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ABSTRACT. In the first (and abstract) part of this survey we prove the unitary equivalence of the inverse of
the Krein—von Neumann extension (on the orthogonal complement of its kernel) of a densely defined, closed,
strictly positive operator, S > el3; for some € > 0 in a Hilbert space H to an abstract buckling problem
operator.

In the concrete case where S = 7A|C§°(Q) in L2(9;d"x) for @ C R™ an open, bounded (and sufficiently
regular) set, this recovers, as a particular case of a general result due to G. Grubb, that the eigenvalue
problem for the Krein Laplacian Sk (i.e., the Krein—von Neumann extension of S),

Skv=MAv, A#QO,
is in one-to-one correspondence with the problem of the buckling of a clamped plate,
(=A)2u=A=A)u in Q, A#0, u€c HQ),
where v and v are related via the pair of formulas
u= S;l(—A)U, v=A"1(=A)u,
with S the Friedrichs extension of S.

This establishes the Krein extension as a natural object in elasticity theory (in analogy to the Friedrichs
extension, which found natural applications in quantum mechanics, elasticity, etc.).

In the second, and principal part of this survey, we study spectral properties for Hr o, the Krein—von
Neumann extension of the perturbed Laplacian —A 4+ V (in short, the perturbed Krein Laplacian) defined
on C§°(Q), where V is measurable, bounded and nonnegative, in a bounded open set Q2 C R™ belonging
to a class of nonsmooth domains which contains all convex domains, along with all domains of class C1",
r > 1/2. (Contrary to other uses of the notion of “domain”, a domain in this survey denotes an open
set without any connectivity hypotheses. In addition, by a “smooth domain” we mean a domain with a
sufficiently smooth, typically, a C°°-smooth, boundary.) In particular, in the aforementioned context we
establish the Weyl asymptotic formula

#{j EN|Ag.a; <A} = 2m) "o |Q A2 + O(A=(/2)/2) a5 X = oo,

where v, = 7™/2/T'((n/2) + 1) denotes the volume of the unit ball in R”, |Q denotes the volume of €,
and Ak o, j € N, are the non-zero eigenvalues of Hf o, listed in increasing order according to their
multiplicities. We prove this formula by showing that the perturbed Krein Laplacian (i.e., the Krein—von
Neumann extension of —A + V defined on C§°(€2)) is spectrally equivalent to the buckling of a clamped
plate problem, and using an abstract result of Kozlov from the mid 1980’s. Our work builds on that of
Grubb in the early 1980’s, who has considered similar issues for elliptic operators in smooth domains, and
shows that the question posed by Alonso and Simon in 1980 pertaining to the validity of the above Weyl
asymptotic formula continues to have an affirmative answer in this nonsmooth setting.

We also study certain exterior-type domains Q@ = R™\K, n > 3, with K C R™ compact and vanishing
Bessel capacity Be,2(K) = 0, to prove equality of Friedrichs and Krein Laplacians in L2(Q;d"x), that is,
7A|Cgc(ﬂ) has a unique nonnegative self-adjoint extension in L?(Q;d™z).
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1. INTRODUCTION

In connection with the first and abstract part of this survey, the connection between the Krein—von
Neumann extension and an abstract buckling problem, suppose that S is a densely defined, symmetric,
closed operator with nonzero deficiency indices in a separable complex Hilbert space H that satisfies

S > ely for some € > 0, (1.1)

and denote by Sk and S the Krein—von Neumann and Friedrichs extensions of S, respectively (with I3
the identity operator in H).

Then an abstract version of Proposition 1 in Grubb [97], describing an intimate connection between the
nonzero eigenvalues of the Krein—von Neumann extension of an appropriate minimal elliptic differential
operator of order 2m, m € N, and nonzero eigenvalues of a suitable higher-order buckling problem (cf.
Example to be proved in Lemma can be summarized as follows:

There exists 0 # v € dom(Sk) satisfying Sxv = v, X #0, (1.2)
if and only if
there exists a 0 # u € dom(S*S) such that S*Su = ASu, (1.3)

and the solutions v of (1.2]) are in one-to-one correspondence with the solutions u of (1.3)) given by the pair
of formulas

u=(Sp) 'Skv, v=A"1Su. (1.4)

Next, we will go a step further and describe a unitary equivalence result going beyond the connection
between the eigenvalue problems (1.2]) and (1.3): Given S, we introduce the following sesquilinear forms in
H,

a(u,v) = (Su, Sv)y, u,v € dom(a)= dom(S), (1.5)
b(u,v) = (u, Sv)y, u,v € dom(b) = dom(S). (1.6)

Then S being densely defined and closed, implies that the sesquilinear form a is also densely defined and
closed, and thus one can introduce the Hilbert space

with associated scalar product

(u,v)w = a(u,v) = (Su, Sv)y, u,v € dom(S). (1.8)
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Suppressing for simplicity the continuous embedding operator of W into H, we now introduce the following
operator T in W by

(’U}l, ng)w = a(wl,ng) = b(wl,wz) = (wl, S’wg)H, wy, wy € W. (19)

One can prove that T is self-adjoint, nonnegative, and bounded and we will call T the abstract buckling
problem operator associated with the Krein—von Neumann extension Sk of S.
Next, introducing the Hilbert space H by

7:2 = [ker(S*)]L = [IH — Pkcr(S*)]H = [IH - Pkcr(SK)]H = [ker(SK)]L, (110)
where Py, denotes the orthogonal projection onto the subspace M C H, we introduce the operator
S {W%H’ (1.11)
w — Sw,
and note that S € BW, ﬁ) maps W unitarily onto H.
Finally, defining the reduced Krein—von Neumann operator Sk in H by
§K = SK|[ker(SK)]L in ﬁ, (1.12)

we can state the principal unitary equivalence result to be proved in Theorem [3.4}
The inverse of the reduced Krein—von Neumann operator Sx in H and the abstract buckling problem
operator 1" in W are unitarily equivalent,

(Sk) ' =8T(8) . (1.13)
In addition,
(Sk) ™ =Us[ISI7' 81817 (Us) ™" (1.14)
Here we used the polar decomposition of S,
S =Us|S|, with |S| = (5*S)Y/2 > ely, ¢ >0, and Us € B(H,H) unitary, (1.15)

and one observes that the operator |S|715|S|~! € B(H) in is self-adjoint in H.

As discussed at the end of Section[d] one can readily rewrite the abstract linear pencil buckling eigenvalue
problem , S*Su = ASu, X # 0, in the form of the standard eigenvalue problem |S|~1S|S|™1w = A\~ tw,
A # 0, w = |S|u, and hence establish the connection between (L.2)), and (1.13)), (1.14).

As mentioned in the abstract, the concrete case where S is given by S = —A|¢ge () in L?(Q; d"x), then

yields the spectral equivalence between the inverse of the reduced Krein—von Neumann extension S k of S and
the problem of the buckling of a clamped plate. More generally, Grubb [97] actually treated the case where
S is generated by an appropriate elliptic differential expression of order 2m, m € N, and also introduced the
higher-order analog of the buckling problem; we briefly summarize this in Example [3.5

The results of this connection between an abstract buckling problem and the Krein—von Neumann exten-
sion in Section [3| originally appeared in [30].

Turning to the second and principal part of this survey, the Weyl-type spectral asymptotics for perturbed
Krein Laplacians, let —Ap o be the Dirichlet Laplacian associated with an open set @ C R™, and denote
by Npa(A) the corresponding spectral distribution function (i.e., the number of eigenvalues of —Ap g not
exceeding A). The study of the asymptotic behavior of Np(A) as A — oo has been initiated by Weyl
in 1911-1913 (cf. [189], [188], and the references in [I90]), in response to a question posed in 1908 by the
physicist Lorentz, pertaining to the equipartition of energy in statistical mechanics. When n =2 and Q is a
bounded domain with a piecewise smooth boundary, Weyl has shown that

Npa(A\) = %)\—&—0()\) as A — oo, (1.16)
along with the three-dimensional analogue of . (We recall our convention to denote the volume of
Q C R™ by |92|.) In particular, this allowed him to complete a partial proof of Rayleigh, going back to 1903.
This ground-breaking work has stimulated a great deal of activity in the intervening years, in which a large
number of authors have provided sharper estimates for the remainder, and considered more general elliptic
operators equipped with a variety of boundary conditions. For a general elliptic differential operator A of
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order 2m (m € N), with smooth coefficients, acting on a smooth subdomain €2 of an n-dimensional smooth
manifold, spectral asymptotics of the form

Npa(A;N) =(2m)~™ (/ dx/ d{) A/ (2m) g O()\("_l)/(2m)) as A\ — oo, (1.17)
Q a®(z,6)<1

where a’(x,¢) denotes the principal symbol of A, have then been subsequently established in increasing
generality (a nice exposition can be found in [6]). At the same time, it has been realized that, as the
smoothness of the domain © (by which we mean smoothness of the boundary of 2) and the coefficients of A
deteriorate, the degree of detail with which the remainder can be described decreases accordingly. Indeed,
the smoothness of the boundary of the underlying domain ) affects both the nature of the remainder in
, as well as the types of differential operators and boundary conditions for which such an asymptotic
formula holds. Understanding this correlation then became a central theme of research. For example, in the
case of the Laplacian in an arbitrary bounded, open subset Q2 of R™, Birman and Solomyak have shown in
[40] (see also [41], [42], [43], [44]) that the following Weyl asymptotic formula holds

Np.o(N) = (21) 0. |Q A2 + 0(A"?) as A — oo, (1.18)

where v,, denotes the volume of the unit ball in R™, and || stands for the n-dimensional Euclidean volume
of Q. (Actually, extends to unbounded € with finite volume ||, but this will not be addressed
in this survey.) On the other hand, it is known that may fail for the Neumann Laplacian —Ay q.
Furthermore, if o € (0,1) then Netrusov and Safarov have proved that

Q € Lip, implies Npo(A) = (2m) "0, |Q| A2 + O(A"=9)/2) as A\ — 0, (1.19)

where Lip,, is the class of bounded domains whose boundaries can be locally described by means of graphs
of functions satisfying a Holder condition of order «; this result is sharp. See [149] where this intriguing
result (along with others, similar in spirit) has been obtained. Surprising connections between Weyl’s as-
ymptotic formula and geometric measure theory have been explored in [57], [I09], [128] for fractal domains.
Collectively, this body of work shows that the nature of the Weyl asymptotic formula is intimately related
not only to the geometrical properties of the domain (as well as the type of boundary conditions), but also
to the smoothness properties of its boundary (the monographs by Ivrii [I12] and Safarov and Vassiliev [167]
contain a wealth of information on this circle of ideas).

These considerations are by no means limited to the Laplacian; see [58] for the case of the Stokes operator,
and [39], [45] for the case the Maxwell system in nonsmooth domains. However, even in the case of the Laplace
operator, besides —Ap o and —Apy o there is a multitude of other concrete extensions of the Laplacian —A
on C§°(f2) as a nonnegative, self-adjoint operator in L?(Q2;d"x). The smallest (in the operator theoretic
order sense) such realization has been introduced, in an abstract setting, by M. Krein [124]. Later it was
realized that in the case where the symmetric operator, whose self-adjoint extensions are sought, has a
strictly positive lower bound, Krein’s construction coincides with one that von Neumann had discussed in
his seminal paper [I83] in 1929.

For the purpose of this introduction we now briefly recall the construction of the Krein—von Neumann
extension of appropriate L?(§); d"x)-realizations of the differential operator A of order 2m, m € N,

A= > an()D, (1.20)

0<|a|<2m
DY = (—i0/0x1)* -+ - (—=i0/0xpn)*™, a=(aq,...,an) € N{, (1.21)
aa(-) €C®(Q), C>@Q) = () C*®), (1.22)

keNy

where 0 C R™ is a bounded C*° domain. Introducing the particular L?(£2; d"z)-realization A, of A defined
by

Acou=Au, u€dom(A.q) :=C5(Q), (1.23)
we assume the coefficients a, in A are chosen such that A, o is symmetric,
(u, AC,Q’U)LQ(SZ;dn:E) = (AC’QU, 'U)Lz(ﬂ;d"m)a u,v € CSO(Q), (1.24)

has a (strictly) positive lower bound, that is, there exists kg > 0 such that

(u,Ac’QU)L2(Q;dnm) > Ko ||UH%2(Q;dnw)7 u e CSO(Q), (1.25)
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and is strongly elliptic, that is, there exists x; > 0 such that

a®(z,€) :== Re ( > aa(x)§a> >k €, zeQ, £ R (1.26)
lor|=2m
Next, let Apin.q and Ayuq..0 be the L?(Q; d"z)-realizations of A with domains (cf. [6], [100])
dom(Amin,q) = HZ™(9Q), (1.27)
dom(Apmaz,0) == {u € L*(Q;d"z) | Au € L*(Q;d"z)}. (1.28)
Throughout this manuscript, H*(Q2) denotes the L?-based Sobolev space of order s € R in Q, and H§(Q) is

the subspace of H*(R") consisting of distributions supported in Q (for s > 1, (s — 3) ¢ N, the space H(9)
can be alternatively described as the closure of C§°(Q2) in H*(Q2)). Given that the domain € is smooth,
elliptic regularity implies

(A'rnln,Q)* = Am,am,Q and AC,Q = Amvn,Q (129)
Functional analytic considerations (cf. the discussion in Section [2)) dictate that the Krein—von Neumann

(sometimes also called the “soft”) extension Ag q of A.q on C§°(Q) is the L?(Q;d"x)-realization of A, q
with domain (cf. (2.10) derived abstractly by Krein)

dom(Ag ) = dom (m) + ker ((AC_’Q)*). (1.30)

Above and elsewhere, X+Y denotes the direct sum of two subspaces, X and Y, of a larger space Z, with
the property that X N'Y = {0}. Thus, granted (1.29]), we have

dom(Ag ) = dom(Anmin,0) + ker(Amaz.0)
= H3™(Q) +{u e LX(Q;d"z) | Au =0 in Q}.

In summary, for domains with smooth boundaries, Ak  is the self-adjoint realization of A. o with domain

given by (L31).

Denote by vpu := (’y?;,u)0<j<m71 the Dirichlet trace operator of order m € N (where v denotes the

(1.31)

outward unit normal to € and yyu := 9,u stands for the normal derivative, or Neumann trace), and let
Ap @ be the Dirichlet (sometimes also called the “hard”) realization of A.q in L?(€2;d"z) with domain

dom(Ap ) == {u e H*™(Q) | 7w =0}. (1.32)

Then Ak q, Ap,q are “extremal” in the following sense: Any nonnegative self-adjoint extension A in
L2(Q;d™z) of Acq (cf. (1.23)), necessarily satisfies

Ag.o < A< Ap.o (1.33)
in the sense of quadratic forms (cf. the discussion surrounding (2.4).
Returning to the case where A. o = —A|Cgc(g), for a bounded domain €2 with a C'°°-smooth boundary,
0%, the corresponding Krein—von Neumann extension admits the following description
— Ak ou = —Au,
(1.34)

u € dom(—Ag q) = {v € dom(—Aes.0) | Y8V + Mp N ao(ypv) = 0},

where Mp n o is (up to a minus sign) an energy-dependent Dirichlet-to-Neumann map, or Weyl-Titchmarsh
operator for the Laplacian. Compared with , the description has the advantage of making
explicit the boundary condition implicit in the definition of membership to dom(—Afg o). Nonetheless, as
opposed to the classical Dirichlet and Neumann boundary condition, this turns out to be nonlocal in nature,
as it involves Mp, n o which, when Q is smooth, is a boundary pseudodifferential operator of order 1. Thus,
informally speaking, (|1.34)) is the realization of the Laplacian with the boundary condition

Oyu = 0, H(u) on 09, (1.35)

where, given a reasonable function w in €2, H(w) is the harmonic extension of the Dirichlet boundary trace
Yow to Q (cf. (£15)).

While at first sight the nonlocal boundary condition yyv + Mp ya(ypv) = 0 in for the Krein
Laplacian —Ag o may seem familiar from the abstract approach to self-adjoint extensions of semibounded
symmetric operators within the theory of boundary value spaces, there are some crucial distinctions in the
concrete case of Laplacians on (nonsmooth) domains which will be delineated at the end of Section @

For rough domains, matters are more delicate as the nature of the boundary trace operators and the
standard elliptic regularity theory are both fundamentally affected. Following work in [89], here we shall
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consider the class of quasi-convexr domains. The latter is the subclass of bounded, Lipschitz domains in R"
characterized by the demand that
(i) there exists a sequence of relatively compact, C2-subdomains exhausting the original domain, and
whose second fundamental forms are bounded from below in a uniform fashion (for a precise formu-
lation see Definition ,
or
(#4) near every boundary point there exists a suitably small § > 0, such that the boundary is given by
the graph of a function ¢ : R*~! — R (suitably rotated and translated) which is Lipschitz and whose
derivative satisfy the pointwise H'/2-multiplier condition

n—1 n—1
D Nk Okpillmien-y 6D M ellaz@n-ny frofaoy € HY2R™Y), (1.36)
k=1 k=1

See Hypothesis for a precise formulation. In particular, (1.36) is automatically satisfied when w(V,t),
the modulus of continuity of Vi at scale t, satisfies the square-Dini condition (compare to [140], [I41], where
this type of domain was introduced and studied),

/;(“’(Z;fﬂ)%ff < . (1.37)

In turn, (1.37) is automatically satisfied if the Lipschitz function ¢ is of class C1" for some r > 1/2. As a
result, examples of quasi-convex domains include:

(7) All bounded (geometrically) convex domains.
(#) All bounded Lipschitz domains satisfying a uniform exterior ball condition (which, informally speak-
ing, means that a ball of fixed radius can be “rolled” along the boundary).
(iii) All open sets which are the image of a domain as in (i), (44) above under a C'*!-diffeomorphism.
(iv) All bounded domains of class C1" for some 7 > 1/2.

We note that being quasi-convex is a local property of the boundary. The philosophy behind this concept
is that Lipschitz-type singularities are allowed in the boundary as long as they are directed outwardly (see
Figure 1 on p. . The key feature of this class of domains is the fact that the classical elliptic regularity
property
dom(—Ap.g) C H*(Q), dom(—Angq)C H*(Q) (1.38)
remains valid. In this vein, it is worth recalling that the presence of a single re-entrant corner for the domain
Q invalidates . All our results in this survey are actually valid for the class of bounded Lipschitz
domains for which holds. Condition is, however, a regularity assumption on the boundary of
the Lipschitz domain 2 and the class of quasi-convex domains is the largest one for which we know
to hold. Under the hypothesis of quasi-convexity, it has been shown in [89] that the Krein Laplacian —Ag ¢
(i.e., the Krein—von Neumann extension of the Laplacian —A defined on C§°(f2)) in (1.34)) is a well-defined
self-adjoint operator which agrees with the operator constructed using the recipe in .
The main issue of this survey is the study of the spectral properties of Hg o, the Krein—von Neumann
extension of the perturbed Laplacian
—A+V on C§°(Q), (1.39)
in the case where both the potential V' and the domain € are nonsmooth. As regards the former, we shall
assume that 0 <V € L*°(Q;d"x), and we shall assume that @ C R" is a quasi-convex domain (more on
this shortly). In particular, we wish to clarify the extent to which a Weyl asymptotic formula continues
to hold for this operator. For us, this undertaking was originally inspired by the discussion by Alonso and
Simon in [14]. At the end of that paper, the authors comment to the effect that “It seems to us that the
Krein extension of —A, i.e., —A with the boundary condition , is a natural object and therefore worthy
of further study. For example: Are the asymptotics of its nonzero eigenvalues given by Weyl’s formula?”
Subsequently we have learned that when € is C'°°-smooth this has been shown to be the case by Grubb in
[97]. More specifically, in that paper Grubb has proved that if Ni o(A; ) denotes the number of nonzero
eigenvalues of Ak o (defined as in ) not exceeding A, then

Q € C™ implies Ng o(A;\) = Can N/ ™ 4 O()\("_g)/(zm)) as A — oo, (1.40)
where, with a®(x,€) as in (1.26)),

Can = (2%)7"/ d"ac/ S (1.41)
Q a%(z,£)<1
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and
1 2
0 := max {5 —e, Qm—k#}’ with € > 0 arbitrary. (1.42)
See also [143], [144], and most recently, [I02], where the authors derive a sharpening of the remainder in

(1.40) to any 6 < 1. To show (|1.40)—(1.42), Grubb has reduced the eigenvalue problem
Au=Au, wu€dom(Agqa), A >0, (1.43)

to the higher-order, elliptic system
A?v =X Av in Q,

Y&y =0 on 09, (1.44)
v e C™(Q).

Then the strategy is to use known asymptotics for the spectral distribution function of regular elliptic
boundary problems, along with perturbation results due to Birman, Solomyak, and Grubb (see the literature
cited in [97] for precise references). It should be noted that the fact that the boundary of §2 and the coefficients
of A are smooth plays an important role in Grubb’s proof. First, this is used to ensure that holds
which, in turn, allows for the concrete representation (a formula which in effect lies at the start of the
entire theory, as Grubb adopts this as the definition of the domains of the Krein—von Neumann extension).
In addition, at a more technical level, Lemma 3 in [97] is justified by making appeal to the theory of pseudo-
differential operators on 9€2, assumed to be an (n — 1)-dimensional C*® manifold. In our case, that is, when
dealing with the Krein—von Neumann extension of the perturbed Laplacian , we establish the following
theorem:

Theorem 1.1. Let Q@ C R™ be a quasi-convex domain, assume that 0 < V € L*(Q;d"x), and denote by
Hg o the Krein—von Neumann extension of the perturbed Laplacian (1.39)). Then there exists a sequence of
numbers

0 <A1 <Ako2 < <Aka; <Akaj+1 < (1.45)
converging to infinity, with the following properties.

(i) The spectrum of Hy o is given by
o(Hg,0) = {0} U{ Ak, }jen, (1.46)

and each number Ak q ;, j € N, is an eigenvalue for Hi o of finite multiplicity.

(13) There exists a countable family of orthonormal eigenfunctions for Hy o which span the orthogonal
complement of the kernel of this operator. More precisely, there exists a collection of functions
{w;}jen with the following properties:

w; € dOIn(HK@) and H}Qij = >\K7Q7j'l,Uj7 j € N, (1.47)
(wj, wk)L2(Qdna) = Ojks 3,k €N, (1.48)
L*(Q;d"z) = ker(Hp q) @ lin.span{w;}jen, (orthogonal direct sum). (1.49)

If V is Lipschitz then w; € HY2(Q) for every j and, in fact, w; € C=(Q) for every j if Q is C
and V € C>(Q).
(#it) The following min-max principle holds:
[(—A+ V)“||%2(Q;dnx)

AKQ = min ( max < )>
I W subspace of HZ(©2) \ 0AUEW) ||V’LL||%L2(Q;dn1))n + ‘|V1/2u||%2(g;dnm) ’
dim(W;)=j

jeN (1.50)
(iv) If

0<Apoi1<Apo2<---<Apa; <Apaj+1 < (1.51)

are the eigenvalues of the perturbed Dirichlet Laplacian —Ap q (i.e., the Friedrichs extension of
(1.39) in L2(Q2;d™x)), listed according to their multiplicities, then

0<Apa;<Akaj JeN, (1.52)
Consequently introducing the spectral distribution functions

Nxao(A) :=#{j €N|Axa; <A}, Xe{D K}, (1.53)
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one has
Nik.a(A) < Npa(A). (1.54)

v) Corresponding to the case V =0, the first nonzero eigenvalue AQ o —Ag q satisfies
K,Q,1 ;

n? + 8n + 20 (0)

0 0 0
/\(D,)Q,Q < )‘EK,)QJ and /\g(,)ﬂg < (n+2)? K.Q1 (1.55)
In addition,
0 0 4 0 0 0
Z )‘(K)Q g1 <(n+ 4))\3(,)9,1 - m()\g(,)sz,z - )‘g(,)ﬂ,l) < (n+ 4))\%,)9,17 (1.56)
and
k A(n + %) k
0 0 0 0 0
Z ()‘(I(,)Q,k+1 - Ag(,)sz,]) S Z EK)Q,/CH - )‘g()ﬂ ]))‘(K,)Q,j ke N. (1.57)
Jj=1 j=1

Moreover, if 2 is a bounded, convexr domain in R™, then the first two Dirichlet eigenvalues and the
first nonzero eigenvalue of the Krein Laplacian in  satisfy

0 0 0
Aoz < Ao < 4AD - (1.58)
(vi) The following Weyl asymptotic formula holds:
Ni.o(N) = (21) "0, | QA2 + O (A= (/2)/2) g5 X — o0, (1.59)

where, as before, v, denotes the volume of the unit ball in R™, and |Q| stands for the n-dimensional
Euclidean volume of €.

This theorem answers the question posed by Alonso and Simon in [I4] (which corresponds to V' = 0), and
further extends the work by Grubb in [97] in the sense that we allow nonsmooth domains and coefficients.
To prove this result, we adopt Grubb’s strategy and show that the eigenvalue problem

(—A+V)u=Au, wedom(Hggq), A >0, (1.60)
is equivalent to the following fourth-order problem

(—A+V)2w=A(-A+V)w in Q,
ypw = yyw =0 on 0F, (1.61)
w € dom(—Aaz)-

This is closely related to the so-called problem of the buckling of a clamped plate,
—A%w=X\Aw in Q,
ypw =yyw =0 on 99, (1.62)
w € dom(—Apaz),

to which reduces when V = 0. From a physical point of view, the nature of the later boundary value
problem can be described as follows. In the two-dimensional setting, the bifurcation problem for a clamped,
homogeneous plate in the shape of €2, with uniform lateral compression on its edges has the eigenvalues A
of the problem as its critical points. In particular, the first eigenvalue of is proportional to the
load compression at which the plate buckles.

