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Abstract

The wave functions of the Haldane-Rezayi paired Hall state have
been previously described by a non-unitary conformal field theory with
central charge ¢ = —2. Moreover, a relation with the ¢ = 1 unitary
Weyl fermion has been suggested. We construct the complete unitary
theory and show that it consistently describes the edge excitations of
the Haldane-Rezayi state. Actually, we show that the unitary (¢ = 1)
and non-unitary (¢ = —2) theories are related by a local map between
the two sets of fields and by a suitable change of conjugation. The
unitary theory of the Haldane-Rezayi state is found to be the same
as that of the 331 paired Hall state. Furthermore, the analysis of
modular invariant partition functions shows that no alternative uni-
tary descriptions are possible for the Haldane-Rezayi state within the
class of rational conformal field theories with abelian current algebra.
Finally, the known ¢ = 3/2 conformal theory of the Pfaffian state is
also obtained from the 331 theory by a reduction of degrees of freedom
which can be physically realized in the double-layer Hall systems.
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1 Introduction

The so-called 331 [1], Pfaffian [2] and Haldane-Rezayi (HR) [3] v = 1/2 (5/2)
quantum Hall (QH) states [4] have been analysed extensively in the recent
literature. They are called paired Hall states [5] because they contain two
kinds of electrons, carrying spin or layer index, which first bind in pairs and
then form incompressible fluids [6].

One would like to identify the Conformal Field Theories (CFT) [7] corre-
sponding to these states, which describe their low-energy edge excitations [8].
This requires some guesswork and ingenuity for reconstructing the complete
Hilbert space from the knowledge of the ground-state wave function and pos-
sibly some quasi-particle states. There are well-established procedures which
have been used for the spin-polarized single-layer Hall states [8, 4], but they
do not seem good enough for the paired states. In particular, the CFT pro-
posed for the HR state is puzzling for the lack of unitarity [9, 10, 11], or
locality [12, 13].

In this paper, we present a unified description of the paired Hall states
which uses the same conformal fields (or a subset of them) in all three cases.
We show that an unitary description of the HR state is possible and that this
is given by the same CFT as that of the 331 state; furthermore, we interpret
the Pfaffian as a projection of the 331 state, which can be obtained in the
limit of low potential barrier between the two layers [5].

This common CFT description is rather useful for the physical interpreta-
tion; moreover, it allows the discussion of the Wy, ., symmetry of the paired
states. This symmetry characterizes the incompressible Hall fluids [14], and
is a definitive building criterion for the CFTs of the hierarchical single-layer
states [15]. We show that the Wi,.,, symmetry also characterizes the 331
and HR double-layer states, and that it is broken at the quantum level in
the Pfaffian state.

In view of the controversial literature on this subject, it is important to
state the hypotheses made in this work: we consider rational conformal field
theories (RCFT), whose completeness can be checked by computing their
modular invariant partition functions [16]; we require the unitarity of the
theories, because they describe physical excitations propagating at the edge.
Moreover, we consider, whenever possible, theories with a (multi-component)
abelian current algebra, which possess the Wi,., symmetry and can be
extended to RCFTs [17] (henceforth called lattice RCFTs).

Therefore, in this paper we specifically prove that there is only one ¢ = 2
unitary lattice RCF'T suitable for the HR state — that of the 331 state.
In particular, the HR ground state appears as an excited state in the 331
CFT. This result is at variance with the common opinion that these Hall



states identify two independent universality classes, with different numerical
energy spectrum [3, 18] and topological order [3, 19]. Our result may imply
that this is not completely correct, or, alternatively, that the HR state is not
described by a lattice RCFT; in either case, the unitarity problem is cleared
up. Finally, the Pfaffian state is consistently described in terms of the same

331 conformal fields.

1.1 Review of the Haldane-Rezayi State

Here we review the basic characteristics of the model and its available the-
oretical treatments. The wave function ¥ of a paired QH system of 2V
electrons is written as a product of the usual Gaussian factor and an ana-
lytic function of the electron coordinates z; and w; of the first and the second
layer, respectively (alternatively, of the up and down spin components):

4

7

1
W (2, wi; 24, w;) = P21, w1, .. 2n, WN ) €XP <__Z(|Zi|2 + |w2|2)> (1.1)

In the framework developed in [2][9] (see also earlier work cited there), the
analytic factor ® is interpreted as the CFT correlation function:

(Ot (21) - P (zn) D (wy) - - - *(wn)|0), where ¢' is a chiral conformal field
of effective charge g’ (i = 1,2) representing the electrons of layer 7, and (@ |
is the out state carrying a compensating charge N(q'+q?). The holomorphic
wave function of the HR state [3] is written as the product,

Cpr(zi;w) = Oz w;)Pys (25 w;) (1.2)

of a Laughlin type wave-function [6],

(23 w;) = [ [(zigwi)" [[(ze =)™, m=2,4,., 2= 2= 25, (1.3)

i<y iJ
and a neutral d-wave spin-singlet part, ®,4,, that is skew-symmetricin (zq,...,2n)
and in (wy,...,wy), separately:

By (2 wi) = (—1)" 7 det (ﬁ) . (1.4)

i —w;)

This expression can be viewed, following Ref.[9], as the 2/N-point vacuum
expectation value of a pair of Fermi fields ¢4 (2) (;/Ji%(z), the subscript of ¢

referring, alternatively to spin projection or layer):
Cae(zi5wi) = (O[he (z1) -~ p(an) P (wr) -~ - (wn)[0) . (1.5)
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Equation (1.4) would then follow (in a local field theory with energy bounded
from below): (i) from the “quasi-free” anti-commutation relations [9, 10]:

[Vo(2), e (w)]4 = _5005/(2 — W), Epo=—Cps, E4-=1, (1.6)

where §(z—w) is the Dirac delta function for holomorphic test functions; and
(ii) from the knowledge of the 2-point functions (which restricts the choice
of vacuum). We adopt (1.6) in what follows as a phenomenological input.

The knowledge of the 2N-point function (1.5) allows to determine the
operator content of (the vacuum sector of) the CFT generated by the pair
Y1 (z). To do that we write the determinant in Eq. (1.4) in the form

1 1 1
det | ———— | = det perm ,
. 2 . , . ,
(z; — wj) Zi — W, Zi — W,

1 N(N-1)/2 i<j
det = (-1 _
) (Zz'—wJ) (=1) [[(zi —w;)’

here the permanent is the symmetrized product of (z; — w;)~! which has a
non-zero limit

SHEIE 1 S

cESN 1=1 Zi

for z; = 2z, w; = w, 1,7 =1,..., N. These properties of the 2N-point func-
tion (1.4) imply that products of ¢ ,(z) give rise to a sequence of composite
fields Vi (Vi%(z) = 14(z)) of dimension A(2s) determined inductively by

the operator-product expansion (OPE):

Pela)Vas(ea) ~ 3 Vea(52) . (25 =0,12..),  (17)
implying,

A(£25 £ 1)~ A(£25) — A(£1) = 25 =  A(L2s) = 5 (25 + 2A(£1) —1).
(1.8)
Eq. (1.7) allows to express Vi, as (normal) products of ¢ and their deriva-

tives:
2s

Vi) = [T L grig (o) (1.9)

P 25 —1)!

