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Abstract. In this paper, we introduce a rotation number for almost periodic

Sturm-Liouville operators in the spirit of Johnson and Moser. We then prove
the gap labelling theorem in terms of rotation numbers for the operator in

question. To do this, we rigorously prove the almost periodicity of Green’s

functions.
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1. Introduction

1.1. Background. In their landmark paper [26], Johnson and Moser introduced
the concept of a rotation number for Schrödinger operators with almost periodic
potentials. A brief description is as follows. For λ ∈ R, let ϕ be a solution of the
differential equation

Hϕ := −d2ϕ

dx2
+ q(x)ϕ = λϕ,

where H denotes the Schrödinger operator with a Bohr almost periodic potential
q(x). The rotation number for H is defined as the average winding per unit of the
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associated two-vector given by the solution ϕ and its derivative ϕ′ around the origin
in the (ϕ′, ϕ)-plane. They used the so-called rotation number to establish the gap
labelling theorem and characterized the spectrum of the operator in question.

Regarding the gap labelling theorem, Jean Bellissard has made fundamental
contributions by establishing a topological framework for spectral gaps in a variety
of settings, including Schrödinger operators [2, 3, 5, 6], automatic sequences [5, 7],
and tiling dynamical systems [8, 35]. Bellissard showed that each spectral gap
is naturally labelled by an element of the K0-group of the associated C∗-algebra,
thereby revealing spectral gaps as stable topological invariants rather than purely
analytical features. For a comprehensive review, see also [4].

Recently, the concept of rotation number has been extended to more general
potentials, such as Stepanov almost periodic functions, almost periodic functions
with δ-interactions, and the so-called α-norm almost periodic measures; see [42, 15,
16]. However, the spectral analysis of the corresponding operators via the rotation
number method has yet to be developed.

In this paper, we consider the almost periodic Sturm-Liouville operators as fol-
lows.

L 1
p ,q,w

: D(L 1
p ,q,w

) → L2(R, w(x)dx)

f := f(x) 7→ τ 1
p ,q,w

f :=
1

w(x)

(
− d

dx
p(x)

df(x)

dx
+ q(x)f(x)

)
,

(1.1)

where D(L 1
p ,q,w

) ⊂ L2(R, w(x)dx) is a suitable domain so that L 1
p ,q,w

is self-adjoint,

and p := p(x), q := q(x), w := w(x) are Bohr almost periodic functions. For λ ∈ R,
let ϕ be a solution of the differential equation

τ 1
p ,q,w

ϕ = λϕ. (1.2)

The rotation number is defined as the average winding per unit of the associated
two-vector given by the solution ϕ and its quasi-derivative pϕ′ around the origin
in the (pϕ′, ϕ)-plane. The spectral analysis of the almost periodic Sturm-Liouville
operators will be addressed in detail via the rotation number method.

A typical model of almost periodic Sturm-Liouville operators is the case where
p, q, w are periodic functions with the same period. Research on periodic Sturm-
Liouville operators is extensive, such as [10, 31, 1] and references therein. However,
unlike Schrödinger operators, the Sturm-Liouville operator involves three coeffi-
cients, which means it may not be periodic even if all three coefficients are periodic.
This may have an impact on the corresponding spectrum. For example, consider
the Sturm-Liouville operator with all coefficient functions having the same period
T > 0. Using the method in [41], one can deduce that all periodic and anti-periodic
eigenvalues agree with the endpoints of

{
λ ∈ R : ρ(λ) = kπ

T , k ∈ Z
}
, where ρ(λ) de-

notes the rotation number. Figure 1 shows an intuitive example with

p(x) =
1

sinx+ 2
, q(x) = 2 cosx, w(x) = − cosx+ 2,

having the same period 2π. Platforms at λ = k
2 , k ∈ Z, are observable. Replace

q(x) with 2 cos(
√
2x). Then p, q, w are still periodic functions but the period of p

and w is rationally independent of that of q. As shown in Figure 2, the platforms
are no longer regularly distributed at Z

2 .
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Figure 1. p(x) = 1
sin x+2 , q(x) = 2 cosx, w(x) = − cosx+ 2

Figure 2. p(x) = 1
sin x+2 , q(x) = 2 cos(

√
2x), w(x) = − cosx+ 2

The Sturm-Liouville operator (1.1) with

p(x) =
1

sinx+ 2
, q(x) = 2 cos(

√
2x), w(x) = − cosx+ 2,

is almost periodic rather than periodic. It is reasonable to expect that almost
periodic Sturm-Liouville operators will have a wide range of applications, with
their spectra exhibiting a richer array of phenomena. For instance, the spectrum of
almost periodic Schrödinger operators displays remarkably complex behavior; see
the survey by Simon [33] and the references therein.

Besides the paper [26] that we mentioned in the beginning, there are also quite
a few papers to study the spectrum via the rotation number method. For instance,
Giachett and Johnson [21] studied two dimensional linear systems with bounded
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coefficients and proved that the rotation number increases exactly on the spec-
trum. Sun [34] studied one dimensional stationary ergodic Dirac operators on a
probability space, and proved the relationship that the increasing points of the ro-
tation number are exactly the spectrum for almost everywhere in the sample space.
Fabbri, Johnson, and Ńũnez [17, 18] studied non-autonomous linear Hamiltonian
systems and showed that, under certain assumptions, the rotation number remains
constant on open intervals where an exponential dichotomy exists. Consequently,
the rotation number can be used to label the different gaps of the spectrum. For a
comprehensive list of related works, see the book by Johnson, Obaya, Novo, Ńũnez
and Fabbri [27] and the references therein.

1.2. The setting and main results. Let us now describe the setting we consider
in more detail. Let f : R → K be a continuous function. Denote the shift of f by

f · t := f(·+ t), for any t ∈ R. (1.3)

We say that f is Bohr almost periodic if one can extract a sub-sequence {tn} from
any sequence

{
t̃n
}
⊆ R such that lim

n→∞
f · tn exists uniformly on the real axis. The

space of all such functions is denoted by AP(R,K). It is well known that AP(R,K)
is a Banach space with respect to the uniform norm ∥ · ∥∞; see [19].

For any f ∈ AP(R,K), one can associate f with the so-called mean value as

Mx(f) := lim
t→+∞

1

t

∫ t

0

f(x) dx.

The limit is well-defined by the definition of Bohr almost periodic functions. For
λ ∈ R, we denote the corresponding Fourier coefficient as

f̂(λ) := Mx

(
f(x)e−iλx

)
,

and define the set of Fourier exponents of f by exp(f) := {λ ∈ R : f̂(λ) ̸= 0}. The
smallest additive group of R containing exp(f) is denoted by Mf . We call it the
frequency module of f . The hull of f is defined by

E(f) := {f · t : t ∈ R}
∥·∥∞

.

It is well known that E(f) is a compact and minimal set with the Haar measure,
denoted by µE(f), being the unique invariant measure of E(f) under the shift f 7→
f · t. For our purpose, we introduce the following space

AP+(R,R) :=
{
f ∈ AP(R,R) : any function f̃ ∈ E(f) is positive

}
. (1.4)

Note that AP+(R,R) is not a Banach space, and AP+(R,R) ̸= AP(R,R+) because

of the example cos(x) + cos(
√
2x) + 2.

From now on, we always assume that

p, w ∈ AP+(R,R), and q ∈ AP(R,R), (∗)
and consider the almost periodic Sturm-Liouville operator (1.1). It is natural to
require that p and w are positive. However, this is not sufficient. When one
studies almost periodic differential equations, the relevant equations in the hull also
need to be considered. Like Favard’s theorem [19, Theorem 6.3], when confirming
the existence of almost periodic solutions, one must consider all the non-trivial
solutions in the homogeneous hull of the original almost periodic system. That
is why AP+(R,R) was introduced in (1.4). If p and w degenerate as periodic
functions, then the assumption is equivalent to the positivity of p and w themselves.
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For the sake of simplicity, we take the following notation

v :=
(1
p
, q, w

)
∈ AP∗(R,R3) := AP+(R,R)×AP(R,R)×AP+(R,R), (1.5)

where 1
p is well-defined; see Lemma 2.2 ii). Let ϕ(x) be any non-trivial solution of

(1.2). We consider a continuous branch of the following argument as

θλ (x;v) := arg
(
p(x)ϕ′(x) + iϕ(x)

)
.

Then we have the first main result.