One of the upshots of our work in this context is establishing a definite connection between the Krein—von
Neumann extension of the Laplacian and the buckling problem . In contrast to the smooth case, since
in our setting the solution w of (1.61) does not exhibit any extra regularity on the Sobolev scale H*(f2),
s > 0, other than membership to L?(£2;d"x), a suitable interpretation of the boundary conditions in
should be adopted. (Here we shall rely on the recent progress from [89] where this issue has been resolved
by introducing certain novel boundary Sobolev spaces, well-adapted to the class of Lipschitz domains.) We
nonetheless find this trade-off, between the 2nd-order boundary problem which has nonlocal boundary
conditions, and the boundary problem which has local boundary conditions, but is of fourth-order,
very useful. The reason is that can be rephrased, in view of and related regularity results
developed in [89], in the form of

(—A+V)Pu=XA(-A+V)uin Q, ue H Q). (1.63)
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In principle, this opens the door to bringing onto the stage the theory of generalized eigenvalue problems,
that is, operator pencil problems of the form

Tu = ASu, (1.64)

where T" and S are certain linear operators in a Hilbert space. Abstract results of this nature can be found
for instance, in [133], [I56], [I75] (see also [129], [130], where this is applied to the asymptotic distribution
of eigenvalues). We, however, find it more convenient to appeal to a version of which emphasizes the
role of the symmetric forms

a(u,v) = / d"r (A +V)u(—=A+ Vv, u,ve HQ), (1.65)
Q

b(u, v) ::/d”xW-Vv+/dnxv1/2uV1/2v, u,v € H3(RQ), (1.66)
Q Q

and reformulate (1.63)) as the problem of finding u € HZ(f2) which satisfies
a(u,v) = Ab(u,v) v € HF(Q). (1.67)

This type of eigenvalue problem, in the language of bilinear forms associated with differential operators, has
been studied by Kozlov in a series of papers [118], [I19], [120]. In particular, in [120], Kozlov has obtained
Weyl asymptotic formulas in the case where the underlying domain €2 in is merely Lipschitz, and the
lower-order coefficients of the quadratic forms f are only measurable and bounded (see Theorem
for a precise formulation). Our demand that the potential V is in L% (€;d"z) is therefore inherited
from Kozlov’s theorem. Based on this result and the fact that the problems 1) and are
spectral-equivalent, we can then conclude that holds. Formulas (L.55)~(1.57) are also a byproduct of
the connection between and and known spectral estimates for the buckling plate problem from
1271, [28], [31], [60], [I10], [I50], [I52], [I53]. Similarly, for convex domains is based on the connection
between and and the eigenvalue inequality relating the first eigenvalue of a fixed membrane and
that of the buckling problem for the clamped plate as proven in [I51] (see also [152], [I53]).

In closing, we wish to point out that in the C*°-smooth setting, Grubb’s remainder in (L.40), with the
improvement to any 6 < 1 in [102], [143], [144], is sharper than that in . However, the main novel
feature of our Theorem is the low regularity assumptions on the underlying domain €2, and the fact that
we allow a nonsmooth potential V. As was the case with the Weyl asymptotic formula for the classical
Dirichlet and Neumann Laplacians (briefly reviewed at the beginning of this section), the issue of regularity
(or lack thereof) has always been of considerable importance in this line of work (as early as 1970, Birman
and Solomyak noted in [40] that “there has been recently some interest in obtaining the classical asymptotic
spectral formulas under the weakest possible hypotheses.”). The interested reader may consult the paper [44]
by Birman and Solomyak (see also [42], [43]), as well as the article [63] by Davies for some very readable,
highly informative surveys underscoring this point (collectively, these papers also contain more than 500
references concerning this circle of ideas).

We note that the results in Sections originally appeared in [89], while those in Sections originally
appeared in [29].

Finally, a notational comment: For obvious reasons in connection with quantum mechanical applications,
we will, with a slight abuse of notation, dub —A (rather than A) as the “Laplacian” in this survey.

2. THE ABSTRACT KREIN-VON NEUMANN EXTENSION

To get started, we briefly elaborate on the notational conventions used throughout this survey and espe-
cially throughout this section which collects abstract material on the Krein—von Neumann extension. Let H
be a separable complex Hilbert space, (-, - )3 the scalar product in A (linear in the second factor), and Iy
the identity operator in H. Next, let T be a linear operator mapping (a subspace of) a Banach space into
another, with dom(T") and ran(7") denoting the domain and range of T. The closure of a closable operator
S is denoted by S. The kernel (null space) of T is denoted by ker(T'). The spectrum, essential spectrum,
and resolvent set of a closed linear operator in H will be denoted by o(+), gess(-), and p(+), respectively. The
Banach spaces of bounded and compact linear operators on ‘H are denoted by B(H) and B.,(H), respectively.
Similarly, the Schatten-von Neumann (trace) ideals will subsequently be denoted by B, (H), p € (0,00). The
analogous notation B(X1, Xs2), Boo (X1, Xa), ete., will be used for bounded, compact, etc., operators between
two Banach spaces X7 and X5. Moreover, X7 < X5 denotes the continuous embedding of the Banach space
X into the Banach space X5. In addition, U; + U, denotes the direct sum of the subspaces U; and Us of a
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Banach space &X'; and V; @ V5 represents the orthogonal direct sum of the subspaces V;, j = 1,2, of a Hilbert
space H.

Throughout this manuscript, if X denotes a Banach space, X* denotes the adjoint space of continuous
conjugate linear functionals on X, that is, the conjugate dual space of X (rather than the usual dual space
of continuous linear functionals on X). This avoids the well-known awkward distinction between adjoint
operators in Banach and Hilbert spaces (cf., e.g., the pertinent discussion in [71} p. 3, 4]).

Given a reflexive Banach space V and T € B(V,V*), the fact that T is self-adjoint is defined by the
requirement that

vi{u, Tv)p« = ps {Tu,v)y = p{v, Tu)p~, u,v €V, (2.1)
where in this context bar denotes complex conjugation, V* is the conjugate dual of V, and (-, - )y~ stands
for the V, V* pairing.

A linear operator S : dom(S) C H — H, is called symmetric, if

(u, Sv)y = (Su,v)y, wu,v e dom(S). (2.2)
If dom(S) = H, the classical Hellinger—Toeplitz theorem guarantees that S € B(#), in which situation S is
readily seen to be self-adjoint. In general, however, symmetry is a considerably weaker property than self-

adjointness and a classical problem in functional analysis is that of determining all self-adjoint extensions in
H of a given unbounded symmetric operator of equal and nonzero deficiency indices. (Here self-adjointness

of an operator S in H, is of course defined as usual by (§ )* =9 .) In this manuscript we will be particularly

interested in this question within the class of densely defined (i.e., dom(S) = H), nonnegative operators
(in fact, in most instances S will even turn out to be strictly positive) and we focus almost exclusively on
self-adjoint extensions that are nonnegative operators. In the latter scenario, there are two distinguished
constructions which we will briefly review next.

To set the stage, we recall that a linear operator S : dom(S) C H — H is called nonnegative provided

(u, Su)yy >0, wu € dom(S). (2.3)
(In particular, S is symmetric in this case.) S is called strictly positive, if for some & > 0, (u, Su)y > £||ull3,,
u € dom(S). Next, we recall that A < B for two self-adjoint operators in H if
dom (\A|1/2) D dom (\B|1/2) and
(|A|1/2u, UA|A|1/2u)H < (|B|1/2u, U]3|B|1/2u)7{7 u € dom (|B|1/2),
where Uc denotes the partial isometry in H in the polar decomposition of a densely defined closed operator
CinH, C =Ug|C|, |C| = (C*C)Y2. (If in addition, C is self-adjoint, then Uc and |C| commute.) We also

recall ([75, Section I1.6], [I14] Theorem VI.2.21]) that if A and B are both self-adjoint and nonnegative in H,
then

(2.4)

0< A< B ifandonly if (B+aly)™! < (A+aly)™" foralla>0, (2.5)
(which implies 0 < AY? < B/2) and
ker(A) = ker (Al/Q) (2.6)
(with C'/? the unique nonnegative square root of a nonnegative self-adjoint operator C' in H).

For simplicity we will always adhere to the conventions that S is a linear, unbounded, densely defined,
nonnegative (i.e., S > 0) operator in #, and that S has nonzero deficiency indices. In particular,

def(S) = dim(ker(S™ — zIy)) € NU {0}, =z € C\[0,0), (2.7)
is well-known to be independent of z. Moreover, since S and its closure S have the same self-adjoint
extensions in H, we will without loss of generality assume that S is closed in the remainder of this section.

The following is a fundamental result to be found in M. Krein’s celebrated 1947 paper [124] (cf. also
Theorems 2 and 5-7 in the English summary on page 492):

Theorem 2.1. Assume that S is a densely defined, closed, nonnegative operator in H. Then, among
all nonnegative self-adjoint extensions of S, there exist two distinguished ones, Sk and Sg, which are,
respectively, the smallest and largest (in the sense of order between self-adjoint operators, cf. ) such
extension. Furthermore, a nonnegative self-adjoint operator Sisa self-adjoint extension of S if and only if
S satisfies

Sk < S <Sp. (2.8)
In particular, determines Sk and Sg uniquely.
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In addition, if S > eIy for some € > 0, one has Sgp > €Iy, and

dom(Sr) = dom(S) + (Sr) ™" ker(S*), (2.9)
dom(Sk) = dom(S) + ker(S*) (2.10)
dom(S*) = dom(S) 4 (Sr) ! ker(S*) + ker(S*)
= dom(SF) + ker(S*) (2.11)
in particular,
ker(Sk) = ker ((Sx)'/?) = ker(S*) = ran(S)*. (2.12)

Here the operator inequalities in (2.8]) are understood in the sense of (2.4)) and hence they can equivalently
be written as

(Sp+al) ™" < (S +aly) ™" < (Sk +aly)™" for some (and hence for all) a > 0. (2.13)

We will call the operator Sk the Krein—von Neumann extension of S. See [124] and also the discussion
n [I4], [23], [24]. It should be noted that the Krein—von Neumann extension was first considered by von
Neumann [I83] in 1929 in the case where S is strictly positive, that is, if S > el3 for some ¢ > 0. (His
construction appears in the proof of Theorem 42 on pages 102-103.) However, von Neumann did not isolate
the extremal property of this extension as described in and (2.13). M. Krein [124], [125] was the
first to systematically treat the general case S > 0 and to study all nonnegative self-adjoint extensions of .5,
illustrating the special role of the Friedrichs extension (i.e., the “hard” extension) Sg of S and the Krein—von
Neumann (i.e., the “soft”) extension Sk of S as extremal cases when considering all nonnegative extensions
of S. For a recent exhaustive treatment of self-adjoint extensions of semibounded operators we refer to
[22]-[25].

For classical references on the subject of self-adjoint extensions of semibounded operators (not necessarily
restricted to the Krein—-von Neumann extension) we refer to Birman [37], [38], Friedrichs [79], Freudenthal
[78], Grubb [94], [95], Krein [125], Straus [I73], and Viik [I82] (see also the monographs by Akhiezer and
Glazman [10, Sect. 109], Faris [75] Part III], and the recent book by Grubb [I00] Sect. 13.2]).

An intrinsic description of the Friedrichs extension Sg of S > 0 due to Freudenthal [78] in 1936 describes
Sr as the operator Sp : dom(Sr) C H — H given by

Sru = S*u,
u € dom(Sp) := {v € dom(5*) | there exists {v;}jen C dom(S), (2.14)

with lim [jv; — v]js =0 and ((v; — vg), S(v; — vk))x — 0 as j,k — co}.
j—o0

Then, as is well-known,
Sy >0, (2.15)
dom ((SF)I/Z) = {v € H | there exists {v;}jen C dom(S5), (2.16)

with lim [lv; — v[js = 0 and ((v; — vi), S(v; — vk))n — 0 as j,k — oo},
J—00

and
SF = 8" dom(s*)ndom((S)1/2)- (2.17)
Equations (2.16) and (2.17) are intimately related to the definition of Sg via (the closure of) the sesquilin-
ear form generated by S as follows: One introduces the sesquilinear form

QS(fa g) = (f’ Sg)?'[a f7g € dom(QS) = dom(S’) (218)

Since S > 0, the form ¢g is closable and we denote by Qg the closure of gg. Then Qg > 0 is densely
defined and closed. By the first and second representation theorem for forms (cf., e.g., [I14}, Sect. 6.2]), Qs is
uniquely associated with a nonnegative, self-adjoint operator in H. This operator is precisely the Friedrichs
extension, Sy > 0, of S, and hence,

QS(f,g) = (f»SFg)Hv f Edom(QS)v gEdOI’Il(SF),
dom(Qg) = dom ((Sp)l/z).

An intrinsic description of the Krein—von Neumann extension Sk of S > 0 has been given by Ando and
Nishio [16] in 1970, where Sk has been characterized as the operator Sk : dom(Sk) C H — H given by

Sku:= S*u,

(2.19)
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u € dom(Sk) := {v € dom(5*) | there exists {v;}jen C dom(5), (2.20)
with lim |[Sv; — S*v|ly = 0 and ((v; — vg), S(v; — vg))n — 0 as j, k — oo}
j—o0

By (2.14]) one observes that shifting S by a constant commutes with the operation of taking the Friedrichs
extension of S, that is, for any ¢ € R,

(S +cly)r = Sg + cly, (2.21)

but by 7 the analog of for the Krein—von Neumann extension Sk fails.

At this point we recall a result due to Makarov and Tsekanovskii [I34], concerning symmetries (e.g., the
rotational symmetry exploited in Section , and more generally, a scale invariance, shared by S, S*, Sp,
and Sk (see also [105]). Actually, we will prove a slight extension of the principal result in [134]:

Proposition 2.2. Let u > 0, suppose that V,V~1 € B(H), and assume S to be a densely defined, closed,
nonnegative operator in H satisfying

VSVt = us, (2.22)
and
VSVt = (V*)TLSV* (or equivalently, (V*V)1S(V*V) = S). (2.23)
Then also S*, Sp, and Sk satisfy
(V)7L (v*V) = 8%, VSV =pus*, (2.24)
(V*V)LSp(V*V) = Sp, VSpV ™! =puSp, (2.25)
(V*V)1Sg(V*V) = Sk, VSxV™! = puSk. (2.26)

Proof. Applying [I85] p. 73, 74], yields VSV ~! = (V*)71SV*. The latter relation is equivalent to
(V*V)~1S(V*V) = S and hence also equivalent to (V*V)S(V*V)~! = S. Taking adjoints (and applying
[185] p. 73, 74] again) then yields (V*)~1S*V* = V.S*V~1; the latter is equivalent to (V*V)~18*(V*V) =
S* and hence also equivalent to (V*V)S*(V*V)~! = S. Replacing S and S* by (V*V)~1S(V*V) and
(V*V)~L18*(V*V), respectively, in , and subsequently, in , then yields that

(V*V)7LSp(V*V) = Sp and (V*V) 1Sk (V*V) = Sk. (2.27)
The latter are of course equivalent to

(V*V)Sp(V*V)™' = Sp and (V*V)Sk(V*V)™! = Sk. (2.28)
Finally, replacing S by V.SV ~! and S* by VS*V~! in then proves V.SpV ! = uSp. Performing the
same replacement in then yields VSV ™! = uSk. O

If in addition, V' is unitary (implying V*V = I ), Proposition immediately reduces to [I34, Theorem
2.2]. In this special case one can also provide a quick alternative proof by directly invoking the inequalities
(2.13) and the fact that they are preserved under unitary equivalence.

Similarly to Proposition the following results also immediately follow from the characterizations (2.14))
and of Sp and Sk, respectively:

Proposition 2.3. LetU: Hi — Ha be unitary from Hi onto Ha and assume S to be a densely defined, closed,
nonnegative operator in Hi with adjoint S*, Friedrichs extension Sg, and Krein—von Neumann extension
Sk in Hiy, respectively. Then the adjoint, Friedrichs extension, and Krein—von Neumann extension of the
nonnegative, closed, densely defined, symmetric operator USU™! in Hsy are given by

USU Y =UsS*U~!, [USU YNp=USpU', [USU 'k =USkU* (2.29)
in Ha, respectively.

Proposition 2.4. Let J C N be some countable index set and consider H = GajeJHj and S = @jeJ S;,
where each S; is a densely defined, closed, nonnegative operator in H;, j € J. Denoting by (S;)r and (S;)k
the Friedrichs and Krein—von Neumann extension of S; in H;, j € J, one infers

5" :@(Sj)*a SF:@(SJ-)F, SK:GBJ(SJ)K (230)

The following is a consequence of a slightly more general result formulated in [I6, Theorem 1]:
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Proposition 2.5. Let S be a densely defined, closed, nonnegative operator in H. Then Sk, the Krein—von
Neumann extension of S, has the property that

Sv)3|?
dom ((Sk)'/?) = {u cH sup |(u,7 < 400 ¢, 2.31
(( K) ) vEdom(S) (U7SU)’H ( )
and )
H(SK)U%‘H; = sup M, u € dom ((SK)l/Q). (2.32)

vedom(S) (’Ua Sv)%

A word of explanation is in order here: Given S > 0 as in the statement of Proposition the Cauchy-
Schwarz-type inequality

|(u, Sv)|* < (u, Su)y (v, Sv)3, wu,v € dom(S), (2.33)
shows (due to the fact that dom(S) — H densely) that
u € dom(S) and (u,Su)y =0 imply Su = 0. (2.34)

Thus, whenever the denominator of the fractions appearing in , vanishes, so does the numerator,
and one interprets 0/0 as being zero in , .

We continue by recording an abstract result regarding the parametrization of all nonnegative self-adjoint
extensions of a given strictly positive, densely defined, symmetric operator. The following results were
developed from Krein [124], Visik [I82], and Birman [37], by Grubb [94], [05]. Subsequent expositions are
due to Faris [75 Sect. 15], Alonso and Simon [I4] (in the present form, the next theorem appears in [89]),
and Derkach and Malamud [65], [135]. We start by collecting our basic assumptions:

Hypothesis 2.6. Suppose that S is a densely defined, symmetric, closed operator with nonzero deficiency
indices in ‘H that satisfies

S > ely for some e > 0. (2.35)

Theorem 2.7. Suppose Hypothesis|2.6] Then there exists a one-to-one correspondence between nonnegative
self-adjoint operators 0 < B : dom(B) € W — W, dom(B) = W, where W is a closed subspace of
No = ker(S*), and nonnegative self-adjoint extensions Sgyy > 0 of S. More specifically, Sg is invertible,
S > ely, and one has

dom(Sp,w) = {f + (Sp) " (Bw+n) +w| f € dom(S), w € dom(B), n € Ng N W},

Sew = 5" dom(Sp.mw) (2.36)
where W denotes the orthogonal complement of W in Ny. In addition,
dom ((Sgw)"?) = dom ((Sp)'/?) + dom (B'/?), (2.37)
2 2 2
1S 2w+ g)|l;, = |(Sp)2ull;, + || B*?4]l;,. (2.38)
u € dom ((Sp)l/Q), g € dom (B1/2)7
implying,
ker(Sg,w) = ker(B). (2.39)
Moreover,
B < B implies Spw < Sg s (2.40)
where
B: dom(B)CW — W, B: dom(é)gi/‘\//%w, ( )
2.41

dom (E) —WCW= dom(B).

In the above scheme, the Krein—von Neumann extension Sk of S corresponds to the choice W = Ny and
B =0 (with dom(B) = dom (BY/?) = Ny = ker(5*)). In particular, one thus recovers ([2.10), and ([2:12),
and also obtains

dom ((Sx)?) = dom ((SF)"/?) + ker(S"), (2.42)
||(SK)1/2(u +g)||i = ||(SF)1/2u||i, u € dom ((SF)I/Q), g € ker(S™). (2.43)

Finally, the Friedrichs extension Sg corresponds to the choice dom(B) = {0} (i.e., formally, B = o0), in
which case one recovers (2.9)).
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The relation B < B in the case where W ; W requires an explanation: In analogy to (2.4) we mean

(IBIY*u,Up|B|"*u),,, < (IB|"*u,Ug|B|*?u),,,, u € dom (|B|'/?) (2.44)
and (following [14]) we put
(IB|"?u,Ug|B|*?u)w = oo for u € W\ dom (|B|*/?). (2.45)

For subsequent purposes we also note that under the assumptions on S in Hypothesis one has
dim(ker(S™ — 2Ix)) = dim(ker(S™)) = dim(Ny) = def(S), 2z € C\[g,0). (2.46)

The following result is a simple consequence of (2.10)), , and (2.20), but since it seems not to have
been explicitly stated in [124], we provide the short proof for completeness (see also [135, Remark 3]). First
we recall that two self-adjoint extensions S; and Sy of S are called relatively prime if dom(S7) N dom(Ss) =
dom(S).

Lemma 2.8. Suppose Hypothesis[2.6, Then Sp and Sk are relatively prime, that is,
dom(Sr) Ndom(Sk) = dom(S). (2.47)

Proof. By and it suffices to prove that ker(S*) N (Sg)~'ker(S*) = {0}. Let fo € ker(S*) N
(Sr)"tker(S*). Then S*fy = 0 and fo = (Sr) 'go for some gy € ker(S*). Thus one concludes that
Jo € dom(SF) and Sk fo = go. But Sp = S*|4om(s,) and hence go = Spfo = S* fo = 0. Since go = 0 one
finally obtains fy = 0. (]

Next, we consider a self-adjoint operator
T:dom(T)CH—->H, T=T", (2.48)
which is bounded from below, that is, there exists o € R such that
T > aly. (2.49)
We denote by {E7()\)}aer the family of strongly right-continuous spectral projections of T, and introduce,
as usual, Ep((a,b)) = Ex(b_) — Er(a), Er(b_) = s-lim. o E7(b—¢), —oo < a < b. In addition, we set
pr,j :=inf {\ € R| dim(ran(Er((—o0,A)))) > j}, jeN. (2.50)
Then, for fixed k € N, either:
(i) prk is the kth eigenvalue of T' counting multiplicity below the bottom of the essential spectrum, oegs(T'),
of T,

or,
(#9) pr is the bottom of the essential spectrum of T,

pr = inf{A € R| A € 0ess(T)}, (2.51)

and in that case pip g+¢ = pirk, £ € N, and there are at most k — 1 eigenvalues (counting multiplicity) of T'
below KT k-

We now record a basic result of M. Krein [124] with an important extension due to Alonso and Simon [14]
and some additional results recently derived in [30]. For this purpose we introduce the reduced Krein—von
Neumann operator Sk in the Hilbert space (cf. (2.12))

H = [ker(S™)]* = [ — Prer(s)|H = [T — Prer(sio))H = [ker(Sx)]*, (2.52)
by
§K P = SK|[ker(SK)]L (2.53)
= Sk I — Prer(si)] I [T — Prer(si)|H (2.54)
= I — Prer(s:0))SK [T — Prer(si)] i [Ty — Prer(si)|H, ’

where Pyey(s,) denotes the orthogonal projection onto ker(Sk) and we are alluding to the orthogonal direct
sum decomposition of H into

H= Pker(SK)H 53] [IH - Pker(SK)]H' (255)

We continue with the following elementary observation:
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Lemma 2.9. Assume Hypothesis[2.6] and let v € dom(Sk). Then the decomposition, dom(Sk) = dom(S) +
ker(S*) (cf. (2.10)), leads to the following decomposition of v,

v=(Sp) 'Skv+w, where (Sp) ' Skxv € dom(S) and w € ker(S*). (2.56)
As a consequence,
(8k) ™" = st = Prer(s,)l(SF) ™ I — Prex(sio)) (2.57)

We note that equation (2.57)) was proved by Krein in his seminal paper [124] (cf. the proof of Theorem
26 in [124]). For a different proof of Krein’s formula (2.57)) and its generalization to the case of non-negative
operators, see also [135, Corollary 5].

Theorem 2.10. Suppose Hypothesis[2.6l Then,
€< HSE,j < ,ugK,ja ] eN. (258)

In particular, if the Friedrichs extension Sg of S has purely discrete spectrum, then, except possibly for
A =0, the Krein—von Neumann extension Sk of S also has purely discrete spectrum in (0,00), that is,

Oess(SF) = 0 implies 0es5(Sk)\{0} = 0. (2.59)
In addition, let p € (0,00) U {0}, then
(Sp — 20I3) ' € By(H) for some zy € C\[g, 0)

2.60
implies (Sk — 2I3) "Iyt — Prer(sx)) € Bp(H) for all z € C\[g, 00). (2.60)

In fact, the ¢P(N)-based trace ideals B,(H) of B(H) can be replaced by any two-sided symmetrically normed
ideals of B(H).

We note that is a classical result of Krein [124], the more general fact has not been mentioned
explicitly in Krein’s paper [124], although it immediately follows from the minimax principle and Krein’s
formula (2.57). On the other hand, in the special case def(S) < oo, Krein states an extension of in
his Remark 8.1 in the sense that he also considers self-adjoint extensions different from the Krein extension.
Apparently, in the context of infinite deficiency indices has first been proven by Alonso and Simon
[14] by a somewhat different method. Relation was recently proved in [30] for p € (0, c0).

Concluding this section, we point out that a great variety of additional results for the Krein—von Neumann

extension can be found, for instance, in [I0, Sect. 109], [14], [16]-[I8], [I9} Chs. 9, 10], [20]-[30], [49], [65],
[66], [75] Part I11], [76], [77], [82, Sect. 3.3], [89], [97], [102], [103], [105]-[108], [116], [IT7, Ch. 3], [126], [127],
[148], [160], [168]-[170], [I72], [178], [I79], [I81], and the references therein. We also mention the references

[(2]-[74] (these authors, apparently unaware of the work of von Neumann, Krein, Vishik, Birman, Grubb,
Strauss, etc., in this context, introduced the Krein Laplacian and called it the harmonic operator, see also

[98]).

3. THE ABSTRACT KREIN-VON NEUMANN EXTENSION AND ITS CONNECTION TO AN ABSTRACT
BUCKLING PROBLEM

In this section we describe some results on the Krein—von Neumann extension which exhibit the latter
as a natural object in elasticity theory by relating it to an abstract buckling problem. The results of this
section appeared in [30].

As the principal result of this section we will describe the unitary equivalence of the inverse of the Krein—
von Neumann extension (on the orthogonal complement of its kernel) of a densely defined, closed, operator S
satisfying S > el for some € > 0, in a complex separable Hilbert space H, to an abstract buckling problem
operator.

We start by introducing an abstract version of Proposition 1 in Grubb’s paper [97] devoted to Krein—von
Neumann extensions of even order elliptic differential operators on bounded domains:

Lemma 3.1. Assume Hypothesis and let X # 0. Then there exists 0 # v € dom(Sk) with
Skv = Av (3.1)
if and only if there exists 0 # u € dom(S*S) such that
S*Su = ASu. (3.2)
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In particular, the solutions v of (3.1) are in one-to-one correspondence with the solutions u of (3.2) given
by the formulas

u=(Sp) 'Skv, (3.3)
v=\"1Su.
Of course, since S >0, any A # 0 in and necessarily satisfies A > 0.
Proof. Let Sxv = Av, v € dom(Sk), A # 0, and v = u + w, with u € dom(S) and w € ker(S*). Then,
Srv =M< v=A19v=A"1Su=\"'Su. (3.5)
Moreover, © = 0 implies v = 0 and clearly v = 0 implies v = w = 0, hence v # 0 if and only if u # 0. In
addition, u = (Sp)~'Skv by (2.56). Finally, using Av = Su € dom(Sk) C dom(S*), one concludes that
Aw = Su — Au € ker(S™) implies
0=AS"w = S"(Su— Au) = S*Su— \S"u = S*Su — A\Su.
Conversely, suppose u € dom(S*S) and S*Su = ASu, A # 0. Introducing v = A~1Su, then v € dom(S*)
and

(3.6)

S*v = A"18*Su = Su = \v. (3.7)
Noticing that
S*Su = ASu = AS™u implies S*(S — A3 )u =0, (3.8)
and hence (S — Ay )u € ker(S*), rewriting v as
v=u+ NS — My)u (3.9)
then proves that also v € dom(Sk), using again. |

Due to Example and Remark at the end of this section, we will call the linear pencil eigen-
value problem S*Su = ASu in the abstract buckling problem associated with the Krein—von Neumann
extension Sy of S.