The values A(£1) depend on the choice of the stress energy tensor; however,
according to (1.4) their sum is fixed:

A(L) +A(-1)=2. (1.10)
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In Ref. [9], it was further assumed that 11 are primary conformal fields.
This implies that these Fermi fields have conformal dimension one in violation
of the spin-statistics relation for a unitary CFT. Indeed, these fields can
be found [9, 10, 11] in the non-unitary extension of the Virasoro minimal
conformal models [7] with central charge ¢, =1 —6/(p(p+ 1)), for the value
p =1, -i.e., ¢ = —2. The non-unitary stress tensor T (z) = p_tp;: is then
invariant under the SU(2)-spin group and so are the OPEs of any number of
Yy factors (see [9] as well as Section 3 and Appendix B below). It follows
that for each 2s = 0,1, 2, ..., the composite operators Vi, (1.9) are the lowest
and highest spin projection components of a (2s 4 1)-dimensional multiplet
of fields ¢gn(2), m = —s,—s + 1,...,s, of the same dimension (1.8) (for
A(l) =1):

A(£2s) = s(2s 4+ 1) (2s =0,1,2,...). (1.11)

This ¢ = =2 CFT is known in the literature as the &-n “ghost system”
[20], which is defined by the pair of canonical Fermi fields,

EEm)s = 6z —w) |
L))y = 0 = D))l .
O] p— (1.12)

Z—w

of conformal dimensions Ay = 0, A, = 1. Their normal product defines the
current 7 :

W) = —— =) (113

i) = lemz)= ) g (1.14)

neZ

We can set:
b =€), bz =ae). (1.15)

Note that the zero mode jy acts as (minus twice) the spin projection operator
S3, which counts the difference between spin up_)and spin down components
Yy [0e(2), Jo] = [4(2),255] = £¢4(z), with S = (51,52, 55) standing for
the spin operator. Moreover, the stress tensor T (z) = :£'(z)n(z): assigns
dimension one to ¥4, and the central charge is ¢ = —2.

According to the Kac determinant formula, the conformal dimensions of
the ¢ = —2 primary fields are given by [7]:

?—1 1
> -

A= )
8 8

[=0,1,2,... (1.16)



In particular, for odd [, [ = 4s+1 (25 =0, 1,2,...), we recover the spin multi-
plets of integer dimensions given by (1.11). The state of lowest dimension in
this theory is the disorder state [9] with Ag = —1/8, which is a spin singlet;
it gives rise to a Z; twisted sector in which the field ¢, creates double-valued
quasi-particles with dimensions Ay, = (n?/2) — 1/8. In fact, it follows from

(1.16) that:

1 1
0(2)]20) ~ 27H2s) (A2 A= 5) . (17)
The appearance of negative norm states, like 7(0)|0), and a negative con-
formal dimension (Ag = —é) is certainly untenable from a physical point of
view. This non-unitarity problem has been recognized and various solutions

have been proposed in Refs. [10, 11, 12, 13].

In this paper, we choose to relax the assumption that the fields ¢, are
primary, while keeping, at the same time, the property (1.17) for the quasi-
particle excitations. We obtain a unitary theory of the HR model which
is based on the correspondence between the Hilbert space and the fields of
the ¢ = —2 CFT and those of the ¢ = 1 Weyl fermion theory (see also
Refs.[11, 12, 13]); we keep the expression (1.2-1.4) of the HR wave function
while preserving both conformal invariance and modular invariance [16, 21].
Moreover, we can define a hermitean stress tensor which, however, is not
SU(2) invariant.

1.2 Outline of the Paper

In Section 2, we first introduce a U(1) x U(1) current algebra CFT, whose
orthogonal lattice contains a Weyl fermion field and a Laughlin boson. We
use it to describe the 331 CFT as a Z, orbifold (in the sense of [17]), whose
(Zy-even) states possess charge and fermion number coupled by the parity
(“projection”) rule defined in Ref.[10]. The modular invariant partition func-
tion for the 331 RCFT is also obtained in agreement with this rule.

In Section 3, we present the ¢ = —2 to ¢ = 1 correspondence for the
HR theory: we first discuss the improvement of the ¢ = —2 stress tensor
which leads to a unitary theory and then map the fields and the characters
of the current-algebra representations. Furthermore, we find that the ¢ = —2
partition function of the HR model proposed in Ref. [10] is mapped into the
331 one; this shows that the CF'T descriptions of the two models coincide,
once unitarity is enforced; moreover, we find that the parity rule is the same
in the two theories.

In Section 4, we classify all possible U(1) x U(1) lattice current algebras,
which can be made with the excitations of the 331 and HR theories (assuming
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the standard charge-statistics relation for the observable electron-like excita-
tions). We find that there is a unique modular invariant partition function:
thus, there is only one possible unitary lattice RCF'T which can describe the
edge excitations of the HR state, which is the same as that of the 331 state.

In Section 5, we show that the Pfaffian state can be obtained from the
331 model by a generalized gauge reduction: namely, its ¢ = 3/2 CFT of a
Majorana fermion and a Laughlin boson [2] is reproduced by projecting out
the imaginary part of the Weyl fermion of the 331 CFT. The corresponding
reduction at the level of partition functions shows that the Pfaffian theory
inherits the parity rule of the two other paired Hall states. This gauge
reduction breaks the Wi, ., symmetry present in the 331 theory and gives
rise to non-Abelian statistics for the quasi-particles. In Section 5.2, a similar
reduction allows to relate the maximally-symmetric SU(2) x SU(2) ¢ = 3
lattice RCFT of Ref.[22] with the 331 CFT.

In the Conclusions (Section 6), we discuss some problems left open by
our analysis, most notably the possible ways to distinguish between the 331
and the HR states. The Appendices contain more technical discussions:
Appendix A sums up some basic facts about charge lattices and orbifolds
of finite cyclic groups needed in the text. In Appendix B we prove that the
SU(2) invariant OPE of ¢,(z)1,(w) is independent of the choice of the stress
tensor and of the dimensions of these fields. Finally, Appendix C provides a
complete list of modular invariants of the orthogonal lattice algebra (Section
2) underlying both the 331 and the HR states. This is used in Section 4 to
show that there is a unique lattice RCFT for the 331 and HR states.

2 The 331 Model as a Z> Orbifold of an Or-
thogonal Lattice Algebra

2.1 The (m+1)(m+1)(m—1) Holomorphic Wave Func-
tion and the Associated Charge Lattice

We shall be dealing in this section with a natural generalization of the 331

model corresponding to the filling fraction v = 1/m, m even, and to the
holomorphic wave function:
D (1) (mt1)(m—1) (253 wi) = H (zijwi)" H (20 —w;)" ™
1<i<j<N %)
1
= —1 N(N=1)/2 (I)m 5. Wy det 1
() (et ()2



where @, is the U(1) factor (1.3). This ground state wave function is re-
produced in a ¢ = 2 RCFT whose chiral algebra A(L) is an extension of the

u(1) xu(1l) current algebra by two pairs of oppositely charged fields of charge
vectors q! and g spanning a two-dimensional lattice L. The Gram matrix

of L is

GLz((qZIqJ))=<Zi Zﬁ) ;o (m=24,..). (2.2)
The resulting RCFT, called the (m + 1)(m + 1)(m — 1) model, can be con-
structed from the following observation: we can embed the lattice L in a
finer, orthogonal one, such that the corresponding conformal theory is the
direct product of a Weyl fermion and a Laughlin anyon with v = 1/m (Fig.
1). This basis will give the natural description for the quasi-particle excita-
tions of all the paired Hall states, which will only differ in the treatment of
the neutral fermionic factor.

