exists another measure 7y. As in Step 1 and Step 2,
there exists another Borel set E; C E(v) of pE(v)-full measure and a corresponding

constant g(A, v). We then obtain pip) (Eq ﬂEl) = 1. This implies that E; NE; # 0.
Choosing a point vo € E; N E;, we have
p(A V) = fr(0,%0) = (A, v)  for all ¥ € Sy,
where (4.10)), (4.13) and (4.14)) are used.
Step 4: Denote the function gy by
ga (0, V) := fa (9, V) — p(A, ).

It follows from Lemma and Lemma that {\Ifﬁ\} and g, satisfy all the re-
quirements of Lemma As x — +00, we then obtain

%/z A (P39, v))ds = 1 /x (P50, v))ds — p(A,v) =0 (4.15)
0 0

T

uniformly for all (9,%) € Z. This implies that f(9,¥) exists for all (9,%) € Z.
Finally, taking v = v in (4.15)), we complete the proof. a

Remark 4.10. i): For each v € E(v), denote the rotation number of (4.2) by
p(\.%). By (EI5), we have p(A,¥) = p(A,v).

ii): According to (4.12)), the rotation number admits an ergodic representation in
terms of the space average as follows.

p()\,v):/ZfA(ﬁ,V)dw\,

where vy is any invariant Borel probability measure of {¥} }. Note that p(A,v) is
independent of the choice of vy.

Lemma 4.11. Let v be fivzed. Then p(\,v) is continuous with respect to \.

Proof. Tt is equivalent to show that for any sequence A\; — Ag € R, the following
holds

p(Aj,v) = p(Ao, V) as j — +oo0. (4.16)
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By Remark ii), we have
v) = / I, (0, v)duy, for any j € N, (4.17)
z

where fy; (0, V) is given by (4.8), and v is any invariant Borel probability measure
of {\Ifﬁ\] } Since Z is a compact metric space, by [38, Theorem 6.5], we may assume
that there exists a Borel probability measure on Z, denoted by v, such that

Vx, — Voo in the weak-x topology. (4.18)

We claim that v, is an invariant Borel probability measure of {\Ifﬁ\o} on Z.

By [38, Theorem 6.8], it is equivalent to show that for any continuous function
f:Z — R, the following holds

/f duooffflll ))dvae  forall t € R.

Without loss of generality, it suffices to verify the case ¢t > 0. To this end, for any
fixed t € R, and any sequence A\; — Ag, by Lemma and Lemma i), we
obtain

Oy, (t,8;v) — 05, (t,8;V) uniformly for all 8 € R and v € E(v).
Combining this with (4.7]), we obtain
f(\Ilﬁ\J (9,v)) = f(¥5,(9,V)) uniformly for all (9,v) € Z. (4.19)
Since vy, is invariant under {\I/’;] }, we then have
/ F9,9)dvn, = / F (W (0,9)) dve.
z
It follows from (.18) and (4.19) that
/Z F(9,9)dn, = / (fo W, — f oWl ) (0, ¥)duy, + /Z F(TL, (0,9))dn,
—>/f<1> dyoo as j — +oo.
By (4.18) again, we have

/f(ﬁ,?)dw\j — / f(,v)dre as j — +oo.
Z Z

The proof of the claim is complete.
By Remark ii) and this claim, we have

p(Ao, v /on U, v)dvs.

Combining this with 7 we obtain

PO, v) = p(Ro, v |‘/fA (0, 9)dvs, f/fko v

< ’/Z (fr; = fo) (9,%)dy;

+' /Z Fro (9, 9)dvs, — /Z fko(ﬂ,?r)dyoo’

)

< Aj — Aol[| ]| + ‘/ ro (9, V)duy, — / Foao (9, V)dve| — 0
zZ z
where (4.8), Lemma[{.5]and (£.18) are used. We have the desired result (4.16).
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Let ¢(x) := ¢(x, A\; v) be a non-trivial solution of (4.2]) with v = v. Due to (1.5
and Lemma i), ¢(x) only has non-degenerate zeros, that is, if ¢(z) = 0 then
¢'(x) # 0. For any fixed A and v, we define

Ny(z,X;v) :=t{s € [0,z) : ¢(s,\;v) =0} for z € R;.

In addition to the ergodic representation of rotation numbers given in Remark
ii), we introduce the following geometric representation of rotation numbers, which
will be used in the next section.

Lemma 4.12. Let A and v be fized. Then we have
lim TN (z, A;v)

= o(\
Jim - p(A,v),

where the limit is independent of the choice of non-trivial solutions ¢(x).

Proof. By (4.1), the condition ¢(z) = 0 is equivalent to 6(x) = kr for some k € Z.
Recalling (4.3]), we obtain
dé 1
() —— >0
Az |g(p)=kn p(z)

This implies that
|(0x(2,8;v) — 01(0,8;v)) — 7 Ny (z, A;v)| < 2 for x € R;.
Combining this with Theorem [1.1} we complete the proof. ([l

Moreover, we have

Lemma 4.13. Let v be fized. Then p(A,v) > 0 and il is non-decreasing with
respect to A.

Proof. The non-negativity of p(\,v) follows from the fact that N(z, A;v) > 0 for
all A € R. By Lemmal4.2]and Theorem 1.1 we know that p(), v) is non-decreasing.
The proof is complete. ([l

Remark 4.14. We can also use Sturm’s comparison theorem to conclude that
p(\, v) is non-decreasing.

5. GAP LABELLING

In this section, we focus on the proof of the gap labelling thereom for L, in
terms of rotation numbers.

Proof of Theorem[1.3. For A € R\ o(Ly) and v € E(v), the functions ¢ (z, \; V)
can be chosen to be real-valued and normalized so that W(¢4 (-, A; V), o_ (-, A\;V); V) =

1. By (3.5) and Lemma [3.3] we have

G(z,z,\;V) = ¢y (z, \;V)p_(x, A; V) for A e R\ o(Ly). (5.1)
Then G(z,z,\;v) = 0 if and only if ¢ (2, A;¥v) =0 or ¢_(x,A;¥v) = 0. Thus we
have

d ~ 1
x G(z,2,2;v)=0 p(l’)
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Based on the above discussion and Lemma we know that G(z,x, \; v) satisfies
all the requirements of Lemma Then the following holds

IEIEOO mi{s € [0,2) : (;(573,)\;v) =0} c
By again, it is obvious that
t{s €[0,2): G(s,5,\;v) =0} = Ny, (z,\;v) + Ng_(z, \;v).
Combining this with Lemma [4.12] we have
20(\,v) € My, for A e R\ o(Ly).
By Lemma we know that p(A\,v) is a constant in any open interval J of

Ms.

R\ o(Ly). O
Remark 5.1. Similarly as in Remark i), if we consider the case v € E(v), we
have

20(\, V) € My for A € J,
where J is any open interval of R \ o(Lg).
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