Next, we turn to a variational formulation of the correspondence between the inverse of the reduced Krein
extension S k and the abstract buckling problem in terms of appropriate sesquilinear forms by following the
treatment of Kozlov [I18]-[120] in the context of elliptic partial differential operators. This will then lead to
an even stronger connection between the Krein—von Neumann extension Sk of S and the associated abstract
buckling eigenvalue problem , culminating in a unitary equivalence result in Theorem (3.4

Given the operator S, we introduce the following sesquilinear forms in H,

a(u,v) = (Su, Sv)y, wu,v € dom(a) = dom(S), (3.10)
b(u,v) = (u, Sv)y, u,v € dom(b) = dom(S). (3.11)

Then S being densely defined and closed implies that the sesquilinear form a shares these properties and
(2.35) implies its boundedness from below,

a(u,u) > e?||u|3,, u € dom(S). (3.12)
Thus, one can introduce the Hilbert space W = (dom(S), (-, )y ) with associated scalar product
(u,v)w = a(u,v) = (Su, Sv)y, u,v € dom(S). (3.13)
In addition, we denote by ¢y the continuous embedding operator of W into H,
Lyt W s . (3.14)
Hence we will use the notation
(w1, w2)w = albwws, tywws) = (Stpwwr, Suyws)y, wi,wa € W, (3.15)

in the following.

Given the sesquilinear forms a and b and the Hilbert space W, we next define the operator T in W by
(’w1, ng)w = CL(LV\)’LUl7 LwT’LUQ) = (SLw’LUl, SLwT’UJg)H (3 16)
= b(yyywy, twwsa) = (bpwr, Stpwws)y, wi,ws € W. ’

(In contrast to the informality of our introduction, we now explicitly write the embedding operator tyy.)
One verifies that T is well-defined and that

[(wr, Twa)w! < [lowws ol Sewwallz < e Hlwr [wllwalw,  wi,wa € W, (3.17)
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and hence that
0<T=T"e€BW), |T|sow <e " (3.18)
For reasons to become clear at the end of this section, we will call T' the abstract buckling problem operator

associated with the Krein—von N\eumann extension Sk of S.
Next, recalling the notation H = [ker(S*)]* = [I3; — Pyer(s=)]H (cf. (2.52)), we introduce the operator

S {W_)H’ (3.19)
w — Suyyw,
and note that N N
ran (S) = ran(S) = H, (3.20)

since S > ely for some ¢ > 0 and S is closed in H (see, e.g., [I85 Theorem 5.32]). In fact, one has the
following result:

Lemma 3.2. Assume Hypothesis . Then S € B(W,?-Al) maps W unitarily onto H.
Proof. Clearly S is an isometry since
1Sw] 5 = I1Sowwl|,, = lwlw, wew. (3.21)
Since ran (§) =H by , S is unitary. |
Next we recall the definition of the reduced Krein—von Neumann operator S K in H defined in 7 the
fact that ker(S*) = ker(Sk) by (2:12)), and state the following auxiliary result:
Lemma 3.3. Assume Hypothesis[2.6, Then the map
[I3 — Prer(s+y] : dom(S) — dom (Sk) (3.22)
is a bijection. In addition, we note that
[I3¢ = Prer(s=)] Sxu = Sk [In — Ijker(S*)]u = Sk [In — Prox(s)]u (3.23)
= [IfH - Pker(s*)]Su =SueH, uéedom(S).

Proof. Let u € dom(S), then ker(5*) = ker(Sk) implies that [I3 — Pyer(s+)]u € dom(Sk) and of course
[I3¢ — Prex(s+)|u € dom (Sk). To prove injectivity of the map it suffices to assume v € dom(S) and
[IH — Pker(s*)]U = 0. Then dom(S) > v = Pyers)v € ker(S*) yields v = 0 as dom(S) N ker(S*) = {0}.
To prove surjectivity of the map we suppose u € dom (§ k). The decomposition, v = f + g with
f € dom(S) and g € ker(S*), then yields

u = [IH - Pker(s*)]u = [I’H — Pker(S*)}f € [I’H — Pker(S*)} dom(S) (324)
and hence proves surjectivity of .

Equation is clear from

Sk I — Peer(sy] = [Tt — Prer(s*)| Sk = [T1 — Prer(s)| Sk [T — Preex(s+)]- (3.25)
O
Continuing, we briefly recall the polar decomposition of .S,
S ="UslS|, (3.26)
with
S| = (S*S)/2 > eIy, >0, Usc B(H,?—A[) is unitary. (3.27)

At this point we are in position to state our principal unitary equivalence result:

Theorem 3.4. Assume Hypothesis . Then the inverse of the reduced Krein—von Neumann extension Sk
mH = [IfH — Pker(s*)]’H and the abstract buckling problem operator T in W are unitarily equivalent, in
particular,

(Sk) ' =8T(8) . (3.28)
Moreover, one has
(Sk) ™" = Us IS 81817 (Us) ™, (3.20)

where Ug € B(’H,ﬁ) is the unitary operator in the polar decomposition (3.26) of S and the operator
|S|1S|S|7t € B(H) is self-adjoint in H.
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Proof. Let wy,ws € W. Then,

w1, Sk sz = Awl, AK - sz "
(w1, (8) " (Sk) " Swa),, = (Swi, (k) Sws)
((§K) 1 1,§’LU2) ((SK) 1SLWw1,§’LU2)A
H
= ((S) ™[I = Prer(s)] Sowwr, Sws) ;- by (B-23)
= ((AK) 15K[IH*Pker(s )]wahSwz)ﬁ again by
= ([1n - Pker(S*}LwlUuSwz)
= (twwy, Stwws) ,,

= (wl,ng)W by definition of T" in (3.16)), (3.30)
yields (3.28). In addition one verifies that

(§w1, (§K) S’LU2> wl,ng)

wwwr, Styws).,,
IS~ 1|S|LWU)1,S|S\ 1\S|wa2)

= (
(
( ”
= (IS|owwr, [|S|71S[S|~ 1]|S\wa2),ﬂ
= ((Us)*Svwws, [|S]7151S7 1 (Us)* Stwwa) ,,
(S’wal,Us[|S| 1S|S| 1}(Us) SLng),H
= (Sw1, Us[|S|71SIS|71](Us)* Sws) 4, (3.31)
where we used |S| = (Us)*S. O

Equation ([3.29) is of course motivated by rewriting the abstract linear pencil buckling eigenvalue problem
(13.2), S*Su = ASu, A # 0, in the form

ATLS*Su = ATH(S*S)2[(SS) 2] = S(S*S) T2 [(S*S) ] (3.32)
and hence in the form of a standard eigenvalue problem
IS|71S|S|fw = A tw,  A#0, w=|S|u. (3.33)

We conclude this section with a concrete example discussed explicitly in Grubb [97] (see also [04]-[96] for
necessary background) and make the explicit connection with the buckling problem. It was this example
which greatly motivated the abstract results in this note:

Example 3.5. ([97].) Let H = L?(Q;d"x), with @ C R™, n > 2, open, bounded, and smooth (i.e., with a
smooth boundary 00Q), and consider the minimal operator realization S of the differential expression .7 in
L?(Q; d"x), defined by

Su = Su, (3.34)
u € dom(S) = H;™(Q) = {v € H*™(Q) [ v =0,0<k <2m -1}, mEeN,

where
S = > an()D% (3.35)
0<a|<2m
DY = (—i0/0x1)* - - (—i0/0zp)*™, a = (o1,...,0,) € Ny, (3.36)
aa(-) €C¥(Q), C=(Q)= () C*®), (3.37)

keNy

and the coefficients a, are chosen such that S is symmetric in L?(R™; d"x), that is, the differential expression
& is formally self-adjoint,

(yU,U)L2(Rn;dnx) = (u,y’l))Ig(Rn;dnx), u,v € CSO(Q), (338)
and . is strongly elliptic, that is, for some ¢ > 0,
Re < > aa(z)§a> > ¢, 2 e, R (3.39)

|a|=2m
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In addition, we assume that S > elpz2(q.anq) for some € > 0. The trace operators vy are defined as follows:
Consider

5o {COO(Q) — C(09) (3.40)

u > (0%u)|aq,

with 0,, denoting the interior normal derivative. The map 7 then extends by continuity to a bounded operator

it H3(Q) — HF0/20Q), s> k+ (1/2), (3.41)
in addition, the map
Y = (o, 7e) cHA(Q) = [[ETFP09), s>+ (1/2), (3.42)
k=0
satisfies
T
ker (7)) = Hy(Q), ran (y)) = [[ H*7*~ /2 (00). (3.43)
k=0
Then S*, the mazimal operator realization of ./ in L*(2;d"x), is given by
S*u=Su, uedom(S*)={veLl*Qd"z)|SveL*(Qd" )}, (3.44)
and Sy is characterized by
Spu=Su, u€dom(Sp)={ve H>"(Q) |0 =0,0<k<m—1}. (3.45)

The Krein—von Neumann extension Sk of S then has the domain
dom(Sgk) = HZ™(Q) + ker(S*), dim(ker(S*)) = oo, (3.46)

and elements u € dom(Sk) satisfy the nonlocal boundary condition

YNU = Pyp yxyDu =0, (3.47)
You = (Yo, « -« sy Ym-1%),  INU = (YU, ..., Yom—1u), u € dom(Sk), (3.48)
where
m—1 2m—1
Popn =INV5 H HF=1/2)(9Q) — H H77=/2(5Q) continuously for all s € R, (3.49)
k=0 j=m

and ’ygl denotes the inverse of the isomorphism vz given by

m—1

o1 Zy — [[ B2 (09), (3.50)
k=0

7% ={ue H*(Q) | Su=0in Q in the sense of distributions in D'(Q)}, s€R. (3.51)

Moreover one has
o1 & -1
(S) " =wllu = Pyp oy 10l(SK) (3.52)
since [Iyy — Py, yyyp] dom(Sk) C dom(S) and S[Iy — Py, D]V = Av, v € dom(Sk).
As discussed in detail in Grubb [97],
Oess(Sk) = {0}, o(Sk)N(0,00) = g4(Sk) (3.53)

and the nonzero (and hence discrete) eigenvalues of Sk satisfy a Weyl-type asymptotics. The connection to
a higher-order buckling eigenvalue problem established by Grubb then reads

There exists 0 # v € dom(Sk) satisfying Lv=Iv in Q, A#0 (3.54)
if and only if

— Zu= X\ m Q, A
there exists 0 # u € C°°(2) such that 7 S i g, 70, (3.55)
Yeu =0, 0< k <2m—1,
where the solutions v of (3.54) are in one-to-one correspondence with the solutions u of (3.55) via
u=Sp' S, v=A"1Su (3.56)

Since Sp has purely discrete spectrum in Example we note that Theorem applies in this case.
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Remark 3.6. In the particular case m = 1 and .¥ = —A, the linear pencil eigenvalue problem (3.55) (i.e.,
the concrete analog of the abstract buckling eigenvalue problem S*Su = ASwu, A # 0, in (3.2])), then yields
the buckling of a clamped plate problem,

(=AYu=\N~A)u in Q, N#0, uec H(Q), (3.57)

as distributions in H~2(£2). Here we used the fact that for any nonempty bounded open set 2 C R", n € N,
n>2, (~A)™ e B(H*Q), H*=?™(Q)), k € Z, m € N. In addition, if Q) is a Lipschitz domain, then one has
that —A: H}(Q) — H~1() is an isomorphism and similarly, (—A)?: HZ(Q) — H~2(2) is an isomorphism.
(For the natural norms on H*(Q), k € Z, see, e.g., [142, p. 73-75].) We refer, for instance, to [36, Sect.
4.3B] for a derivation of (3.57) from the fourth-order system of quasilinear von Kdrmén partial differential
equations. To be precise7 should also be considered in the special case n = 2.

Remark 3.7. We emphasize that the smoothness hypotheses on 02 can be relaxed in the special case of the
second-order Schrédinger operator associated with the differential expression —A+V, where V- € L>(Q; d"x)
is real-valued: Following the treatment of self-adjoint extensions of S = (—A + V)\Cgo(g) on quasi-convex
domains € introduced in [89], and recalled in Section [6] the case of the Krein—von Neumann extension Sk
of S on such quasi-convex domains (which are close to minimally smooth) is treated in great detail in [29]
and in the remainder of this survey (cf. Section . In particular, a Weyl-type asymptotics of the associated
(nonzero) eigenvalues of Sk, to be discussed in Section[9} has been proven in [29]. In the higher-order smooth
case described in Example [3.5] a Weyl-type asymptotics for the nonzero eigenvalues of Sk has been proven
by Grubb [97] in 1983.

4. TRACE THEORY IN LIPSCHITZ DOMAINS

In this section we shall review material pertaining to analysis in Lipschitz domains, starting with Dirichlet
and Neumann boundary traces in Subsection and then continuing with a brief survey of perturbed
Dirichlet and Neumann Laplacians in Subsection [£.2}

4.1. Dirichlet and Neumann Traces in Lipschitz Domains. The goal of this subsection is to introduce
the relevant material pertaining to Sobolev spaces H*(€2) and H" () corresponding to subdomains €2 of
R™ n € N, and discuss various trace results.

Before we focus primarily on bounded Lipschitz domains (we recall our use of “domain” as an open subset
of R™, without any connectivity hypotheses), we briefly recall some basic facts in connection with Sobolev
spaces corresponding to open sets  C R", n € N: For an arbitrary m € N U {0}, we follow the customary
way of defining L2-Sobolev spaces of order +m in Q as

H™(Q) :={u e L*(Q;d"z)|0%u € L*(Q;d"x), 0 < || <m}, (4.1)
H™™(Q) := {u eD(Q)|u= Z 0™Uq, With u, € L3(Q;d"z), 0 < |a| < m}, (4.2)
0<|a|<m

equipped with natural norms (cf., e.g., [2, Ch. 3], [137, Ch. 1]). Here D'(Q) denotes the usual set of
distributions on ) C R™. Then we set

H{*(Q) := the closure of C§°(R2) in H™(Q), m € NU{0}. (4.3)
As is well-known, all three spaces above are Banach, reflexive and, in addition,
(Hy ()" = H-™(9). (4.4)

Again, see, for instance, [2 Ch. 3|, [I37, Ch. 1].

We recall that an open, nonempty set 2 C R™ is called a Lipschitz domain if the following property
holds: There exists an open covering {O; }1<;<n of the boundary 92 of 2 such that for every j € {1,..., N},
0; N Q coincides with the portion of O; lying in the over-graph of a Lipschitz function ¢; : R*™1 — R
(considered in a new system of coordinates obtained from the original one via a rigid motion). The number
max {||V;l| g mn-1;qn-151yn-1 |1 < j < N} is said to represent the Lipschitz character of Q.

The classical theorem of Rademacher on almost everywhere differentiability of Lipschitz functions ensures
that for any Lipschitz domain €, the surface measure d” 'w is well-defined on O and that there exists an
outward pointing normal vector v at almost every point of 2.
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As regards L?-based Sobolev spaces of fractional order s € R, on arbitrary Lipschitz domains Q C R”, we
introduce

H¥(R") := {U € S'(R™)

01y = [ €T (14167 < o0 (45)
H*(Q) := {u € D'(Q) |u="Ulg for some U € H*(R")} = Rg H*(R"), (4.6)

where Rq denotes the restriction operator (i.e., RaU = Ulq, U € H*(R™)), S'(R™) is the space of tempered

distributions on R™, and U denotes the Fourier transform of U € &'(R"). These definitions are consistent
with (4.1), (4.2)). Next, retaining that Q@ C R™ is an arbitrary Lipschitz domain, we introduce

H§(Q) = {u € H*(R") |supp(u) C Q}, sE€ER, (4.7)

equipped with the natural norm induced by H*(R™). The space Hj(f2) is reflexive, being a closed subspace
of H*(R™). Finally, we introduce for all s € R,

H*(2) = the closure of C§°(€) in H*(9Q), (4.8)
HZ(Q) = Ra Hi (). (4.9)

Assuming from now on that  C R” is a Lipschitz domain with a compact boundary, we recall the
existence of a universal linear extension operator Eq : D'(Q) — S’(R™) such that Eq : H*(Q) — H*(R")

—_~—

is bounded for all s € R, and RoFq = Igs(q) (cf. [163]). If C§°(Q2) denotes the set of C§°(Q2)-functions

—_~—

extended to all of R™ by setting functions zero outside of €, then for all s € R, C§°(Q) — H§(2) densely.
Moreover, one has

(H5(Q)" =H*(Q), seR. (4.10)
(cf., e.g., [IT3]) consistent with (4.3), and also,
(H*(Q)) = Hy*(Q), seER, (4.11)

in particular, H*(Q) is a reflexive Banach space. We shall also use the fact that for a Lipschitz domain
Q C R™ with compact boundary, the space H*(£2) satisfies

H5(Q) = H:(Q) if s> —1/2, s ¢ {1 +No}. (4.12)
For a Lipschitz domain 2 C R™ with compact boundary it is also known that
(H*(Q) =H*(Q), -1/2<s<1/2 (4.13)

See [I76] for this and other related properties. Throughout this survey, we agree to use the adjoint (rather
than the dual) space X* of a Banach space X.
From this point on we will always make the following assumption (unless explicitly stated otherwise):

Hypothesis 4.1. Let n € N, n > 2, and assume that ) # Q C R™ is a bounded Lipschitz domain.

To discuss Sobolev spaces on the boundary of a Lipschitz domain, consider first the case where Q C R™
is the domain lying above the graph of a Lipschitz function ¢: R”~! — R. In this setting, we define the
Sobolev space H*(992) for 0 < s < 1, as the space of functions f € L?(9€;d" 'w) with the property that
f(a' p(a")), as a function of ' € R"~1, belongs to H*(R™~1). This definition is easily adapted to the case
when € is a Lipschitz domain whose boundary is compact, by using a smooth partition of unity. Finally, for
-1 <s5<0, we set

H*(0Q) = (H*(8Q))", -1<s<0. (4.14)
From the above characterization of H*(9€) it follows that any property of Sobolev spaces (of order s € [—1, 1])
defined in Euclidean domains, which are invariant under multiplication by smooth, compactly supported
functions as well as composition by bi-Lipschitz diffeomorphisms, readily extends to the setting of H*(09)
(via localization and pullback). For additional background information in this context we refer, for instance,
to [71, Chs. V, VI], [93, Ch. 1].
Assuming Hypothesis we introduce the boundary trace operator 4% (the Dirichlet trace) by

1% CQ) = C(09Q), YdHu = ulagq. (4.15)
Then there exists a bounded, linear operator vp
vp: H(Q) — H*=W/2(9Q) — L2(8Q;d" 'w), 1/2<s<3/2,

4.16
yp: HY2(Q) — H'5(0Q) — L*(0Q;d"'w), € (0,1) (4.16)
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(cf., e.g., [142, Theorem 3.38]), whose action is compatible with that of v%,. That is, the two Dirichlet trace
operators coincide on the intersection of their domains. Moreover, we recall that

yp: H*(Q) — H*=/2(5Q) is onto for 1/2 < s < 3/2. (4.17)
Next, retaining Hypothesis we introduce the operator vy (the strong Neumann trace) by
~ =v-ypV: HTHQ) = L2(09;d"'w), 1/2<s<3/2, (4.18)

where v denotes the outward pointing normal unit vector to 9Q. It follows from (4.16)) that vy is also a
bounded operator. We seek to extend the action of the Neumann trace operator (4.18]) to other (related)
settings. To set the stage, assume Hypothesis and observe that the inclusion

v H(Q) — (H™(Q)", so>—1/2, r > 1/2, (4.19)
is well-defined and bounded. We then introduce the weak Neumann trace operator
Fn: {ue HTV2(Q) | Aue H*(Q)} - HT(09), se€(0,1), so > —1/2, (4.20)

as follows: Given u € H*t1/2(Q) with Au € H**(Q) for some s € (0,1) and s9 > —1/2, we set (with ¢ as in
(4.19) for r:=3/2—s>1/2)
<¢, %NU>1_5 = Hl/2—s(Q)<v¢7vu>(H1/2—s(Q))>« + H3/2_5(9)<<I>,L(Au)>(H3/2_s(Q))*, (4.21)
forall € H'=%(99Q) and ® € H?/>~*(Q) such that yp® = ¢. We note that the first pairing in the right-hand
side above is meaningful since
(HY275(Q))" = H*7Y2(Q), s€(0,1), (4.22)
that the definition (4.21) is independent of the particular extension ® of ¢, and that Yy is a bounded
extension of the Neumann trace operator vy defined in (4.18).
For further reference, let us also point out here that if 2 C R™ is a bounded Lipschitz domain then for
any j,k € {1,...,n} the (tangential first-order differential) operator
0/07k = v;jOk —110; : H*(0Q) — H*1(09), 0<s<1, (4.23)
is well-defined, linear and bounded. Assuming Hypothesis we can then define the tangential gradient
operator
HY(09Q) — (L*(09; d"w))"
f = Vtanf = (22:1 Vk%

The following result has been proved in [139).

Vian : . fe HY09). (4.24)

)1§j§n

Theorem 4.2. Assume Hypothesis[{.1] and denote by v the outward unit normal to 9. Then the operator
by H2(Q2) = {(g90,01) € H'(9Q) x L*(09;d"'w) | Viango + g1v € (H'/*(02))" } (4.25)
2! .
u you = (ypu, ynu),

is well-defined, linear, bounded, onto, and has a linear, bounded right-inverse. The space {(go,gl) €
HY(09) x L*(09;d" ') | Viango + g1v € (HY2(09))"} in ([E25) is equipped with the natural norm

(90,91) = llgoll 1 a0) + l91ll L2 (00;an—10) + [[Viango + g1l (m1/2(00))n - (4.26)
Furthermore, the null space of the operator (4.25)) is given by
ker(vz) = {u € H?(Q) | Ypu =yyu =0} = HE(9), (4.27)

with the latter space denoting the closure of C§°(2) in H?(Q).
Continuing to assume Hypothesis we now introduce
NY2(09) == {g € L*(0Qd"'w) | gv; € H?(09Q), 1 < j < n}, (4.28)
where the v;’s are the components of v. We equip this space with the natural norm
9l n1r2a0) = Z 9Vl 172 00)- (4.29)
j=1
Then N'/2(99) is a reflexive Banach space which embeds continuously into L?(9Q; d"~'w). Furthermore,

NY2(99Q) = HY?(89Q) whenever 2 is a bounded C*" domain with r > 1/2. (4.30)
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It should be mentioned that the spaces H'/2(99) and N'/2(9Q) can be quite different for an arbitrary
Lipschitz domain €. Our interest in the latter space stems from the fact that this arises naturally when
considering the Neumann trace operator acting on

{ue H*(Q) |ypu=0} = H*(Q) N Hj (), (4.31)

considered as a closed subspace of H2(f2) (hence, a Banach space when equipped with the H?-norm). More
specifically, we have (cf. [89] for a proof):

Lemma 4.3. Assume Hypothesis{d.1l Then the Neumann trace operator vy considered in the context
vt HA(Q) N HE(Q) — NY2(09) (4.32)

is well-defined, linear, bounded, onto and with a linear, bounded right-inverse. In addition, the null space of

v in ([(.32) is precisely H3(2), the closure of C§°(Q) in H%(Q).

Most importantly for us here is the fact that one can use the above Neumann trace result in order to
extend the action of the Dirichlet trace operator to dom(—A,4z,0), the domain of the maximal
Laplacian, that is, {u € L?(Q;d"x) | Au € L?(Q;d"x)}, which we consider equipped with the graph norm
u = ullL2(@iana) + [[AU]|L2(0i4n0)-  Specifically, with (Nl/Q(GQ))* denoting the conjugate dual space of
N'/2(99), we have the following result from [89]:

Theorem 4.4. Assume Hypothesis[L.1l Then there exists a unique linear, bounded operator

Ap : {u € LA (Qd"z) | Au € L*(Q;d"z)} — (NY/2(09))" (4.33)
which is compatible with the Dirichlet trace introduced in (4.16)), in the sense that, for each s > 1/2, one has
Apu = ypu for every u € H*(Q) with Au € L*(Q;d"x). (4.34)

Furthermore, this extension of the Dirichlet trace operator in (4.16) allows for the following generalized
integration by parts formula

N1/2(00) (YNW, DU (N1/2(00)) = (Aw, u)L2(,dnz) — (W, AU) L2(Qdn ) (4.35)
valid for every u € L*(Q;d"x) with Au € L*(Q;d"x) and every w € H2(2) N HE(Q).

We next review the case of the Neumann trace, whose action is extended to dom(—A,44.0). To this end,
we need to address a number of preliminary matters. First, assuming Hypothesis we make the following

definition (compare with (£.28)):

N32(09) == {g € H(09) | Viang € (H'*(0))"}, (4.36)
equipped with the natural norm

9l ner2o0) = l9ll200:an—1w) + | Veangll 200y - (4.37)

Assuming Hypothesis N3/2(09Q) is a reflexive Banach space which embeds continuously into the space
H'(89Q;d" 'w). In addition, this turns out to be a natural substitute for the more familiar space H3/2(99)
in the case where 2 is sufficiently smooth. Concretely, one has

N3/2(09Q) = H3?(09), (4.38)

(as vector spaces with equivalent norms), whenever 2 is a bounded C1'" domain with » > 1/2. The primary
reason we are interested in N3/2(9Q) is that this space arises naturally when considering the Dirichlet trace
operator acting on

{ue H*(Q) | ynu =0}, (4.39)

considered as a closed subspace of H?(f2) (thus, a Banach space when equipped with the norm inherited
from H?(€)). Concretely, the following result has been established in [89)].

Lemma 4.5. Assume Hypothesis[I1]. Then the Dirichlet trace operator yp considered in the context
vp : {u € H*(Q) |yvu =0} — N3/2(90) (4.40)

is well-defined, linear, bounded, onto and with a linear, bounded right-inverse. In addition, the null space of
vp in ([4.40) is precisely HZ(Y), the closure of C§° () in H?(L).
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It is then possible to use the Neumann trace result from Lemma [4.5| in order to extend the action of
the Neumann trace operator to dom(—Apae,0) = {u € L*(Q;d ) ’ Au € L*(Q;d"z)}. As before,
this space is equipped with the natural graph norm. Let (N 3/ 2(89))* denote the conjugate dual space of
N3/2(99). The following result holds:

Theorem 4.6. Assume Hypothesis[{.1l Then there exists a unique linear, bounded operator

At {u e LA (Qd"z) | Au € L*(Q;d"z)} — (N3/%(0Q))" (4.41)
which is compatible with the Neumann trace introduced in , in the sense that, for each s > 3/2, one
" Anu = ynu for every u € H*(Q) with Au € L*(Q;d"z). (4.42)
Furthermore, this extension of the Neumann trace operator from allows for the following generalized
integration by parts formula

N3/2(90) (YDW, AN (n3/2(00)) = (W, Au) L2 (0udnz) — (AW, U) 2(Qdn ) (4.43)
valid for every u € L?(Q;d"x) with Au € L*(;d"x) and every w € H?(Q) with yyw = 0.
A proof of Theorem [4.6| can be found in [89].