Figure 1: The original lattice L (encircled dots) as a sub-lattice of the or-
thogonal I'y, ; (dots)

I I I I
4 e ® . C . ® o
® . ® s ® . ®
2 o ® . 4 . ® o —
®@ o @ 2 21 . @
0 ¢!
®@ ¢ ® 2 * ©
2 e ® . 4 . ® o —
®@ ¢ ® ®@ o @
/R S ® . ¢ . ® .
| | | |
4 -2 0 2 4

Proposition 2.1 (a) The lattice L is a sub-lattice of index two of the (inte-
gral) orthogonal lattice T, = Ze' & Ze* with Gram matria:

s = lteten) = (1) 2.3



m—

(b) We associate with the lattice L a u(1)® u/(T) chiral current algebra A, 1,
by letling the vectors el correspond to a pair of oppositely charged Bose
fields E9(z) , g = £/m, of dimension m/2 € N, and +e® to a pair of
conjugate Weyl fermions (¢(z),v*(2)) of dimension 1/2. Then, the algebra
A1 admits an involutive inner automorphism o defined on the generating

fields by:
alB())=—E2) . a[pP()] =—W(), g=£vm, (24)

while A(L) appears as the sub-algebra of Zy invariant elements of A, 1 (the
fized points of o). It is generated by the products of commuting fields:

P(z) = ;/)*(Z)E_\/R(Z) , V(z) = ;/)(Z)E_\/R(Z) ) (2.5)

Proof. (a) The lattice L. = Zq' + Zq? is identified as a sub-lattice of
I';,1 by setting,
q'=e'+e* g’=e'—¢€*. (2.6)

Note that det G, = 4m = 2* det G,,, 1. (This is a necessary condition for the
lattice L to be a sub-lattice of index two of ', 1.)

(b) The vertex operator £7(z) is constructed in the standard fashion from
the electric current J(z) (see Appendix A) and satisfies the OPE:

JE)E () ~ LB () & [J(n) B =) = 08(20) B9 () . (2)

212

The second u/(T) current (commuting with .J) is the counterpart of the “spin
current” (1.14) in the unitary ¢ = 2 theory:

J) = (2uz), () B )] = 0= (=), J(22)],  (28)

with both j and J normalized by (0]7(z1)7(22)[0) = (0]J(21)J(22)]0) = 215
The automorphism a[A], A € A,, 1 is defined by:
Ji= + 7 (2.9)
9 0 \/E 0 0, .
(note that afa[A]] = A for all A € A,,1). The property (2.4) is implied by
(2.9) (in view of (2.7) and (2.8)). The invariance of (2.5) is then obvious.
Remark 2.1 This provides a simple example of the Zj orbifold con-
struction [17, 23]; in the present case, the orbifold actually corresponds to a

m—

o [A] — ein& Ae—mJé

manifold (with no singular points) because both u(1) currents are invariant
under the parity operation.
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2.2 Superselection Sectors: Spectrum of Charges and
Dimensions; Partition Function

We proceed to studying the positive-energy representations of A(L) which
define the superselection sectors for our RCFT and are equipped with the
fusion rules corresponding to the addition of charges.

Proposition 2.2 (a) The superselection sectors Hy of the A(L) theory are
labelled by the elements of the cyclic group,

L)L~ Ly, (|L7/L] = det Gp = 4m) (2.10)

where L* is the lattice dual to L:

L* = Zqi + Zq,. (d'lqj) = 45 , GL*_R<1_m m+1>’ (2.11)

while L* /L = {Aq} + L; A mod 4m}.
(b) The (visible-in the terminology of ref. [22]) electric charge vector Q,

whose square gives the filling fraction of the model, belongs to the orthogonal
sub-lattice I, | = ', & 17 of L7:

Q = qi+q;=-¢€j, (ele])=4!
, 1
= (@a)=1. [QF=v="1. (2.12)

The cyclic group (2.10) is generated by either of the four cosets £qF + L.
(¢) The characters x,(7,(;m) of the coset (X) is expressed in terms of
sums of products of ¢ = 1 lattice characters:

T Im{2

Xa(7,(im) = e7m T chy (7, (), (2.13)

ch (7. )

trae, <62m[7(L0—1/12)+cJ0/\/R]>
= K71 4) K\ (7,2¢4m) + Kypo (73 4) Kagom(7,2¢; 4m ) 2.14)

where K;(r,(; M) is given by,

1 .
Ki(r, (s M) = —— 3 g= a2t (2.15a)
n(7) =
g=e"",  pr) = [J -, (2.15b)
n=1

and we used the notation Ki(t; M) = K;(7,0; M).
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Remark 2.2. The non-analytic prefactor multiplying the character Chi
corresponds to a constant term added to the Hamiltonian and ensures the
invariance under the “spectral flow” [16, 21] of the resulting partition function
(see Eq. (2.21b) below).

Sketch of the proof. Statement (a) is known (see Appendix A for a brief
review of background material). (b) One can choose in each class a repre-
sentative q* such that the absolute value of the electric charge |(Q|q*)| and
its conformal dimension A = |q*|*/2 are minimal. In Table 1, we list the
representatives of each coset (A) = Aq} + L along with the corresponding
electric charge and conformal dimension.

The periodicity condition:

[(/\-I-M(Tv C M) = [(/\(7—7 C M) ) (216)

confirms that there are precisely 4m different characters y, (2.14). We also
note the symmetry property:

[X7—A(Tv_§;M) = [(/\(7—7§;M) ) (217)

which clarifies, in particular, the observation that the cosets (+A) in Table 1
give rise to the same conformal dimension.

Table 1: (m + 1)(m + 1)(m — 1) superselection sectors

coset representative charge dimension
() = i+ 1 @ Qo) | A=t
(0) 0 0 0
(+1) +q; i% ﬂ;—;i
(Em) +(—1)"Le’ =D %
(m£l) [{Em-1)Q-£(-1)"Ple?} | +=t [ wiomdd
(2m) e? 0 I

The partition function of any RCFT is given by the quadratic form [7]:

Z:ZN/\:\ XA X3 s

A

12



where the chiral (resp. antichiral) factors x(y) pertain to the outer (inner)
edge of the annular quantum Hall sample [16]. The integer coefficients A,y
are obtained by the conditions of modular invariance of Z which are specific
for the quantum Hall systems. They have been formulated in Ref.[16] and
analyzed for lattice theories in Ref.[21]; Z should be invariant under the
transformations S and 7% which generate a subgroup of SL(2,7Z), as well as
under the U and V' transformations specified below.
The SL(2,Z) transformation properties of K,

T : K\r+1,(;M) = em(%—% Ky(r,¢; M)

S KA(_%’%M) = \/_ Z _QMMA M), (2.18)

umod M

imply the following transformations for y:

T2 a(r+2.0) = ¢ Wﬁz—*w ¢ s (2.19a)
S X/\(__v_) = em Z S/\MXM(Tvov
T T wmod M
1 - m+1
Sy = ———e T E A (2.19D)

The diagonal partition function:

2m

Z(mt 1) (mt1)(m—1) = Z XA (7, ) (2.20)

A=1-2m

is then invariant under (2.19) as well as under the (-shift U and the spectral
flow V:

U xam¢) = xarnd+1) = GW%XA(T, <), (2.21a)
Voia(nl) = anC+r)=e T BCH Dy (). (2.21h)

This diagonal partition function has the standard form for a lattice RCFT
discussed at length in Refs.[16][21].