Theorem 1.1. The limit

lim
x→+∞

θλ(x;v)− θλ(0;v)

x

exists and is independent of the choice of solutions. We call it the rotation number
of (1.2), and denote it by ρ (λ,v).

Remark 1.2. The concept of rotation number is due to Poincaré and is used to
obtain a classification of orientation preserving self-homeomorphisms of the circle;
see [28]. Extensions of this concept have been considered by many authors in the
literature; see, for example, [9, 23, 29, 30].

Similarly to Mf , we denote the smallest additive group of R containing the
Fourier exponents of v by

Mv :=

{
m∑

k=1

nkλk

∣∣∣∣∣ λk ∈ Mp ∪Mq ∪Mw, nk ∈ Z, m ∈ N

}
. (1.6)

Note that M 1
p
= Mp for p ∈ AP+(R,R); see Lemma 2.2 iii). Then we have the

gap labelling theorem as follows.

Theorem 1.3. Let J be an open interval of R \σ(Lv). Then ρ(λ,v) is a constant
in J and

2ρ(λ,v) ∈ Mv for λ ∈ J.

Remark 1.4. i): Very recently, Damanik and his collaborators have conducted a se-
ries of studies on gap labelling for discrete one-dimensional ergodic Schrödinger/Jacobi
operators using the Schwartzman homomorphism developed by Johnson; see, for
example, [12, 13, 14, 11]. In contrast, our work investigates gap labelling for almost
periodic Sturm-Liouville operators directly in terms of Green’s functions. In par-
ticular, we establish the almost periodicity of the Green’s functions and exploit the
module containment relationship between the coefficient functions and the Green’s
functions; see Lemma 3.7.

ii): Let us revisit Figure 1 and Figure 2. It is easy to verify that Mv = Z
for Figure 1. Thus it is reasonable that the platforms are only distributed at Z

2 .

However, we have Mv = Z +
√
2Z for Figure 2. Due to the density of Z +

√
2Z,

the phenomenon of the Devil’s Staircase may appear in this case.

Throughout this paper, we adopt the following notation:
• i: the imaginary unit;
• e: the Euler number;
• K: either R or C;
• I: the identity operator;
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• ·∗: the conjugate of ·. If · = f is a complex function, then f∗ denotes its
conjugate function. If · = z is a complex number, then z∗ denotes its conjugate
complex number;

• f ′: denote the derivative
df

dx
;

• Lp(D,dµ): the space of all Lp-integrable functions f defined on the set D with

the norm ∥f∥Lp(D,dµ) :=
(∫

D
|f |pdµ

) 1
p , for p ∈ N;

• C(R,K): the space of all continuous functions f : R → K with the norm ∥f∥∞ :=
maxx∈R |f(x)|;
• AC(R,dµ): the space of all absolutely continuous functions with respect to the
measure µ, i.e., for any f ∈ AC(R,dµ), there exists a locally integrable function g
such that f(x) = f(c) +

∫ x

c
g(t)dµ(t), c ∈ R;

• σ(L): the spectrum of the operator L;
• ♯{·}: the number of elements in a given set.

2. Almost periodic functions

In this section, we state some fundamental results on almost periodic functions,
and then introduce the triplets of almost periodic functions and the corresponding
joint hulls which will be used later. For more details on almost periodic functions,
see [19].

2.1. Module. Let f ∈ AP(R,K), andMf be the frequency module of f . APMf
(R,K)

denotes the space of all functions in AP(R,K) whose frequency module belongs to
Mf . C(E(f),K) denotes the space of all continuous functions from E(f) to K.

Lemma 2.1. [19] Let f ∈ AP(R,K).

i): If f ′(x) is uniformly continuous on R, then f ′(x) ∈ AP(R,K) and Mf ′ ⊂
Mf .

ii): APMf
(R,K) is a Banach algebra.

iii): APMf
(R,K) and C(E(f),K) are isomorphic as Banach algebras.

Moreover, we have

Lemma 2.2. Let f ∈ AP+(R,R).
i): There exists a constant δ := δ(f) > 0 such that f(x) ≥ δ for all x ∈ R.
ii): 1

f is well-defined, and 1
f ∈ AP+(R,R).

iii): M 1
f
= Mf .

Proof. i) : We extend f(x) to F (ξ) ∈ C(E(f),R) such that F (ξ0 ·x) = f(x) where

ξ0 := f and x ∈ R. By (1.4) and Lemma 2.1, we have F (ξ) > 0 for all ξ ∈ E(f).
Thus there exists a constant δ > 0 such that F (ξ) ≥ δ for all ξ ∈ E(f), because
E(f) is compact. In particular, f(x) ≥ δ > 0 for all x ∈ R.

ii) : It is obvious by i) and the boundedness of Bohr almost periodic functions.

iii) : For any sequence {tn} ⊂ R such that lim
n→∞

f · tn = f0 exists uniformly on

the real axis, we have

f0(x) ≥ δ > 0, for all x ∈ R,
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where i) is used. It follows that∣∣∣∣ 1

f(x+ tn)
− 1

f0(x)

∣∣∣∣ = ∣∣∣∣f(x+ tn)− f0(x)

f(x+ tn)f0(x)

∣∣∣∣ ≤ 1

δ2
|f(x+ tn)− f0(x)| .

Hence lim
n→∞

1
f · tn = 1

f0
exists uniformly on the real axis. By [19, Theorem 4.5], we

obtain M 1
f
⊆ Mf . Conversely, by a similar argument, we have Mf ⊆ M 1

f
. The

desired result is obtained. □

Remark 2.3. i): For any f̃ ∈ E(f), Lemma 2.2 holds as well, and δ is independent

of the choice of f̃ .

ii): In general, we do not have exp
(
1
f

)
= exp(f). For example, let f := cos(x) + 2.

Then exp(f) = {0,±1}, but exp
(
1
f

)
= Z.

iii): If we consider the following space:

AP+(R,C) :=
{
f ∈ AP(R,C) :

∣∣f̃(x)∣∣ is positive for each f̃ ∈ E(f)
}
,

then Lemma 2.2 still holds, and one only needs to replace f(x) by |f(x)| in i).

We state the following lemma which plays a fundamental role in the proof of the
gap labelling theorem.

Lemma 2.4. Assume that f(x) ∈ AP(R,R), f ′(x) is uniformly continuous on R,
and any function f̃(x) ∈ E(f) has only simple zeroes. Then the following limit
exists and

lim
x→+∞

π♯{s ∈ [0, x) : f(s) = 0}
x

∈ Mf .

Proof. By Lemma 2.1 and Corollary [26, p.412], we have the desired result. □

Remark 2.5. The value of the limit can be regarded as the so-called mean index,
which is a key quantity associated with non-periodic orbits in Hamiltonian systems
arising from astromechanics; see [25, 40].

Recall the notation (1.6). Denote by APMv(R,K) the space of all functions
in AP(R,K) whose frequency module belongs to Mv. The relationship between
the frequency modules of two elements in AP(R,K) has been established in [19,
Theorem 4.5]. If we consider the vector-valued case instead of the scalar-valued
case, the proof remains unchanged, except for the fact that the Fourier coefficients
are vectors for the vector-valued case. Thus the relationship between the frequency
modules of elements in AP(R,K3) and those in AP(R,K) can be stated as follows.

Lemma 2.6. Let f : R → K be a continuous function. Then the following state-
ments are equivalent:

i): f ∈ APMv(R,K);
ii): For any sequence {tn}n∈N ⊂ R such that lim

n→∞
1
p · tn, lim

n→∞
q · tn and lim

n→∞
w ·

tn exist uniformly on the real axis, it follows that lim
n→∞

f · tn also exists

uniformly.
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2.2. Joint hull. Recall the notation v ∈ AP∗(R,R3) in (1.5). AP∗(R,R3) can be
equipped with the metric

∥v∥∞ := max

{∥∥∥1
p

∥∥∥
∞
, ∥q∥∞, ∥w∥∞

}
. (2.1)

Note that AP∗(R,R3) is not complete, although AP(R,R3) is a Banach space. We
consider an R action on AP∗(R,R3) by shifts, and denote for v ∈ AP∗(R,R3) and
t ∈ R the corresponding shifted element in AP∗(R,R3) by

v · t :=
( 1

p · t
, q · t, w · t

)
. (2.2)

It is easy to verify that the R action satisfies the following conditions.