4.2. Perturbed Dirichlet and Neumann Laplacians. Here we shall discuss operators of the form —A+V
equipped with Dirichlet and Neumann boundary conditions. Temporarily, we will employ the following
assumptions:

Hypothesis 4.7. Let n € N, n > 2, assume that 2 C R"™ is an open, bounded, nonempty set, and suppose
that
Ve L*°(Q;d"x) and V is real-valued a.e. on €. (4.44)

We start by reviewing the perturbed Dirichlet and Neumann Laplacians Hp o and Hy o associated with an
open set € in R™ and a potential V satistying Hypothesis Consider the sesquilinear forms in L?(Q; d"z),

Qp.a(u,v) = (Vu, Vo) + (u, Vo), u,v € dom(Qp.q) = Hy (), (4.45)
and

Qn.a(u,v) = (Vu, Vo) + (u, Vo), u,v € dom(Qn.n) = H'(Q). (4.46)
Then both forms in ([4.45) and (4.46]) are densely, defined, closed, and bounded from below in L?(2;d"x).
Thus, by the first and second representation theorems for forms (cf., e.g., [I14, Sect. VI.2]), one concludes

that there exist unique self-adjoint operators Hp o and Hy o in L?(2;d"z), both bounded from below,
associated with the forms Qp o and Q. q, respectively, which satisfy

Qpalu,v) = (u,Hp quv), u € dom(Qpqa), v dom(Hp q), (4.47)

dom(Hp.q) C dom (|Hp o|"/?) = dom(Qp.o) = H(Q) (4.48)
and

Qn.a(u,v) = (u, Hyqv), u € dom(Qn,q), v € dom(Hy ), (4.49)

dom(Hy,0) C dom (|Hy,0|"?) = dom(Qn.0) = H(Q). (4.50)

In the case of the perturbed Dirichlet Laplacian, Hp o, one actually can say a bit more: Indeed, Hp o
coincides with the Friedrichs extension of the operator

Heou=(—A+V)u, uedom(H.q):=C;(Q) (4.51)
in L?(Q;d"x),
(Heo)r = Hp,a, (4.52)
and one obtains as an immediate consequence of and
Hpou=(—-A+V)u, uedom(Hpg)={veH)Q)|Ave L*(Qd"z)}. (4.53)

We also refer to [71], Sect. IV.2, Theorem VII.1.4]). In addition, Hp ¢ is known to have a compact resolvent
and hence purely discrete spectrum bounded from below.

In the case of the perturbed Neumann Laplacian, Hy o, it is not possible to be more specific under this
general hypothesis on €2 just being open. However, under the additional assumptions on the domain € in
Hypothesis one can be more explicit about the domain of Hy o and also characterize its spectrum as
follows. In addition, we also record an improvement of under the additional Lipschitz hypothesis on
Q:
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Theorem 4.8. Assume Hypotheses and , Then the perturbed Dirichlet Laplacian, Hp o, given by
Hp ou=(=A+V)u,
u € dom(Hp o) = {v e H'(Q)| Av € L*(Q;d"z), ypv =0 in H/?(0Q)} (4.54)
={ve Hy(Q)| Av e L*(Q;d"x)},

is self-adjoint and bounded from below in L*(Q;d™z). Moreover,

dom (|Hp,a|'/?) = Hy (), (4.55)
and the spectrum of Hp q, is purely discrete (i.e., it consists of eigenvalues of finite multiplicity),
O—ess(HD,Q) = @ (456)

If, in addition, V > 0 a.e. in Q, then Hp q is strictly positive in L*(Q;d"x).
The corresponding result for the perturbed Neumann Laplacian Hy g reads as follows:
Theorem 4.9. Assume Hypotheses and |71;7| Then the perturbed Neumann Laplacian, Hn o, given by
Hyou=(—A+V)u, (4.57)
u € dom(Hy,0) = {ve H(Q) | Av € LA(Q;d"x), Inv =0 in H_1/2(8Q)},

is self-adjoint and bounded from below in L*(Q;d"z). Moreover,

dom (|Hy.o|"?) = H'(Q), (4.58)
and the spectrum of Hy q, is purely discrete (i.e., it consists of eigenvalues of finite multiplicity),
JCSS(HN,SZ) = (Z) (459)

If, in addition, V > 0 a.e. in Q, then Hy q is nonnegative in L*(Q;d"x).
In the sequel, corresponding to the case where V = 0, we shall abbreviate
— AD7Q and — AN7Q, (460)

for Hp o and Hy q, respectively, and simply refer to these operators as, the Dirichlet and Neumann Lapla-
cians. The above results have been proved in [84, App. A], [90] for considerably more general potentials than
assumed in Hypothesis [4.7]

Next, we shall now consider the minimal and maximal perturbed Laplacians. Concretely, given an open set
) C R" and a potential 0 <V € L*(£;d"x), we introduce the maximal perturbed Laplacian in L?(Q;d"x)

Hpozou = (—A + V)u,
u € dom(Hpag,0) := {v € L*(d"z) | Av € L*(Q;d"x) }.

We pause for a moment to dwell on the notation used in connection with the symbol A:

(4.61)

Remark 4.10. Throughout this manuscript the symbol A alone indicates that the Laplacian acts in the sense
of distributions,

A:D'(Q) — D'(Q). (4.62)
In some cases, when it is necessary to interpret A as a bounded operator acting between Sobolev spaces,
we write A € B(H*(Q), H*=2(Q)) for various ranges of s € R (which is of course compatible with (4.62)).
In addition, as a consequence of standard interior elliptic regularity (cf. Weyl’s classical lemma) it is not
difficult to see that if 2 C R is open, u € D'(Q) and Au € L (Q;d"x) then actually u € HZ (). In
particular, this comment applies to u € dom(Hqep,0) in .

In the remainder of this subsection we shall collect a number of results, originally proved in [89] when
V =0, but which are easily seen to hold in the more general setting considered here.

Lemma 4.11. Assume Hypotheses 1] and [I77] Then the mazimal perturbed Laplacian associated with €
and the potential V is a closed, densely defined operator for which

H§ () C dom((Hpmas,2)*) € {u € L*(Q;d"z) | Au € L*(Q;d"x), Ypu = yu = 0}. (4.63)

For an open set 2 C R™ and a potential 0 < V € L*(Q;d"x), we also bring in the minimal perturbed
Laplacian in L?(Q;d"x), that is,

Hpinou = (—A+V)u, ué€dom(Hpinq) = Hg(Q) (4.64)
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Corollary 4.12. Assume Hypotheses 1.1 and 1.7, Then Hpinq is a densely defined, symmetric operator
which satisfies

Hmin,Q g (Hmax,Q)* and Hmax,Q g (Hmzn,Q)* (465)
Equality occurs in one (and hence, both) inclusions in (4.65|) if and only if
HE(Q) equals {u € L*(Q;d"z) | Au € L*(Qd"z), Ypu = Jnu = 0}. (4.66)

5. BOUNDARY VALUE PROBLEMS IN QUASI-CONVEX DOMAINS

This section is divided into three parts. In Subsection [5.1] we introduce a distinguished category of the
family of Lipschitz domains in R™, called quasi-convex domains, which is particularly well-suited for the kind
of analysis we have in mind. In Subsection and Subsection we then proceed to review, respectively,
trace operators and boundary problems, and Dirichlet-to-Neumann operators in quasi-convex domains.

5.1. The Class of Quasi-Convex Domains. In the class of Lipschitz domains, the two spaces appearing
in are not necessarily equal (although, obviously, the left-to-right inclusion always holds). The question
now arises: What extra properties of the Lipschitz domain will guarantee equality in ? This issue has
been addressed in [89], where a class of domains (which is in the nature of best possible) has been identified.

To describe this class, we need some preparations. Given n > 1, denote by MHY/ 2(R™) the class of
pointwise multipliers of the Sobolev space H'/2(R™). That is,

MHY*R") := {f € LL,.(R") | My € B(H*(R"))}, (5.1)
where M/ is the operator of pointwise multiplication by f. This space is equipped with the natural norm,
that is,

I fllarmrz@ny = 1Myl geaz@ny)- (5.2)
For a comprehensive and systematic treatment of spaces of multipliers, the reader is referred to the 1985

monograph of Maz’ya and Shaposhnikova [I40]. Following [140], [141], we now introduce a special class of
domains, whose boundary regularity properties are expressed in terms of spaces of multipliers.

Definition 5.1. Given § > 0, call a bounded, Lipschitz domain 2 C R™ to be of class MH§/2, and write
00 e MH)?, (5.3)

provided the following holds: There exists a finite open covering {O;}i<j<n of the boundary 02 of Q such
that for every j € {1,..., N}, O; N Q coincides with the portion of O; lying in the over-graph of a Lipschitz
function @; : R""! — R (considered in a new system of coordinates obtained from the original one via a
rigid motion) which, additionally, has the property that

Ve € (MHV2R™M)" and |lo;larmz@n-1ye < 6. (5.4)
Going further, we consider the classes of domains
MHY? = | JMH;?, MH)”? = (| MH;?, (5.5)
§>0 6>0

and also introduce the following definition:
Definition 5.2. We call a bounded Lipschitz domain £ C R™ to be square-Dini, and write
00 € SD, (5.6)

provided the following holds: There exists a finite open covering {O;}i<j<n of the boundary 02 of Q such
that for every j € {1,..., N}, O; N Q coincides with the portion of O; lying in the over-graph of a Lipschitz
function @; : R""! — R (considered in a new system of coordinates obtained from the original one via a
rigid motion) which, additionally, has the property that the following square-Dini condition holds,

/01 Cf(“’(fj;”f < . (5.7)

Here, given a (possibly vector-valued) function f in R"~1,

Ld(f;t) = sup{|f(x)—f(y)||x,y€R"71, |x—y| St}a te(ovl)a (58)

is the modulus of continuity of f, at scale t.
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From the work of Maz’ya and Shaposhnikova [I40] [I41], it is known that if » > 1/2, then
QeC = QeSD= Qe MH/? = Qe MHY2. (5.9)

As pointed out in [141], domains of class M Héc{ ? can have certain types of vertices and edges when n > 3.
Thus, the domains in this class can be nonsmooth.
Next, we recall that a domain is said to satisfy a uniform exterior ball condition (UEBC) provided there
exists a number r > 0 with the property that
for every x € 99, there exists y € R™, such that B(y,7) N Q=0

1
and x € OB(y,r) N ON. (5.10)

Heuristically, (5.10) should be interpreted as a lower bound on the curvature of 9. Next, we review the
class of almost-convex domains introduced in [140].

Definition 5.3. A bounded Lipschitz domain Q C R™ is called an almost-convex domain provided there
exists a family {Q¢}een of open sets in R™ with the following properties:
(i) 0 € C? and Qy C Q for every £ € N.
(ii) Q¢ 7 Q as £ — oo, in the sense that Qy C Qg1 for each £ € N and Uren e = Q.
(iii) There exists a neighborhood U of OQ and, for each £ € N, a C? real-valued function p; defined in U
with the property that py < 0 on U Ny, pg > 0 in U\Qy, and py vanishes on 08. In addition, it is
assumed that there exists some constant Cy € (1,00) such that

O < |Vpe(z) <C1, 2 €09, LEN. (5.11)

(iv) There exists Cy > 0 such that for every number £ € N, every point x € 0y, and every vector £ € R™
which is tangent to 0y at x, there holds

(Hess (po)€, €) = —Cal¢f?, (5.12)
where (-, ) is the standard Euclidean inner product in R™ and
> pe
Hess (p¢) := < ) , (5.13)
89@8:1% 1<j,k<n

1s the Hessian of py.

A few remarks are in order: First, it is not difficult to see that (5.11)) ensures that each domain ; is Lipschitz,
with Lipschitz constant bounded uniformly in £. Second, (5.12)) simply says that, as quadratic forms on the
tangent bundle 70, to 0€,, one has

Hess (p¢) > —Cs I, (5.14)

where I, is the n X n identity matrix. Hence, another equivalent formulation of (5.12) is the following
requirement:

S > pe
1 8;10]8@

§i&e > —Co Zf?, whenever py =0 and %fj =0. (5.15)
j=1 """

j j=1
We note that, since the second fundamental form I, on 9, is 11, = Hess pg/|V pe|, almost-convexity is, in
view of (5.11)), equivalent to requiring that 11, be bounded from below, uniformly in £.

We now discuss some important special classes of almost-convex domains.

Definition 5.4. A bounded Lipschitz domain Q C R"™ satisfies a local exterior ball condition, henceforth
referred to as LEBC, if every boundary point xo € 02 has an open neighborhood O which satisfies the
following two conditions:
(i) There exists a Lipschitz function ¢ : R"™1 — R with ¢(0) = 0 such that if D is the domain above
the graph of v, then D satisfies a UEBC.
(i1) There exists a C*1 diffeomorphism Y mapping O onto the unit ball B(0,1) in R™ such that Y (xq) = 0,
T(ONN) =B(0,1)ND, T(O\Q) = B(0,1)\D.

It is clear from Definition that the class of bounded domains satisfying a LEBC is invariant under C'*!
diffeomorphisms. This makes this class of domains amenable to working on manifolds. This is the point of
view adopted in [146], where the following result is also proved:

Lemma 5.5. If the bounded Lipschitz domain Q0 C R™ satisfies a LEBC then it is almost-convex.



28 M. S. ASHBAUGH, F. GESZTESY, M. MITREA, R. SHTERENBERG, AND G. TESCHL

Hence, in the class of bounded Lipschitz domains in R™, we have
convex = UEBC = LEBC = almost-convex. (5.16)

We are now in a position to specify the class of domains in which most of our subsequent analysis will be
carried out.

Definition 5.6. Letn € N, n > 2, and assume that  C R™ is a bounded Lipschitz domain. Then §2 is called
a quasi-conver domain if there exists § > 0 sufficiently small (relative to n and the Lipschitz character of
Q), with the following property that for every x € 052 there exists an open subset Q. of Q such that 0QN 0N,
is an open neighborhood of x in 02, and for which one of the following two conditions holds:

(i) Qg is of class MH;/2 if n >3, and of class C1" for some 1/2 <r <1 ifn = 2.

(i) Qg is an almost-conver domain.

Given Definition we thus introduce the following basic assumption:
Hypothesis 5.7. Let n € N, n > 2, and assume that Q C R™ is a quasi-convexr domain.

Informally speaking, the above definition ensures that the boundary singularities are directed outwardly.
A typical example of such a domain is shown in Fig. [1] below.

FIGURE 1. A quasi-convex domain.

Being quasi-convex is a certain type of regularity condition of the boundary of a Lipschitz domain. The
only way we are going to utilize this property is via the following elliptic regularity result proved in [89].

Proposition 5.8. Assume Hypotheses[L.7 and[5.7l Then
dom (Hp,q) C H*(Q), dom (Hyq) C H*(Q). (5.17)

In fact, all of our results in this survey hold in the class of Lipschitz domains for which the two inclusions in

(5.17) hold.

The following theorem addresses the issue raised at the beginning of this subsection. Its proof is similar
to the special case V' = 0, treated in [89].

Theorem 5.9. Assume Hypotheses and . Then (4.66) holds. In particular,
dom(H,pinq) = HZ(Q)

={ue L*(Qd"z)| Au € L*(Q;d"z), Ypu = Iyu = 0}, (5.18)
dom(Hpaz,0) = {u € L*(Q;d"x) ’ Au € L*(Q;d"z)}, (5.19)

and
Hmin,ﬂ = (Hmaw,Q)* and Hmaz,Q = (Hmin,ﬂ)*~ (520)

We conclude this subsection with the following result which is essentially contained in [89].

Proposition 5.10. Assume Hypotheses and . Then the Friedrichs extension of (=A + V)|gee(q) in
L?(Q;d"x) is precisely the perturbed Dirichlet Laplacian Hp . Consequently, if Hypothesis is assumed in

place of Hypothesis then the Friedrichs extension of Hpin o in (4.64) is the perturbed Dirichlet Laplacian
Hpa.
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5.2. Trace Operators and Boundary Problems on Quasi-Convex Domains. Here we revisit the
issue of traces, originally taken up in Section [2] and extend the scope of this theory. The goal is to extend
our earlier results to a context that is well-suited for the treatment of the perturbed Krein Laplacian in
quasi-convex domains, later on. All results in this subsection are direct generalizations of similar results
proved in the case where V =0 in [89).

Theorem 5.11. Assume Hypotheses and and suppose that z € C\o(Hp q). Then for any functions
f € L2 d"z) and g € (N'/2(0Q))* the following inhomogeneous Dirichlet boundary value problem

(—A+V —2)u=fin Q,
u € L?(Q;d ), (5.21)
Apu =g on Of,

has a unique solution v = up. This solution satisfies

lupllL2(@idne) + ANUD ||(ns/2(00)) < CoUlfll2(@iane) + N9l (v17250))+) (5.22)
for some constant Cp = Cp(Q,V,2) > 0, and the following reqularity results hold:
g € HY(9Q) implies up € H3*(), (5.23)
9 € vp(H?*(Q)) implies up € H*(Q). (5.24)
In particular,
g =0 implies up € H*(Q) N H(Q). (5.25)

Natural estimates are valid in each case.

Moreover, the solution operator for (5.21)) with f =0 (i.e., Pp v, : g+~ up) satisfies

Ppav. = [w(Hpa —zlo)"']" € B(N'?(09Q))", L* (% d"x)), (5.26)
and the solution of is given by the formula
up = (Hpo — zI0) "' f = [y (Hpa —zIa) '] g. (5.27)
Corollary 5.12. Assume Hypotheses and . Then for every z € C\o(Hp.q) the map
Ap t{ue LA (Qd ) | (A +V — 2)u=0inQ} — (N'/23(00))" (5.28)

is an isomorphism (i.e., bijective and bicontinuous).

Theorem 5.13. Assume Hypotheses and and suppose that z € C\o(Hn ,q). Then for any functions
f € L2 d"x) and g € (N3/2(0Q))* the following inhomogeneous Neumann boundary value problem

(—A+V —2)u=fin Q,
u € L?(Q;d ), (5.29)
Anu = g on 0L,

has a unique solution uw = uy. This solution satisfies

lunllzz(ane) + WDUN |(n1/200))+ < ON(IfllL2(@idna) + 119l (vs/2(00))+) (5.30)

for some constant Cny = Cn(2,V,2) > 0, and the following regularity results hold:
g € L2(8Q;d"'w) implies uy € HY?(Q), (5.31)
g € (H?*(Q)) implies uy € H*(Q). (5.32)

Natural estimates are valid in each case.
Moreover, the solution operator for (5.29) with f =0 (i.e., Pna,v,. : g — un) satisfies

Pyov.: = [yp(Hya —=lo)"']" € B(IN*/2(09)", L*(Q; d"w)), (5-33)
and the solution of is given by the formula
uy = (Hyo — zIo) " f + [yp(Hyo — Z10) '] g. (5.34)
Corollary 5.14. Assume Hypotheses and . Then, for every z € C\o(Hn ), the map
An {ue LX(Qd"s) | (A +V —2)u=0 in Q} — (N¥2(0Q))" (5.35)

is an isomorphism (i.e., bijective and bicontinuous).
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5.3. Dirichlet-to-Neumann Operators on Quasi-Convex Domains. In this subsection we review spec-
tral parameter dependent Dirichlet-to-Neumann maps, also known in the literature as Weyl-Titchmarsh and
Poincaré-Steklov operators. Assuming Hypotheses [£.7] and introduce the Dirichlet-to-Neumann map
Mp nav(z) associated with —A 4+ V — 2z on , as follows:

NY2(00))" — (N3/2(69))",
Mz { VHOD) = (EOD) oo, ), (5.36)
[ = —nup,
where up is the unique solution of
(~A+V —2)u=0inQ, wucL*Q;d"z), Ypu= f on ON. (5.37)

Retaining Hypotheses and we next introduce the Neumann-to-Dirichlet map My p o,y (z) associated
with —A +V — z on §, as follows:

N3/2(6Q))" — (NY2(6Q))",
MN7D7Q,V(Z): {( ( )) /(\ ( )) AS C\O’(HN7Q)7 (538)
g — YDUN,
where up is the unique solution of
(-A+V —2)u=01inQ, wue L*(Q;d"z), nyu =g on 0. (5.39)

As in [R9], where the case V = 0 has been treated, we then have the following result:

Theorem 5.15. Assume Hypotheses[4.7 and 5.7, Then, with the above notation,

Mp nov(z) € B(NY?(09), (N*2(09))), z€C\o(Hp,), (5.40)
and
Mp nav(z) =3~ [vw(Hpo — E-[Q)il]*, z € C\o(Hp,q)- (5.41)
Similarly,
My pav(z) € B(N¥2(0Q))", (NV2(0Q))*), z€ C\o(Hyn), (5.42)
and
Mny.p.ov(z) =3p[yp(Hyo —Zla)"']", 2€C\o(Hygq). (5.43)
Moreover,
Mnpav(z)=—Mpnyav(z)™', z€C\(c(Hpa)Uco(Hya)), (5.44)
and
[Mpnav(z)] =Mpnav(z), [Mypav(z) =Mypav(E). (5.45)

As a consequence, one also has

Mp nav(z) € B(N*2(0Q), NV*(89)), z€ C\o(Hp), (5.46)

My, p.ov(z) € B(NY2(0Q), N¥2(8Q)), z€ C\o(Hnq). (5.47)

For closely related recent work on Weyl-Titchmarsh operators associated with nonsmooth domains we
refer to [86], [87], [88], [89], and [90]. For an extensive list of references on z-dependent Dirichlet-to-Neumann

maps we also refer, for instance, to [7], [111, [15], [35], [48], [B0], [51], [52], [53], [65], [66], [84]-[90], [99], [101],
[158], [164], [165], [166].

6. REGULARIZED NEUMANN TRACES AND PERTURBED KREIN LAPLACIANS

This section is structured into two parts dealing, respectively, with the regularized Neumann trace operator
(Subsection [6.1]), and the perturbed Krein Laplacian in quasi-convex domains (Subsection [6.2)).
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6.1. The Regularized Neumann Trace Operator on Quasi-Convex Domains. Following earlier work
in [89], we now consider a version of the Neumann trace operator which is suitably normalized to permit the
familiar version of Green’s formula (cf. below) to work in the context in which the functions involved
are only known to belong to dom(—Aax,0). The following theorem is a slight extension of a similar result
proved in [89] when V' = 0.

Theorem 6.1. Assume Hypotheses and . Then, for every z € C\o(Hp q), the map

TNV, {u € LA d"x); Au e L2 (Q;d"x)} — NY2(0Q) (6.1)
given by
TN, V2 = ANU + MD’N7Q’V(Z)(:}/\DU), u € L2(Q; d"z), Au € L2(Q; d"x), (6.2)
is well-defined, linear and bounded, where the space
{ue L?(d"x) | Aue L*(Q;d"x)} (6.3)

is endowed with the natural graph norm w v ||ul| 12 (,ara) + [|Aul|L2(04n2). Moreover, this operator satisfies
the following additional properties:

(i) The map Tn,v,. in (6.1), is onto (i.e., TN v..(dom(Hparq)) = NY2(09Q)), for each z €
C\o(Hp,q). In fact,
N, (H?(Q) N H (Q)) = NY2(0Q) for each z € C\o(Hp.q). (6.4)
(i) One has
TN,V,z2 = '}/N(HD,Q — ZIQ)il(fA — Z), z € (C\O'(HD7Q). (65)
(iii) For each z € C\o(Hp.q), the kernel of the map Tn,v,. in (6.1)), (6.2) is

ker(nv..) = HZ(Q)4+{u € L*(Q;d"2) | (A +V — 2)u=0 in Q}. (6.6)
In particular, if z € C\o(Hp ), then
Tnv,.u =0 for every u € ker(Hpz.0 — 21a). (6.7)

(iv) The following Green formula holds for every u,v € dom(Hpaz.q) and every complex number z €
(C\O'(HD7Q).'
((—A + V — Z)’LL, /U)LQ(Q;d’"z) — (’LL, (—A —|— V — E)’U)Lz(ﬂ;d"m)

= —N1/2(00) (TN,V,2Us YDV) (N1/2(a0))* T N1/2(00) (TN, VZV, YDU) (N1/2 (90 )+ - (6.8)
6.2. The Perturbed Krein Laplacian in Quasi-Convex Domains. We now discuss the Krein—von Neu-
mann extension of the Laplacian —A|Coc(9) perturbed by a nonnegative, bounded potential V in L?(2;d"x).
0
We will conveniently call this operator the perturbed Krein Laplacian and introduce the following basic as-
sumption:

Hypothesis 6.2. (i) Let n € N, n > 2, and assume that ) # Q C R™ is a bounded Lipschitz domain

satisfying Hypothesis [5.7]
(i) Assume that
Ve lL>®(Q;d"z) and V >0 a.e. in Q. (6.9)

Denoting by T the closure of a linear operator 7" in a Hilbert space H, we have the following result:

Lemma 6.3. Assume Hypothesis . Then Hyyin. is a densely defined, closed, nonnegative (in particular,
symmetric) operator in L?(2;d"x). Moreover,

Proof. The first claim in the statement is a direct consequence of Theorem As for (6.10)), let us tem-
porarily denote by Hy the closure of —A + V defined on C§°(€2). Then

there exist v € L*(Q;d"x) and u; € C5°(Q), j € N, such that
uj = u and (—A+V)u; = v in L*(Q;d"z) as j — oo.

u € dom(Hy) if and only if { (6.11)
Thus, if u € dom(Hy) and v, {u;}jen are as in the right-hand side of (6.11), then (—A + V)u = v in the
sense of distributions in €2, and

0 =7pu; = pu in (Nl/Q(GQ))* as j — oo, (6.12)
0=%Nu; = Anu in (NI/Q((’)Q))* as j — oo, .
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by Theorem and Theorem Consequently, u € dom(Hey.0) satisfies ypu = 0 and Fyu = 0.
Hence, u € H§(QY) = dom(Hpin,q) by Theorem and the current assumptions on €. This shows that
Hoy C Hpmin.a. The converse inclusion readily follows from the fact that any u € HZ(€2) is the limit in H?(Q)
of a sequence of test functions in 2. O

Lemma 6.4. Assume Hypothesis . Then the Krein—von Neumann extension Hi o of (—A+V
in L2(Q;d"z) is the L?-realization of —A +V with domain
dom(Hg ) = dom(Hpmin.a) + ker(Hmaz.0)
= HF(Q)+ {ue L*(Qd"z) | (-A + V)u =0 in Q}.
Proof. By virtue of , , and the fact that (—A + V)|cge(q) and its closure, Hyina (cf. )
have the same self-adjoint extensions, one obtains
dom(Hg ) = dom(Hpmin.q) + ker((Hpmin.a)*)
= dom(Hpmin.a) + ker(Hpmaz o)
= H3(Q)+{ue L*(d"z) | (-A+V)u=0in Q}, (6.14)
as desired. 0

oz

(6.13)

Nonetheless, we shall adopt a different point of view which better elucidates the nature of the boundary
condition associated with this perturbed Krein Laplacian. More specifically, following the same pattern as
in [89], the following result can be proved.