Let us briefly recall here the physical meaning of these modular invari-
ance conditions [16]: the T? (resp. U) conditions require that the ohserv-
able electrons have half-integer spin (resp. integer charge); S (resp. V) are
self-consistency conditions for the completeness of the excitations under the
change of temperature (resp. electric potential).

In the following, we shall consider the modular invariance of the partition
function as part of the building criteria; this leads to the following postulate:

13



P1.The partition function of the RCEF'T describing a fractional QH system
should be invariant under (2.19) and (2.21).

In the following, we are mostly interested in the 331 theory, corresponding
to m = 2; in Section 4 and Appendix C', we prove that the partition function
(2.20) is the unique solution to the modular invariance conditions P1.

An explicit expression of the 331 partition function (2.20), m = 2, is
useful for the following discussion:

1
A Z{|KO(T; YKo (7,2C;8) + Ko(754) Kopya(7,2¢;8) ]2
r=0
+H Ko (75 4) Ko, (7,26 8) + Ko(734) Kopya(7,2¢;8)|?
K1 (734) Koy 1 (1,20 8) + K_1(734) Koy _3(7, 2¢;8) |

Ry (73 4) Ko (7,26 8) + Ko (734) Koy (7, 26 8)|2}(2.22)

(we used the periodicity condition (2.16)). This expression coincides, term
by term, with that obtained in Ref. [10], for ( = 0 (see their Eq. (4.20)), by
taking into account the symmetry (2.17) for the last two terms.

3 SU(2) Invariance versus Unitarity in the
Haldane-Rezayi Model: the Mapping from
c=—2toc=1

3.1 SU(2) Covariant OPE of ,(z)v,(w)

The four-point function of the fermionic field ¢,, p = +1/2, appearing in
the HR wave function (1.4) and (1.5) can be written in a manifestly SU(2)

invariant form:

€910, E €910, E €91 pal
<0|¢01(Zl)qvbm(22)¢03(Z3)¢p4(24)|0> = /)1/;2 ;304 + pl? ;203 - 0123 ;204 :
12734 14723 13724

(3.1)
(Note that it is only non-vanishing for p; 4 p2+ ps+ps = 0 and then the right
hand side of (3.1) involves two non-zero terms.) It follows that the OPE of
two 1 fields can also be written in an SU(2) covariant form (see Appendix B).
We stress that this OPE just follows from the expression for the 2N-point
correlation function: it does not use the Virasoro properties of the fields;
in fact, it does not require the knowledge of the stress energy tensor (and
admits different CF'T implementations). Keeping the first three terms in the
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small distance expansion we can write (using (B.2) and (B.14)):

O Nol) = e { s = Tl0) = S5}
— (2= w)Vpo(w0) + O((z —w)?) | (3.2)
where 7 and V' are composite fields of 1,
T() = wo(ea(a)
Voo (2) = %3{%(2)9%(2)—(9%(2))%(2)}37 (3.3)

(cf. (1.9)). They satisfy:

€po 1
(01t ()00 (22) T (23)10) = 575, (O]T(z20)T(22)|0) = ==, (3.4)
713723 212
12 Gop
(O[p(21)t0(22)Va(23)[0) = = 5—=5G o - (0[Va(21)Vi(22)[0) = —=,
13723 212
(3.5)
where the non-zero elements of G, (for a,b = 0,£1) are Gpo = —1 and

Gi1 = G_1; = 2. A salient feature of this OPE is the absence of the
current j (1.14) from the right hand side of (3.2); however, it will reenter our
discussion when we impose unitarity.

3.2 Other Choices of the Stress Tensor

If we now assume that ¢,(z) are primary fields (of dimension 1), we should
identify 7 with the stress tensor of the theory; then, we arrive, in agreement
with [9], at a non-unitary conformal model with ¢ = —2 (indeed, one identifies
the coefficient —1 in front of T in the right hand side of (3.2) with 2A/e,
vielding ¢ = =2 for A = A(£1) =1 [7]).

One can, however, preserve conformal invariance without allowing for
negative norm squares and negative dimensions. We remark that the canon-
ical anticommutation relations (1.12) and the two-point function (1.13,1.14)
are sufficient for determining the HR wave function (1.4). These relations
give room to a family of stress tensors [20]:



where Ty = T. The dimensions of £(z) = &(z,k) and n(z) = n(z,1 — &)
become k and (1 — k), respectively. The current anomaly and the Virasoro
central charge depend on x:

Tu(en)iten) ~ g leid el + (2n = 1) (350
e =1-302r—1). (3.8b)

Clearly, ¢ = & (1.15) is only primary for & = 0, i.e., ¢ = —2, which accounts
for this choice in [9, 10, 11]).

Here we remark that there is a unique unitary point, k = 1/2, ¢ = 1,
in which the current is primary, and we can construct a model for the HR
state satisfying all desiderata listed in the Introduction. In this case, we can
identify £-n with a pair of conjugate Weyl spinors:

= v (2) ; (3.92)

furthermore, the stress tensor (3.6) takes the canonical form,

3.
%i(w*’(z)@b(z) — () (2)): (3.9b)

The identification (3.9a) implies a change of hermitean conjugation, which is
only possible at k = 1/2, where £, have the same dimension. For x # 1/2,
we had instead n* = n and €* = £. Note that the current j(z) (3.7) is only
hermitean with respect to the new conjugation rule (3.9a).

The SU(2) invariant tensor 7 (z) appearing in the OPE (3.2) becomes

T(z)= T%(Z) =

now non-hermitean: in terms of modes, setting 7(z) = > £,27""% and
neZ
T(z)= > L,z""%, we have:
neZ
1
Lo=L="omjs  Li=Lomnj. Li=Lo ji=jo.. (310)

The tensor 7(z) is an SU(2) singlet, while the unitary one, T(z), is not,
because jp ox S3 as discussed in Section 1.2.

Remark 3.1. The inner products of u/(T) ground states |¢, o), where o is
the eigenvalue of jy, and the behaviour of j,, under conjugation depend on c.
Indeed, the properties of the vacuum ket | — 2,0) and of its bra counterpart
are dictated by the expression (1.12) for the &-n two-point function and the
mode expansions:

{(z) = anz_n ;o n(w) = Znnw_n_l )
= 770§0|_270>:|_270> ’ 770|_270>:0' (311)
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Furthermore, for ¢ = —2, the independent hermiticity of ¢ and 1 implies the
following conjugation properties of the current:

In = Z f—mﬁm+n—z N-mlmtn = Jn = 0n0—J-n (c=-2). (3.12)

m>—n m>1
As a corollary, there are different bra-ket couplings in the two cases:
(=2,0|=2,7) =600y (Lol 7) =6, (3.13)

In particular, the bra counterpart of the ket vacuum | — 2,0) is (-2, 1| both
being annihilated by the ¢ = —2 Virasoro energy

L. S
Lo = 5]0(]0 —1)+ Z]—n]n (= L7). (3.14)

n=1

It is the presence of a second conjugation for ¢ = 1 (which, incidently, does
not change the hermiticity of £y) which renders the ¢ = 1 model unitary. It
is remarkable that this ¢ dependence of inner products and conjugation does
not affect the correlation functions of charged fields.