• group structure:

v · 0 = v, and v · (t1 + t2) = (v · t1) · t2, for all v ∈ AP∗(R,R3), t1, t2 ∈ R,
• isometry:

∥v1 · t−v2 · t∥∞ = ∥v1−v2∥∞, for all t ∈ R, vi ∈ AP∗(R,R3), i = 1, 2, (2.3)

• uniform continuity: for any ϵ > 0, there exists a δ = δ(ϵ) > 0 such that

∥v · t− v∥∞ < ϵ, for all v ∈ AP∗(R,R3), t ∈ R with |t| < δ.

By (2.3), we have

Lemma 2.7. The shifts {v · t}t∈R are equicontinuous homeomorphisms.

For v =
(

1
p , q, w

)
∈ AP∗(R,R3), denote the orbit of v by

Orb(v) := {v · t : t ∈ R}.
We introduce

Definition 2.8. The joint hull of v ∈ AP∗(R,R3) is defined by

E(v) := Orb(v)
∥·∥∞

.

Obviously, we have

E(v) ⊂ E

(
1

p

)
× E(q)× E(w) ⊂ AP∗(R,R3) ⊂ AP(R,R3).

By the definition of Bohr almost periodic functions and Lemma 2.2 ii), we obtain

Lemma 2.9. E(v) is compact in AP(R,R3) with the metric ∥ · ∥∞.

One may equip E(v) with a group structure as follows. Let

ṽ1 = lim
n→∞

v · tn, ṽ2 = lim
n→∞

v · sn

be elements of E(v), then the product is defined by

ṽ1 · ṽ2 := lim
n→∞

v · (tn + sn). (2.4)

The limit is well-defined and the product is obviously commutative. The inverse is
defined by

ṽ−1
1 := lim

n→∞
v · (−tn), (2.5)

and v is thus the identity element of the group E(v).

Lemma 2.10. We have
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i): E(ṽ) = E(v), for each ṽ ∈ E(v);
ii): Mṽ = Mv, for each ṽ ∈ E(v);
iii): (E(v), · ,−1 ) is a compact abelian topological group;
iv): the flow {ṽ · t}t∈R on E(v) is uniquely ergodic with the Haar measure,

denoted by µE(v), being the only invariant measure; and
v): for any continuous function f : E(v) → K,

lim
x→+∞

1

x

∫ x

0

f(ṽ · t)dt =
∫
E(v)

fdµE(v),

uniformly for all ṽ ∈ E(v).

Proof. i) : Let ṽ ∈ E(v). Since E(v) is invariant under the shift (2.2), we have

Orb(ṽ) ⊆ E(v). By Lemma 2.9, we know that E(v) is closed. Thus E(ṽ) =

Orb(ṽ)
∥·∥∞ ⊆ E(v). Conversely, assume that lim

n→∞
v · tn = ṽ ∈ E(v). Then one has

v = lim
n→∞

ṽ · (−tn) which implies v ∈ E(ṽ). Thus by a similar argument, we have

E(ṽ) = E(v).

ii) : Because of (1.6), it is sufficient to show that for any fixed f ∈ AP(R,R),

one has Mf̃ = Mf for each f̃ ∈ E(f). We first claim that Mf̃ ⊆ Mf . In fact,

assume that lim
n→∞

f · tn = f̃ ∈ E(f). This implies that for any ϵ > 0, there exists

an N0 := N0(ϵ) > 0 such that

|f̃(x)− f(x+ tn)| < ϵ, for all n > N0 and x ∈ R. (2.6)

For any sequence {sn}n∈N ⊂ R such that lim
n→∞

f · sn exists uniformly on the real

axis, it follows from (2.6) that lim
n→∞

f̃ · sn exists as well. By [19, Theorem 4.5], we

complete the proof of the claim. Conversely, if lim
n→∞

f · tn = f̃ ∈ E(f), then we have

f = lim
n→+∞

f̃ · (−tn). Along line with a similar argument, we have Mf ⊆ Mf̃ , and

have the desired result.
iii) : By (2.3), we may obtain that operations of the product (2.4) and the

inverse (2.5) are continuous on E(v).

iv) : By (2.4), we have ṽ · t = (v · t) · ṽ for any ṽ ∈ E(v) and t ∈ R. This

implies that the shift ṽ · t can be regarded as a rotation on E(v). Then the result
is deduced from i), iii) and [38, Theorem 6.20].

v) : The result is deduced from iv) and the unique ergodic theorem [38, Theo-

rem 6.19]. □

3. Almost periodic Sturm-Liouville operators

As mentioned in the Introduction, it is not sufficient to study the almost periodic
Sturm-Liouville operator on its own. The operator (1.1) needs be embedded into a
family of operators as follows.

3.1. Operators associated with an element of the hull E(v). Let v ∈ AP∗(R,R3).

For any ṽ :=
(

1
p̃ , q̃, w̃

)
∈ E(v), consider the Hilbert space

L2(R, w̃(x)dx) :=
{
f :

∫
R
|f(x)|2w̃(x)dx < ∞

}
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with the following inner product

⟨f, g⟩ṽ :=

∫
R
f(x)∗g(x)w̃(x)dx for all f, g ∈ L2(R, w̃(x)dx),

and the Sturm-Liouville differential expression

τṽf :=
1

w̃(x)

(
− d

dx
p̃(x)

df(x)

dx
+ q̃(x)f(x)

)
for all f ∈ D(τṽ), (3.1)

where D(τṽ) :=
{
f ∈ L2(R, w̃(x)dx) : f, p̃f ′ ∈ AC(R, dx), τṽf ∈ L2(R, w̃(x)dx)

}
is

the maximal domain of τṽ. Note that all items depend on ṽ. For f, g ∈ D(τṽ)
and −∞ < c < d < +∞, using integration by parts twice, we obtain the Lagrange
identity as follows.∫ d

c

g(x)∗τṽf(x)w̃(x)dx = Wc(g
∗, f ; ṽ)−Wd(g

∗, f ; ṽ) +

∫ d

c

τṽg(x)
∗f(x)w̃(x)dx,

where

Wx(f1, f2; ṽ) :=
(
f1(p̃f

′
2)− (p̃f ′

1)f2

)
(x) (3.2)

is called the modified Wronskian associated with ṽ. Taking the limit c → −∞ and
d → +∞, one has

⟨g, τṽf⟩ṽ = W−∞(g∗, f ; ṽ)−W+∞(g∗, f ; ṽ) + ⟨τṽg, f⟩ṽ ,

where W±∞(g∗, f ; ṽ) is regarded as a limit. For any z ∈ C and any two solutions
ϕ1 and ϕ2 of τṽϕ = zϕ, we know that

W(ϕ1, ϕ2; ṽ) := Wx(ϕ1, ϕ2; ṽ)

is independent of x. Moreover, W(ϕ1, ϕ2; ṽ) ̸= 0 if and only if ϕ1 and ϕ2 are linearly
independent.

The differential operator τṽ is called limit point at +∞ if there exists a z0 ∈ C
such that at least one solution of τṽϕ = z0ϕ does not belong to L2(R+, w̃(x)dx).
A similar definition applies at −∞. If τṽ is limit point at both +∞ and −∞, then
τṽ is called to be limit point. The concept of the limit point was introduced by H.
Weyl. For more details, see [24, Theorem 10.1.1]. Due to (1.5) and [39, Theorem
6.3], we have

Lemma 3.1. For any ṽ ∈ E(v), the differential expression τṽ defined by (3.1) is
limit point.

Furthermore, it follows from [36, Lemma 9.4 and Theorem 9.6] that

Lemma 3.2. The Sturm-Liouville operator, defined by

Lṽ : D(Lṽ) → L2(R, w̃(x)dx)
f 7→ τṽf,

is densely defined and self-adjoint on L2(R, w̃(x)dx), where D(Lṽ) := D(τṽ).

Since a family of operators is under consideration, we recall a notion of conver-
gence of operators. For each n ∈ N0 := N ∪ {0}, let Ln be a self-adjoint operator
on a Hilbert space Hn. Define

Jn : H0 → Hn

f 7→ f
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We say Ln → L0 in generalized norm resolvent sense if there exists a z0 ∈ C
satisfying ℑz0 ̸= 0, such that∥∥J∗

n(Ln − z0I)
−1Jn − (L0 − z0I)

−1
∥∥→ 0, as n → ∞. (3.3)

For more details, see [37].

Lemma 3.3. For any ṽ ∈ E(v), σ(Lṽ) = σ(Lv).

