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SWITCHING IDENTITIES BY PROBABILISTIC MEANS

J. BACKHOFF-VERAGUAS, AM.G. COX, A. GRASS, AND M. HUESMANN

Abstract: Switching identities have a long history in potential theory and stochastic
analysis. In recent work of Cox and Wang, a switching identity was used to connect an op-
timal stopping problem and the Skorokhod embedding problem (SEP). Typically switching
identies of this form are derived using deep analytic connections. In this paper, we prove
the switching identities using a simple probabilistic argument, which furthermore high-
lights a previously unexplored symmetry between the Root and Rost solutions to the SEP.
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1. INTRODUCTION

Let D be a rectangle of horizontal length 7 and let (0, x), (0, y) be points on the left
boundary of D. Let B be Brownian motion (started in x or y) and write o for the first time
at which (¢, B;) leaves the rectangle. As a particular case of Hunt’s switching identities, we
know that

E*[|By = yl] = B'[I1By — ] . (1.1)

In this paper, we will be interested in generalisations of this identity, which are of partic-
ular relevance in the construction of solutions to the Skorokhod embedding problem. The
Skorokhod embedding problem can be stated as follows: Given measures 4, on R, and a
Brownian motion B with By ~ A, find a stopping time 7 such that

B ~ pand (Biar)r»0 is uniformly integrable. (SEP)

In this paper we will be interested in a sub-class of solutions to (SEP) which are given
by the first hitting time of a right-barrier (resp. left-barrier) R which is a closed subset of
R, X R with the property that (t, x) €e R = (s,x) € R, when s > ¢ (resp. s < ). The most
prominent example of such a solution is the Root solution [[15]]. It establishes the existence
of a right-barrier RR* such that

Root .= inf{t > 0 : (1, B,) € RF*"}

solves (SEP). There is an analogous result for left-barriers by Rost [16]. While Root’s
original contribution was non-constructive, it was shown in [4} 5] how to build the Root
barrier. This was done by considering optimal stopping problems and establishing the
crucial identity

— B [|Boorpg — y|] = sup B [Uﬂ(BO.)]l(KT + UA(B(,)]lazr] (1.2)

o<T

where the supremum is taken over all stopping times o < T. Here U, is the potential
function associated with the measure m, i.e.

Un() = f by = x| m(dy).

Date: February 26, 2021.

AG has been funded by FWF Projects P28661 and Y782.

MH has been funded by the Deutsche Forschungsgemeinschaft (DFG, German Research Foundation) un-
der Germany’s Excellence Strategy EXC 2044 —390685587, Mathematics Miinster: Dynamics-—Geometry-
—Structure.

1



2 J. BACKHOFF-VERAGUAS, A.M.G. COX, A. GRASS, AND M. HUESMANN

From formula (T.2) , the barrier region R¥’ can be identified with the stopping region
of the optimal stopping problem after a reversal of the time component. Together with the
switching of the starting position between y and A, this formula can be seen as a general-
isation of @ Furthermore, the articles [4} 5] also provide a construction for the Rost
barrier similarly based on optimal stopping problems.

The equation (T.2)) is well understood in potential theoretic terms, and can be seen as a
deep consequence of Markov duality, applied to the time-space process (¢, B;). However
this connection does not offer much insight into why such equations might arise in these
applications. In [4}15] this connection was made via viscosity theory and it was noted that
a probabilistic explanation has yet to be given.

The aim of this short paper is to show that (I.2)) is a natural consequence of some simple
probabilistic arguments. As a bonus, our proof reveals a previously unexplored symmetry
between the Root and Rost solutions [16] to (SEP).

As a brief taste of the style of argument we will use, and to highlight its fundamental
nature, let us first consider equation (I.I). Introduce a second Brownian motion W, inde-
pendent of B, running from right to left and started on the right hand side of the rectangle
D at the point (7, y). For any s € [0, T] we consider the stopping times

oy =0 AT —¥)
Ts=inf{t>0: (T —t,W;) ¢ D} A s
and define
F(s) := BB=x"> (1B, - W, |].

Then F(0) = E*[|B, —y|] and F(T) = B’ [|Bs — x|[]. We will show that the function
s — F(s) is constant. In fact we will first show this for a discrete time version where we
replace B by a random walk X and W by a random walk Y. For this discrete version, it is
not difficult to see that F(s) = F(s — 1) (cf. Fig. 1 or Section for details) so that F is
constant. From there, (I.T)) follows from an application of Donsker’s theorem.
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Figure 1. Illustration of F(s) = F(s — 1).