Theorem 6.5. Assume Hypothesis and fix z € C\o(Hp,a). Then H g . in L*(Q;d"x), given by
Hig o u:=(—A+V —2)u,

(6.15)

u € dom(Hg g ;) = {v € dom(Hpaz,0) | TN,v,.0 = 0},

satisfies

(Hr0,:)" = Hr 03z, (6.16)
and agrees with the self-adjoint perturbed Krein Laplacian Hyi o = Hi o0 when taking z = 0. In particular,
if z € R\o(Hp,q) then Hi g, . is self-adjoint. Moreover, if z < 0, then Hy q . is nonnegative. Hence, the
perturbed Krein Laplacian Hy o is a self-adjoint operator in L*(2;d™z) which admits the description given
mn when z = 0, and which satisfies

Hig o >0 and Hypino € Hro C Hyaen- (6.17)
Furthermore,
ker(Hp o) = {u € L>(Qd"x) | (A + V)u =0},
dim(ker(Hg o)) = def(Hpin,0) = def (A + V
ran(Hpq) = (—A + V)HZ(Q),
Hyk o has a purely discrete spectrum in (0,00), 0cess(Hg o) = {0},

= 00,

)’cgom))

and for any nonnegative self-adjoint extension S of (—A + V)loge () one has (cf. 2.5)),
Hgo <S8 <Hpg. (6.22)
The nonlocal character of the boundary condition for the Krein-von Neumann extension Hg o
TNV, =4Nn0 + Mp nov(0)v =0, vedom(Hkgq) (6.23)

(ctf. with z = 0) was originally isolated by Grubb [94] (see also [95], [97]) and Mp v o v (0) was identified
as the operator sending Dirichlet data to Neumann data. The connection with Weyl-Titchmarsh theory and
particularly, the Weyl-Titchmarsh operator Mp y o v (2) (an energy dependent Dirichlet-to-Neumann map),
in the special one-dimensional half-line case = [a, 00) has been made in [I80]. In terms of abstract boundary
conditions in connection with the theory of boundary value spaces, such a Weyl-Titchmarsh connection has
also been made in [67] and [68]. However, we note that this abstract boundary value space approach, while
applicable to ordinary differential operators, is not applicable to partial differential operators even in the case
of smooth boundaries 0N2 (see, e.g., the discussion in [35]). In particular, it does not apply to the nonsmooth
domains ) studied in this survey. In fact, only very recently, appropriate modifications of the theory of
boundary value spaces have successfully been applied to partial differential operators in smooth domains in
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[35], [B0], [51], [52], [158], [159], [164], [165], and [I66]. With the exception of the following short discussions:
Subsection 4.1 in [35] (which treat the special case where € equals the unit ball in R?), Remark 3.8 in [50],
Section 2 in [164], Subsection 2.4 in [165], and Remark 5.12 in [I66], these investigations did not enter a
detailed discussion of the Krein-von Neumann extension. In particular, none of these references applies to
the case of nonsmooth domains €.

7. CONNECTIONS WITH THE PROBLEM OF THE BUCKLING OF A CLAMPED PLATE

In this section we proceed to study a fourth-order problem, which is a perturbation of the classical
problem for the buckling of a clamped plate, and which turns out to be essentially spectrally equivalent to
the perturbed Krein Laplacian Hgx o := Hg 0,0.

For now, let us assume Hypotheses and [I.7] Given X € C, consider the eigenvalue problem for the
generalized buckling of a clamped plate in the domain 2 C R™

u € dom(—Apnez,0),
(—A+V)2u=A(—A+V)u in Q,
Apu=0 in (N'/2(69))",
nu =0 in (N3/2(69))",

where (—A + V)?u := (—=A + V)(—=Au + Vu) in the sense of distributions in 2. Due to the trace theory

developed in Sections [4] and [B] this formulation is meaningful. In addition, if Hypothesis is assumed in
place of Hypothesis then, by (4.66]), this problem can be equivalently rephrased as

u € Hj(Q),
{(—A Jf V)>u=A(=A+V)u in Q. (7.2)

(7.1)

Lemma 7.1. Assume Hypothesis and suppose that u # 0 solves (7.1)) for some A € C. Then necessarily
A € (0,00).

Proof. Let u, A be as in the statement of the lemma. Then, as already pointed out above u € HZ(Q). Based
on this, the fact that Au € dom(—A,,44,0), and the integration by parts formulas (4.21) and - we may
then write (we recall that our L? pairing is conjugate linear in the first argument)

[HVUH(LZ(Q dnz))n T ||V1/2U||(L2 Qdn ] =Au, (-A+ V)“)L?(Q;dnz)

=(u, A\(-A+V)u) L2(Qdna ( A+V )LZ(Q;d”w)

= (w(~A+V)(~Au+ Vu»m(g;dnm) — (=2 + V), (—A + V) 2 ganay

= I(=A + V)ullZ2(anz)- (7.3)

nce, according to Theorem|[5. ;d'x) D u and 7pu = 0 prevent v from being a constant function,
Si di Th 5.11, L2(; d" 0 and 5 0 f bei f i
(7.3)) entails

I(=A+V)ullZa(g,4m0)
IVull?e@uanayyn + IV Ul (.an gy
as desired. 0

A= > 0, (7.4)

Next, we recall the operator Pp g v,. introduced just above (5.26) and agree to simplify notation by
abbreviating Pp o v := Pp o, v,0. That is,

Ppoyv = [w(Hpe) '] € B(N'?(09)7, L*(Q; d"x)) (7.5)
is such that if u := Pp q v g for some g € (Nl/Q(BQ))*, then
(-A+V)u=0in £,
u € L*(Q;d"x), (7.6)
Apu = g on Of.

Hence,
(~A+V)Ppay =0,

ANPpav =-MpnNav(0) and YpPp.ov = [(Ni/2(00))
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with J(ny1/2(9qy)- the identity operator, on (Nl/z(BQ))*.

Theorem 7.2. Assume Hypothesis . If 0 # v € L?(Q;d"x) is an eigenfunction of the perturbed Krein
Laplacian Hy o corresponding to the eigenvalue 0 # X € C (hence A > 0), then

Uu:=v— PD7Q,V(ﬁD’U) (7.8)
is a nontrivial solution of (7.1)). Conversely, if 0 # u € L*(Q; d"z) solves (7.1)) for some X\ € C then \ is a
(strictly) positive eigenvalue of the perturbed Krein Laplacian Hg o, and

vi= A=A+ V) (7.9)
is a nonzero eigenfunction of the perturbed Krein Laplacian, corresponding to this eigenvalue.
Proof. In one direction, assume that 0 # v € L?(£2;d"x) is an eigenfunction of the perturbed Krein Laplacian
Hg o corresponding to the eigenvalue 0 # X € C (since Hgx o > 0 —cf. Theorem it follows that A > 0).

Thus, v satisfies
vedom(Hpmez ), (—A+V)v=2Av, Tvv,ov=0. (7.10)

In particular, Ypv € (Nl/z(ﬁﬂ))* by Theorem Hence, by (7.5), v in (7.8) is a well-defined function
which belongs to L?(2;d"x). In fact, since also (—A + V)u = (—A + V)v € L}(Q;d"z), it follows that
u € dom(Hpag,0). Going further, we note that

(A + V)V u=(-A+V)(-A+V)u=(-A+V)(-A+V)v

=A—A+V)v=A(-A+V)u. (7.11)
Hence, (—A + V)?u = A(—=A+ V)u in . In addition, by (7.7),
Apu =pv —Yp(Pp.av(Hpv) =Fpv —Ypv = 0, (7.12)
whereas
Anvu = Anv — AN (Ppa,v (Gpv) =4nv + Mp no,v(0)(Fpv) = TN,vov =0, (7.13)

by the last condition in . Next, to see that v cannot vanish identically, we note that u = 0 would imply
v = Pp g v(¥pv) which further entails A\v = (A +V)v = (=A+V)Ppq,v(7pv) =0, that is, v = 0 (since
A # 0). This contradicts the original assumption on v and shows that u is a nontrivial solution of .
This completes the proof of the first half of the theorem.

Turning to the second half, suppose that A € C and 0 # u € L?(Q;d"z) is a solution of . Lemma
then yields A > 0, so that v := A~} (—=A + V)u is a well-defined function satisfying

v € dom(Hpar0) and (A +V)v = A" (~A+V)2u= (—A+V)u = Av. (7.14)
If we now set w := v —u € L?(Q;d"x) it follows that
(—FA+Vw=(-A4+V)vo—(-A+V)u=Av—Av=0, (7.15)
and
ANW =ANV, Fpw =Fpv. (7.16)
In particular, by the uniqueness in the Dirichlet problem ,
w = Ppav({pv). (7.17)
Consequently,
Anv =Anvw =N (Pp,a,v (Fpv) = —Mp na,v(0) (DY), (7.18)

which shows that

TN,V,0V = WN’U + MD7N,Q7V(O)(;Y\DU) =0. (719)
Hence v € dom(Hg o). We note that v = 0 would entail that the function v € HZ(2) is a null solution
of —A + V, hence identically zero which, by assumption, is not the case. Therefore, v does not vanish
identically. Altogether, the above reasoning shows that v is a nonzero eigenfunction of the perturbed Krein
Laplacian, corresponding to the positive eigenvalue A > 0, completing the proof. O

Proposition 7.3. (i) Assume Hypothesz's and let 0 # v be any eigenfunction of Hi o corresponding to
the eigenvalue 0 # X € o(Hk o). In addition suppose that the operator of multiplication by V' satisfies

My € B(H*(Q),H*(Q)) for some 1/2 < s < 2. (7.20)
Then u defined in (7.8)) satisfies
we H?(Q), implying v e HY/?(Q). (7.21)
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(ii) Assume the smooth case, that is, OQ is O and V € C*>(Q), and let 0 # v be any eigenfunction of
Hyk q corresponding to the eigenvalue 0 # X € 0(Hg o). Then u defined in (7.8)) satisfies
u € C®(Q), implying v € C>(Q). (7.22)

Proof. (i) We note that u € L?(£);d"z) satisfies ﬁD( )=0,9v () =0, and (—A+V)u = (—A+V)v =
Av € L?(Q;d"x). Hence, by Theorems and |5 we obtain that u € HZ(Q). Next, observe that
(—A+V)u=>Ive LZ(Q,d” ) which therefore entalls A%y € H*72(Q) by (7.20). With this at hand, the
regularity results in [I57] (cf. also [5] for related results) yield that u E H52(Q).

(zz) Given the eigenfunction 0 # v of Hp, Q, . yields that U satisﬁes the generalized buckling problem

, so that by elliptic regularity u € C°°(£2). By (7.9) and (| one thus obtains
A= (-A+V)y= (—A + V)u, with u € C>(Q), (7.23)
proving (7.22). d

In passing, we note that the multiplier condition is satisfied, for instance, if V' is Lipschitz.

We next wish to prove that the perturbed Krein Laplacian has only point spectrum (which, as the
previous theorem shows, is directly related to the eigenvalues of the generalized buckling of the clamped
plate problem). This requires some preparations, and we proceed by first establishing the following.

Lemma 7.4. Assume Hypothesis . Then there exists a discrete subset A of (0,00) without any finite
accumulation points which has the following significance: For every z € C\Aq and every f € H=%(Q), the

problem
(—A+V)(-A+V —2)u=f in Q, .

has a unique solution. In addition, there exists C = C(£2,z) > 0 such that the solution satisfies
ullm2@) < Cllflla-2(0)- (7.25)

Finally, if z € Aq, then there exists u # 0 satisfying (7.2)). In fact, the space of solutions for the problem
(7.2)) is, in this case, finite-dimensional and nontrivial.

Proof. In a first stage, fix z € C with Re(z) < —M, where M = M(Q,V) > 0 is a large constant to be
specified later, and consider the bounded sesquilinear form

ay (-, ) HS(Q) X Hg(Q) — C,
av,(u,v) == (A +V)u, (A +V)v)r2(qdna) + (Vl/Qu7 V1/2v)
—Z (VU, V/U)(LQ(Q;dnm))n7 u,v € Hg(Q)

T (7.26)

Then, since f € H %(Q) = (H(%(Q))*7 the well-posedness of (|7.24) will follow with the help of the Lax-
Milgram lemma as soon as we show that (7.26)) is coercive. To this end, observe that via repeated integrations
by parts

2
av,:(u, v) Z 3:6]8:1%‘ Z &tj

(7.27)
+/ d"z [V'/2u] + 2Re (/ d”xAuVu), u € C5°(9).
Q Q
We note that the last term is of the order
O(IV 2 @ 1Al (v Il 22 (7.28)

and hence, can be dominated by

ClIV o (@idne) [EHUH%I?(Q) + (45)_1 HUH%Q(Q;d”x)]v (7.29)

for every ¢ > 0. Thus, based on this and Poincaré’s inequality, we eventually obtain, by taking ¢ > 0
sufficiently small, and M (introduced in the beginning of the proof) sufficiently large, that

Re(av ,(u,u)) > CH’U/”%{2(Q), u e C5°(Q). (7.30)

Hence,
Re(av,,(u,u)) > C||u\|%{2(9), u € HZ(Q), (7.31)
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by the density of C§°(2) in HZ(2). Thus, the form (7.27) is coercive and hence, the problem (7.24)) is
well-posed whenever z € C has Re(z) < —M.
We now wish to extend this type of conclusion to a larger set of z’s. With this in mind, set
Ay, = (mA+V)(-A+V —zlg) € B(H5(Q), H *(Q)), z€C. (7.32)

The well-posedness of (|7.24]) is equivalent to the fact that the above operator is invertible. In this vein, we
note that if we fix zy € C with Re(z9) < —M, then, from what we have shown so far,

AyL, € B(H (), Hi () (7.33)

is a well-defined operator. For an arbitrary z € C we then write
Av,. = Avzo[Ihz0) + Bv.:l, (7.34)

where If72(q) is the identity operator on HZ(2) and we have set
By, = AL (Av. — Avz,) = (20 — 2) AL (FA+ V) € Boo (HG (). (7.35)

Since C 3 z — By, € B(HZ()) is an analytic, compact operator-valued mapping, which vanishes for
z = zp, the Analytic Fredholm Theorem yields the existence of an exceptional, discrete set A C C, without
any finite accumulation points such that

(I2() + Bv.:) "' € B(H3()), ze€ C\Aq. (7.36)
As a consequence of this, , and , we therefore have
Ayl € B(H?(Q), H3(Q)), z € C\Aq. (7.37)
We now proceed to show that, in fact, Ag C (0,00). To justify this inclusion, we observe that
Ay, in is a Fredholm operator, with Fredholm index zero, for every z € C, (7.38)

due to , , and . Thus, if for some z € C the operator Ay, fails to be invertible, then there
exists 0 # u € L?(Q;d"x) such that Ay ,u = 0. In view of and Lemma the latter condition forces
z € (0,00). Thus, Aq consists of positive numbers. At this stage, it remains to justify the very last claim in
the statement of the lemma. This, however, readily follows from , completing the proof. O

Theorem 7.5. Assume Hypothesis and recall the exceptional set Aq C (0,00) from Lemma which

is discrete with only accumulation point at infinity. Then
o(Hk,0) = Ao U{0}. (7.39)

Furthermore, for every 0 # z € C\Aq, the action of the resolvent (Hx o — 2Iq)™" on an arbitrary element
f € L2(Q;d"x) can be described as follows: Let v solve

{v e H2(Q), ) (7.40)
(—A+V)(-A+V —2)v=(-A+V)f € H2(Q),
and consider
wi=z"(~A+V —2)v— f] € L*(Q;d"x). (7.41)
Then
(Hiq —2I0) ' f = v +w. (7.42)

Finally, every z € Aq U {0} is actually an eigenvalue (of finite multiplicity, if nonzero) for the perturbed
Krein Laplacian, and the essential spectrum of this operator is given by

Uess(HK,Q) = {0} (743)

Proof. Let 0 # 2z € C\Aq, fix f € L?(;d"x), and assume that v, w are as in the statement of the theorem.
That v (hence also w) is well-defined follows from Lemma Set

u:=v+weHF(Q)+{ne L*(d"z) | (-A+V)p=0in Q}

= ker (TNMO) — dom(Haz,0)s (7.44)
by . Thus, u € dom(Hpmez.q) and 7n,v,ou = 0 which force u € dom(Hg o). Furthermore,
”u”L?(Q;d"m) + ||AU||L2(Q;dnm) < C”f”L?(Q;d"m)a (7'45)

for some C = C(Q,V,z) > 0, and
(—A+V —2u=(-A+V —-2)v+ (-A+V — 2)w
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=(-A+V -2+ 2 (-A+V - )[(-A+V —2)v — f]
=(~A+V =20+ 2 (-A+W[(-A+V —2)v— f] = [(-A+V = 2)v — f]

=f+2 A+ V)(-A+V —2)v— (-A+V)f] = f, (7.46)
by (7.40)), (7.41]). As a consequence of this analysis, we may conclude that the operator
Hyq —zIg : dom(Hpq) C L*(Q;d"x) — L*(Q;d"x) (7.47)

is onto (with norm control), for every z € C\(Aq U {0}). When z € C\(Aq U {0}) the last part in Lemma
together with Theorem also yield that the operator is injective. Together, these considerations
prove that

O’(HK@) C Aq U{0}. (7.48)
Since the converse inclusion also follows from the last part in Lemma[7.4] together with Theorem [7:2] equality
follows. Formula , along with the final conclusion in the statement of the theorem, is also implicit
in the above analysis plus the fact that ker(Hg ) is infinite-dimensional (cf. and [145]). O

8. EIGENVALUE ESTIMATES FOR THE PERTURBED KREIN LAPLACIAN

The aim of this section is to study in greater detail the nature of the spectrum of the operator Hg .
We split the discussion into two separate cases, dealing with the situation when the potential V is as in

Hypothesis (Subsection , and when V' = 0 (Subsection .

8.1. The Perturbed Case. Given a domain 2 as in Hypothesis [5.7] and a potential V as in Hypothesis
4.7) we recall the exceptional set Ag C (0, 00) associated with € as in Sectlon [l consisting of numbers

0<Ak01 < Ak02< < Ak0,;j <Akojt1 < (8.1)

converging to infinity. Above, we have displayed the \’s according to their (geometric) multiplicity which
equals the dimension of the kernel of the (Fredholm) operator (7.32)).

Lemma 8.1. Assume Hypothesis . Then there exists a family of functions {u;};en with the following
properties:

uj € H3(Q) and (A +V)uj; = Aga;(-A+V)u;, jeN, (8.2)

((—A+V)’U,j,(—A+V)uk)L2(Q;dnm) = 0k, 7,k €N,

w=Y (“A+V)u, (~A+V)uy)r2(una) 45, u € HF(Q), (8.4)
j=1

with convergence in H*(Q).

Proof. Consider the vector space and inner product

Hy = H2Q),  [u,0ln, = / P2 (A FV)u(~A+ V), uveHy. (8.5)
Q
We claim that (HV, [, ]’Hv) is a Hilbert space. This readily follows as soon as we show that
lull 2y < ClII(=A + V)ull L2iana),  w € HF (), (8.6)

for some finite constant C'= C(R2,V) > 0. To justify this, observe that for every u € C§°(2) we have

J '“‘2<Cz/d" |
J
< m n 2 .
_CZ/d &Cﬁxk /d A2, (8.7)

where we have used Poincaré’s inequality in the first two steps. Based on this, the fact that V is bounded,
and the density of C§°() in HZ () we therefore have
||U||H2(Q) < O(H(—A + V)U||L2(Q;dna;) + ||u||L2(Q;d":z))a u € Hg(Q)a (8.8)
for some finite constant C' = C(£2,V) > 0. Hence, the operator
— A4V € B(H(Q), L*(Q;d"z)) (8.9)
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is bounded from below modulo compact operators, since the embedding H2(Q) < L?(Q;d"x) is compact.
Hence, it follows that has closed range. Since this operator is also one-to-one (as 0 € o(Hp q)), estimate
follows from the Open Mapping Theorem. This shows that

Hy = HZ(Q) as Banach spaces, with equivalence of norms. (8.10)

Next, we recall from the proof of Lemma |7.4] that the operator (7.32) is invertible for A € C\Agq (cf. (7.37)),
and that Aq C (0,00). Taking A = 0 this shows that

(“A+V) 2= ((~A+ V)2~ € B(H (), HA(D)) (8.11)

is well-defined. Furthermore, this operator is self-adjoint (viewed as a linear, bounded operator mapping a
Banach space into its dual, cf. (2.1])). Consider now

Bi=—(-A+ V) 2(-A+ V). (8.12)
Since B admits the factorization
9 -AtVo o, " PR —(=a+v)7?
B:H;(Q)) —— L*(Q;d"x) — H *(Q) ——— H{(Q), (8.13)
where the middle arrow is a compact inclusion, it follows that
B € B(Hy) is compact and injective. (8.14)

In addition, for every u,v € C§°(£2) we have via repeated integrations by parts
[Bu, v]x A+V)( A—l—V) 2(=A+V)u, (A +V)o)

A+ V)2 (=A+V)u, (A +V)?v)

A+V)u, (~A+V) 2 (=A+ V)

A+ V)u U)Lz(sz dn)

Vu, V) (2 (@dna))n — (V1/2u, Vl/gv)

L2(Qdna)
L2(Q;dnx)

) L2 (Q;dnx)

~((=
—((=
-((=
—((=
~( L2(Qidna)’ (8.15)
Consequently, by symmetry, [Bu, ], = [Bv,u]u, , u,v € C§°(2) and hence,
[Bu,v|y, = [Bv,uln, u,v€Hy, (8.16)
since C§°(2) — My densely. Thus,
B € B (Hy) is self-adjoint and injective. (8.17)
To continue, we recall the operator Ay ) from and observe that
(~A+ V) 2Ay, =1y, — 2B, z€C, (8.18)

as operators in B(H3(2)). Thus, the spectrum of B consists (including multiplicities) precisely of the
reciprocals of those numbers z € C for which the operator Ay,. € B(HZ(Q), H%(12)) fails to be invertible.
In other words, the spectrum of B € B(Hy ) is given by

a(B) = {(Ax.24) " }ien: (8.19)
Now, from the spectral theory of compact, self-adjoint (injective) operators on Hilbert spaces (cf., e.g., [142]
Theorem 2.36]), it follows that there exists a family of functions {u;} ;en for which

u; € Hy and Buj = (Agaj) ‘u;, jEN, (8.20)
[uj7uk3}7'lv = 0j4.k» j7 ke N7 (821)
U= Z[U,’LL]]HV Uyj, u < HV; (822)
j=1
with convergence in Hy . Unraveling notation, (8.2)—(8.4]) then readily follow from (8.20)—(8.22). |

Remark 8.2. We note that Lemma gives the orthogonality of the eigenfunctions u; in terms of the inner
product for Hy (cf. and , or see immediately above). Here we remark that the given inner
product for Hy does not correspond to the inner product that has traditionally been used in treating the
buckling problem for a clamped plate, even after specializing to the case V' = 0. The traditional inner
product in that case is the Dirichlet inner product, defined by

D(u,v) = [ d"z(Vu,Vv)en, u,ve Hy(Q), (8.23)
Q
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where (-, -)cn denotes the usual inner product for elements of C”, conjugate linear in its first entry, linear
in its second. When the potential V' > 0 is included, the appropriate generalization of D(u,v) is the inner
product

Dy (u,v) = D(u,v) + [ d"zVav, wu,ve Hy(Q) (8.24)

Q

(we recall that throughout this survey V' is assumed nonnegative, and hence that this inner product gives rise
to a well-defined norm). Here we observe that orthogonality of the eigenfunctions of the buckling problem
in the sense of Hy is entirely equivalent to their orthogonality in the sense of Dy (-, -): Indeed, starting from
the orthogonality in (8.21)), integrating by parts, and using the eigenvalue equation (8.2)), one has, for j # k,

0= [u;, uk)p, = / d*z (—A+V)uj (—A+V)u, = / d*zu; (—A+ V)2uk
Q Q

= )\k/ d"zu; (—A+V)ur = A [D(uj,uk) —|—/ d"z Vujuk}
Q Q
=\ Dy (uj,up), wu,v€ HF(Q), (8.25)

where )\ is shorthand for Ak o of , the eigenvalue corresponding to the eigenfunction wug (cf. ,
which exhibits the eigenvalue equation for the eigenpair (u;,A;)). Since all the A;’s considered here are
positive (see ), this shows that the family of eigenfunctions {u;};en, orthogonal with respect to [, %, ,
is also orthogonal with respect to the “generalized Dirichlet inner product”, Dy (-, -). Clearly, this argument
can also be reversed (since all eigenvalues are positive), and one sees that a family of eigenfunctions of the
generalized buckling problem orthogonal in the sense of the Dirichlet inner product Dy (-, -) is also orthogonal
with respect to the inner product for Hy, that is, with respect to [-, -], . On the other hand, it should be
mentioned that the normalization of each of the ux’s changes if one passes from one of these inner products
to the other, due to the factor of Ay encountered above (specifically, one has [ug, ug]y, = A\x Dy (ug, ug) for
each k).

Next, we recall the following result (which provides a slight variation of the case V' = 0 treated in [89]).
Lemma 8.3. Assume Hypothesis . Then the subspace (—A + V) HZ(2) is closed in L?(Q;d"x) and
L*(Q;d"z) = ker(Hymax0) ® [(—A + V) H3 ()], (8.26)
as an orthogonal direct sum.