Proof. For any ṽ ∈ E(v), there exists {tn} ⊆ R such that v · tn → ṽ. Thus by [37,
Theorem 2.10], we have σ(Lṽ) = lim

n→∞
σ(Lv·tn), where lim

n→∞
σ(Lv·tn) denotes the

set of all λ for which there is a sequence λn ∈ σ(Lv·tn) converging to λ. Since Lv·tn
is a translation of Lv, we have σ(Lv·tn) = σ(Lv). Therefore, σ(Lṽ) = σ(Lv). □

3.2. Green’s function. The so-called Green’s function is a fundamental tool for
studying the spectral theory of Sturm-Liouville operators. For more details, see
[32, 36, 20]. For ṽ =

(
1
p̃ , q̃, w̃

)
and z ∈ C \ σ(Lṽ), we consider the differential

equation

τṽϕ(x) =
1

w̃(x)

(
− d

dx
p̃(x)

dϕ(x)

dx
+ q̃(x)ϕ(x)

)
= zϕ(x). (3.4)

By Lemma 3.1, up to a constant multiple, equation (3.4) has a unique nontrivial so-
lution ϕ+(x, z; ṽ) ∈ L2(R+, w̃(x)dx) and a unique nontrivial solution ϕ−(x, z; ṽ) ∈
L2(R−, w̃(x)dx), which are known as Weyl’s solutions; see [36, Theorem 9.9]. Then
the Green’s function for Lṽ is defined by

G(x, y, z; ṽ) :=
1

W(ϕ+(·, z; ṽ), ϕ−(·, z; ṽ); ṽ)

{
ϕ+(x, z; ṽ)ϕ−(y, z; ṽ), x ≥ y,
ϕ−(x, z; ṽ)ϕ+(y, z; ṽ), x ≤ y.

(3.5)
Here G(x, y, z; ṽ) depends on ṽ as well.

Lemma 3.4. Let ṽ ∈ E(v) and z ∈ C \ σ(Lṽ) be fixed. We have

i): G(x, y, z; ṽ) is continuous with respect to x ∈ R and y ∈ R.
ii): G(x+ t, y + t, z; ṽ) = G(x, y, z; ṽ · t), for all t ∈ R.

Proof. i) : It is obvious by (3.5) and the continuity of ϕ±(·, z; ṽ).

ii) : For any t ∈ R, since both ϕ±(x+ t, z; ṽ) and ϕ±(x, z; ṽ · t) are solutions of

τṽ·tϕ = zϕ in L2(R±, w̃ · t(x)dx), by the uniqueness (up to a constant multiple) of
solutions in L2(R±, w̃ · t(x)dx), we have

ϕ±(x+ t, z; ṽ) = k±(z; ṽ)ϕ±(x, z; ṽ · t), (3.6)

where k±(z; ṽ) are non-zero constants. Hence for x ≥ y and t ∈ R, we have

G(x+ t, y + t, z; ṽ)

=
ϕ+(x+ t, z; ṽ)ϕ−(y + t, z; ṽ)

p̃(x+ t)
(
ϕ+(x+ t, z; ṽ)ϕ′

−(x+ t, z; ṽ)− ϕ′
+(x+ t, z; ṽ)ϕ−(x+ t, z; ṽ)

) (by (3.5), (3.2))

=
ϕ+(x, z; ṽ · t)ϕ−(y, z; ṽ · t)

p̃ · t(x)
(
ϕ+(x, z; ṽ · t)ϕ′

−(x, z; ṽ · t)− ϕ′
+(x, z; ṽ · t)ϕ−(x, z; ṽ · t)

) (by (3.6))

= G(x, y, z; ṽ · t) (by (3.2), (3.5)).

The similar argument applies to the case where x ≤ y. The proof is complete. □
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Remark 3.5. Let z ∈ C \R be fixed and take x = y in Lemma 3.4. Then the map

(x, ṽ) 7→ G(x, x, z; ṽ)

defines a cocycle over the shift (2.2) on R×E(v). An interesting application is the
following. We apply Lemma 2.10 iv) to the observation fz(ṽ) = G(0, 0, z; ṽ) ∈ C.
Then we have

Mx

(
G(x, x, z; ṽ)

)
=

∫
E(v)

G(0, 0; z; ṽ)dµE(v),

where µE(v) is the Haar measure on E(v).

According to [39, Section 9], the Green’s function can also be written as follows.
For i = 1, 2, suppose ui := ui(x, z; ṽ) are two linearly independent solutions of (3.4)
with (

u1(0, z; ṽ) u2(0, z; ṽ)
p̃(0)u′

1(0, z; ṽ) p̃(0)u′
2(0, z; ṽ)

)
=

(
1 0
0 1

)
.

Due to the linear independence of u1 and u2, one has{
ϕ+(x, z; ṽ) := m11(z; ṽ)u1(x, z; ṽ) +m12(z; ṽ)u2(x, z; ṽ),
ϕ−(x, z; ṽ) := m21(z; ṽ)u1(x, z; ṽ) +m22(z; ṽ)u2(x, z; ṽ),

(3.7)

where mjk(z; ṽ) are constants depending on z and ṽ, for j, k = 1, 2. Beacause of
the uniqueness (up to a constant multiple) of solutions in L2(R±, w̃(x)dx) , we may
assume that

W(ϕ+(·, z; ṽ), ϕ−(·, z; ṽ); ṽ) = 1.

Then it follows from (3.5) and (3.7) that

G(x, y, z; ṽ) =


∑2

j,k=1 m
+
jk(z; ṽ)uj(x, z; ṽ)uk(y, z; ṽ), x ≥ y,∑2

j,k=1 m
−
jk(z; ṽ)uj(x, z; ṽ)uk(y, z; ṽ), x ≤ y,

(3.8)

where

m±
11(z; ṽ) := m11(z; ṽ)m21(z; ṽ), m±

22(z; ṽ) := m12(z; ṽ)m22(z; ṽ),

m+
12(z; ṽ) = m−

21(z; ṽ) := m11(z; ṽ)m22(z; ṽ), m+
21(z; ṽ) = m−

12(z; ṽ) := m12(z; ṽ)m21(z; ṽ).

Based on (3.8), we derive the following continuity results.

Lemma 3.6. For n ∈ N0, let ṽn ∈ E(v) and z ∈ C \σ(Lv). Suppose that ṽn → ṽ0

and Lṽn
→ Lṽ0

in generalized norm resolvent sense. Then, as n → +∞, we have

i): m±
jk(z; ṽn) → m±

jk(z; ṽ0), j, k = 1, 2.

ii): G(x, y, z; ṽn) → G(x, y, z; ṽ0) uniformly on any finite interval of x ∈ R and
y ∈ R.

iii): d
dxG(x, x, z; ṽn) → d

dxG(x, x, z; ṽ0) uniformly on any finite interval of x ∈
R.

Proof. i) : Let ṽ ∈ E(v). For any z ∈ C \ σ(Lv) and −∞ < a1 < b1 < a2 < b2 <

+∞, denote

ukj(·, z; ṽ) := uk(·, z; ṽ)
∣∣
(aj ,bj)

, k = 1, 2. (3.9)

Since ṽ is real-valued, we have

uk(·, z; ṽ) = uk(·, z∗; ṽ)∗, k = 1, 2. (3.10)
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Then for n, i = 1, 2, one has〈
un2(·, z; ṽ), (Lṽ − zI)−1ui1(·, z∗; ṽ)

〉
ṽ

=

∫ +∞

−∞
un2(x, z; ṽ)

∗(Lṽ − zI)−1ui1(x, z
∗; ṽ)w̃(x)dx

=

∫ +∞

−∞
un2(x, z; ṽ)

∗
∫ +∞

−∞
G(x, y, z; ṽ)ui1(y, z

∗; ṽ)w̃(y)dy w̃(x)dx

=

∫ b2

a2

un2(x, z; ṽ)
∗
∫ b1

a1

G(x, y, z; ṽ)ui1(y, z
∗; ṽ)w̃(y)dy w̃(x)dx (by (3.9))

=

∫ b2

a2

un2(x, z; ṽ)
∗
∫ b1

a1

( 2∑
j,k=1

m+
jk(z; ṽ)uj(x, z; ṽ)uk(y, z; ṽ)

)
ui1(y, z

∗; ṽ)w̃(y)dy w̃(x)dx

(by (3.8))

=

2∑
j,k=1

m+
jk(z; ṽ)

∫ b2

a2

un2(x, z; ṽ)
∗uj(x, z; ṽ)w̃(x)dx

∫ b1

a1

uk(y, z; ṽ)ui1(y, z
∗; ṽ)w̃(y)dy

=

2∑
j,k=1

m+
jk(z; ṽ)

∫ +∞

−∞
un2(x, z; ṽ)

∗uj(x, z; ṽ)w̃(x)dx

∫ +∞

−∞
uk(y, z

∗; ṽ)∗ui1(y, z
∗; ṽ)w̃(y)dy

(by (3.9) and (3.10))

=

2∑
j,k=1

m+
jk(z; ṽ) ⟨un2(·, z; ṽ), uj2(·, z; ṽ)⟩ṽ ⟨uk1(·, z∗; ṽ), ui1(·, z∗; ṽ)⟩ṽ .