Remark 3.2. Lee and Wen [12] (building on a development in [10])
propose a different way out of the unitarity problem. They abandon the CF'T
calculations and give instead an explicit construction of the Fermi fields in

(1.5):
V(z) = Y Vialez T e 2T (3.15)

o]
Ui(z) = D) Vnlenz T — )
n=1

where ¢, satisfy canonical anticommutation relations, which imply (1.6) (for
by = tP4;). The Hamiltonian of the system is defined by the manifestly SU(2)
invariant expression:

H = Z n (cfwcnﬁ + cfwcmo , (3.16)

n=1

(but no attempt is made to introduce a hermitean stress energy tensor).
H and 1, are found to satisfy the standard commutation relations for a
dimension 1 field: [H,¢,(z)] = (Z;—Z + 1)¢,(2). (Incidently, the expression
(3.15) for a pair of Fermi fields of integer dimension is a special case of a
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procedure proposed in Ref. [24] to circumvent the spin-statistics theorem in
any number of space-time dimensions.)

The fields ¢, (3.15) - much like ours, (1.15)(3.9)- are not conjugate to
each other. The SU(2) symmetry, however, has a more fundamental sta-
tus in [12]: the Hamiltonian (3.16) is SU(2) invariant, the fields ¢+ and
(3.15) have the same dimension 1. What we regard, on the other hand, as
a shortcoming of this model displayed is its non-locality whenever the fields
hermitean conjugate to (3.15) are included; indeed, while:

[r(z1)du(z2)le = Y n(ef 7' =) = 8(z)

n=1
one has:
S n—1 —n 1 —n—1_n—1 1 1
[91(21), ¥3(22)] Zn 5" n ) =5+
n=1 2“2
3.3 Operator Correspondence between the ¢ = —2 and

¢ = 1 Theories

We relate the ¢ = —2 and the ¢ = 1 models by identifying their u/(T) currents.
Noting that Eq. (3.6) expresses, for kK = 0 and 1/2, the corresponding stress

energy tensors 7 and T in terms of j, we consider the u(l) extension of
the ¢ = —2 Virasoro algebra Vir(-2) and compare it with the corresponding

known u/(T) extension at ¢ = 1. Next, the Vir(-2) primary field ¢»_(z) = £'(2)
satisfies [7(z), & (w)] = f(w)%(S(z — w); hence, it isn’t primary with respect
to the current algebra. As a result, it is not primary with respect to Vir(1)
either. On the other hand, the u/(T)— primary fields for ¢ = —2 are also u/(T)
primary for ¢ = 1.

Proposition 3.1 Let ¢, be a Vzr( 2) primary field of jo-“charge” o and

2 Then it is u( )- and, by implication, Vir(1)-primary iff
the dimension and charge are related by:

dimension Ay

1
AN 50(0 —1); (3.17)

[

moreover, ¢, salisfies the Knizhnik—Zamolodchikov equation [7],

o0

d
b0 =100t = ) (jmnm1"00 + b0dnz ) (3.18)

n=0
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The Vir(1) dimension, on the other hand, is symmetric under charge conju-
gation:

A = —52 (3.19)

The proof uses standard current algebra techniques (see, e.g., [7]).

We remark that the dimension (3.17) of the Vir(—2) fields reproduces
the Kac formula A; (1.16) for [ = 20 — 1; however, we find that only a
subset of the degenerate Vir(—2) fields (forming SU(2) multiplets) satisfy

the charge-dimension relation. A complete set of u(1)-primary fields (which
are single-valued in the vacuum sector) is given by:

2) (= (e=1) (2
(o = EIEL) €0

o 1t (e—1)"
2)n'(z (=12

m—

Fach u(l) primary ¢_, can be identified with the lowest spin-projection
member ¢, _; of the SU(2) spin multiplet ¢s,, , 25 = o, which was discussed
in the Introduction (see the text preceding Eq.(1.11)). All other fields ¢,

m—

m # —s, are still Vir(-2) primary fields but are not w(1)-primary (and not
even quasi-primary with respect to Vir(1)).

In order to construct an RCFT involving the series (3.20) we consider
the extended chiral algebra A(c,o?) for both ¢ = —2 and ¢ = 1, which is
generated by the o = £2 local Bose fields:

P2(2) = E(2)E(2) . da(z) = n(2)n'(2). (3.21)

It is the even part of the superalgebra S(c¢) of the &-n pair. The bosonic
algebra A(c,4) has 4 irreducible representations (with energy bounded below)

g

whose state spaces ) split into infinite direct sums of irreducible u(1)
modules V,:

1
HY) =P Voran, o0=0, £5.1. (3.22)
new

The integer “charges”, o = 0, 1, correspond to the Neveu-Schwarz sector of
S(c); o = £1 label the Ramond sector.

Eqgs. (3.22) and (3.10) for n = 0 allow to compute the ¢ = —2 characters
in terms of the standard ¢ = 1 lattice characters,

Wz, ¢) = trH(l)ezm{T(Lo—i)ﬁcm} = Koo (7, (:4) , (3.23)

a

where K\ (7,& M) is defined in (2.15).
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Indeed, we have, in view of (3.10),

XS—Q)(E C) — tng_2)q£0+1l—2627riC%jo _ q%tngl)qLo—iGQWi(C—T)%jO
1. .
= ¢ Ko (7,0 —734) = Kop1(7,(54) . (3.24)
This correspondence between the ¢ = —2 and ¢ = 1 dimensions ALY and

characters ch) is summarized in Table 2; the “index shift” for the characters
(Ki(7;4) — Kj41(7;4)) is graphically represented on Fig. 2.

Ki—1(7;4) Ki(7;4)

Figure 2: Shift of the characters in the mapping between the ¢ = —2 and
¢ =1 theories.

Furthermore, in Ref. [10], a partition function for the ¢ = —2 CFT has
been proposed (see their Eq. (4.16)). This can be written in our notation as
follows:

1

Tun = Z{ | Ko(734) Kar 1 (7,2 8) + Ko(734) Kay_s (7, 2¢; 8) 2
r=0
+H Ko (15 4) Kopy1 (7,26 8) + Ko(7;4) Kar_3(7,2(;8)|?
H K1 (734) Ko (7,2¢;8) + K_1(754) Kogp (7,2 8) 2

IR (73 4) Ko (7,265 8) + Ko (75 4) Koy pa (7, 26 8)|2} .(3.25)

This expression is not modular invariant; however, under the ¢ = —2 — 1
mapping this remarkably becomes the 331 partition function (2.22) found in
Section 2:

ZuRr — 2331 , for c—1. (3.26)

This shows that the CFT for the HR state proposed in Ref. [10], once made
unitary, becomes the same as the 331 CFT. Furthermore, the parity rules
coupling neutral and charged excitations is the same in the two Hall fluids.
Actually, the above mapping amounts to a redefinition of the energy and of
the scalar product on the same set of states (see also Refs.[12, 13, 25]).
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Table 2: The ¢ = —2 <= ¢ =1 correspondence

| o=1p2] A =so—1)2] ) [ A =022 (P(r)
1| -1/2 3/8 Ky (7;4) 1/8 K_q(r;4)
0 0 0 K_1(m;4) 0 Ko(1;4)

1 1/2 —1/8 Ko(7;4) 1/8 Ki(1;4)

2 1 0 Ki(7;4) 1/2 Ks(1;4)

The correspondence between the dimensions in the two models is given
by:
A LA L (3.27)
otz 12 77 247 '
(the additive constant on each side being just —e¢/24). The fields (3.20), for
integer o, satisfy (for both values of ¢) the charge—statistics relation:

Po(2)br(w) = (=1)77 7 (w) P (). (3.28)

4 Admissible ¢ = 2 Descriptions of the v =
Double Layer States

1
2

In the previous section we have shown that the 331 model and the (unitarized)
HR model of Ref. [10] share the same partition function and therefore have
the same RCFT description. Nevertheless, we have not so far excluded the
possibility of other modular invariants made by the same basis of states
which could correspond to an alternative RCFT for the HR theory. The
construction of the 331 partition function in Section 2 shows that its chiral
building blocks (2.14) are expressed as sums of products of A(I's)- and A(T'4)-
characters corresponding to the orthogonal lattice

Isa=Ts B4 CLCIy CIG, CLTCIg,. (4.1)

This orthogonal basis of states allows, in principle, for other RCFTs with
different couplings between neutral and charged sectors, i.e. with different
parity rules. We have the following result.