Our next theorem shows that there exists a countable family of orthonormal eigenfunctions for the per-
turbed Krein Laplacian which span the orthogonal complement of the kernel of this operator:

Theorem 8.4. Assume Hypothesis . Then there exists a family of functions {w;};en with the following
properties:

w; € dOIIl(HKﬂ) n Hl/Q(Q) and HK’Q'LU]‘ = )\K,Q’jwj, )\K,Q’j >0, 7€N, (827)
(wj7wk3)L2(Q;d"z) = 5j,k7 jv ke N7 (828)
L*(Q;d"z) = ker(Hg o) @ lin.span{w;};en (orthogonal direct sum). (8.29)

Proof. That w; € H'?(Q), j € N, follows from Proposition (z) The rest is a direct consequence of
Lemma the fact that

ker(Hymax,0) = {u € L*(Qd"z) | (A + V)u =0} = ker(Hg 0), (8.30)
the second part of Theorem [7.2] and Lemma [8.1] in which we set w; := (—A + V)u;, j € N. O

Next, we define the following Rayleigh quotient

Ry qlu] == , 0#uc H Q). (8.31)
IVulliza@anay + IV 2ulli @uan) ’
Then the following min-max principle holds:
Proposition 8.5. Assume Hypothesis[6.2] Then
A = min ( max R U ), € N. 8.32
KOG= I VBT, kolul), (8.32)

dim(W;)=j
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As a L_consequence, given two domains 1, Q as in Hypothesis E 7| for which Q C Q and given a potential
0<V e L>(Q), one has

0< XK,ﬁ,j <Axaj JEN, (8.33)

where V 1= KN/|Q, and Ag 0,; and XK R L j € N, are the eigenvalues corresponding to the Krein—von Neumann
extensions associated with Q,V and ﬁ, ‘7, respectively.
Proof. Obviously, (8.33)) is a consequence of -7 so we will concentrate on the latter. We recall the

Hilbert space Hy from (8 ED and the orthogonal family {u;};en in - Next, consider the following
subspaces of Hy,

Vo :={0}, Vj:=lin.span{u;|1<:i<j}, jeN. (8.34)
Finally, set
Vit i={ueH|uuly, =0,1<i<j}, jeEN (8.35)
We claim that
)\K,QJ = Oqégéi\r/ljil RK7Q['U;] = RK,Q[UJ'], jeN. (8.36)

Indeed, if j € N and u = Zzozl crup € VjJ;l, then ¢, = 0 whenever 1 < k < j — 1. Consequently,

= lexl (8.37)
k=j

2

Z cu(—A 4 V)uy
k=j

(=2 +V)ul2(0imz) =
L2(Q;dx)

by (8.3)), so that

”vu”%L?(Q;d"x))" + ”VI/ZUH%P(Q;d"x) =((-A+V)u, U)L?(Q;dnz)

— (ch —A + V)Uk,U)
L2(Q;dnx)
(Z Ak,an) Ten(—A + V)2ukau>

k=3 L2(Q;dnx)
= (Z )\KQk 1ck(—A+V)uk,(—A+V)u)
k=j L2(Q;dx)
= ( (Ak,0k) 1Ck<_A+V)Uk,ZCk(_A+V)Uk>
k=j k—j L2(Q;d"w)

oo
Z (Arok) Hewl* < (Ak0)” Z|Ck|2
k=

= ()‘K,Q,j) A+ V)ullZeuana (8.38)

where in the third step we have relied on (8.2), and the last step is based on (8.37). Thus, Rx ou] > Ak o,;
with equality if u = u; (cf. the calculation leading up to (7.4])). This proves (8.36). In fact, the same type
of argument as the one just performed also shows that

AR = nax Riolu] = Rk olu], jeN. (8.39)

Next, we claim that if W; is an arbitrary subspace of H of dimension j then

Ar,0,j < oéna}évj Riqalu]l, jeN (8.40)

To justify this inequality, observe that W; N Vf_ 1 # {0} by dimensional considerations. Hence, if 0 # v; €
W;n VJL_ , then

AK.Qj = O#Iféi‘r/lﬁl Ri.alu] < Riqlv,] < oA, Rk olul, (8.41)

establishing (8.40). Now formula (8.32) readily follows from this and (8.39)). O
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If Q C R" is a bounded Lipschitz domain denote by
0<Apo1<Apn2<--<Apa; <Apaj+1 <o (8.42)

the collection of eigenvalues for the perturbed Dirichlet Laplacian Hp o (again, listed according to their
multiplicity). Then, if 0 < V € L*(Q;d"x), we have the well-known formula (cf., e.g., [64] for the case
where V =0)

AD Qi = min ( max RDQu> €N 8.43
i W; subspace of Hfl) (Q) 05£“6Wj ’ [ ] ’ J ’ ( )
dim(W;)=j

where Rp q[u], the Rayleigh quotient for the perturbed Dirichlet Laplacian, is given by

IVl uanayye + 1V 20l

Rp.alu] == . 0#uec HY(Q). (8.44)

HUH%Q(Q;dHI)
From Theorem [2.10, Theorem [4.8 and Proposition we already know that, granted Hypothesis [6.2] the
nonzero eigenvalues of the perturbed Krein Laplacian are at least as large as the corresponding eigenvalues
of the perturbed Dirichlet Laplacian. It is nonetheless of interest to provide a direct, analytical proof of this
result. We do so in the proposition below.

Proposition 8.6. Assume Hypothesis[6.2] Then

0< >\D7Q7j < AK7Q7j, jeN. (8.45)
Proof. By the density of C§°(Q) into HZ(Q) and H} (), respectively, we obtain from (8.32)) and (8.43)) that
AKQj = inf ( sup RK,Q[U]>, (8.46)

W; subspace of C8° () \ 0£uEW;

dim(W;)=j :
AD,Qj = inf ( sup RD’Q[U/]), (8.47)

W subspace of CFe () Oiuer

dim(W;)=j

for every j € N. Since, if u € C5°(9),
||Vu||%L2(Q;d"z))" + HVl/Zu”%?(Q;d"z) =((-A+ V)Uvu)L2(Q;d"z)
< (A +V)ull L2 uana) vl L2 (@idn ) (8.48)

we deduce that
Rp alu] < Ri qlu], whenever 0 # u € C5°(Q). (8.49)

With this at hand, (8.45) follows from (8.46])—(8.47). O

Remark 8.7. Another analytical approach to (8.45]) which highlights the connection between the perturbed
Krein Laplacian and a fourth-order boundary problem is as follows. Granted Hypotheses and and
given A € C, consider the following eigenvalue problem

u € dom(—Asee.0), (—A+V)u € dom(—Anez0),
(—A+V)2u=A(—A+V)u in Q,
o) =0 in (N2(00)) ", (8.50)
Ap((—A+ V)u) =0 in (Nl/?(ag))*.
Associated with it is the sesquilinear form

Gva(-, ) HxH—C, H:=H*Q)NHQ),

aya(u,v) == (A +V)u, (A +V)v)r2(qdna) + (Vl/zu, V1/2v)

. (VU,V'U)(L2(Q;dn‘,L.))n7 u,v € ﬁ,

L2(Q;d"x) (851)

which has the property that
u e H satisfies av,a(u,v) =0 for every v € H if and only if u solves (8.50). (8.52)

We note that since the operator —A +V : H2(Q) N H () — L?(Q; d™z) is an isomorphism, it follows that
u = [[(=A+V)ul|L2(qana) is an equivalent norm on the Banach space H, and the form @y, (-, - ) is coercive
if A\ < =M, where M = M(Q,V) > 0 is a sufficiently large constant. Based on this and proceeding as in
Section |7} it can then be shown that the problem has nontrivial solutions if and only if A belongs
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to an exceptional set /NXQ,V C (0,00) which is discrete and only accumulates at infinity. Furthermore, u
solves if and only if v := (—A + V)u is an eigenfunction for Hp q, corresponding to the eigenvalue
A and, conversely, if u is an eigenfunction for Hp o corresponding to the eigenvalue A, then u solves (8.50)).
Consequently, the problem is spectrally equivalent to Hp o. From this, it follows that the eigenvalues
{Ap.a,;}jen of Hp o can be expressed as

A P = min ( max R u), €N, 8.53
D W subspace of H \ 0FUEW; x.aly J ( )
dim(W;)=j
where the Rayleigh quotient Rx ofu] is as in (8.31). The upshot of this representation is that it immediately
yields (8.45)), on account of (8.32) and the fact that HZ(Q2) C H.

Next, let ©2 be as in Hypothesis and 0 <V € L*°(Q;d"x). For A € R set

Nxao(A):=#{j e N|Axq; <A}, X e{D,K}, (8.54)

where #.S denotes the cardinality of the set S.

Corollary 8.8. Assume Hypothesis|6.2l Then
Ni.o(A) < Npa(A), AeR. (8.55)

In particular,

Ni.a(\) = O0\Y?) as A — oco. (8.56)
Proof. Estimate is a trivial consequence of , whereas follows from and Weyl’s

asymptotic formula for the Dirichlet Laplacian in a Lipschitz domain (cf. [40] and the references therein for
very general results of this nature). O

8.2. The Unperturbed Case. What we have proved in Section [7] and Section shows that all known
eigenvalue estimates for the (standard) buckling problem

ue€ HY(Q), A%u=-\Au in Q, (8.57)

valid in the class of domains described in Hypothesis automatically hold, in the same format, for the

Krein Laplacian (corresponding to V' = 0). For example, we have the following result with )\(Ig,)ﬂ’ i JEN,

denoting the nonzero eigenvalues of the Krein Laplacian —Ag o and )\g?ﬂ’ i JE N, denoting the eigenvalues
of the Dirichlet Laplacian —Ap o:

Theorem 8.9. If Q C R" is as in Hypothesis the nonzero eigenvalues of the Krein Laplacian —Ak o
satisfy

2
0 n® 4+ 8n + 20 0
)‘g(,)Q,Q < (n+2)2 %?971’ (8:58)
0 4 0 0 0
Z >‘K aj+1 < (n+ 4))‘(K,)Q,1 T 4()‘%,)9,2 - )‘EK,)QJ) < (n+ 4)/\%7)971, (8.59)
0 (0) n+ 2) )
0 0 0 0
Z (AK,Q,k-i-l - )\K,Q,j) = Z )‘(KQ k41 T )‘KOJ))‘(K,)Q,J" k€N, (8.60)
j=1 j=1

Furthermore, if jn—2)/2,1 15 the first positive zero of the Bessel function of first kind and order (n—2)/2 (cf.
[1, Sect. 9.5]), v, denotes the volume of the unit ball in R™, and || stands for the n-dimensional Euclidean

volume of ), then
2/n ;2 2/n
R VLRGN (Y
|Q|2/n D,Q, 2

,\Qﬂ L (8.61)

Proof. With the eigenvalues of the buckling plate problem replacing the corresponding eigenvalues of the
Krein Laplacian, estimates (8.58)(8.60) have been proved in [26], [27], [28], [60], and [I10] (indeed, further
strengthenings of (8.59) are detailed in [27], [28]), whereas the respective parts of (8.61) are covered by
results in [122] and [I50] (see also [31], [41]). O
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Remark 8.10. Given the physical interpretation of the first eigenvalue for 7 it follows that )\gg)ﬂ 1, the
first nonzero eigenvalue for the Krein Laplacian —Ag o, is proportional to the load compression at which
the plate 2 (assumed to be as in Hypothesis buckles. In this connection, it is worth remembering the
long-standing conjecture of Pélya—Szegd, to the effect that amongst all plates of a given area, the circular
one will buckle first (assuming all relevant physical parameters to be identical). In [3I], the authors have
given a partial result in this direction which, in terms of the first eigenvalue )\(Ig)ﬂ ; for the Krein Laplacian
—Agk q in a domain € as in Hypothesis reads o

N

0
o > Qi = A (8.62)

where Q# is the n-dimensional ball with the same volume as €, and
= 22/"[j(n,2)/2’1/jn/2,1]2 =1—(4—1logd)/n+0(n"53) 51 as n — . (8.63)
This result implies an earlier inequality of Bramble and Payne [47] for the two-dimensional case, which reads

NO 2mj3 .

K21 Area Q)
Given that (8.58) states a universal inequality for the ratio of the first two nonzero eigenvalues of the
Krein Laplacian, that is, of the buckling problem, it is natural to wonder what the best upper bound for this
ratio might be, and the shape of domain that saturates it. While this question is still open, the conjecture
that springs most naturally to mind is that the ratio is maximized by the disk/ball, and that in n dimensions
the best upper bound is therefore j(2n +2)/2.1 / ji /21 (a ratio of squares of first positive zeros of Bessel functions

(8.64)

of appropriate order). In the context of the buckling problem this conjecture was stated in [26] (see p. 129).
This circle of ideas goes back to Payne, Pdlya, and Weinberger [154] [155], who first considered bounds for
ratios of eigenvalues and who formulated the corresponding conjecture for the first two membrane eigenvalues
(i.e., that the disk/ball maximizes the ratio of the first two eigenvalues).

Before stating an interesting universal inequality concerning the ratio of the first (nonzero) Dirichlet and
Krein Laplacian eigenvalues for a bounded domain with boundary of nonnegative Gaussian mean curvature
(which includes, obviously, the case of a bounded convex domain), we recall a well-known result due to
Babuska and Vyborny [34] concerning domain continuity of Dirichlet eigenvalues (see also [55], [56], [62],
[80], [I71], [186], and the literature cited therein):

Theorem 8.11. Let Q@ C R"™ be open and bounded, and suppose that ., C Q, m € N, are open and
monotone increasing toward €1, that is,

O CUnpn CQ meN, [J =0 (8.65)
meN

In addition, let —Apq, and —Apq be the Dirichlet Laplacians in L*(Qy,; d"z) and L*(Q; d"x) (cf. ([4.47] -,
(4.53), and denote their respective spectra by

~Apa,)={Ao, i fiaw mEN, and o(—=Apa) = {0} o (8.66)
Then, for each j € N,
0
lim ARy = AP (8.67)

Theorem 8.12. Assume that Q C R™ is a bounded quasi-convex domain. In addition, assume there exists
a sequence of C*°-smooth domains {Q, }men satisfying the following two conditions:

(1) The sequence {Q }men monotonically converges to Q from inside, that is,
QU € Qg1 CQ, meN, U O, = Q. (8.68)
meN

(ii) If G, denotes the Gaussian mean curvature of 0, then
Gm >0 for allm € N. (8.69)

Then the first Dirichlet eigenvalue and the first nonzero eigenvalue for the Krein Laplacian in Q satisfy
(0)
K,Q,1

0
Apos

<4 (8.70)
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In particular, each bounded convex domain Q@ C R™ satisfies conditions (i) and (it) and hence (8.70) holds
for such domains.

Proof. Of course, the lower bound in (8.70) is contained in (8.45)), so we will concentrate on establishing the
upper bound. To this end, we recall that it is possible to approximate 2 with a sequence of C'*°-smooth
bounded domains satisfying (8.68) and (8.69)). By Theorem the Dirichlet eigenvalues are continuous
under the domain perturbations described in and one obtains, in particular,
(0) (0)

n}gnoo)‘ D1 = ADa (8.71)
On the other hand, (8.33) yields that )\g?)g 1 <A 1279"“1. Together with (8.71)), this shows that it suffices to
prove that

Ao, 1 <S | meN. (8.72)

m71

Summarizing, it suffices to show that

Q C R™ a bounded, C*°-smooth domain, whose Gaussian mean

. e (0) 0) (8.73)
curvature G of 0f) is nonnegative, implies A Ko1 <4Apqaq

Thus, we fix a bounded, C*° domain Q@ C R™ with G > 0 on 99Q and denote by u; the (unique, up to

normalization) first eigenfunction for the Dirichlet Laplacian in €. In the sequel, we abbreviate Ap := )‘5:()),)52,1

and A\g = /\K .1~ Then (cf. [92] Theorems 8.13 and 8.38]),

up € C®(Q), wuilon =0, u; >0inQ, —Au; =Apu; in Q, (8.74)
e Jodna |Vus P
d"z |Vuy
Ap =28 8.75
b Jo draug |? (8.75)

In addition, (8.36)) (with j = 1) and u? as a “trial function” yields

Jo &z AP
Jodrz |V (ui)l?
Then (8.73) follows as soon as one shows that the right-hand side of (8.76]) is less than or equal to the
quadruple of the right-hand side of (8.75). For bounded, smooth, convex domains in the plane (i.e., for
n = 2), such an estimate was established in [I5I]. For the convenience of the reader, below we review
Payne’s ingenious proof, primarily to make sure that it continues to hold in much the same format for our
more general class of domains and in all space dimensions (in the process, we also shed more light on some
less explicit steps in Payne’s original proof, including the realization that the key hypothesis is not convexity
of the domain, but rather nonnegativity of the Gaussian mean curvature G of its boundary). To get started,
we expand

Ak < (8.76)

(A(u))? = [)\Dul —2\p uﬂVu1|2 + |Vu1\4], IV (u?)]? = 4u?|Vu|?, (8.77)

and use (8.76]) to write
dzud Jo d"z [Vuq|*
A < \2 M —2A Jo @ TV 8.78
=70 (de”xu1Vu1|2 b de”:Bu1|Vu1|2 ( )

Next, observe that based on (8.74)) and the Divergence Theorem we may write

/d”x [3uf|Vui | = Apui] = / d"z [3u}|Vuy | + uiAw | = / d"z div(uiVuy )
Q Q Q

:/ d"rwuid,uy =0, (8.79)
20

where v is the outward unit normal to 99, and d” 'w denotes the induced surface measure on 9. This
shows that the coefficient of A%, in (8.78) is 3/\]517 so that

fQ d"x |VU1|4

A < A 0 h 0::—
Kk < Ap +0, where fQ xu1|Vu1\2

(8.80)

We begin to estimate 6 by writing

/d”x\Vu1|4 = [ d"z (Vuy) - ([Vui|*Vuy) /d zup div(|Vuy [*Vuy)
Q Q
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7/ d"z [(u1 V) - (V|Vu ) = Ap uf| V], (8.81)
Q
so that
Jod™x (uy Vuy) - (V|Vu1)?)
fQ drz u1|Vu1\2

To continue, one observes that because of (8.74]) and the classical Hopf lemma (cf. [92] Lemma 3.4]) one has
Oyur < 0 on 9. Thus, |[Vuq| # 0 at points in Q near J€). This allows one to conclude that

= Ap — 6. (8.82)

Vu1
v=— near and on 0f). 8.83
|VU1 ‘ ( )
By a standard result from differential geometry (see, for example, [69] p. 142])
div(v) =(n—1)G on 09, (8.84)

where G denotes the mean curvature of 0f).
To proceed further, we introduce the following notations for the second derivative matrix, or Hessian, of
uy and its norm:

82’[1,1 n 1/2
Hess(uy) := < > ,  |Hess(u1)| := < 8-8ku12) . (8.85)
O0x;0xy, 1<) k<n j;l J
Relatively brief and straightforward computations (cf. [I123] Theorem 2.2.14]) then yield
div(v ia Oty = |V | " [~Auy + (v, Hess(u; )v)]
I\ V] ’

j=1
= |Vuy |~ (v, Hess(u; )v) on 99 (8.86)
(since —Au; = Apu; = 0 on 99),

- 8"11,1
= — Z I/jl/kak<|v]u1|>

k=1
= —|Vuy | v, Hess(u1)v) + [Vuq |7 v |* (v, Hess(up )v)
—0, (8.87)
and finally, by ,
O (IVur*) = > v30i[(Okur)’] = 2 D v(Opur)(9;0ur)
k=1 k=1
= —2|Vuy|(v, Hess(up )v) = —2|Vuy [2div(v)
= —2(n —1)G|Vui|*> <0 on 99, (8.88)

given our assumption G > 0.
Next, we compute

/ 4"z [|[V(|Vu[*)]? = 2Ap |V |t + 2|Vuy|*|Hess(uq ) |°]
Q

_ /Qd"x div(|Vur PV (Vi [?)) = /BQ v - (Va2 ([ Ve )

- /m 4" 'w |Vui|?0, |V ) <0, (8.89)
since 8, (|Vu1|?) <0 on 99 by . As a consequence,

20 /Qd"x V| > /anx [IV( V)P + 21V 2 [Hess(u) ] (8.90)

Now, simple algebra shows that |V (|Vu1|?)|? < 4 |Vus|?[Hess(uq)|? which, when combined with (8.90)), yields

4 p

2| @ /d” (V). (8.91)
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Let us now return to (8.81)) and rewrite this equality as
/ d"z |Vuy [* = —/ d"z (uy V) - (V|Vui]? = Ap ui V). (8.92)
Q Q
An application of the Cauchy-Schwarz inequality then yields

2
(/ d"z |Vu1|4) < (/ d"xu? |Vu1|2> (/ d"x|V|Vui]* = \p u1Vu1|2> . (8.93)
Q Q Q

By expanding the last integrand and recalling the definition of # we then arrive at

d” \% (V|Vuy|? Az |V(|Vu|?)]?
<y oy (BT ST (VT 5o
Jo drau? |V | Jo drau? |V |
Upon recalling (8.82)) and (8.91)), this becomes
4\ 10X
02 <AL —2X\p(Ap — ) + TDe =22 + TDQ. (8.95)

In turn, this forces # < 3Ap hence, ultimately, A\ < 4Ap due to this estimate and (8.80)). This establishes
(8.73) and completes the proof of the theorem. |

Remark 8.13. (i) The upper bound in for two-dimensional smooth, convex C'°° domains € is due to
Payne [I51] in 1960. He notes that the proof carries over without difficulty to dimensions n > 2 in [152]
p. 464]. In addition, one can avoid assuming smoothness in his proof by using smooth approximations Q,,,
m € N, of Q as discussed in our proof. Of course, Payne did not consider the eigenvalues of the Krein
Laplacian —Af q, instead, he compared the first eigenvalue of the fixed membrane problem and the first
eigenvalue of the problem of the buckling of a clamped plate.

(74) By thinking of Hess(u;) represented in terms of an orthonormal basis for R™ that contains v, one sees

that (8.86)) yields

. 6u1 -1 (92’111 8’LL1 71621141
le(V) = W 8V2 = — g 8V2 (896)
(the latter because dui /v < 0 on 9N by our convention on the sign of u; (see (8.74))), and thus
82u1 6161

For a different but related argument leading to this same result, see Ashbaugh and Levine [32] pp. I-8, 1-9].
Aviles [33], Payne [150], [I51], and Levine and Weinberger [132] all use similar arguments as well.

(791) We note that Payne’s basic result here, when done in n dimensions, holds for smooth domains having
a boundary which is everywhere of nonnegative mean curvature. In addition, Levine and Weinberger [132],
in the context of a related problem, consider nonsmooth domains for the nonnegative mean curvature case
and a variety of cases intermediate between that and the convex case (including the convex case).

(iv) Payne’s argument (and the constant 4 in Theorem would appear to be sharp, with any infinite
slab in R™ bounded by parallel hyperplanes being a saturating case (in a limiting sense). We note that such
a slab is essentially one-dimensional, and that, up to normalization, the first Dirichlet eigenfunction u; for
the interval [0, a] (with a > 0) is

uy(z) = sin(mz/a) with eigenvalue \ = 72 /a?, (8.98)
while the corresponding first buckling eigenfunction and eigenvalue are
uy (z)? = sin®(nz/a) = [1 — cos(2mx/a)]/2 and 4\ = 47 /a>. (8.99)

Thus, Payne’s choice of the trial function u?, where u; is the first Dirichlet eigenfunction should be optimal
for this limiting case, implying that the bound 4 is best possible. Payne, too, made observations about
the equality case of his inequality, and observed that the infinite strip saturates it in 2 dimensions. His
supporting arguments are via tracing the case of equality through the inequalities in his proof, which also
yields interesting insights.

Remark 8.14. The eigenvalues corresponding to the buckling of a two-dimensional square plate, clamped
along its boundary, have been analyzed numerically by several authors (see, e.g., [§], [9], and [46]). All these
results can now be naturally reinterpreted in the context of the Krein Laplacian —Ag o in the case where
Q = (0,1)? ¢ R% Lower bounds for the first k& buckling problem eigenvalues were discussed in [131]. The
existence of convex domains €2, for which the first eigenfunction of the problem of a clamped plate and the
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problem of the buckling of a clamped plate possesses a change of sign, was established in [I2I]. Relations
between an eigenvalue problem governing the behavior of an elastic medium and the buckling problem were
studied in [I11I]. Buckling eigenvalues as a function of the elasticity constant are investigated in [1T5].
Finally, spectral properties of linear operator pencils A — A\B with discrete spectra, and basis properties of
the corresponding eigenvectors, applicable to differential operators, were discussed, for instance, in [I156],
[I75] (see also the references cited therein).

Formula (8.56)) suggests the issue of deriving a Weyl asymptotic formula for the perturbed Krein Laplacian
Hp o. This is the topic of our next section.

9. WEYL ASYMPTOTICS FOR THE PERTURBED KREIN LAPLACIAN IN NONSMOOTH DOMAINS

We begin by recording a very useful result due to V.A. Kozlov which, for the convenience of the reader,
we state here in more generality than is actually required for our purposes. To set the stage, let Q C R",
n > 2, be a bounded Lipschitz domain. In addition, assume that m > r > 0 are two fixed integers and set

n:=2(m—r)>0. (9.1
Let W be a closed subspace in H™(€2) such that HJ"(€2) C W. On W, consider the symmetric forms

o)=Y [ e @@ @), woe W, 92)
0<lal,|Bl<m 7
and
b(u,v) := Z d"xz by, p(x)(0%u)(x)(0%)(x), u,ve W. (9.3)
0<[al,[g]<r

Suppose that the leading coefficients in a(-, -) and b(-, -) are Lipschitz functions, while the coefficients
of all lower-order terms are bounded, measurable functions in 2. Furthermore, assume that the following
coercivity, nondegeneracy, and nonnegativity conditions hold: For some Cj € (0, o0),

a(u,u) = Collul|fmqy, ueW, (9.4)
Y bap(@) TP A0, zeQ, ££0, (9.5)

jal=16]=r

b(u,u) =0, uweW. (9.6)

Under the above assumptions, W can be regarded as a Hilbert space when equipped with the inner product
a(-, -). Next, consider the operator T' € B(W) uniquely defined by the requirement that

a(u,Tv) = b(u,v), u,v € W. (9.7)

Then the operator T' is compact, nonnegative and self-adjoint on W (when the latter is viewed as a Hilbert
space). Going further, denote by

0< - < pja(T) < py(T) < -+ < (T, (9.8)
the eigenvalues of T listed according to their multiplicity, and set
N\ W,a,b) :=#{j e N|u;(T) > X7'}, A >0. (9.9)

The following Weyl asymptotic formula is a particular case of a slightly more general result which can be
found in [TT9].