That is to say,

U(z; ṽ) = U2(z; ṽ)M
+(z; ṽ)U1(z; ṽ),

where

U(z; ṽ) :=

(〈
u12(·, z; ṽ), (Lṽ − zI)−1u11(·, z∗; ṽ)

〉
ṽ

〈
u12(·, z; ṽ), (Lṽ − zI)−1u21(·, z∗; ṽ)

〉
ṽ〈

u22(·, z; ṽ), (Lṽ − zI)−1u11(·, z∗; ṽ)
〉
ṽ

〈
u22(·, z; ṽ), (Lṽ − zI)−1u21(·, z∗; ṽ)

〉
ṽ

)
,

U1(z; ṽ) :=

(
⟨u11(·, z∗; ṽ), u11(·, z∗; ṽ)⟩ṽ ⟨u11(·, z∗; ṽ), u21(·, z∗; ṽ)⟩ṽ
⟨u21(·, z∗; ṽ), u11(·, z∗; ṽ)⟩ṽ ⟨u21(·, z∗; ṽ), u21(·, z∗; ṽ)⟩ṽ

)
,

M+(z; ṽ) :=

(
m+

11(z; ṽ) m+
12(z; ṽ)

m+
21(z; ṽ) m+

22(z; ṽ)

)
,

U2(z; ṽ) :=

(
⟨u12(·, z; ṽ), u12(·, z; ṽ)⟩ṽ ⟨u12(·, z; ṽ), u22(·, z; ṽ)⟩ṽ
⟨u22(·, z; ṽ), u12(·, z; ṽ)⟩ṽ ⟨u22(·, z; ṽ), u22(·, z; ṽ)⟩ṽ

)
.

Since U1(z; ṽ) is the Gram matrix of the linearly independent solutions u1(·, z∗; ṽ)
and u2(·, z∗; ṽ), it is non-singular. The same holds for U2(z; ṽ). We then have

M+(z; ṽ) = U2(z; ṽ)
−1U(z; ṽ)U1(z; ṽ)

−1. (3.11)

Since

∥ṽn∥∞ = ∥v∥∞ < ∞, n ∈ N0,

and

∥ṽn − ṽ0∥∞ → 0, as n → ∞,
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by the initial value theory of ODEs, we have(
ui(x, z; ṽn)

pn(x)u
′
i(x, z; ṽn)

)
→
(

ui(x, z; ṽ0)
p0(x)u

′
i(x, z; ṽ0)

)
, as n → ∞, for i = 1, 2, (3.12)

uniformly on any finite interval of x ∈ R. It follows that

Ui(z; ṽn) → Ui(z; ṽ0), as n → ∞, for i = 1, 2.

Combining with the generalized norm resolvent convergence (3.3), we have

U(z; ṽn) → U(z; ṽ0), as n → ∞,

and then

M+(z; ṽn) → M+(z; ṽ0) as n → ∞,

where (3.11) is used. The same holds for m−
jk(z; ṽn). Thus we obtain the desired

result.
ii) : Combining i) with (3.8) and (3.12), we have the desired result.

iii) : Take x = y and consider d
dxG(x, x, z; ṽ). By (3.8), we have

d

dx
G(x, x, z; ṽ) =

2∑
j,k=1

m+
jk(z; ṽ)(uj(x, z; ṽ)uk(x, z; ṽ))

′

=

2∑
j,k=1

m+
jk(z; ṽ)

1

p̃(x)

(
p̃(x)u′

j(x, z; ṽ)uk(x, z; ṽ) + uj(x, z; ṽ)p̃(x)u
′
k(x, z; ṽ)

)
.

For z ∈ C \ σ(Lv), it follows from i) and (3.12) that

d

dx
G(x, x, z; ṽn) →

d

dx
G(x, x, z; ṽ0), as n → ∞,

uniformly on any finite interval of x ∈ R. The proof is complete. □

Based on Lemma 3.6, we have the following result that play a fundamental role
in the proof of gap labelling theorem.

Lemma 3.7. For z ∈ C \ σ(Lv), we have

G(x, x, z;v),
d

dx
G(x, x, z;v) ∈ APMv(R,C).

Proof. Consider any sequence {tn}n∈N ⊆ R such that

v · tn → ṽ ∈ E(v). (3.13)

For any z ∈ C \ σ(Lv), using Lemma 3.4 ii) and Lemma 3.6 ii) we have

G(x+ tn, x+ tn, z;v) = G(x, x, z;v · tn) → G(x, x, z; ṽ),

uniformly on any finite interval of x ∈ R.
We claim that as n → ∞, G(x+tn, x+tn, z;v) converges uniformly for all x ∈ R.

If not, then there exist two sub-sequences {k1n} ⊂ {tn} and {k2n} ⊂ {tn} and a
sequence {xn} ⊂ R such that

|G(xn + k1n, xn + k1n, z;v)−G(xn + k2n, xn + k2n, z;v)| ≥ δ0, for all n ∈ N,
(3.14)

where δ0 > 0. As ṽ ∈ E(v), there exists a sub-sequence
{
xnj

}
⊆ {xn} such that

ṽ · xnj
→ ˜̃v ∈ E(v), as j → ∞.
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This implies from (3.13) that v · (xnj
+ k1nj

) → ˜̃v and v · (xnj
+ k2nj

) → ˜̃v,
simultaneously as j → ∞. Note that

lim
j→∞

G(x+ xnj
+ k1nj

, x+ xnj
+ k1nj

, z;v) = G(x, x, z; ˜̃v),
lim
j→∞

G(x+ xnj + k2nj , x+ xnj + k2nj , z;v) = G(x, x, z; ˜̃v),
uniformly on any finite interval of x ∈ R. If x = 0, this is contradict with
(3.14). Hence the proof of the claim is complete. By Lemma 2.6, we conclude
that G(x, x, z;v) ∈ APMv(R,C).

The argument for d
dxG(x, x, z;v) ∈ APMv(R,C) is analogous to that forG(x, x, z;v) ∈

APMv(R,C). The proof is complete. □

4. Rotation number

4.1. Prüfer angle. Let v in (1.5) be fixed. As in Subsection 3.1, we consider a
family of operators τṽ in (3.1) as ṽ varies over E(v). Introduce the so-called Prüfer
transformation as

p̃(x)ϕ′(x) + iϕ(x) = r(x) ei θ(x), (4.1)

where ϕ(x) is any non-trivial solution of

τṽϕ = λϕ, λ ∈ R. (4.2)

Then the Prüfer angle θ(x) satisfies the differential equation

θ′(x) =
1

p̃(x)
cos2 θ(x) +

(
λw̃(x)− q̃(x)

)
sin2 θ(x). (4.3)

The following basic properties of the solution θ(x) of (4.3) are easily deduced
from the classical ODE theory.

Lemma 4.1. For any Θ ∈ R, there exists a unique solution of (4.3) with θλ(0, Θ; ṽ) =
Θ. Moreover, the solution is continuously defined for all x ∈ R. We denote it by
θ(x) := θλ(x, Θ; ṽ) for x ∈ R.

It follows from (1.5) and Lemma 2.2 i) that

Lemma 4.2. When x ∈ R+, Θ ∈ R and ṽ ∈ E(v) are fixed, θλ(x, Θ; ṽ) is strictly
increasing and continuous with respect to λ.

We now state some results about θλ(x, Θ; ṽ) that we need, which are not surpris-
ing. For the sake of completeness, we nevertheless decide to sketch their proofs.