Theorem 4.1 There are 7 distinguishable RCFT models with (¢ = 2 ex-
tensions of the) chiral algebra A(I's 4) that have modular invariant partition
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functions (see P1 in Section 2.2). Six of them factorize into products of
neutral and charged parts

Z0(r.0) = ZV(r. ) Zu(r,0), 1=1,-3, (4.2)
200 = Z0(10%(r,0), 1=1,-3 (4.3)
Zz,4(7'7§) = Z2(7—7C)Z4(7—70 s (4-4)
Zz,1(7'7§) = Z2(77C)Z1(770)7 (4-5)

where

N
=2
B
O
:I:.

Z (7,2¢; M) K\ (7,2¢; M) (4.6)
mod M

and Zy(7;¢) = ZW(1,¢). The only non-factorizable one is Zsz (2.20).

Remark 4.1. Here and in what follows we deal exclusively with physical
partition functions in which all characters enter with non-negative integer
multiplicities and the vacuum character appears with multiplicity one (cf.
Refs.[16, 21]).

A proof of Theorem 4.1, based on ref. [21], is given in Appendix C.

We shall analyze the seven RCFT singled out by the above theorem in
order to select those which can describe the v = 1/2 state. To begin with, we
note that all 7 partition functions contain a pair of fields with the properties
of the electrons in the two layers,

P = ()BT z) P (w) = (w) BV (w) (4.7)

of charges q' with Gram matrix and electric charge:

(a'la') (a'le®)) _ (3 1 o .
( ’la') (q2|q2)>_<1 3>7 (Qld) =1, i=1,2, |Q _,,_(458)

(thus 1'(z) can be identified with E%(z) in the notation of Appendix A).
This has been made explicit in Eq. (2.5) for the Z, orbifold model of partition
function Zs3; (2.22). Such fermion fields also belong to the chiral algebra of
the Z51 model (Eq. (4.5)) and to suitable extensions A = A(I'phys) of the
lattice chiral algebras A(I'), I' = 'y qu4v, p,v = 0,1, corresponding to the
other six cases. Here ['phys is an integral extension of I' satisfying [22]:

I' C Tpnys CTI7,
3q° € Dphys, i =1,2, sothat (Q|q’) =1=|q'|* mod2. (4.9)
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In fact, if we exclude the case I'yhys = L D I's4 which naturally leads to
Zs3; for all 3 lattices (I' = I's 4, 's 1, ['2,4), phys coincides with the maximal
integral extension 'y of I'; this contains two charges e' and e? of lengths
2 and 1, respectively (corresponding to the fields Eiﬁ(z) and ™) of (4.7))
and hence their sum and difference q'? = e' + e* satisfy (4.8).

There are, however, important distinctions between the Z33; model and
the models with factorizable partition functions (4.2-4.5). The common fac-
torizable extensions I'y; of the three I' involves a pair of Fermi fields ) of
dimension 1/2 - smaller than the dimension 3/2 of the basic electron fields
Y. Moreover, all factorizable models contradict a natural postulate about
the charge—statistics relation [15][22].

P2. If Q is the electric charge vector (c¢f. (2.12)), then there exvists a
q' € [phys such that (Q|q') =1 and for any q € U'pnys we must have:

(Qla) =lq* mod2  (Qe€Th,.) , (4.10)

(i.e., Q is an odd vector with respect to U'pnys in the terminology of ref. [22]).
This postulate states that there exists an electron excitation in the spec-

trum and that all observable charged excitations are made out of electrons.
Thus the two postulates P1 and P2 together with the requirement:

F8,4 C thys C F?,l = {Zel + ZeQ} ” Q = eT ” (411)

vield ['phys = L (2.6), i.e., a unique lattice CF'T with partition function Zss;.

5 Gauge Reductions

5.1 The Pfaffian State as a Projection of the 331 State
in the Low-Barrier Limit

The ¢ = 3/2 Pfaffian state [2] could describe a double-layer sample in the

particular limit in which the tunnelling amplitude between the layers is large

and the two species of electrons become indistinguishable [5]. This limit

can be described in CFT by performing the following (generalized) gauge

reduction on the 331 CFT of distinguishable electrons. Splitting the Weyl

spinor ¢ into real and imaginary Majorana components ¢ 3 (¢7(2) = p;(2)):
1

P7(z) = %(@1(2)“@2(2)) o v(E) = 75(991(2)—@'992(2)) SN CAY

we observe that the two layers just differ by the sign of 5; thus, in the limit
of low potential barrier between the two layers, the imaginary part oy of ¥
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should be “gauged away”. This is achieved by the usual coset construction
26|, which consists first in decomposing the stress tensor in two parts, as

) p g p )
follows:

To(2) = Trs(2) + giga(2)o(2): (52)

The last term is then projected out, leading to a ¢ = 3/2 CFT. The resulting
theory can once more be viewed as a Z, orbifold - this time the chiral algebra
Aps appears as the Z, invariant part of the tensor product algebra A(T'y) @
Ajsing(©1). The Pfaffian ground state wave function is fully antisymmetric

[2]:

Ops(21;- .. 22n) (01 (z1)1(22) -+ - p1(22m)|0) P (21, - - - s 22n)

_ py <i> (21, 2an) (5.3)

25

where @, is the usual Laughlin factor (1.3) and the Pfaffian is,

Pf (Zi) = QNlN! > sgn(a)ﬂ - ! : (5.4)

— — Z
€Sy Ee1 o(2k—-1) o(2k)

The resulting CFT exhibits some interesting features and deserves a spe-
cial attention. The total antisymmetry of the wave function signals the fact
that the electrons of the two layers are indeed indistinguishable. The neutral
part (5.3) of the wave function appears as the vacuum expectation value of a
product of free Majorana fermions which generate the Neveu-Schwarz sector
of the ¢ = 1/2 Ising model [7]. The Pfaffian model has topological order
6. The resulting representation spaces H, (A = 0,4+1,+2,4) have lowest
conformal weights:

%, A=t A=t (5.5)

and the same charges as the 331 model - see Table 1.