Theorem 9.1. Assume Hypothesis and retain the above notation and assumptions on a(-, -), b(-, ),
W, and T. In addition, we recall (9.1). Then the distribution function of the spectrum of T introduced in

satisfies the asymptotic formula
N\ W,a,b) = wap.0 PRCANE O(A("7(1/2))/’7) as A\ — oo, (9.10)

where, with dw,_1 denoting the surface measure on the unit sphere S"~1 = {¢ € R™ | |¢| = 1} in R,

1 n > af=|8|=r ba,p (2)ETP "
Wa,b,Q = /Qd x /g:l dwpn—1(&) [ ) (9.11)

n(2m)" 2 al=|pl=m Ga,8(@)€HP

Various related results can be found in [T18], [I20]. After this preamble, we are in a position to state and
prove the main result of this section:
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Theorem 9.2. Assume Hypothesis[6.2l In addition, we recall that
NioX) =#{j e N|Arka; <A}, AeR, (9.12)

where the (strictly) positive eigenvalues {Ak q,j}jen of the perturbed Krein Laplacian Hy o are enumerated
as in (8.1)) (according to their multiplicities). Then the following Weyl asymptotic formula holds:

Ni.o(N) = (21) "0, | QA2 + O (A= (/2)/2) g5 X — o0, (9.13)

where, as before, v, denotes the volume of the unit ball in R™, and |Q| stands for the n-dimensional Euclidean
volume of .

Proof. Set W := H2(Q) and consider the symmetric forms

a(u,v) = / Az (A +V)u(-A+V)v, uveW, (9.14)
Q
b(u,v) == / d"a;W-WJr/ Az V124 VY2, wveW, (9.15)
Q
for which conditions ( . Wlth m = 2) are Verlﬁed (cf. (8.6)). Next, we recall the operator (—A +
V)72:=((—A+V)?)le B ) from along with the operator
B e BOO(W), Bu:=—(-A+V) 2 (-A+V)u, ueW, (9.16)

from (8.13). Then, in the current notation, formula reads a(Bu,v) = b(u,v) for every u,v € C§°(12).
Hence, by density,

a(Bu,v) = b(u,v), u,ve W. (9.17)
This shows that actually B = T', the operator originally introduced in . In particular, T' is one-to-one.
Consequently, Tu = pu for u € W and 0 # p € C, if and only if u € HZ() satisfies (—A+V)"2(=A+V)u =
pu, that is, (—=A + V)2u = p~'(—=A + V)u. Hence, the eigenvalues of T are precisely the reciprocals of
the eigenvalues of the buckling clamped plate problem (7.6). Having established this, formula then
follows from Theorem and , upon observing that in our case m = 2, r = 1 (hence n = 2) and
Wa,b,Q = (27)’”vn\Q|. O

Incidentally, Theorem and Theorem [7.5]show that, granted Hypothesis a Weyl asymptotic formula
holds in the case of the (perturbed) buckling problem . For smoother domains and potentials, this is
covered by Grubb’s results in [07]. In the smooth context, a sharpening of the remainder has been derived
n [143], [144], and most recently, in [102].

In the case where Q C R? is a bounded domain with a C*°-boundary and 0 < V' € C'*°(2), a more precise
form of the error term in was obtained in [97] where Grubb has shown that

Q
Nr.a(\) = % A+0(N3) as A — o, (9.18)

In fact, in [97], Grubb deals with the Weyl asymptotic for the Krein—von Neumann extension of a general
strongly elliptic, formally self-adjoint differential operator of arbitrary order, provided both its coeflicients
as well as the the underlying domain Q C R™ (n > 2) are C*°-smooth. In the special case where ) equals
the open ball B, (0; R), R > 0, in R™, and when V = 0, it turns out that , can be further refined
to

NN = (21) R RPAM? — (2m) 7 Doy [(n/4)vn + v_g RPIACTD/2
+O0(A\"=D/2) as X — o0, (9.19)
for every n > 2. This will be the object of the final Section [L1] (cf. Proposition [11.1]).

10. A CLASS OF DOMAINS FOR WHICH THE KREIN AND DIRICHLET LAPLACIANS COINCIDE

Motivated by the special example where 2 = R?\{0} and S = —ACOO(RZ\{O}), in which case one can show
the interesting fact that Sp = Sk (cf. [12], [I3, Ch. 1.5], [83], and Subsections and [T1.5)) and hence the
nonnegative self-adjoint extension of .S is unique, the aim of this section is to present a class of (nonempty,
proper) open sets Q@ = R"™\ K, K C R compact and subject to a vanishing Bessel capacity condition, with
the property that the Friedrichs and Krein—von Neumann extensions of 7A| C () in L2(Q;d"z), coincide.
To the best of our knowledge, the case where the set K differs from a single point is without precedent and
so the following results for more general sets K appear to be new.
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We start by making some definitions and discussing some preliminary results, of independent interest.
Given an arbitrary open set 0 C R™, n > 2, we consider three realizations of —A as unbounded operators
in L?(Q;d"x), with domains given by (cf. Subsection |4.2))

dom(—Apaz,0) == {u € L*(Q;d"z) | Au e L*(Q;d"z)}, (10.1)
dom(—Ap.q) = {u € Hj(Q) | Au € L*(Q;d"z)}, (10.2)
dom(—A. ) :== C5C(Q). (10.3)

Lemma 10.1. For any open, nonempty subset Q C R™, n > 2, the following statements hold:
(i) One has

(—Ac)" = —Amaz.a- (10.4)
(#4) The Friedrichs extension of —A.q is given by
(—Aco)r = —Apa. (10.5)
(13¢) The Krein—von Neumann extension of —A. q has the domain
dom((—Ac0)k) = {u € dom(—Anax,0) | there exists {u;}jen € C5° () (10.6)

with lim [|[Au; — Aullp2(uang) = 0 and {Vu;}jen Cauchy in L*(Q;d"z)"}.
j—o0

(iv) One has
ker((—Aco)k) = {u € L*(Qd"z) | Au=0 in Q}, (10.7)
and
ker((—Ac,0)r) = {0}. (10.8)
Proof. Formula (10.4) follows in a straightforward fashion, by unraveling definitions, whereas is a

direct consequence of (2.14) or (2.19) (compare also with Proposition [5.10). Next, (10.6|) is readily implied
by (2.20) and (10.4). In addition, ((10.7) is easily derived from (2.12)), (10.4) and (10.1]). Finally, consider
(10.8). In a first stage, (10.5)) and (|10.2|) yield that

ker((—Aco)r) = {u € Hy(Q) | Au=0in Q}, (10.9)

so the goal is to show that the latter space is trivial. To this end, pick a function u € HE(Q) which is
harmonic in €2, and observe that this forces Vu = 0 in 2. Now, with tilde denoting the extension by zero

outside Q, we have u € H'(R") and V(u) = Vu. In turn, this entails that @ is a constant function in
L?(R; d"x) and hence u = 0 in 2, establishing ((10.8)). O

Next, we record some useful capacity results. For an authoritative extensive discussion on this topic see
the monographs [3], [137], [I74], and [19I]. We denote by B, 2(E) the Bessel capacity of order o > 0 of a
set £ C R™. When K C R" is a compact set, this is defined by

Boo(K) == inf {||fI72@n.anz) | 9o * [ > 1 on K, f >0}, (10.10)
where the Bessel kernel g, is defined as the function whose Fourier transform is given by
gal&) = (2m) A1+ |E7)7, CeR™ (10.11)
When O C R" is open, we define
By 2(0) :=sup {Bg2(K) | K C O, K compact }, (10.12)

and, finally, when E C R™ is an arbitrary set,
B, 2(F) :==inf {B,2(0)| O D E, O open }. (10.13)

In addition, denote by H* the k-dimensional Hausdorff measure on R”, 0 < k < n. Finally, a compact subset
K C R" is said to be L?-removable for the Laplacian provided every bounded, open neighborhood O of K
has the property that

) . _ . there exists u € L?(O;d"x) so that
u € L*(O\K;d"z) with Au =0 in O\K imply = o™ wand Af — 0in O,

(10.14)

Proposition 10.2. Fora >0, k€N, n>2 and E CR", the following properties are valid:
(i) A compact set K C R™ is L?-removable for the Laplacian if and only if Bs2(K) = 0.
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(13) Assume that Q C R™ is an open set and that K C € is a closed set. Then the space C§°(Q\K)
is dense in H®(Q) (i.e., one has the natural identification HE(Q) = HF(Q\K)), if and only if
By 2(K) = 0.

(ii1) If 2 < m and H"2*(E) < +o0 then By 2(E) = 0. Conversely, if 2a < n and B, 2(E) = 0 then
Hn—22Fe(E) = 0 for every e > 0.

(tv) Whenever 2a > n then there exists C' = C(a,n) > 0 such that By 2(E) > C provided E # ().

See, [3 Corollary 3.3.4], [I37, Theorem 3], [I91, Theorem 2.6.16 and Remark 2.6.15], respectively. For
other useful removability criteria the interested reader may wish to consult [59], [136], [162], and [177].
The first main result of this section is then the following:

Theorem 10.3. Assume that K C R™, n > 3, is a compact set with the property that
By o(K) = 0. (10.15)
Define Q := R™"\K. Then, in the domain ), the Friedrichs and Krein—von Neumann extensions of —A,
ingtially considered on C§°(Q2), coincide, that is,
(—Ac)r = (-Aco)k- (10.16)

As a consequence, 7A|C§<>(Q) has a unique nonnegative self-adjoint extension in L*(Q;d"z).

Proof. We note that (10.15]) implies that K has zero n-dimensional Lebesgue measure, so that L?(Q;d"z) =
L?(R";d"x). In addition, by (4ii) in Proposition we also have Bj 2(K) = 0. Now, if u € dom(—A, )
(10.6) entails that u € L*(Q;d"x), Au € L*(Q;d"x), and that there exists a sequence u; € C§°(Q2), j €
for which

Au; — Au in L*(Q;d"z) as j — oo, and {Vu;} en is Cauchy in L2(Q; d"x). (10.17)
In view of the well-known estimate (cf. the Corollary on p. 56 of [I37]),
[0ll 22" @niam2) < CnllVOllL2@nianay, v € C3°(R™), (10.18)

where 2* := (2n)/(n — 2), the last condition in implies that there exists w € L?" (R"; d"x) with the
property that

uj —w in L* (R";d"z) and Vu; — Vw in L*(R";d"z) as j — oo. (10.19)
Furthermore, by the first convergence in , we also have that Aw = Awu in the sense of distributions
in Q. In particular, the function

f=w—ueL¥ (R"d"z)+ L*(R";d"z) — L} (R";d"z) (10.20)

loc
satisfies Af = 0 in = R™\K. Granted , Proposition yields that K is L?-removable for the
Laplacian, so we may conclude that Af = 0 in R™. With this at hand, Liouville’s theorem then ensures
that f = 0 in R™. This forces u = w as distributions in Q and hence, Vu = Vw distributionally in . In
view of the last condition in we may therefore conclude that u € H'(R") = H}(R™). With this at
hand, Proposition yields that w € Hg (). This proves that dom(—A. )k C dom(—A.q)r and hence,
(—=Ac0)r € (=Acq)r. Since both operators in question are self-adjoint, follows. O

We emphasize that equality of the Friedrichs and Krein Laplacians necessarily requires that fact that
inf(o((—Acn)r)) = inf(o((—Aca)k)) = 0, and hence rules out the case of bounded domains Q C R”,
n € N (for which inf(o((—Acq)r)) > 0).

Corollary 10.4. Assume that K C R™, n > 4, is a compact set with finite (n — 4)-dimensional Hausdorff
measure, that is,

H"HK) < +o0. (10.21)
Then, with § := R"\K, one has (—Aco)r = (—Ac0)k, and hence, —A|gg (o) has a unique nonnegative
self-adjoint extension in L*(Q;d"z).

Proof. This is a direct consequence of Proposition [I0.2] and Theorem O

In closing, we wish to remark that, as a trivial particular case of the above corollary, formula holds
for the punctured space

Q:=R™{0}, n>4, (10.22)

however, this fact is also clear from the well-known fact that —A|C80(Rn\{0}) is essentially self-adjoint in

L?(R";d"x) if (and only if) n > 4 (cf., e.g., [I61], p. 161], and our discussion concerning the Bessel operator

(11.118)). In [83] Example 4.9] (see also our discussion in Subsection 10.3), it has been shown (by using
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different methods) that continues to hold for the choice when n = 2, but that the Friedrichs
and Krein—von Neumann extensions of —A, initially considered on C§°(€2) with 2 as in (10.22)), are different
when n = 3.

In light of Theorem [10.3] a natural question is whether the coincidence of the Friedrichs and Krein—von
Neumann extensions of —A, initially defined on C§°(2) for some open set 2 C R™, actually implies that the
complement of () has zero Bessel capacity of order two. Below, under some mild background assumptions
on the domain in question, we shall establish this type of converse result. Specifically, we now prove the
following fact:

Theorem 10.5. Assume that K C R™, n > 4, is a compact set of zero n-dimensional Lebesque measure,

and set Q := R"\K. Then
(—Ac)r = (—Ac )k implies By o(K) = 0. (10.23)

Proof. Let K be as in the statement of the theorem. In particular, L?(Q;d"x) = L?(R";d"x). Hence,
granted that (—Ac o)k = (—Acq)r, in view of (10.7), (10.8]) this yields
{ue L>(R";d"z) |Au=0in R"\K} = {0}. (10.24)
It is useful to think of (10.24]) as a capacitary condition. More precisely, (10.24)) implies that Cap(K) = 0,
where
Cap(K) := sup {|g/(Rn)<Au, 1>5(Rn)| ’ |ull L2(&n;anz) < 1 and supp(Au) C K}. (10.25)
Above, E(R™) is the space of smooth functions in R™ equipped with the usual Frechét topology, which ensures

that its dual, £'(R™), is the space of compactly supported distributions in R™. At this stage, we recall the
fundamental solution for the Laplacian in R™, n > 3, that is,
I'(n/2)
E,(x) = , e R™\{0 10.26
@) = g TR0 (10.26)
(T'(+) the classical Gamma function [Il Sect. 6.1]), and introduce a related capacity, namely

Cap, (K) :=sup { | f e &R, supp(f) C K, | En * flr2@®nmanay < 1} (10.27)

e (f, Demn)
Then

0 < Cap,(K) <Cap(K)=0 (10.28)
so that Cap, (K) = 0. With this at hand, [I04, Theorem 1.5 (a)] (here we make use of the fact that n > 4)
then allows us to strengthen (10.24]) to

{ue L} (R";d"z)| Au=0in R"\K} = {0}. (10.29)

Next, we follow the argument used in the proof of [138, Lemma 5.5] and [3, Theorem 2.7.4]. Reasoning by
contradiction, assume that Bg 2(K) > 0. Then there exists a nonzero, positive measure p supported in K
such that go x p € L?(R™). Since go(x) = ¢, En(2) + o(|2|>~") as |#| — 0 (cf. the discussion in Section 1.2.4
of [3]) this further implies that E,, * u € L _(R™;d"z). However, E,, * u is a harmonic function in R™\ K,
which is not identically zero since

lim 2" 2(E, * p)(z) = cou(K) > 0, (10.30)
T—r00
so this contradicts (10.29]). This shows that By 2(K) = 0. O

In this context we also refer to [82, Sect. 3.3] for necessary and sufficient conditions for equality of (certain
generalizations of) the Friedrichs and the Krein Laplacians in terms of appropriate notions of capacity and
Dirichlet forms.

Theorems|10.3 readily generalize to other types of elliptic operators (including higher-order systems).
For example, using the polyharmonic operator (—A)¢, £ € N, as a prototype, we have the following result:

Theorem 10.6. Fix £ € N, n > 20+ 1, and assume that K C R™ is a compact set of zero n-dimensional
Lebesgue measure. Define ) := R™\ K. Then, in the domain Q, the Friedrichs and Krein—von Neumann
extensions of the polyharmonic operator (—A)¢, initially considered on C§°(Q), coincide if and only if
B2 (K) =0.

For some related results in the punctured space €2 := R™\{0}, see also the recent article [4]. Moreover, we
mention that in the case of the Bessel operator h, = (—d?/dr?) + (v? — (1/4))r~2 defined on C§°((0,0)),
equality of the Friedrichs and Krein extension of h, in L2((0,00); dr) if and only if v = 0 has been established
in [I34]. (The sufficiency of the condition v = 0 was established earlier in [83].)
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While this section focused on differential operators, we conclude with a very brief remark on half-line
Jacobi, that is, tridiagonal (and hence, second-order finite difference) operators: As discussed in depth by
Simon [I69], the Friedrichs and Krein—von Neumann extensions of a minimally defined symmetric half-line
Jacobi operator (cf. also [49]) coincide, if and only if the associated Stieltjes moment problem is determinate
(i.e., has a unique solution) while the corresponding Hamburger moment problem is indeterminate (and
hence has uncountably many solutions).

11. EXAMPLES

11.1. The Case of a Bounded Interval (a,b), —0o < a < b < 0o, V = 0. We briefly recall the essence of
the one-dimensional example §2 = (a,b), —00 < a < b < o0, and V = 0. This was first discussed in detail by
[14] and [81] Sect. 2.3] (see also [82] Sect. 3.3]).
Consider the minimal operator —A,,;, (a,5) in L?((a,b); dz), given by
- Amin,(a,b)u = _u/lv
(AS dom(fAmin,(a,b)) = {1) € L2((CL, b)vdz) |va/ € AC([U‘7 bDa (111)
v(a) =v'(a) = v(b) = v'(b) = 0; v € L*((a,b);dx)},

where AC/([a, b]) denotes the set of absolutely continuous functions on [a, b]. Evidently,

2
Amin,(ab) = 02 C’gc((a,b))7 (11.2)
and one can show that
— Ainy(a) = [T/ (0 = @) T2 ((a,b)idar)- (11.3)
In addition, one infers that
(—Amin,(a,p)" = —Amaz,(a,b) (11.4)
where
— Aoz, (apyt = —u”,
u € dom(—A 0z, (ap) = {v € L*((a,b);dx) | v,0" € AC([a,b]); v" € L?((a,b);dx)}. (11.5)
In particular,
def(—=Ammin,(a,p)) = (2,2) and ker((—Apin,(a,p))") = lin.span{1,z}. (11.6)
The Friedrichs (equivalently, the Dirichlet) extension —Ap (45 0f —Apsin, (a,5) is then given by
- AD,(a,b)u = —UN,
u € dom(—Ap (o) = {v € L*((a,b);dz) | v,v" € AC([a,b)); (11.7)
v(a) =v(b) = 0; v" € L*((a,b); dz) }.
In addition,
o(=Ap () = {7*72(b — @)} jen, (11.8)

and
dom ((—ADy(ayb))l/Q) = {v € L*((a,b);dz) | v € AC([a,b]); v(a) = v(b) = 0; v € L*((a,b);dx)}. (11.9)
By ([2.10),

dom(_AK,(a,b)) = dom(_Amin,(a,b)) + ker((_Amim(a,b))*)v (1110)
and hence any u € dom(—AK,(a’b)) is of the type
w=f4n fedom(~Apin ) 0(z) = ula)+ [ub) - u(a)] (i‘j) z € (a,b), (11.11)

in particular, f(a) = f'(a) = f(b) = f'(b) = 0. Thus, the Krein-von Neumann extension —Ag, (4 of
—Ain,(a,p) 18 given by
- AK,(a,b)u = —U”,
u € dom(—Ag (qp)) = {v € L*((a,b);dz) | v,v" € AC([a,b)); (11.12)
v'(a) = v'(b) = [v(b) — v(a)]/(b—a); v" € L*((a,b); dx)}.

Using the characterization of all self-adjoint extensions of general Sturm-Liouville operators in [I87, Theorem
13.14], one can also directly verify that —Ag (4,5 as given by (11.12) is a self-adjoint extension of —Aip, (a,5)-
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In connection with (11.1J), (11.5), (11.7), and (11.12]), we also note that the well-known fact that
v,v" € L*((a,b); dz) implies v’ € L?((a,b); dz). (11.13)
Utilizing (11.13), we briefly consider the quadratic form associated with the Krein Laplacian —Ag (4.)-
By and ([2.43)), one infers,
dom ((—=Ag (ap)"?) = dom ((—Ap,(a5)?) + ker((—Amin. (@) ") (11.14)
/

2(u+ 9)H2L2((a,b);dx) [(=Ab,(a,p) /2“H2L2((a,b);dw)

(u+9), (w4 9)") L2 ((ab)saz) — [9(b)g'(b) — g(a)g' (a)]

((u+9)s (w+9)) L2 ((ab)az) — [[u(D) + g(0)] = [u(a) + g(a)]|?/ (b — a),

u € dom ((—Ap (an)?), 9 € ker((—Amin.(ap)’)- (11.15)

Finally, we turn to the spectrum of —Ag (45). The boundary conditions in (11.12)) lead to two kinds of
(nonnormalized) eigenfunctions and eigenvalue equations

Wik, x) = cos(k(x — [(a+b)/2))),  ksin(k(b—a)/2) =0
kK(CLb)] (]+1)7T/(b_a) J=-L13,5,...,

[(=Ak (@)’

(11.16)

and
o(k,z) =sin(k(z — [(a +b)/2])), k(b—a)/2 =tan(k(b—a)/2),
kr (ap),0 =0, Jm < kg (ap),j < G+ )m, 7=2,4,6,8,..., (11.17)
Jim e 020 — (26 4+ D/ (b~ )] = 0.

The associated eigenvalues of —A (4,5 are thus given by

(= Ak (ap) = {0} U {kE (40).; }iens (11.18)

where the eigenvalue 0 of —Ag (4) is of multiplicity two, but the remaining nonzero eigenvalues of —Ag (4 1)
are all simple.

11.2. The Case of a Bounded Interval (a,b), —0o < a < b < o0, 0 <V € L'((a,b);dx). The general
case with a nonvanishing potential 0 < V € L'((a,b);dz) has very recently been worked out in [61]. We
briefly summarize these findings next.

Suppose T = —% +V(z), x € (a,b), and Hyipn (a,p), defined by

Hmin,(a,b)u =—u" + VU,
u € dom(Hyin,(a,5)) = {v € L?*((a,b); dx) |v, v' € AC([a, b]); (11.19)
v(a) =v'(a) = v(b) = v'(b) = 0; [ + V] € L*((a,b);dz)},

is strictly positive in the sense that there exists an € > 0 for which

(U,Hmin (a, b)u)Lz((a b);dzx) 2 EHHH%Q((a,b);dm)v u e dom(Hmim (a,b))~ (1120)
Since the deficiency indices of Hyin, (ab) are (2,2), the assumption (11.20) implies that
dim(ker(Hyi, (o)) = 2- (11.21)

As a basis for ker(H};; @ b)) we choose {u1(-),ua(+)}, where u;(-) and us(-) are real-valued and satisfy
ui(a) =0, b) =1, wug(a)=1, wuq(b)=0. (11.22)
The Krein-von Neumann extension Hy, (q,6) Of Huin, (a,b) in L?((a,b); dz) is defined as the restriction of

" . .
min, (a,b) with domain

(-
ua (

dom(HK,(a,b)) = dom(Hmin,(a )) + ker( min,(a, b)) (1123)

Since H (q,p) is a self-adjoint extension of Hyyin, (4,5), functions in dom(Hy,(q,4)) must satisfy certain bound-
ary conditions; we now provide a characterization of these boundary conditions. Let u € dom(Hx (4,)); by

(T1.23) there exist f € dom(Hypin,(a,)) and € ker(HY, (a,p)) With
u(z) = f(z) +n(z), z € a,b]. (11.24)
Since f € dom(Hpin (a,p)),

fa) = f'(a) = f(b) = f'(b) = 0, (11.25)
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and as a result,

u(a) =n(a), u(b) =n(b). (11.26)
Since n € ker(Hy;, (,4)s we write (cf. (11.22))
n(x) = crur (0,2) + couz(0, ), = € [a,b], (11.27)

for appropriate scalars ¢1,co € C. By separately evaluating (11.27) at x = a and x = b, one infers from

([[1.22) that

n(a) =ca, n(b) = c1. (11.28)
Comparing and allows one to write as
n(x) = u(b)ui(z) + u(a)uz(x), = € [a,b]. (11.29)
Finally, (11.24)) and (11.29)) imply
u(z) = f(x) + ud)ur(z) + u(a)uz(z), =z € [a,b], (11.30)
and as a result,
W (@) = f(2) + u(b)is (2) + u(@)h(), = € [a,b). (11.31)

Evaluating (11.31)) separately at x = a and x = b, and using ([11.25|) yields the following boundary conditions
for w:

o' (a) = u(b)u)(a) + u(a)uy(a), u’(b) = u(b)u} (b) + u(a)uy(b). (11.32)
Since uf(a) # 0 (one recalls that u;i(a) = 0), relations can be recast as

() ()
(u *“2 () L ) (11.34)

where

Then Fx € SLy(R) since (|11.34) 1mphes

us(b)
det(Fg) = ——2—+ = 11.35
ct(Fio) =~ 240 (11.35)
Thus, Hk (a,5), the Krein—von Neumann extension of H i, (a,4) explicitly reads
HK)(a,b)u =—u" +Vu,
2 . (v() v(a) ) |
u € dom(Hg (q.)) = {v € L*((a,b);dx) | v, v" € AC([a, b]); <v’(b)) = Fx <v’(a) ; (11.36)

[—v" 4+ V] € L*((a,b); dz)}

Taking V' = 0, one readily verifies that (11.36]) reduces to (11.12) as in this case, a basis for ker(H, (a b))
is provided by

0, T—a 0, b—=w
Uy (x)—ib_a, Us (:l:)—b_a7 z € [a,b]. (11.37)

The case V = 0 and —d?/daz? replaced by —(d/dz)p(d/z), with p > 0 ae., p € LL _((a,b);dx), p~* €
L' ((a,b); dz), was recently discussed in [76].

11.3. The Case of the Ball B, (0;R), R > 0, in R", n > 2, V = 0. In this subsection, we consider in
great detail the scenario when the domain 2 equals a ball of radius R > 0 (for convenience, centered at the
origin) in R™,

Q=B,0;R)CR", R>0,n>2. (11.38)
Since both the domain B,,(0; R) in , as well as the Laplacian —A are invariant under rotations in R"
centered at the origin, we will employ the (angular momentum) decomposition of L?(B,,(0; R); d"x) into the
direct sum of tensor products

L*(B,(0; R); d"z) = L2((0, R);r"~tdr) ® L*(S™ s dwn1) = D Hue,0.m): (11.39)
LeNy
Hn,é,(O,R) = LQ((O,R);Tn_ldT) ® ICn,g, { €Ny, n>2, (11.40)
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where S"~! = 8B,,(0;1) = {x € R"||z| = 1} denotes the (n—1)-dimensional unit sphere in R", dw,, _; repre-
sents the surface measure on S, n > 2, and K, ¢ denoting the eigenspace of the Laplace—Beltrami operator
—Agn-1 in L?(S" 1 dw,_1) corresponding to the fth eigenvalue k,, ¢ of —Agn-1 counting multiplicity,
Fne =L +n—2),
204+n—-2)LTl+n—2) (11.41)
=dne, €Ny, n>2
T((+1)(n—1) m 0=
(cf. [147, p. 4]). In other words, K, ¢ is spanned by the n-dimensional spherical harmonics of degree ¢ € Ny.