The Rost optimal stopping problem was subject of investigation in [12] by McConnell
where it is derived via classical PDE methods and in [7] by De Angelis where a probabilis-
tic proof is given relying on stochastic calculus. Furthermore, the Root optimal stopping
problem was also derived by Gassiat, Oberhauser and Zou in [[14] where a suitable exten-
sion for a much wider class of Markov processes is established using classical potential
theoretic methods as well as by Cox, Obt6j and Touzi in [3]] where a multi-marginal exten-
sion of the problem is found.

1.1. Overview. In Section [3| we shall establish (I.2)) in the context of simple symmetric
random walks (SSRW) on the integer lattice, as well as a related identity pertaining Rost
stopping times. Interestingly, the symmetry between Root and Rost cases will be obtained
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as a consequence of a simple time-reversal principle. Then in Section 4| we explore ex-
tensions to the multidimensional setting. In Section [5| we will give some remarks on the
passage to continuous time and in Section [§) we will draw some future perspectives.

2. THE RooT AND ROST OPTIMAL STOPPING PROBLEMS

Recall the notion of Skorokhod embedding problem (SEP) from the introduction. This
problem was first formulated and solved by Skorokhod [17, [18]], and numerous new solu-
tions have been found since. We refer to the surveys of Hobson [9] and Obt6j [[13]] for an
account of many of these solutions. To guarantee well-posedness, we assume thoroughout
that A, u have finite first moment and are in convex order.

Let W denote a one-dimensional Brownian motion (in keeping with the introduction,
we think of W as a Brownian motion running backwards; the reason for this will become
clear in the following section). Suppose we are given initial and target distributions A and
1, we want to study the Root [[15] resp. Rost [16] solution to the corresponding (SEP).
While Root and Rost solutions are most commonly given as hitting times of so called
barriers, specific subsets of R?, keeping the previous notation, we will denote by DR
(resp. DR°") the continuation set of the Root (resp. Rost) embeddings which can be seen
as the complements of the barriers in R

Let us write uRo°" (resp. u®°*") for the law of the Brownian motion starting with distri-
bution A at the time it leaves D" (resp. D**") and 15" (resp. p%°") for the time it leaves
DRo' ([0, T) x R) (resp. DR N ([0, T) x R)). Recall that the potential of a measure m
is denoted by U, (y) := — f [y — x| m(dx), and for a random variable Z we write U for the
potential of the law of Z. Throughout this note we consider optimal stopping problems,
thus suprema taken over 7 (resp. o) will denote suprema over stopping times.

The relations of interest in our article, found in [4! 5], are

Upsoo (x) = B* | Uy (Wee) Lo g + Uy (W) Lor | 2.1
= SU B* | Upoo(We) Lecr + Un(We) ez | (2.2)
7<T
where the optimizer is 7 := inf{t > 0 : (T — 1, W,) ¢ DR} A T, and
Upron (%) = U o (x) = B[ (Uyron = U) (W) (2.3)
= sup E* [(Uysor = Ua) (W), (2.4)
<

where the optimizer is 7, := inf{t > 0 : (T —t,W,) ¢ DR} A T.

Remark that (2.1)-(2.2)) are related to (I.2)) in the introduction. On the other hand, (2.3)-
(2-4) haven’t been stated yet. One of the contributions of the article will be to obtain
the latter as a consequence of the former, by means of a previously unexplored symmetry
between Root and Rost solutions, as hinted at in the introduction.

In the coming section we establish the above results (2.1)-(2.4) in the context of simple
symmetric random walks (SSRW) on the integer lattice.

3. A COMMON ONE-DIMENSIONAL RANDOM WALK FRAMEWORK

Consider a set D C Z X Z satisfying

e If (t,m) € D, then for all s < ¢ also (s,m) € D.

This should be seen as a discretised version of the Root continuation set defined in the
introduction. Likewise a Rost continuation set can be cast in the above form after reflection
w.r.t. a vertical line.

Notation: Denote by X, Y two mutually independent SSRW on some probability space
(Q,P) which are started at possibly random initial positions. Given x,y € Z we write P*
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(A) SSRW where X7_; = Y, (B) SSRW where Xr_; # Y,

Ficure 2. Tllustrating the appearance of the indicator function in the core
argument.

and P, for the conditional distribution given Xy = x and Yy = y resp. Similarly Pj means
that we condition on both events simultaneously. We can consider a probability measure A
on Z a “starting” distribution by setting P* := ¥, . P*A({x}), etc. Let us then introduce the
stopping time

pRom =inf{t e N: (t,X;) ¢ D},

where N = {0, 1, ...}. We define by ,uR‘”” the law of Xz under P, and assume henceforth
that the martingale (Xpm ,\,)teN is uniformly integrable. We conveniently drop the depen-

dence of R on A. Given T € N we write X" for the P'-law of X rer,7. Note that this
definition is equivalent to ,u’T?”’” being the law of X started with distribution A at the time it
leaves D*°" N ({0, ..., T — 1} x Z). We will first establish the following identity, which is
a discrete-time version of (Z.1)-(2.2)

Uygon () = By [Uponr (Vo) T g + Uy (V) Loy | 3.1)
= sup E, [U,JR,,M(Y,)HKT + UA(YT)]ITzT], (3.2)
T<

where the optimizeris 7 :=inf{t e N: (T —1,Y;) ¢ D} A T.
From here we will derive the discrete-time analogue of (2-3)-(2-4).