The characters chy are expressed, in parallel with (2.14), in terms of
products of the Ising characters y,, v = 0, 1,2 and the characters K;(r,2(;8)
of the 331 CFT:

Ch2n(T7 O = XO(T)K%(Tv 2¢; 8) + X2(7')Kzn+4(7', 2¢; 8) , n=0,%£1,2, (5.6&)

Xo(r) £ x2 = ¢ ] <1 + q”‘%> ;

A0:07 A:I:IZ

char (7€) = xa(7) (Kan (7,26:8) + Koo, 20:8)) | (5.6D)
i) =g [ (1 +4q").
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The modular invariant partition function of the Pfaffian state is obtained
by the diagonal quadratic form in the basis (5.6):

1

Zpp = Z{|X0(T)K2,,(T,2C; 8) + xa2(T) Kopya(T, 2¢; 8)|2

‘|‘_|X2(T)Kzr(77 2058) + xo(7) Karya(T,2¢; 8)
+x1(7) (Karg1(7,2¢;8) + Kap3(7,2(;8)) |2}- (5.7)

This coincides with the expression proposed in Ref. [10] (Eq.(4.13)); we have
verified that it satisfies the modular conditions (postulate P1); in particular,
the Pfaffian S matrix,

= w, m,n =0,+1,4+2 4.

(5.8)

has dimension 6 x 6; this matches the topological order 6, in agreement with
the general arguments of Ref.[16].

It is instructive to see the gauge reduction from the 331 CFT to the

Pfaffian in the partition functions. Using the Jacobi identity, the neutral

characters K;(7;4) in the 331 partition function (2.22) can be written in

fermionic Fock-space form:

1 s o
Sin = 3 sin <Zam0n> e amn On

) gV ([ e\, T A
Koa(m;4) = 5 H <1—|—q 2> :I:H <1—q 2> )
n=1 n=1
Ki(m34) = g2 H (1+ q”)2 ) (5.9)
n=1

The projection of one Majorana fermion can be realized by eliminating the
squares in these characters, i.e.,

Ko(134) — xo(7), Kim;4) — x2(7), Kii(7m34) — xa(7). (5.10)

Moreover, only one for each pair of twisted sectors of the 331 CFT survives
in (5.6). After these transformations the 331 partition function (2.22) is seen
to become the Pfaffian one (5.7). It follows, in particular, that the Pfaffian
theory inherits the parity rule of the 331 state.

The quantum dimension [27] of the representations (+1) (of characters
(5.6b)) is v/2 signalling the presence of a non-abelian (braid group) statistics
for quasi-holes [2, 28, 18]. The corresponding fusion rules [7] read:

(1) < (£1) = (2) +(=2), (1) x(=1) = (0) + (4). (5.11)
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One may speculate that we observe here a manifestation of a more general
phenomenon: the non-abelian statistics comes from a gauge reduction (in this
case the projection ¢y — 0) of a lattice abelian model. The U(1)" lattice
models possess the characteristic Wiy, symmetry of the incompressible
quantum Hall fluids under area preserving diffeomorphisms [14]. This has
been found to be a crucial feature of the CFT describing the single-layer
hierarchical Hall states [15]. Therefore, it seems natural to expect it to be
present in the paired Hall states as well. However, the Pfaffian state is not
described by a Wii., CFT; this is signalled by the fact that its central
charge ¢ = 3/2 is not an integer [15]. We thus see that the Wi, symmetry
is broken by the gauge reduction, which is a quantum effect occuring in the
low potential barrier limit of a two-layer system.

It is important to remark that the Wi, symmetry is still present at
the semiclassical level, which corresponds to the limit N — oo [14]; actually,
in this limit, the Pfaffian wave function (5.4) is dominated by the Laughlin
factor (angular momentum of order O(N?)), while the Pfaffian is a subleading
O(1/N) relative correction. The dominant term corresponds to the lattice

RCFT which is Wiy, symmetric.

5.2 Maximally Symmetric ¢ = 3 Description of Paired
Hall States

Until now we restricted our attention to rank 2 charge lattices which corre-
spond to central charge ¢ = 2. It seems natural to assume that the charge
lattice associated with a QH state should have minimal possible rank. From
this point of view it may appear superfluous, once we have a satisfactory
description of the 331 state (2.1) in terms of the ¢ = 2 RCFT of Section
2, to search for higher rank lattices in connection with this state. It has
been argued, however, by Frohlich et al. (see Sections 5 and 7 and Table
(B.2) in Appendix B of the second of Ref. [22]), that a rank 3 lattice pro-
vides a “maximally symmetric” RCFT for this v = 1/2 state. It involves an
SU(2) x SU(2) current algebra symmetry corresponding to spin rotation and
layer; it is realized by a pair of Weyl fermions which are intertwined with the
Laughlin boson.

We shall also demonstrate that the ¢ = 2 CF'T considered in the Sections 2
appears as a U(1) gauge reduction of this one, by projecting out the difference
of the two Weyl currents. This identifies layer and spin quantum numbers
of excitations, yielding the 331 CFT. In Ref.[22], the chiral QH lattice, - i.e.,

the pair (I', Q), is defined in a normal basis as follows:

['=Tphys = {Zq+Za' +Za*},
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1‘|’Q2

4

e
12

31 1
Go = [1 2 0], Q=q-= (5.12)
10 2

The structure of superselection sectors and their fusion rules is similar to
that of the 331 model. We have:
/T =Zs (= |I'| =detGpr =38); (5.13)

this shows [16] that the topological order is again 8. In Table 3, we dis-
play representatives of the non zero-elements of the additive group I'*/I" (in

parallel to the basis of L*/L given in Table 1).

Table 3: Superselection sectors for A(T')

coset representative | charge | dimension

(M) =Xaf 4T q (Qlg) | A=3laf
(0) 0 0 0
(£1) taj i 5
(£2) +(20] —a') ¥3 i
(£3) +(3a} — 22! + q) ++ —
(4) 2le! +27) 0 2

We note that the dimensions Ay, corresponding to the untwisted sector
of even charge cosets (Ag = 0, Ay = 1/4, Ay = 1/2) coincide precisely
with those of the Z, subgroup of L*/L given in Table 1 for m = 2 and
A = 0,+m,2m. The same is true for the minimal (absolute) values of the
inner products of Q with vectors in each such coset, listed in the third column
of Table 3. In both cases, the smallest positive (fractional) electric charge of
a quasi-particle is 1/4. The lattice I' (5.12) obeys the postulate P2 and the
electric charge satisfies (4.8) (|Q* = v = 1/2).

In order to verify this statement we pass from the normal basis (5.12) of
' to its symmetric basis [22]:

d=q-ad'.q’=q-0’, g’=q, (= o' =¢"—q, i=1,2), (5.1l4a)

characterized by,

Gr(a') = ((d'la)ij=123) = , (Qlg") =1. (5.14b)

DN — WO
DO Qo —
W DN DD
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The resulting RCFT with chiral algebra A(I") can again be viewed as a Z
orbifold of a tensor product algebra corresponding to the orthogonal integral
lattice I'y 11 (that extends I'):

1
(F C)FQJJ = {Zeo ) Zel ) Ze2}, eO = 2Q =q-— el, 61 = §(Q1 + Q2)7
1
e = Sla' = a?) (e"fe’) = [e" G v =0,1.2,
"2 =2, le!|* = |e’]" = 1. (5.15)

Indeed, if we introduce the current:
J(2)=JU) + 2 (z), a'=e't+e’, JUz)= %Jeo(z) . (5.16)
then the inner automorphism « of the extended chiral algebra given by
a(A) = e A et for A€ Asia s (5.17)

leaves invariant each element of the physical subalgebra A(I') while changing
the sign of the basic charge shift operators ¢ and the associated Bose (for
v = 0) and Fermi (for v = 1,2) local charged fields (see Eqs. (A.8-A.10) of
Appendix A).