Lemma 4.3. Let λ ∈ R be fixed.

i): When Θ ∈ R, k ∈ Z and ṽ ∈ E(v) are fixed, one has

θλ(x, Θ+ 2kπ; ṽ) = θλ(x, Θ; ṽ) + 2kπ for all x ∈ R.

ii): When Θ ∈ R and ṽ ∈ E(v) are fixed, one has

θλ(x1 + x2, Θ; ṽ) = θλ(x1, θλ(x2, Θ; ṽ); ṽ · x2) for all x1, x2 ∈ R.

iii): When x0 ∈ R is fixed, θλ(x0, Θ; ṽ) : R× E(v) → R is Lipschitz continuous.
iv): When x ∈ R and ṽ ∈ E(v) are fixed, θλ(x, Θ; ṽ) : R → R is a strictly

increasing self-homeomorphism.
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Proof. i) : Due to the 2π-periodicity in θ of the vector field of (4.3) and by Lemma

4.1, we have the desired result.

ii) : Denote θ̄1(x) := θλ(x, θλ(x2, Θ; ṽ); ṽ · x2) and θ̄2(x) := θλ(x + x2, Θ; ṽ).

Then both θ̄1(x) and θ̄2(x) satisfy the following initial problem{
θ′(x) = 1

p̃(x+x2)
cos2 θ(x) + (λw̃(x+ x2)− q̃(x+ x2)) sin

2 θ(x),

θ(0) = θλ(x2, Θ; ṽ).

Due to Lemma 4.1, we conclude that θ̄1(x) = θ̄2(x) for all x ∈ R. Taking x = x1,
we have the desired result.

iii) : For i = 1, 2, let θi(x) := θλ(x, Θi; ṽi) be the solutions of (4.3) with different

ṽi and Θi. Then they satisfy

θi(x) = Θi +

∫ x

0

(
1

p̃i(s)
cos2 θi(s) + (λw̃i(s)− q̃i(s)) sin

2 θi(s)

)
ds, i = 1, 2.

(4.4)
Note that (

1

p̃2(s)
cos2 θ2(s) +

(
λw̃2(s)− q̃2(s)

)
sin2 θ2(s)

)
−
(

1

p̃1(s)
cos2 θ1(s) +

(
λw̃1(s)− q̃1(s)

)
sin2 θ1(s)

)
=
( 1

p̃2(s)
− 1

p̃1(s)

)
cos2 θ2(s) +

1

p̃1(s)

(
cos2 θ2(s)− cos2 θ1(s)

)
+
(
λw̃2(s)− q̃2(s)− λw̃1(s) + q̃1(s)

)
sin2 θ2(s)

+
(
λw̃1(s)− q̃1(s)

)(
sin2 θ2(s)− sin2 θ1(s)

)
.

(4.5)

When s is fixed, we can regard θ1(s) and θ2(s) as two real numbers. By the
Mean Value Theorem, there exist ζ(s) and η(s) which belong to the interval with
endpoints θ1(s) and θ2(s) such that

cos θ2(s)− cos θ1(s) = − sin ζ(s)(θ2(s)− θ1(s)),

sin θ2(s)− sin θ1(s) = cos η(s)(θ2(s)− θ1(s)).

Without loss of generality, we assume that x0 > 0. Denote

D(x) := θ2(x)− θ1(x), x ∈ [0, x0],

B(s) :=

(
1

p̃2(s)
− 1

p̃1(s)

)
cos2 θ2(s) +

(
λw̃2(s)− q̃2(s)− λw̃1(s) + q̃1(s)

)
sin2 θ2(s),

A(s) := − 1

p̃1(s)
sin ζ(s)

(
cos θ2(s)+cos θ1(s)

)
+
(
λw̃1(s)−q̃1(s)

)
cos η(s)

(
sin θ2(s)+sin θ1(s)

)
,

for s ∈ [0, x]. Combining A(s) and B(s) with (4.4) and (4.5), we have

D(x) = (Θ2 − Θ1) +

∫ x

0

(
A(s)D(s) +B(s)

)
ds, x ∈ [0, x0].

Then

|D(x)| ≤ |Θ2 − Θ1|+
∫ x

0

(
|A(s)D(s)|+ |B(s)|

)
ds, x ∈ [0, x0].
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Denote C(x) := |Θ2 − Θ1|+
∫ x

0

|B(s)|ds. Then we have

C(x) ≤|Θ2 − Θ1|+ x0

(∥∥∥ 1

p̃2
− 1

p̃1

∥∥∥
∞

+ ∥q̃2 − q̃1∥∞ + |λ|∥w̃2 − w̃1∥∞
)

≤|Θ2 − Θ1|+ 3x0 max{1, |λ|}∥ṽ2 − ṽ1∥∞,

where (2.1) is used. By the generalized Gronwall inequality [22, Corollary 6.6], we
obtain

|D(x)| ≤ C(x) +

∫ x

0

|A(s)||C(s)|e
∫ x
s

|A(t)|dtds, x ∈ [0, x0]. (4.6)

Taking x = x0 in (4.6), we have

|D(x0)|
≤
(
|Θ2 − Θ1|+ 3x0 max{1, |λ|}∥ṽ2 − ṽ1∥∞

)
·

(
1 + 2 exp

(
2

∫ x0

0

(∣∣∣ 1

p̃1(t)

∣∣∣+ |q̃1(t)|+ |λ||w̃1(t)|
)
dt

)

·
∫ x0

0

(∣∣∣ 1

p̃1(s)

∣∣∣+ |q̃1(s)|+ |λ||w̃1(s)|
)
ds

)
≤
(
|Θ2 − Θ1|+ 3x0 max{1, |λ|}∥ṽ2 − ṽ1∥∞

)
·
(
1 + 6e6x0∥ṽ1∥∞x0∥ṽ1∥∞

)
,

where Lemma 2.2 and (2.1) are used. Since ∥ṽ1∥∞ = ∥v∥∞ is fixed, we have the
desired result.

iv) : Due to Lemma 4.1, we know that for any fixed ṽ ∈ E(v) and x ∈ R,
θλ(x, Θ; ṽ) : R → R is strictly increasing. By ii), we have

θλ
(
x, θλ(−x, Θ; ṽ · x); ṽ

)
= Θ = θλ

(
− x, θλ(x, Θ; ṽ); ṽ · x

)
.

This implies that the inverse of θλ(x, Θ; ṽ) is θλ(−x, Θ; ṽ · x). Combining this with
iii), we complete the proof. □

4.2. Reduction to skew-products. Let S2π := R/2πZ. Introduce the product
space Z := S2π × E(v) with the distance

d
(
(ϑ1, ṽ1), (ϑ2, ṽ2)

)
:= max {|ϑ1 − ϑ2|2π, ∥ṽ1 − ṽ2∥∞} ,

where (ϑi, ṽi) ∈ Z, i = 1, 2, and |ϑ1 − ϑ2|2π := |ϑ1 − ϑ2| mod 2π. Lemma 2.9
implies that Z is a compact metric space.

For each t ∈ R, the skew-product transformation Ψt
λ on Z can be defined by

Ψt
λ(ϑ, ṽ) :=

(
θλ(t, Θ; ṽ) mod 2π, ṽ · t

)
, (ϑ, ṽ) ∈ Z, (4.7)

where Θ ∈ R satisfies ϑ = Θ mod 2π. By Lemma 4.3 i), Ψt
λ is well-defined. More-

over, we have

Lemma 4.4.
{
Ψt

λ

}
t∈R defined by (4.7) is a continuous skew-product on the compact

space Z.

Proof. The continuity of Ψt
λ can be deduced from (2.3) and Lemma 4.3 iii). We

only need to prove that

Ψt1+t2
λ = Ψt1

λ ◦Ψt2
λ for all t1, t2 ∈ R.
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Indeed, for (ϑ, ṽ) ∈ Z, there exists a Θ ∈ R such that ϑ = Θ mod 2π. Then we have

Ψt1
λ ◦Ψt2

λ (ϑ, ṽ) = Ψt1
λ

(
θλ(t2, Θ; ṽ) mod 2π, ṽ · t2

)
=
(
θλ
(
t1, θλ(t2, Θ; ṽ); ṽ · t2

)
mod 2π, ṽ · (t2 + t1)

)
=
(
θλ(t1 + t2, Θ; ṽ) mod 2π, ṽ · (t1 + t2)

)
= Ψt1+t2

λ (ϑ, ṽ),

where Lemma 4.3 ii) is used. The proof is complete. □

Introduce an observation function fλ : Z → R by

fλ(ϑ, ṽ) :=
1

p̃(0)
cos2 ϑ+

(
λw̃(0)− q̃(0)

)
sin2 ϑ. (4.8)

By (2.1), it is obvious to verify that

Lemma 4.5. fλ(ϑ, ṽ) is Lipschitz continuous on Z.