3.1. Core argument. For convenience of the reader we present here the basis of the argu-
ment which we repeatedly use, namely that for s € {1,..., T}

B [1X7—s = Ysll = EJ [IX7—(5-1) = Ys1l].- (3.3)

This represents a formalisation of the discretised argument in the prelude. Indeed,

y
B (10— = Yoo) = (s = YDl Xrs Yot ]

|5 | IXr—s = Yil|Xrs, Yot ]
[
y IXr—s = Yooil + 1x,_ =y, ]
[
[

B [IXr— = Yoot + (Xr—s1 = Xr-)I|Xr—, Yo

EJ [lXT—s+1 — Yool X7—ss Ys—l]]
=E} [IXr-s-1) = Y51l

which is best read from the top until the middle equality and then from the bottom until the
same equality. More important than (3.3) is the reasoning above, especially the appearance
of the indicator of the event {X7_; = Y}, which stems from the fact that Y,_; (resp. X7_s)
always splits into Y + 1 (resp. X7_¢,—1) £ 1) with probability 1/2. For an illustration of this
phenomenon also see Figure 2}
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Ficure 3. Illustrating properties of Root stopping times.

3.2. The Root case. Let 7* := min{t € N : (T —1t,Y,) ¢ D} A T. We start with a useful
observation:

Remark 3.1. The equality Uproor (Yr) Loy = U”I;nm (Y+) 17 holds. Indeed, let z = Y-
on {t* < T}. Then (T - 7%,z) ¢ D and hence (X7 — 2)(X,x0 —z) > 0 On {ofo°t > T} as
otherwise X would have left D before pR°”, see also Figure 3| This implies

~Uppon(2) = B [1X e = 2]
= g [|xpk,m,AT — 2L oy = Ko = 2) Lo 2oy + Ko = 2) oo < X,]
= E* [|XpR""’AT = 2l proor <7 = (Xproo a7 — 2) L proors 1, 25 %, + (Xproora — Z)]lpkrmt>T’st7,j|
=g [|XPMAT - z|] = —U, s (2). (3.4)
Accordingly we may replace ©*°” by 5" in (3.I) (but we do not do so in (3:2)).

Given a Y-stopping time 7 < T, we define a stopping time o (r) of X as the first time
before T — 7 that X leaves D, i.e. o(1) := pR°? A (T — 1))'| For any y € Z we now introduce
the crucial interpolating function

F(s) = F7(s) = B [Xewng— Yeudl forsefo,... T} (3.5)

It may help to picture Y evolving “leftwards” from the lattice point (7, y) at time zero, so
that its exit time 7* from D before T is measured as T — 7* for the “rightwards” process X.

Remark 3.2. We see that o/(0) = pR°? A T, so consequently
F(0) = B [IXppoonr = ¥| = =U,on ().
On the other hand, o(t*) = pR° A (T — %), so
F(T) = E} [IX g = Yeel|
=B} [IXpponr—ry = Yo lLeoar + Xproon—ry = Yol Lpor |
= B [Xpronnr = Yo lLe-ar + [Xo = Yo [Lr—7]
= =B, [Uor (V) Lo cr + Ua(Ye) Lot |

by independence and by applying the appropriate analogue of the argument in Remark [3.1]
for the third equality.

We can now prove (3:I)) and (3.2); we treat the cases separately.
Lemma 3.3. The function F is constant. Consequently

Uyson3) = By | Uponr (Ye) Lo cx + U (Yee) Loy |

]Formally, T is a stopping time w.r.t. the filtration G = (G)ren, Where G; = o({Y,, : u < t}). o(7) is a stopping
time w.r.t. the filtration ¥ = ()<, Where Fy = c({X,,, Y, : u < 5,t < T})
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Proof. Let 0 < s < T. Define the stopping times 7; := " A sand 05 = o(7" A 5) =
PR A(T = 7%). Then