For more details in this connection we refer to [I6I, App. to Sect. X.1] and [187, Ch. 18].
As a result, the minimal Laplacian in L?(B,,(0; R);d"x) can be decomposed as follows

1 0
— Ain, B, 1) = —Aleg m.0m) = P HY) in ® Ik, ( |
= 11.42

dom(_Amzn,Bn(O,R)) = Hg (Bn (07 R))7

dim(K ) =

where Hff;vmm in L2((0, R);r"~1dr) are given by
d? —1d n
= (=5 =) ooy (149
" oA T o)
Using the unitary operator U,, defined by
L2 cpen—1 L2 .
o [PHORE ) o (0, R, s
¢ = (Ung)(r) = r"=12¢(r),
it will also be convenient to consider the unitary transformation of H. éozmm given by
hfmo,z,mzn = UnHr(L(,)g,mann_l’ ¢ € NO’ (1145)
where
2
(0) - d (n — 1)(n - 3)
n,O,min__W—‘rT’ 0<T<R7
dom (A} in) = {f € L2((0,R):dr) | f, /' € AC([e, R]) for all € > 0;
J(R-) = f(R-) =0, fo = 0 (11.46)
(—=f"+[(n—1)(n—23)/4r 2f) € L*((0,R);dr)} for n = 2,3,
2
(0) . _i 4kp 0 + (n - 1)(7?, — 3)
nl,min dr2 + 472 , O<r< R,
dom (b’ ...) = {f € L*((0, R);dr) | £, f' € AC([e, R]) for all £ > 0;
f(R) = f'(R_) =0; (11.47)

(=" + [Fne + ((n = 1)(n = 3)/4)r 2 f) € L*((0, R); dr) }
foreN,n>2and £ =0,n > 4.

In particular, for € N, n > 2, and ¢ = 0, n > 4, one obtains
(0) d? dkpe+ (n—1)(n-23)
hn,@,min = - ﬁ + : 492
T r C5°((0,R)) (1148)
for{eN,n>2 and {=0,n>4.

On the other hand, for n = 2, 3, the domain of the closure of h,(lO is strictly contained in that

)
0,min ’CS"((O,R))

of dom (hg%,mm), and in this case one obtains for
~ d? -1 —
RY min = < - W) , n=23, (11.49)
- ar o G (O.R)
that
2
~ — 1) (n—
h(o) :_ier 0<r<R,

n,0,min dTQ 47,2 ’
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dom (h(o)

n,0 mzn)

{f € L*((0,R);dr) | f, f € AC([e, R])fora115>0
f(R-)=f(R-)=0, fo=f3=0; (11.50)
(=" +[(n = 1)(n = 3)/4]r=2f) € L*((0, R); dr) }.
Here we used the abbreviations (cf. [54] for details)

h{me[lﬂ W), n=2,

f(0+), n = 3,
(11.51)
o (im0 + ot i), n=2,
07 £(0y), n=3.
We also recall the adjoints of hi )e .min Which are given by
2
© y+__ 4 (n=1)n-3)
(hn,O min) - d’l“2 + 172 , O<r< R,
dom ((h) min)”) = {f € L2((0,R);dr) | f, f' € AC([e, R)]) for all & > 0; (11.52)
fo=0; (=f" +[(n—1)(n —3)/4rf) € L*((0, R);dr)} for n=2,3,
2
0) « d° ARpe+(n—1)(n—3)
( n,@,min) - _W + 472 s 0<r< fi7
dom (b} in)") = {f € L2((0, R);dr) | . f' € AC([E R]) for all & > 0; (11.53)
(=" + [ne + ((n = 1)(n = 3)/49)r2f) € L*((0, R); dr) }
for{eN,n>2and {=0,n>4.
In particular,
) e = (B} in) s L€ Ng, n>2. (11.54)
All self-adjoint extensions of h;%mm are given by the following one-parameter families hi%a o One €
R U {c0},
2
o __4& @=-Dnh-3)
n,0,an,0 dr2 472 s 0<7"<R,
dom (h’}y .. ) = {f € L*((0,R);dr) | f, f € AC([e, R)) for all € > 0;
F'(R-) 4+ anof(R-) =0, fo=0; (11.55)
(=f"+[(n—1)(n—23)/4r=2f) € L*((0,R);dr)} for n = 2,3,
2
0) _d* ket (n—1)(n—3)
oy d’]"2+ 47’.2 5 0<T‘<R,
dom (n) . ) ={f € L*((0,R);dr) | f, f' € AC([e, R]) for all € > 0
F'(Ro)+ anef(R-) =0; (11.56)

(—=f" + [Fne + ((n = 1)(n = 3)/4)]r2f) € L*((0, R); dr) }
foreN,n>2and {=0,n>4.

Here, in obvious notation, the boundary condition for «, ; = oo simply represents the Dirichlet boundary
(0)

condition f(R_) = 0. In particular, the Friedrichs or Dirichlet extension hgboz pofh,, ..

that is, by

is given by A

néoo’

© _ & (n-1)(n-3)
hn,O,D ——W‘F 172 , 0<r<R,
dom(hg) D) ={f € L*((0,R);dr) | f, ' € AC([e, R]) for all € > 0; f(R_) =0,
fo=0; (=f"+[(n—1)(n—3)/4r 2f) € L*((0, R);dr)} for n=2,3, (11.57)
o d*>  Akpe+ (n—1)(n—3)
hn,é,D = —W—F 12 , 0<r<R,

dom () ) = {f € L*((0,R); dr) | f, ' € AC([e, R]) for all € > 0; f(R_) = 0;
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(=" + [ne + ((n = 1)(n = 3)/4))r~2f) € L*((0, R); dr) }
for{eN,n>2and ¢ =0,n > 4. (11.58)

To find the boundary condition for the Krein—von Neumann extensmn h(o) K of hn v.min> that is, to find the
corresponding boundary condition parameter o, ¢ x in (11.55), (11.56), we recall (-) that is,

dom (1) ) = dom () mm> Fker (0,)"): (11.59)
By inspection, the general solution of
d*> 4dkpe+ (n—1)(n—3)
_ ’ = 11.
( P + 12 P(r)=0, re(0,R), (11.60)
is given by
W(r) = ArtHln=0721 4 gp=t=l(n=3)/21 4 BeC, re (0,R). (11.61)

However, for £ > 1, n > 2 and for £ = 0, n > 4, the requirement v € L?((0, R); dr) requires B = 0 in (11.61)).
Similarly, also the requirement g = 0 (cf. (11.52)) for £ = 0, n = 2,3, enforces B = 0 in (11.61)).

Hence, any u € dom (hi% K) is of the type

n(r) = u(R_)r“'[("—l)/Q], re[0,R), (11.62)

in particular, f(R_) = f'(R-) = 0. Denoting by «,, s,k the boundary condition parameter for h( %K one

thus computes

u=f+mn, fedom(h(o)

n,l min)

u(Ro) _ n'(R-)

— = g = T < e+ (- /2R (11.63)
Thus, the Krein—von Neumann extension h; of hnoé min 15 given by
2 — 1) (n—
fIOZ)K:—%jLW, 0<r<R,
dom (hf% k) ={f€L?((0,R);dr)| [, f' € AC([ R)) for all € > 0;
F(R-) = [(n = D)/2R f(R-) = 0, fo = 0 (11.64)
(=f"+[(n=1)(n—23)/4r *f) € L*((0, R);dr)} for n = 2,3,
2 _ _
hgozK:7%+4ﬂnl+(’r:lr21)(n 3)7 0<7’<R7
dom (b)) ;) = {f € L*((0, R);dr) | f, f' € AC([e, R]) for all € > 0;
f'(R-) = [+ ((n—1)/2)]R7 f(R-) = 0; (11.65)

(=f" + [Fne + ((n = 1)(n = 3)/4)]r~2f) € L*((0, R); dr) }
foreN,n>2and £ =0,n > 4.

Next we briefly turn to the eigenvalues of h( ) 0.0 and hn ek I analogy to (11.60]), the solution v of

> Akpe+ (n— 1)(n -3)
( g2t 1,2 —z|(r,2) =0, 7€(0,R), (11.66)
satisfying the condition (-,z) € L%*((0,R);dr) for £ = 0, n > 4 and ty(z) = 0 (cf. (I1.52)) for £ = 0,
n = 2,3, yields
1/)(7“7 Z) = Ar1/2Jl+[(n—2)/2] (Z1/27'), A€ (Cv re (Oa R)v (1167)

Here J,(-) denotes the Bessel function of the first kind and order v (cf. [Il Sect. 9.1]). Thus, by the boundary
condition f(R_) =0 in (11.57)), (11.58)), the eigenvalues of the Dirichlet extension thO,%,D are determined by
the equation ¥(R_, z) = 0, and hence by

Jiti(n—2)/2(z"/*R) = 0. (11.68)
Following [1, Sect. 9.5], we denote the zeros of J,(-) by jux, k¥ € N, and hence obtain for the spectrum of

(0)
n,l,F»

B (0) g _
( néD) {)\n . D.kSkeN — {jl?+[(n72)/2],kR 2}1@\1» teNg, n>2. (11.69)

Each eigenvalue of of hn 4 p s simple.
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Similarly, by the boundary condition f'(R_) — [{ + ((n — 1)/2)]R™'f(R-) = 0 in (11.64)), (11.65), the
eigenvalues of the Krein—von Neumann extension hfl% x are determined by the equation
V(R 2) = [0+ ((n = 1)/2](R, 2) = A2 RY2 Ty (2 (2 R) = 0 (11.70)
(cf. [1 eq. (9.1.27)]), and hence by
22004 (ny2) (212 R) = 0. (11.71)
Thus, one obtains for the spectrum of hfloz K
0) . _
(hq(zz K) {o}u {)\n 0K kS keN = {0} U {]l?+(n/2),kR Q}keN’ teNg, n>2. (11.72)

Again, each eigenvalue of hn,z,K is simple, and n(r) = Crt+l(»=1/2] C € C, represents the (unnormalized)

eigenfunction of hflo,;, x corresponding to the eigenvalue 0.
Combining Propositions one then obtains

= Arnaz, B, (0:R) = (—Bmin,B,(0:R))" = @ (Hfloz mm) ® I, (11.73)
LeNg
—Ap B, (0;R) = @ HS,)Z,D ® I, 4 (11.74)
£€Ng
— AK.B.(0:R) = @ Hn 0k @Ik, . (11.75)
£E€Ng
where (cf. (11.42))
(0) (0) (0) *
Hn {max (Hn l, mzn) = U (hn ¢, mm) U,, {e&Ny, (11.76)
HY) b= U, pUn, €N, (11.77)
HY) = U ) Un, L€ N, (11.78)

Consequently,

_ (0 _[:2 -2
U(_ADan(O;R)) = {)‘n,l,D,k}ZeNo,keN - {-7€+[(n72)/2],kR }éeNo,keN’
Uess(_AD B,,(0; R)) = (Z)?

( AK B,,(0; R)) = {0} U {)‘n 1K k}ZENo,kGN = {0} U {jl?Jr(n/Q),kR_Q}geNmkeNa
dim(ker(=Ag B, (0:r))) = 00, Tess(—Axk,B,(0;r)) = {0}

By (11.41)), each eigenvalue )‘;OZZ,D w k €N, of ~Ap g (0;r) has multiplicity d, ¢ and similarly, again by

, each eigenvalue )\Sz’K’k, k €N, of —Ag p, (0;r) has multiplicity d, ¢.

Finally, we briefly turn to the Weyl asymptotics for the eigenvalue counting function associated
with the Krein Laplacian —Ag g, (o;r) for the ball B,(0;R), R > 0, in R", n > 2. We will discuss a
direct approach to the Weyl asymptotics that is independent of the general treatment presented in Section
[0 Due to the smooth nature of the ball, we will obtain an improvement in the remainder term of the Weyl
asymptotics of the Krein Laplacian.

First we recall the well-known fact that in the case of the Dirichlet Laplacian associated with the ball

B, (0; R),

N©

Do) = (20) ZRIAM2 — (2) D (/) RPN /2

+0(A"=2/2) as X — o0, (11.83)

with v, = 7"/2/T'((n/2) 4+ 1) the volume of the unit ball in R” (and nwv, representing the surface area of the
unit ball in R™).

Proposition 11.1. The strictly positive eigenvalues of the Krein Laplacian associated with the ball of radius
R >0, B,(0;R) CR™, R>0, n>2, satisfy the following Weyl-type eigenvalue asymptotics,

N g 0y ) = (2m) RN (2m) 7Dy [(0/4)v, + v | RPTIACD/2
+O0(A\"D/2) s )\ — . (11.84)
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Proof. From the outset one observes that

AS},D,k < )‘7(32,1(,1@ < )‘1(10,35,D,k+1a e Ny, k€N, (11.85)
implying
0 0
N 0 S NDs 0, AER. (11.86)
Next, introducing
he 1 such that j2, R72 <
N\ = t e. argest k € N suc .t at j, 7 <A, AER, (11.87)
0, if no such k£ > 1 exists,

we note the well-known monotonicity of j, j with respect to v (cf. [I84] Sect. 15.6, p. 508]), implying that
for each A € R (and fixed R > 0),

No(N) <N, (N) for v/ > v >0. (11.88)
Then one infers
0 0
NEs 0N = D due Ny 106N); - N 0N = D dne Niwjay e (N). (11.89)
£eNg £eNg
Hence, using the fact that
dn,é = dnfl,f + dn,éfl (1190)

(cf. (11.41))), setting d,,,_1; = 0, n > 2, one computes
0
N},,;,L(O;R)(A) = dni-1 Nowyzy—106N) + D dn1.0Nny2)—146(N)

£eN £eNy
< Z dn o Ninj2)+0(N) + Z dn—1,0 N((n—1)/2)—1+¢(N)
£eNy £eNy
_ (0 (0)
= NK,B,,(O;R)(A) + ND,Bn_l(O;R)(A)’ (11.91)
that is,
(0) (0) (0)
ND,Bnm;R)()‘) < NK,Bn(O;R)()‘) + ND,Bn_l(O;R)(/\). (11.92)
Similarly,
0
N(D )Bn(O;R)()‘) = ;;Idn,zq Nny2y-14e(X) + Z% dn-1,0Nmj2)-1+6(A)
€ €Np
> Z e Ninj2y+e(X) + Z dn—1,0 N((n—1)/2)+2(N)
£eNy £eNg
_ n(0) (0)
= NK)BH(O;R)()\) + NK,B,,H(O;R)()\), (11.93)
that is,
(0) (0) (0)
ND,Bn(O;R)()‘) 2 NK,Bn(O;R) (A) + NK7Bn71(0;R)()\), (11.94)
and hence,
(0) (0) (0) (0)
NK,B,H(O;R)(/\) < [ND,B,,L(O;R)()‘) - NK,B,,L(O;R)(A)] < ND,B,,L,l(O;R)()‘)‘ (11.95)
Thus, using
0 0 0 ne
0< N5, 00N = Nicp, 0] < Nps, 0.y (N) = O 72) s X = oc, (11.96)

one first concludes that ) — . = - as A — 0o, and hence using .83)),
fi ludes that [N o 0N = N 0. (V] = O(A=D/2) as A d h ing (T1.83)

My ) = () P2+ O s 3 (197

This type of reasoning actually yields a bit more: Dividing (11.95) by A»~1/2 and using that both,
NO (A) and NI(?)Bn )()\) have the same leading asymptotics (27)~ ("~ Do2_| RPINM=1/2 a9

D,Bn_1(0;R) _1(0;R
A — 00, one infers, using (11.83) again,
(0) _ n© (0) (0)
NK,BH(O;R)()‘) - ND,Bn(O;R)()‘) - [ND,BH(O;R)()‘) o NK,BH(O;R)()‘)]
0 —(n— n— n— n—
= NYp 0.V — (@m) "2 Rrmtz(mh/2 4 (A= 1/2)

= (27T)7WUTQLRn>\TL/2 _ (2#)7(”*1)11”_1[(71/4)1)” + Un_l]RnflA(nfl)/Q
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+ 0()\("*1)/2) as A — oo. (11.98)

Finally, it is possible to improve the remainder term in (11.98]) from 0()\("_1)/2) to O()\(”_Q)/Q) as follows:
Replacing n by n — 1 in (11.92)) yields

(0) (0) (0)
ND,Bn,l(O;R)()‘) < Ngs, 0m) N+ ND,BMZ(O;R)()\) (11.99)
Insertion of (11.99) into (11.94)) permits one to eliminate N [((0 )Bn,l(o- Rr) 35 follows:
(0) (0) (0) (0)
Npls 0 = Nis 0O+ N5 0 = Npls. o0 (11.100)
which implies
(0) (0) (0)
[ND,BH(O;R)()‘) B ND,Bn,l(O;R)()‘)] < NK,Bn(O;R)(/\) (11.101)
(0) (0) (0) '
< [Nps.om® = Nps 0N+ Np's0m )
and hence,
(0) (0) (0) (0)
0= Nis,om™ = No5,00M = Nob,_0nWM] < Np s, _0m0): (11.102)

Thus, NiOg o) = [N s, 0N = N g, 0] = O(A"2/2) as A — oo, proving (I1.84). [

Due to the smoothness of the domain B, (0;R), the remainder terms in (11.84]) represent a marked
improvement over the general result (9.13) for domains (2 satisfying Hypothes A comparison of the
second term in the asymptotic relations ((11.83]) and (11.84)) exhibits the difference between Dirichlet and
Krein—von Neumann eigenvalues.

11.4. The Case Q = R™"\{0}, n = 2,3, V = 0. In this subsection we consider the following minimal
operator —A,, i, re\ {0} i L?(R";d"x), n = 2,3,

— Apingo\{0} = —A]C?(Rn\{o}) >0, n=23. (11.103)
Then
Hpre\(oy = Hig g2\f0y = —A,
\0} \0} e (11.104)
dOIn(HF’]Rz\{O}) = dOIn(HKﬁRz\{O}) =H (R ) if n=2
is the unique nonnegative self-adjoint extension of —A,,,;, g2\ fo} in L?(R?;d*z) and
Hprs\(oy = Hp ps\f0y = —A,
\{(0} \{0) o (11.105)
dom(HF,Rs\{O}) = dOHl(HDyRS\{O}) =H (R ) if n= 3,
Hyepo (o) = Hypov(oy = U hilhp U @ UTR{G U if n =3, (11.106)

LeN

where Hp s\ {0} and Hy rs\ {0} denote the Dirichlet and Neumanrﬂ extension of —A,,;,, gn\ o} in L?(R3; d3x),
respectively. Here we used the angular momentum decomposition (cf. also (11.39)), (11.40),

LQ(RR7 dnx) = LQ((Ov OO), ’rnild’r) & LQ(Snil; dwn—l) = @ Hn,f,(o,oo)a (11107)
£eNy
Hot,0,00) = L2((0,00); 7" 1dr) @ Ky, €€ No, n=2,3. (11.108)
Moreover, we abbreviated Ry = (0, c0) and introduced
d2
0
h((),])V,R+ = —W, r > 07
dom (h'\ 5, ) = {f € L*((0,00);dr) | £, f' € AC([0, R)) for all R > 0; (11.109)
f(04) =0; f" € L*((0,00);dr) },
2
0) d Ll+1)
hY, = ozt >0,
dom (h{y ) = {f € L*((0,00);dr) | f. f' € AC([0, R]) for all R > 0; (11.110)

LThe Neumann extension Hy r3\ {0} of —A,in rn\ {0}, associated with a Neumann boundary condition, in honor of Carl

Gottiried Neumann, should of course not be confused with the Krein—von Neumann extension Hp g3\ (o} Of —Asin R\ {0} -
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— "+ e(t+1)r2f € L*((0,00);dr)}, €€N.
The operators h§?n%+|cg°((o,oo)), ¢ € N, are essentially self-adjoint in L2((0,00);dr) (but we note that f €
dom (%% implies that f(0,) = 0). In addition, U in (11.106)) denotes the unitary operator,
LR, +

- {LQ((O,oo);r2dr) — L?((0, 00); dr), (11.111)

flr) = UF)(r) =rf(r).

As discussed in detail in [83] Sects. 4, 5], equations (11.104)—(11.106)) follow from Corollary 4.8 in [83] and
the facts that

—(2/m)In(2) +2i, n=2,
(U, MHF,R“\{O}JW— (2)ug)L2(mmidna) = {i(22)1/2 11, n=3, (11.112)
and
(g s M, o 0 N (2)04) L2(E3:a50) = 6(2/2) % = 1. (11.113)
Here
N, = lin.span{u, },
- pantur), . (11.114)
U+(£L’) = GO(Zaan)/HGO(Zv '70)||L2(R";d"x)a r€R \{O}a n=2,3,
and W
SHy (22| — =2
Golzya,y) = 4 1100, Pl =yl) @Ay n=2 (11.115)
e eyl f(4n|e —y|), x#y,n=3

denotes the Green’s function of —A defined on H?(R"), n = 2,3 (i.e., the integral kernel of the resolvent

(—A — 2)71), and H(gl)(-) abbreviates the Hankel function of the first kind and order zero (cf., [Il, Sect.
9.1]). Here the Donoghue-type Weyl-Titchmarsh operators (cf. [70] in the case where dim(N,;) = 1 and [83],
[85], and [91] in the general abstract case where dim(N5.) € NU{o0}) Mu, o (o & a0d Mp, oo )N, aT€

defined according to equation (4.8) in [83]: More precisely, given a self-adjoint extension S of the densely
defined closed symmetric operator S in a complex separable Hilbert space H, and a closed linear subspace
N of Ny = ker(S* — ily), N C N, the Donoghue-type Weyl-Titchmarsh operator Mg \.(z) € B(N)

associated with the pair (S, ) is defined by
Mg\ (2) = Py(28 + 1) (S — 2In) 7' Py
= 2Iy + (14 2*) Py (S — 2I) 'Py|,,, z€C\R,

with In the identity operator in A" and Py the orthogonal projection in H onto N.
Equation (11.112]) then immediately follows from repeated use of the identity (the first resolvent equation),

/ dnl’/Go(Zl,IE,(ZZ/)G()(ZQ,I'/,O) = (Zl - ZQ)il[GO(Zl,z7O) - Go(ZQ,SC,O)],
x#£0, 21 # 29, n=2,3, (11.117)

(11.116)

and its limiting case as © — 0.
Finally, (11.113]) follows from the following arguments: First one notices that
[ —(d*/dr®) + ar™

s (0.009) (11.118)

is essentially self-adjoint in L?(R,;dr) if and only if o > 3/4. Hence it suffices to consider the restriction of
H,in 5\ {0} to the centrally symmetric subspace H3.0,(0,00) of L?(R?; d*z) corresponding to angular momen-
tum £ = 0 in (11.107]), (11.108]). But then it is a well-known fact (cf. [83] Sects. 4,5]) that the Donoghue-type

Dirichlet m~function (u4, MHDyma\{o},Nﬁ_(Z)u+)L2(R3;d3x)a satisfies
(Ut ME, s oy N (2)U) L2(R31050) = (uo,Jm‘7\/-’,1((;))[)3{+ 7N0)+(Z)u0,+)L2(R+;dr)»
=i(22)%2 +1, (11.119)
where s
Noy = lin.span{ug 1}, uo o (r) =€ " 7/[2Im(z/2Y/2, >0, (11.120)
and M, ) Noos (z) denotes the Donoghue-type Dirichlet m-function corresponding to the operator

0,D,R4 VO

o _ &

0.DR, = " g2t T > 0,
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dom (b)) = {f € L*((0,00);dr) | £, f' € AC([0, R)) for all R > 0; (11.121)
f(04) =0; f" € L*((0,00);dr)},
Next, turning to the Donoghue-type Neumann m-function given by (u, M,LIN_]R(‘Q,\{O}’J\/+ (2)uy ) L2(R3;q37) One

obtains analogously to (11.119)) that

(Uts MHy s oy N (2)U4) L2(R35020) = (Uo,+aMh(<]%,R+ N, (P)u0.4) 2@ ar), (11.122)

where M, () NO+(z) denotes the Donoghue-type Neumann m-function corresponding to the operator
0.N,R+’ >

h((JOJ)V g, in (11.109). The well-known linear fractional transformation relating the operators M, o) - . (2)
N, 0,0,k VO,
and M, o) o +(z) (cf. [83 Lemmas 5.3, 5.4, Theorem 5.5, and Corollary 5.6]) then yields
0,N,]R+7 B
(o, My o (2)U0,4+) L2 (Rysar) = i(2/2)"% -1, (11.123)

0,N,R *

verifying (11.113]).
The fact that the operator T = —A, dom(T) = H?(R?) is the unique nonnegative self-adjoint extension
of —=A,in 2\ (0} in L?(R?;d?z), has been shown in [12] (see also [13, Ch. L5]).

11.5. The Case Q = R™"\{0}, V = —[(n — 2)?/4]|z|~2, n > 2. In our final subsection we briefly consider
the following minimal operator H,,;, rn\ {0} in L?(R";d"x), n > 2,

Hmin,]R"\{O} = (7A - ((’ﬂ - 2)2/4)|x|72)|05°(R"\{0}) Z 07 n Z 2. (11124)
Then, using again the angular momentum decomposition (cf. also ((11.39)), (11.40)),
LAR™; d") = L2((0, 00); 7" dr) ® L3H(S™ Y dwn—1) = €D Hinot,0,00) (11.125)
LeNy
Hoe,0,00) = L2((0,00); 7" dr) @ Ky, € € No, n > 2, (11.126)
one finally obtains that
Hpgro(oy = Hepevgoy = U  hor, U@ U e, U, n > 2, (11.127)
£eN

is the unique nonnegative self-adjoint extension of H,,, g\ 0} in L?(R";d"x), where

d? 1
hO,R+ = Tz 42 r >0,
dom(hor,) = {f € L*((0,00);dr) | f, f' € AC([e, R]) for all 0 < € < R; (11.128)
fo=0; (=f" = (1/4)r2f) € L*((0,00); dr) },
d2 4I€n7g —1
hn,@,R+ =2 + T2 r >0,
dom(hner,) = {f € L*((0,00);:dr) | f, f" € AC([e, B]) for all 0 < & < R;
(= f" + [Fne — (1/9)]r 2 f) € L*((0,00);dr)}, (€N, n>2. (11.129)
Here fo in ((11.128) is defined by (cf. also (|11.51)))
fo= nf&[_rl/? In(r)] "L (r). (11.130)

As in the previous subsection, hn,Z,R+|Cg°((0,oo))7 ¢ € N, n > 2, are essentially self-adjoint in L2((0, 00); dr).
In addition, ho R, is the unique nonnegative self-adjoint extension of ho g, |cee((0,00)) in L?((0,00);dr). We
omit further details.
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