Based on the above construction, we can relate the existence of the rotation
number to the convergence of the following time average under the skew-product{
Ψt

λ

}
t∈R.

Lemma 4.6. For any (ϑ, ṽ) ∈ Z and x ∈ R, one has

θλ(x, Θ; ṽ)− Θ

x
=

θλ(x, Θ; ṽ)− θλ(0, Θ; ṽ)

x
=

1

x

∫ x

0

fλ
(
Ψs

λ(ϑ, ṽ)
)
ds,

where Θ ∈ R satisfies ϑ = Θ mod 2π.

Proof. For s ∈ R, by (4.7), (4.8) and (1.3), we have

fλ
(
Ψs

λ(ϑ, ṽ)
)
=

1

p̃ · s(0)
cos2 θλ(s, Θ; ṽ) +

(
λw̃ · s(0)− q̃ · s(0)

)
sin2 θλ(s, Θ; ṽ)

=
1

p̃(s)
cos2 θλ(s, Θ; ṽ) +

(
λw̃(s)− q̃(s)

)
sin2 θλ(s, Θ; ṽ).

Combining this with (4.3), we complete the proof. □

According to the Krylov-Bogoliubov theorem [38, Corollary 6.9.1] and Lemma
4.4, the flow

{
Φt

λ

}
t∈R possesses at least one invariant probability measure on the

compact metric space Z, denoted by νλ. In general,
{
Φt

λ

}
t∈R is not uniquely ergodic.

We then establish the following relationship between any invariant measure νλ on
Z and the Haar measure µE(v) on E(v).

Lemma 4.7. Let Π : Z → E(v) be the projection. Then µE(v) = νλ ◦Π−1 for each
invariant probability measure νλ.

Proof. By Lemma 2.10 iv), we only need to verify that νλ◦Π−1 is invariant on E(v)
under the shift (2.2). Let B ⊆ E(v) be any Borel subset, and B · (−t) :=

{
ṽ · (−t) :

ṽ ∈ B
}
, for any t ∈ R. By (4.7) and Lemma 4.3 iv), we have(

Ψt
λ

)−1
(S2π × B) = S2π × B · (−t). (4.9)

Since νλ is invariant, we obtain

νλ ◦Π−1(B) = νλ (S2π × B) = νλ

((
Ψt

λ

)−1
(S2π × B)

)
= νλ

(
S2π × B · (−t)

)
= νλ ◦Π−1

(
B · (−t)

)
,

where (4.9) is used. Since t is arbitrary, the proof is complete. □
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4.3. Rotation number. In this subsection, we first prove the existence of the
rotation number and then derive its fundamental properties. Recalling Lemma 4.6,
we introduce the following two notations.

f̄λ(Θ, ṽ) := lim
x→+∞

θλ(x, Θ; ṽ)− Θ

x
for (Θ, ṽ) ∈ R× E(v),

and

f̊λ(ϑ, ṽ) := lim
x→+∞

1

x

∫ x

0

fλ
(
Ψs

λ(ϑ, ṽ)
)
ds for (ϑ, ṽ) ∈ Z, (4.10)

if this limit exists. Then we have

Lemma 4.8. If f̊λ(ϑ0, ṽ0) exists for some (ϑ0, ṽ0) ∈ Z, then f̊λ(ϑ, ṽ0) exists for
all ϑ ∈ S2π and is independent of the choice of ϑ.

Proof. By Lemma 4.6, we know that there exists a Θ0 ∈ R satisfying ϑ0 = Θ0
mod 2π such that f̄λ(Θ0, ṽ0) exists. By Lemma 4.3 i), we have that f̄λ(Θ0+2kπ, ṽ0)
exist for all k ∈ Z. Moreover, for each Θ ∈ R, there exists a kΘ ∈ Z such that
Θ0 + 2kΘπ ≤ Θ < Θ0 + 2(kΘ + 1)π. By Lemma 4.3 i) and iv), we have that

θλ(x, Θ0 + 2kΘπ; ṽ) ≤ θλ(x, Θ; ṽ) < θλ(x, Θ0 + 2(kΘ + 1)π; ṽ)

= θλ(x, Θ0 + 2kΘπ; ṽ) + 2π for all x > 0.

This implies that f̄λ(Θ, ṽ0) exists as well for all Θ ∈ R and is independent of the
choice of Θ. By Lemma 4.6 again, we obtain the desired result. □

We present the following uniformly ergodic theorem by Johnson and Moser,
which will be used to establish the existence of the rotation number. For its discrete
version, see [23].

Lemma 4.9 ([26, Lemma 4.4]). Let
{
Ψt
}
t∈R be a continuous dynamical system on

a compact metric space X. Then for any continuous function g : X → K satisfying∫
X

g(x)dν = 0

for all invariant Borel probability measures ν of
{
Ψt
}
, one has

lim
t→+∞

1

t

∫ t

0

g
(
Ψs(x)

)
ds = 0

uniformly for all x ∈ X.

Proof of Theorem 1.1. Using the argument of Johnson and Moser [26], we consider
the skew-product

{
Ψt

λ

}
t∈R on Z. The crucial difference is that we adopt the joint

hull E(v).
Step 1: Let νλ be any invariant probability measure on the compact metric space

Z. By the Birkhoff ergodic theorem, there exists a Borel set Z0 ⊆ Z that depends on

the choice of νλ such that νλ(Z0) = 1 and f̊λ(ϑ, ṽ) in (4.10) exists for all (ϑ, ṽ) ∈ Z0.
By Lemma 4.8, Z0 can be expressed as

Z0 = S2π × E0.

Combining this with Lemma 4.7, we obtain

µE(v)(E0) = νλ ◦Π−1(E0) = νλ(S2π × E0) = 1. (4.11)



20 G. TESCHL, Y. WANG, B. XIE, AND Z. ZHOU

Meanwhile, f̊λ(ϑ, ṽ) ∈ L1(Z, dνλ) is invariant under
{
Ψt

λ

}
and satisfies∫

Z

f̊λ(ϑ, ṽ)dνλ =

∫
Z

fλ(ϑ, ṽ)dνλ =: ρ(λ,v), (4.12)

where ρ(λ,v) ∈ R is a constant that depends on λ and v.

Step 2: By Lemma 4.8 and (4.11), f̊λ(ϑ, ṽ) can be regarded as a function on
E(v). We still denote

f̊λ(ṽ) := f̊λ(ϑ, ṽ) for µE(v)-almost everywhere ṽ ∈ E(v). (4.13)

By (4.7), f̊λ(ṽ) is invariant under the shift (2.2) on E(v). By Lemma 2.10 iv), we

know that the Haar measure µE(v) is ergodic. This implies that f̊λ(ṽ) is constant
for µE(v)-almost every points. Combining this with (4.12) and (4.13), we have

f̊λ(ṽ) = ρ(λ,v) for all ṽ ∈ E1 ⊆ E(v), (4.14)

where E1 is a Borel set of µE(v)-full measure.
Step 3: We claim that ρ(λ,v) is independent of the choice of the measure νλ.

To this end, assume that there exists another measure ν̃λ. As in Step 1 and Step 2,
there exists another Borel set Ẽ1 ⊆ E(v) of µE(v)-full measure and a corresponding

constant ρ̃(λ,v). We then obtain µE(v)(E1∩Ẽ1) = 1. This implies that E1∩Ẽ1 ̸= ∅.
Choosing a point ṽ0 ∈ E1 ∩ Ẽ1, we have

ρ(λ,v) = f̊λ(ϑ, ṽ0) = ρ̃(λ,v) for all ϑ ∈ S2π,

where (4.10), (4.13) and (4.14) are used.
Step 4: Denote the function gλ by

gλ(ϑ, ṽ) := fλ(ϑ, ṽ)− ρ(λ,v).

It follows from Lemma 4.4 and Lemma 4.5 that
{
Ψt

λ

}
and gλ satisfy all the re-

quirements of Lemma 4.9. As x → +∞, we then obtain

1

x

∫ x

0

gλ
(
Ψs

λ(ϑ, ṽ)
)
ds =

1

x

∫ x

0

fλ
(
Ψs

λ(ϑ, ṽ)
)
ds− ρ(λ,v) → 0 (4.15)

uniformly for all (ϑ, ṽ) ∈ Z. This implies that f̊λ(ϑ, ṽ) exists for all (ϑ, ṽ) ∈ Z.
Finally, taking ṽ = v in (4.15), we complete the proof. □

Remark 4.10. i): For each ṽ ∈ E(v), denote the rotation number of (4.2) by
ρ(λ, ṽ). By (4.15), we have ρ(λ, ṽ) ≡ ρ(λ,v).

ii): According to (4.12), the rotation number admits an ergodic representation in
terms of the space average as follows.