F(s) = B} [1X,, - Yz].
Let us first prove that
B (X, = Vel = B [, = Yoo 1+ Loy, o] (3.6)
Since
E;l [lXO'x - YT§|] = E;{ [lXpR"‘”/\(T—s) - YS|IlT*2X:| + E; [|X0'S - Y‘r;l |]]-T*<s] >
and with the appropriate analogue of the core argument (3-3) (see also Figure )
E [IX o (r—s) = YslLeos]
= E;l [Ef [|XpR""’/\(T—s) - YY||XpR”"’A(T7.v)’ Yo,..., stl] ]]-T‘Zs]
= B} B} [|(Xproonr—s) = Yoot) = (Y5 = Yoo Dl Xproornr—sys Yor .o Yot | Lo
= E;l [(lXpR""’/\(Tﬁv) - Y5,1| + I]'ka"m‘A(’l‘—s-):Yr—l) ]]'T*ZS:I
= E)/l |:|X(r5 - YT;_] |]]-T*Zs + ILXpR”m/\(T—S): -1 ,T*ZA‘] )

clearly (3.6) follows. Now let us similarly establish that
B (X, = Yoo ] = B I, = Voo 1+ L o, gy 37
=B Xe, = Yo 14 T . (3.8)
Indeed,
E [IXo, = Yoo || = B [IXrsat = Yoot Leosg pronsroy | + B [IXer, = Yoo 1D cquiproncr—g |
and again with the appropriate analogue of (3.3)
B [IX7-o1 = Yot [Leos proosy—s
=B} [B} [IXr—sr1 = Yoot Xo, ... Xros Yoo s Yoot | Dposg pronsy—|
= B} [B} (X7 = Yoo)) + Krosir = XDl Xos o Xros Yoo Yoot | Doosg pronsy—]
=B} [(Xr—s = Yot + Ly, _my, ) Deosg prosr—]
= Ef [lXa.,. =Yoo Loy proosy—g + ]lxm=y,;I ,T*Zs,pk”'”>T—s:| ,

also (3.7) follows. We then see that (3.8) holds true since on {X,,, = Y;- ,7* > s} we have
(T-(-D,Y)=(T-(s—-1),Y- )=(T-s5+1,X;) € D, and so by definition of D
necessarily (0 A(T - 5), X)) € D, thus pR°" > T — s + 1 is fulfilled. The identities (3.6)
and (3-8) now yield that F is constant. mi

The proof of (3-2) follows similar lines. Given a Y-stopping time 7 we consider the
interpolating function

F'(s) = E![Xowny = Yensdl] forsefo,....T). (3.9)

Lemma 3.4. Forevery{0,..., T}-valued stopping time T of Y, the function F7 is increasing
and

Uypon(3) 2 By [Upon (Ye) Trer + Ua (¥2) Lo |
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Ficure 4. Tllustration of the core argument in the Root setting.

Proof. Clearly F7(0) = _U,u';m"(y). On the other hand,
F(T) = B} [IXppoonz—r) = YelLecr +1Xo = YelLror |
=~} |Ux s, g, (Yo Lt + Un(Ye) Loy |
~E; [Ux;,R(,(,,(YT)JlKT + UA(YT)]IT:T],

where the inequality is a consequence of the potentials s — Uy pRm,/M(z) being decreasing in

s for each z (by Jensen’s inequality and optional sampling) and the martingale (XpRum M)
being uniformly integrable. Thus if we show that F7(-) is increasing, we can conclude.
Let 0 < s < T. Define the stopping times 7, := 7 A s and oy = pf°" A (T — ;). Then,
analogous to the proof of Lemma|[3.3] but replacing 7* by 7, we get
F7(5) = B [IXo, = Yo |+ Ix, oy, s

Ty ="

1
> E; [|X(r; = Yo [+ 1x, oy, ,rzs,prsz—(s—l)] =F'(s—1),

o

teN

thus F7(-) is increasing. O

Remark 3.5. The second part of the preceding proof, stating that the function F~ is increas-
ing, yields after trivial modifications that also

S = F;(S) = Ef [|X0'/\(T—T/\S) - Y‘r/\s” 5 (310)
is increasing. We did not use the particular structure of pR°*’ there.

Remark 3.6. There may be many other interpolating functions (which must coincide when
T = 7" of course). For example, if we replace (1 A 5) = pR° A (T — 7 A 5) by

pRoot ifr<s
O-(T’ S) = Root
P AN(T —5) else
and then define
F'(s) = E}[IXors) = Yensl] forsef{0,...,T}, (3.11)

we have F7(0) = —U,ma(y) and F7(T) = —E} [prRw,(YT)]lKT + U/I(YT)]lT:T], for each
stopping time 7 € [0, T]. This function can be seen to be increasing for each such 7 and
constant for 7.

3.3. The Rost case as a consequence of the Root case. Emboldened by the results in the
Root case, we could proceed to establish (Z.3)-(2.4) in a SSRW setting via interpolating
functions as well. It is much more illuminating and elegant, however, to deduce the Rost
case from the Root one. We thus keep the notation as in the previous part.
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Ficure 5. Illustration of the connection between DR and D, resp. be-
tween pRost and pRooz'

Proposition 3.7. For each x,y,T, any stopping time T for Y such that B,[|Y;|] < oo, and
every {0, ..., T}-valued stopping time o for X, we have

E, [lx = Yel =[x = Yourll < B} [IXe = Yel = X, =] (3.12)
Suppose furthermore that
T=inf{te N: (T -1,Y,) ¢ D}, (3.13)
and that o = pR° A T. Then there is equality in (3.12).
Proof. We first prove the inequality
E, [1x = Yel = ¥ = Yeurll S B{ [Xo = Yel = Xoncroenr) = Yenrll . (3.14)
This follows, on the one hand, by
Ey [(Jx = Yol = |x = YoarD) Leer] = 0 < BV [(IXo = Yol = [Xon@—) = Yel) Lecr ]

where the inequality follows by Jensen’s inequality and optional sampling. Similarly we
also conclude by Jensen and optional sampling that

Ey [(x = Yzl =[x = Yearl) Lear] < ES[(1Xe — Yol = [Xo = Y7D) Lrear ]

We furthermore note that considering F7. as defined in (3:10) for the choice 4 = §, we
have that the r.h.s. of (3:12)), resp. of (3:14), coincides with E [|X, — Y-|] — F%(0), resp.

E;‘ [IXe = Y] = F.(T). We can now conclude from Remark stating that F7_ is increas-
ing, the desired result (3-12).
In the case o = pR%" A T and 7 fulfilling (3:13)), we obtain that Floins = F;,QT, ar =

F™ = F on [0,T], by (3.13), which by Lemma is constant. So to conclude we must
show that

By [l = Yil = bx = Yourl) = B} [[Xpminr = Yol | = F(T).
We can use the arguments in Remark 3.1 resp. [3.2]to obtain
By [(lx = Yol = |t = YeurD) Ter] = 0 = By | (1Xptoonr = Vel = [Xpronprn) = Yel) Lecr ]
Similarly also
By [ = Yel = I = Yenr]) Lear] = By [ (IKpponnr = Yol = Xo = ¥rl) Leor ]

which concludes the proof. O

A discrete time version of the Rost optimal stopping problem 2:3)-(Z.4) can now be
established as a consequence of Proposition A Rost continuation set is a set DF C
N x Z satisfying

o If (t,m) € DR, then for all s > ¢ also (s,m) € DR,
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Given such a set for each fixed T € N we may define D := {(T —t,m) : (t,m) € DR}
which is a Root continuation set to which the previous result is applicable. Let us introduce

PRt = inf{r e N : (T —1,Y;) ¢ D} = inf{t e N : (1, ¥;) ¢ D"}, (3.15)
and let zR®° (resp. p’;‘”’ ) denote the law of a SSRW started with distribution A and stopped

at time pRoS" (resp. pRo" A T). See Figurefor an illustration of the connection between
Root and Rost continuation sets and the respective hitting times. We assume uniform

integrability of (¥pp,,n0), -
Corollary 3.8. We have

Upron(X) = Uy (x) = B [(Upor = U31) (X1, (3.16)
= supE’ (U = U2) (X)) (3.17)

where the optimizer is given by

o, = pR" AT =inf{r e N : (T —1,X,) ¢ DR} A T.
Proof. Fory € Z let us first consider Yy = y, i.e. 4 = ¢,. Consider Propositionfor the
stopping time 7 = pR?%, As

Ey [1x = Yol = x = Yerrll = = (Upon (x) = Upon(x))

By [Xo = Yol = 1Xo = yl] = B | (Vs = Us) (Xo)].
due to (3.12) we then have

Upron(X) = Uy o (x) < sUp B* | (Upeor = Us) (X
o<T

To prove (3.16) we note that 7 = pR' satisfies (3.13). Thus, for o = o, we have
equality in (3.12) which is precisely and furthermore also gives (3.17). As this
is true for arbitrary y € Z, the extension to general A is clear due to identities of the form
E; [1Xo = Y:ll = ZyeZ E;C [1Xe = Y=l] A(yD. O

4. THE MULTIDIMENSIONAL CASE

We have established (2.1)-(2.4) for the integer lattice in one dimension. We shall extend
this to the setting of the d-dimensional integer lattice Z¢ for d arbitrary.
Let Z be a SSRW on Z¢ and let

7€Z% - Gu(z) = B2 O#{r<n:Z =2z},
denote the expected number of visits to site z of Z started in the origin, prior to n. We then
consider the so-called potential kernel of the SSRW
z€Z% a(z) = lim G,(0) — Gu(2),

which is finite in any dimensions and has the desirable property that
1
= —]]_ 0+ — ! . 41
a@) = 1o+ 5 d;zam (@.1)

Here 7/ ~ z if 7’ is an immediate neighbour of z (corresponding to moving away from z
along one coordinate only, so there are 2d of them). From this follows that (a(Z;)),qy is @
(Markovian) submartingale and by induction
n—1
Ela(ZunZ] = a(Z,) + Z P(Z1e = 01Z)), (4.2)
=0
which is an identity we will repeatedly use. In the transient case (d > 3) we have that a is
just the negative of the expected number of visits to a point up to an additive constant. In
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the one dimensional case we have a(-) = |- |. We refer to [10, Chapter 1] for a review of
these concepts/facts.