ρ(λ,v) =

∫
Z

fλ(ϑ, ṽ)dνλ,

where νλ is any invariant Borel probability measure of
{
Ψt

λ

}
. Note that ρ(λ,v) is

independent of the choice of νλ.

Lemma 4.11. Let v be fixed. Then ρ(λ,v) is continuous with respect to λ.

Proof. It is equivalent to show that for any sequence λj → λ0 ∈ R, the following
holds

ρ(λj ,v) → ρ(λ0,v) as j → +∞. (4.16)
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By Remark 4.10 ii), we have

ρ(λj ,v) =

∫
Z

fλj (ϑ, ṽ)dνλj for any j ∈ N, (4.17)

where fλj (ϑ, ṽ) is given by (4.8), and νλj is any invariant Borel probability measure

of
{
Ψt

λj

}
. Since Z is a compact metric space, by [38, Theorem 6.5], we may assume

that there exists a Borel probability measure on Z, denoted by ν∞, such that

νλj ⇀ ν∞ in the weak-⋆ topology. (4.18)

We claim that ν∞ is an invariant Borel probability measure of
{
Ψt

λ0

}
on Z.

By [38, Theorem 6.8], it is equivalent to show that for any continuous function
f : Z → R, the following holds∫

Z

f(ϑ, ṽ)dν∞ =

∫
Z

f
(
Ψt

λ0
(ϑ, ṽ)

)
dν∞ for all t ∈ R.

Without loss of generality, it suffices to verify the case t > 0. To this end, for any
fixed t ∈ R+ and any sequence λj → λ0, by Lemma 4.2 and Lemma 4.3 iii), we
obtain

θλj
(t, Θ; ṽ) → θλ0

(t, Θ; ṽ) uniformly for all Θ ∈ R and ṽ ∈ E(v).

Combining this with (4.7), we obtain

f
(
Ψt

λj
(ϑ, ṽ)

)
→ f

(
Ψt

λ0
(ϑ, ṽ)

)
uniformly for all (ϑ, ṽ) ∈ Z. (4.19)

Since νλj
is invariant under

{
Ψt

λj

}
, we then have∫

Z

f(ϑ, ṽ)dνλj
=

∫
Z

f
(
Ψt

λj
(ϑ, ṽ)

)
dν∞.

It follows from (4.18) and (4.19) that∫
Z

f(ϑ, ṽ)dνλj
=

∫
Z

(
f ◦Ψt

λj
− f ◦Ψt

λ0

)
(ϑ, ṽ)dνλj

+

∫
Z

f
(
Ψt

λ0
(ϑ, ṽ)

)
dνλj

→
∫
Z

f
(
Φt

λ0
(ϑ, ṽ)

)
dν∞ as j → +∞.

By (4.18) again, we have∫
Z

f(ϑ, ṽ)dνλj
→
∫
Z

f(ϑ, ṽ)dν∞ as j → +∞.

The proof of the claim is complete.
By Remark 4.10 ii) and this claim, we have

ρ(λ0,v) =

∫
Z

fλ0
(ϑ, ṽ)dν∞.

Combining this with (4.17), we obtain

|ρ(λj ,v)− ρ(λ0,v)| =
∣∣∣∣∫

Z

fλj
(ϑ, ṽ)dνλj

−
∫
Z

fλ0
(ϑ, ṽ)dν∞

∣∣∣∣
≤
∣∣∣∣∫

Z

(
fλj

− fλ0

)
(ϑ, ṽ)dνj

∣∣∣∣+ ∣∣∣∣∫
Z

fλ0
(ϑ, ṽ)dνλj

−
∫
Z

fλ0
(ϑ, ṽ)dν∞

∣∣∣∣
≤ |λj − λ0|∥w̃∥∞ +

∣∣∣∣∫
Z

fλ0(ϑ, ṽ)dνλj −
∫
Z

fλ0(ϑ, ṽ)dν∞

∣∣∣∣→ 0,

where (4.8), Lemma 4.5 and (4.18) are used. We have the desired result (4.16). □
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Let ϕ(x) := ϕ(x, λ;v) be a non-trivial solution of (4.2) with ṽ = v. Due to (1.5)
and Lemma 2.2 i), ϕ(x) only has non-degenerate zeros, that is, if ϕ(x) = 0 then
ϕ′(x) ̸= 0. For any fixed λ and v, we define

Nϕ(x, λ;v) := ♯{s ∈ [0, x) : ϕ(s, λ;v) = 0} for x ∈ R+.

In addition to the ergodic representation of rotation numbers given in Remark 4.10
ii), we introduce the following geometric representation of rotation numbers, which
will be used in the next section.

Lemma 4.12. Let λ and v be fixed. Then we have

lim
x→+∞

πNϕ(x, λ;v)

x
= ρ(λ,v),

where the limit is independent of the choice of non-trivial solutions ϕ(x).

Proof. By (4.1), the condition ϕ(x) = 0 is equivalent to θ(x) = kπ for some k ∈ Z.
Recalling (4.3), we obtain

dθ(x)

dx

∣∣∣∣
θ(x)=kπ

=
1

p(x)
> 0.

This implies that∣∣(θλ(x, Θ;v)− θλ(0, Θ;v))− π ·Nϕ(x, λ;v)
∣∣ < 2π for x ∈ R+.

Combining this with Theorem 1.1, we complete the proof. □

Moreover, we have

Lemma 4.13. Let v be fixed. Then ρ(λ,v) ≥ 0 and it is non-decreasing with
respect to λ.

Proof. The non-negativity of ρ(λ,v) follows from the fact that N(x, λ;v) ≥ 0 for
all λ ∈ R. By Lemma 4.2 and Theorem 1.1, we know that ρ(λ,v) is non-decreasing.
The proof is complete. □

Remark 4.14. We can also use Sturm’s comparison theorem to conclude that
ρ(λ,v) is non-decreasing.

5. Gap labelling

In this section, we focus on the proof of the gap labelling thereom for Lv in
terms of rotation numbers.

Proof of Theorem 1.3. For λ ∈ R \ σ(Lv) and ṽ ∈ E(v), the functions ϕ±(x, λ; ṽ)
can be chosen to be real-valued and normalized so that W(ϕ+(·, λ; ṽ), ϕ−(·, λ; ṽ); ṽ) =
1. By (3.5) and Lemma 3.3, we have

G(x, x, λ; ṽ) = ϕ+(x, λ; ṽ)ϕ−(x, λ; ṽ) for λ ∈ R \ σ(Lv). (5.1)

Then G(x, x, λ; ṽ) = 0 if and only if ϕ+(x, λ; ṽ) = 0 or ϕ−(x, λ; ṽ) = 0. Thus we
have

d

dx
G(x, x, λ; ṽ)

∣∣∣∣
G(x,x,λ;ṽ)=0

= ± 1

p̃(x)
̸= 0.
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Based on the above discussion and Lemma 3.7, we know that G(x, x, λ;v) satisfies
all the requirements of Lemma 2.4. Then the following holds

lim
x→+∞

π♯{s ∈ [0, x) : G(s, s, λ;v) = 0}
x

∈ Mv.

By (5.1) again, it is obvious that

♯{s ∈ [0, x) : G(s, s, λ;v) = 0} = Nϕ+
(x, λ;v) +Nϕ−(x, λ;v).

Combining this with Lemma 4.12, we have

2ρ(λ,v) ∈ Mv for λ ∈ R \ σ(Lv).

By Lemma 4.11, we know that ρ(λ,v) is a constant in any open interval J of
R \ σ(Lv). □

Remark 5.1. Similarly as in Remark 4.10 i), if we consider the case ṽ ∈ E(v), we
have

2ρ(λ, ṽ) ∈ Mv for λ ∈ J,

where J is any open interval of R \ σ(Lṽ).
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[17] R. Fabbri, R. Johnson, C. Ńũnez, Rotation number for non-autonomous linear Hamiltonian

systems I: Basic properties, Z. Angew. Math. Phys. 54 (2003), 484–502.
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