We first observe that owing to (#-I)) the core argument (3-3) in Section [3.1]is still valid,
soforse{l,..., T}

Ej [a(X7—s = Y)] = Ef [a(X7—s = Ys1) + 1y, =y, | = B} [a(X7—s-1) = Yi-1)] -

We shall see that all the computations we did using z — |z| in the one-dimensional case are
still valid for the potential kernel a. For a measure v on Z¢ let

Av(Qy) = - fa(y — x)v(dx).

As in the previous section, we denote by X, Y two independent SSRW in 74,

Proposition 4.1. Let A be a starting distribution in Z¢ and DR (resp. D®**') be Root-
type (resp. Rost-type) continuation sets in 7Z%*'. Denote by uf' resp. ,ul;"”’ the law
of a SSRW started with distribution A and stopped upon leaving DR resp. D' n
({0, LT =1 x Zd) (analogously for uR°s' and ,u’}”” ), and assume that the SSRW stopped

when leaving DR (resp. DR°%) is uniformly integrable. Then

AL () = By AR (Vo) L + AA(Ye) Loy | 4.3)
= sup Ey [A 4R (Vo) Lear + AA(Y2) Ler | (4.4)
where the optimizer is T* = inf{t e N : (T —1,Y;) ¢ DRV AT, and
Ao (x) = A (x) = BF (A - A.2) (X)) (4.5)
= sup E* [(ApR" = A.2) (X)) (4.6)

where the optimizer is T, = inf{t e N : (T —t,X,) ¢ DR} A T.

Proof. Let us first prove (@3). In analogy to the previous section, we define an interpolat-
ing function

F(s) = E [a(XpR(,U,A(T_m) - Y,w)] fors €{0,...,T}. 4.7
Then clearly F(0) = —A.yl;""’ () and also
F(T) = B{[a(Xppoorpq—ry = Ye) Lpear] = By[A.A(Ye) Lot ]

If we establish —E}[a(X koo nq—ry = Yo ) Leocr] = Ey[AuR (Yr) 1 <7] then @E3) is im-
plied by F being constant. Clearly it suffices to show that

Eyla(Xr—r = Ye) Lo et proonst—r1 = BylaXpron = Yo ) Ly cq pronnsy -]
Indeed
E} [a(X o = Ye) Lo, ppoorsy |
= E} [E; [a(xpm,m ~ Yo Llpap ppoost—e| X0 - o, X1, You oy YT_l]]

pRU"’—l
= E; Cl(XT_T* — Y.rg) + P (XS = YT* |XQ, ey XT, Y(), N YT—I)] ]lT*<T’pRr)0/>T_T*“
s=T-1*
= E;l [a(XT—T* - YT*)]]-T*<T,pR"“’>T—T*] > 4.8)
where the last line holds since, given {Xo, ..., X7, Yo,..., Yr_j}on{7* < T, pR""’ >T-1"},

We now prove that F' is indeed constant. First we observe that

2 2
F(s) = Ej [a(XpR"‘”/\(T—T*/\s) - Y‘r*/\s)] =E; [a(XpR””’/\(T—T*/\s) = Yeons-1) + ﬂprl,(,,A(T,sfyx,l,T*Zs] .
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To see this we consider the two cases {t* < s} and {t* > s} separately. While the former
case is clear, on the latter we apply (4.2)) where we condition on {X, . .., X7_s, Yo, ..., Ys_1}.
Analogously but by splitting into {t* < s} U {pf°" < T — s} and {7* > 5,0 > T — 5} we
obtain

A
F(s = 1) = B} [a(ptornir—r ais-1y) = Yern-)]
A
= B} [a(Xppoonr—rns) = Yerns-1) + Ly gy ¥yirzsghorst—s) -

We conclude by observing that the two appearing indicator functions are equal, since on
{Xprooin(7—5) = Y5-1, 7" = 5} we must necessarily have pRoot > T — .

To show ([#.4) define the multi dimensional equivalent of (3.9), that is for a {0, ..., T}-
valued Y-stopping time 7 define

F(s) = B} [a(Xymonq—rns = Yens)| fors €{0,...,T). (4.9)

Then clearly F7(0) = —A.u%°”'(y). Again we can use (#2) to show that F" is increasing
and furthermore

FT(T) < =By A" (Y0) Lear + ANV Lot |

The Rost case can be derived from the Root case by analogous arguments as in Section
[3.3] A multidimensional version of Proposition can be proved verbatim replacing the
absolute value by the function a and the Jensen arguments by submartingale arguments.
The equality case follows from ([@.2) exploiting the barrier structure as it was done for

@.3). mi

5. FroM THE RANDOM WALK SETTING TO THE CONTINUOUS CASE

While the passage to continuous time is in essence an application of Donsker-type re-
sults, we will give a more elaborate explanation using arguments established by Cox and
Kinsley in [6] for the one-dimensional case. We note that all results and arguments in Sec-
tion 3 are invariant under uniform scaling of the space-time grid. Thus for each N € N
we can consider a rescaled simple symmetric random walk YV with space step size —=

VN
and time step size % as it is done in [6]]. The authors discretise an optimal Skorokhod
embedding problem, an (SEP) featuring the following additional optimisation problem

inf  E[F(B;,1)]. (OptSEP)

7 solves (SEP)

It is known that for any convex (resp. concave) function f : R, — R, the (OptSEP) with
F(B.,7) = f(1) is solved by a Root (resp. Rost) solution, see e.g. [1]]. It is emphasised that
the stopping time and the continuation set depend on the measures A and u alone and not
the specific choice of f.

Let D be a Root (resp. Rost) continuation set and consider the corresponding measure
u = pReot (resp. u = pRo*"). Following [6] we obtain for each N € N a discretisation
1" of y such that u¥ — u and moreover AV and u are in convex order. Similarly a
discretisation AV of A can be found such that AV — A. The authors then propose and solve
a discretised version of the (OptSEP) for A and u". The optimiser will again be of Root
(resp. Rost) form, given as the first time a (scaled) random walk YV leaves a Root (resp.
Rost) continuation set DV. Let DV denote a time-continuous and rescaled completion of
the discrete continuation set DV. In [6, Chapter 5] the authors then prove convergence
of DY to D. We note that in the more general setting considered in [6] a recovery of the
initial continuation set D is not guaranteed. However, in the Root case this follows due
to [[L1]. An analogous uniqueness result for Rost solutions is also true, see e.g. [8] for a
generalisation.

By convergence of the continuation sets it is easy to see that for every 7 > 0 we have
y’T\’ — ur. As in this setting convergence of measures implies uniform convergence of
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potential functions, Uyy — Uy, (see [2] for details), we have established convergence of
the 1.h.s of (3.1) to the L.h.s of (2.1).

Let (WZ(N ))t>0 denote the continuous version of the rescaled random walk Y. To avoid
heavy usage of floor functions, we will assume T € [ := {Zﬂ im,n € N}. If limits are then
taken along the subsequence (Y 2”)%N (resp. (W(Z"))%N) there exists an Ny € N such that T

will always be a multiple of the step size 2i for all n > Ny. For arbitrary T > 0 the results
can be recovered via density arguments. We define the following stopping times

#NV* = inf{t e N : (NT —1,Y") ¢ DV} A NT,
NV = inf(r>0: (T -, W) g DV} AT, (5.1)
T =inf{r>0: (T -t,W,)¢ D} AT,
and the functions
G (x,1) 1= Uy(0) Ly + Up(0)Lir,s
Gh(x, 1) := Un(0)lar + U (X) Loy

The rescaled results of Section 3 then read

0 =t (2. 5 ) (3.1%)
— sup E* [GITV(Yﬁ, 1) . (3.2%)
T N
Or, as (YQL*, %) = (Wgyf, ?N*) we consider (3.1%) in W™ -terms
Uy () = B [GR, (Wi 7). (3.1%%)

By Lemma 5.5 and 5.6 of [6] we know (W;Q?,?N*) ﬁ) (We, ™) asN — oo. To see
convergence of (3.1%*) to (2.1) we need to show

EB* [|G§ (W;Q?’ 7—,1\]*) _ GT (WT*, T*) |]
<BY[IG% (Wil #) = 6" (Wl #) | + B [I67 (Wi, %) - 67 (W 7)1 5 0.

Convergence of the first term is clear due to the fact that uniform convergence of the po-
tential functions implies uniform convergence of G{, to GT. Thus it remains to show con-
vergence of the second term. Note that GT is usc, so it suffices to show that

xrT * LI X T (N) =N=
E'[G" Wy, )] < liminf E [6" (Wi, #V)]. (5.2)
For this, given € > 0 consider the auxiliary function
Go(x,1) 1= Upy(0)Lyer—p + Un(0) 17_prer
Then for any random variable X and stopping time 7 we have
E*[IG"(X,7) - G*(X, 7| < c - P[r € (T - &, T)].
Combining this with the fact that G? is Isc and dominating G” we get
x| ~T * . P x [ ~e (N) =N=
E'|G" (W )] < limlim inf & |G (Wi, 2]
: ES AN CE X T (N) =N=*
< i{%h]{}lgf c- P[T e (T —e, T)] + 11m1£f E [G (W“rN*’T )]

Thus we are left to show that lim o liminfy_,c P [?N *e(T —¢, T)] = 0. To more easily
see the arguments involving specific barrier structures, we consider the following stopping
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times
oY =inf{t>0: (T -1, W™) ¢ DV} = inf(r > 0 : (1, W) ¢ DV},
p=inf{t>0:(T —t,W,) ¢ D} =inf{t > 0: (t, W,) ¢ D},
where DV resp. D is the Rost continuation set we obtain by reflecting DV resp. D along

{ }XR By [6, Chapter 5] we know that p L p. Note that we have p" 1, T = N v .
For 0 < T < T consider

x_:=sup{y < x: (T,y) € D},
x, = inf{y > x : (T,y) € D}.
Since D is a Rost continuation set and p is its Brownian hitting time, we have
Plp=T]=P[W; € {x_,x,}]]=0
So, especially for any € > 0 we have P[p = T — €] = P[p = T] = 0. Altogether we have
lim lim inf P [ e -e1)]= limlig inf P [0 e(@-e1))= lim [pe(T-&T)]=0

which concludes the proof of (5.2)), thus the proof of convergence of (3.1%*) to (2.1). It
only remains to show (2.2). So let T be an optimiser of (2.2). Lemma 5.2 in [6] then gives

. S _ . 5. N P _
a discretisation 6 of 7 for which Y%, 3 W: and % - T
To obtain the other inequality, for € € I define the function

G5(x,1) := Un () Lier—s + U () Lr—pcrers

and by #¥* resp. 7% consider the respective stopping times defined in (5.1)), replacing T by
T —¢. Then
supE* |G" (W,,7)| = E*|G" (W;,7)| = limE* |G*(W;, T 5.3
T<g[()][()]g\o[(>] (5.3)
X & N &N X &£ N T
< limliminf E G Y.y, — || < limliminf sup E [G (YT , —)] 5.4
e\0 N-ooo N e\\0 N—ooo T<T N

ANx
< limliminf sup E* [GT & (Yiv, 1)] = lim liminf E* |G%¢ YA;, , Te_ (5.5)
eNO N o7 g N e\0 N—ooo N

1 X T-¢ * 1 _ X T *
= limB |67 (W 77)] = lim U, () = Uy, (1) = B [G" (We. )] (5.6)
The fact that lime o P[7 € (T — &, T)] = 0 gives (5.3) and that G* is Ls.c gives (5.4). To
see (5.9) consider the function
Hy(x, 1) = U (0 Licr—g + U () L7—prer.

Then Hy,(x,1) = G,(x,1) for all (x,7) € R X [0, T'] and trivially

sup B [Gji, (Yiv ~ )] < sup E* [H’S (YiV .~ )] .
I N IT< N
y<T N<

1 £
Let (Z);»0 be a martingale, then (H 5 Zs, t))te[T_&T]
gale as U v is a concave function. So for any stopping time 7 we have

E*[H, (Zenir-ep 7 AT = £))| 2 BX [Hy (Zenr, T AT (5.7)

= (U (Z)ser—e.1) 15 @ supermartin-

We see that no optimiser of Sup .7 E* [Hs (Y?’ , %)] will stop after time 7 —¢, as this would

decrease the value of the objective function. So we have

supEX[H;<YjV,%)]: sup E* [Hf (Yf’,%) = sup B [Gf,‘g(Yf',%)
%ST % %ST—E
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As we know that #Y* is the optimiser of this optimal stopping problem, (5.3) follows.

Lastly, (5.6) is due to the convergence result of (3.1%) to (2.1).
To prove convergence of the Rost optimal stopping problem replace the functions G*
and G}, above by the following functions

G (x,1) = G(x) := Uy(x) — Up(x),
Gr(x,1) = Gy(x) = Up(x) = Upn ().

We can now derive our convergence results analogous to the Root case.

6. PERSPECTIVES

We illustrated the elusive connection between Root and Rost’s solutions to the (SEP)
and optimal stopping problems. Specialising to the simplest possible setting, this note
restricts itself to the case of SSRW and Brownian motion. In a recent article by Gassiat
et. al. [14] the analytic connection between Root solutions to the (SEP) and solutions to
optimal stopping problems was established for a much more general class of Markov pro-
cesses. This suggests that our probabilistic arguments would also hold in this generalised
setting. The extension to more general martingales should follow via analogous arguments
to the extension made in Chapter ] by using the appropriate potential kernel, however for
non-martingales some arguments need to be replaced.
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