The characters x%(7,() of the irreducible representations of the chiral
algebra A(T") are given by the following counterpart of (2.13) and (2.14)

_x(Im¢)?
XM, ) =75 T chp(7,() | (5.18a)
ch?(T, () = Ko(m;2) K\ (75 2) K_\(7,2¢;8) + K1(732) Kaga (75 2) Ky n (7, 2¢; 8)

(5.18b)
(Amod8) where the K-functions are again given by (2.15). The proof of
(5.18) is completely analogous to that of (2.15) given in Appendix A.

We end up once more with a diagonal modular invariant partition function
of type (2.20),

ZF(Tv C) = Z |X£(7—7 C)|2 (519)

—

In addition, there is an SZ\(Q) @ su(2) current subalgebra of A(I') generated
by the charged currents E*2(z) satisfying:

(B2 (21), B ()] = (/% (22)3(202) = F(2)) 6, (5:20)

where J2 are the corresponding Cartan currents which commute with the
electromagnetic (u(1) - ) current J9(2) (defined in (5.16)). It provides a local
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realization of the SU(2) ; x SU(2), ..
term “maximally symmetric” of [22]).

The rank 2 (A(L)) realization of the v = % state, given in the preceding
sections, is recovered if we gauge the u(1) current:

symmetry of the model (justifying the

[(2)(= J¥(2)) = % (Jﬁl(z) - Jf(z)) , (5.21)

generated by the pair of conjugate Weyl spinors,
2

ez)=FE%(2), ¢(2)= Ee2(z) = I(z) =" (2)p(2): . (5.22)

In particular, the new stress tensor is:
1
Ty(z) = 5:{J1(Z)J1(Z) + JQ(Z)JQ(Z)}: (5.23)

where {J'} and {J;} are dual bases in the Cartan subalgebra of A(L) (cf.
(A.12)). T(=) is obtained from the stress tensor Tr(z) of A(I') by subtracting
the Sugawara contribution of I(z):

Tr(z) =1r(z) — %:[2(2):. (5.24)

In other words, A(L) is obtained from A(I') by gauging out the second factor
in the extended algebra,

ALg11) = A(T2) @ A(TY) , (5.25)

corresponding to the lattice (5.15) and then taking the Zs orbifold.
Let us finally remark that the choice between this ¢ = 3 models and its
331 reduction should be decided by experiment.

6 Conclusions

We presented a unified description of the double-layer v = 1/2 Hall states
which was based on two assumptions: (P1) the use of lattice ¢ = 2 CFTs with
modular invariant partition functions; and (P2) the usual charge — statistics
relation for the observed electron-like excitations.

Our analysis has singled out a unique ¢ = 2 RCFT which corresponds
to the already proposed model for the 331 state. We have shown that the
¢ = —2 CFT previously proposed for the HR state is in fact equivalent to
the 331 CFT, which is the unitary description of the same set of states. The
result has been obtained by a one-to-one mapping between the ¢ = —2 and
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¢ =1 CFTs (Section 3). Furthermore, in Section 4 we proved that there are
no alternative lattice RCFTs for the HR state which are made of the same
chiral building blocks (e.g., there are no alternative parity rules for combining
the fermion number and the charge).

The Pfaffian state has also been related to this unique CFT by a gauge
reduction which has physical interpretation in the double-layer geometry.
This projection eliminates the fermionic U(1) current and breaks the Wi
symmetry at the quantum level; the parity rule for the excitations remains
the same.

In our description, the d-wave spin-singlet part of the HR wave function
(1.4) is represented in terms of the ¢ = 1 Weyl fermion as follows:

Uge = (0]00*(21) - O™ (2n)b(wy) - - - ¥ (wn)]0)
- ! Saer [
- mda(@_wj)—(—l) det((%_wjf) (6.1)

The physical electron fields can also be written:

G2 = () (2): BTV (2)
VHz) = () BVR(2) (6.2)

here, we have used the K-7 equation [7] to substitute the derivative of ¢* by
its product with the current j, and /! and 1)? are the electron fields of the
331 state in Section 2.

Equations (6.1,6.2) show that in our unitary description the HR ground
state is an excited state of the 331 CFT. Moreover, it has the same topological

order 8 (for m = 2, i.e., v = 1/2) and its excitations obey abelian statistics as
in any lattice RCFT. These results are conclusive in the framework of lattice
RCFTs.

On the other hand, there are arguments in the literature in favour of
distinguishing the HR from the 331 state:

o There is a wide spread opinion that the HR quasi-particles obey non-
abelian statistics [9, 10, 12, 18].

e The wave functions for the excitations of 2n quasi-holes on the sphere
are represented by symmetric polynomials spanning a 22"~ dimen-
sional space for the 331 model and a 22”73 dimensional one for the HR
state [18].

o The topological order of the HR state has been found to be 10 by
constructing its ground-state wave functions on the torus [3, 19, 18]
and by numerically diagonalizing the energy spectrum [3].
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Finally, the unitary description of the HR state in this paper does not
explain the stability of the HR ground state, which can naively decay in the
331 ground state. Possible solutions to these problems might be found by
describing the HR with other, non-lattice conformal theories; for example,
orbifold theories obtained from the 331 RCFT, which give rise to non-abelian
statistics. Furthermore, other quantizations of the original £-n system might
be possible based on a careful analysis of the zero modes, as suggested in
Refs.[20, 11]. These issues are left for future investigations.

Acknowledgements

L.G. and I.T. would like to thank INFN, Sezione di Firenze, and SISSA,
Trieste for hospitality. Their work was supported in part by the Bulgarian
National Foundation for Scientific Research under contract F-404. A.C. also
thanks SISSA for hospitality and acknowledges the European Community
programme FMRX-CT96-0012. All three authors thank the Schrodinger
Institute for Mathematical Physics, Vienna, for hospitality during the final
stage of this work.

Appendix A Charge Lattices, Cyclic Groups
and Orbifolds

We briefly recall some background material about integral lattices (concise,
physicist oriented surveys can be found in [22, 21]). An Fuclidean integral
lattice I of rank r is an r-dimensional Z-module (free abelian group) with a
positive definite integer valued bilinear form:

['=Ze' +---Ze", (e'le’)=(ele')€Z, (A.1)

I'sv= (vlv)€eZs,(vv)=0& v=0. (A.2)
The basis {e',...,e"} of I is determined up to GL(n,Z) transformations,

GL(n,Z)> A= (aé) e’ —>a;ej, a; €EZ, 1,j=1,...,r, det A= =£I.
(A.3)
Hence, the determinant |I'| of the Gram matriz Gp is an invariant of the
lattice I'. The dual lattice '™ is defined as the set of all vectors u € R” such
that (u|v) € Z for any v € I'. The basis {e’} C I'* is dual to {e‘} C T
if (ei|e;) = 5; Clearly, I' C I'* is an (invariant) subgroup of the (abelian)
group ['*. The quotient I*/I" is a finite abelian group (a product of cyclic
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groups) of order |I':

. det Gr \ ? _
I /T| = (det G:) =detGr = |I'| (Gr« = G'). (A.4)

Let L be a sub-lattice of the integral lattice I'. Then I'* C L* and the finite
abelian groups I'/L and L*/I'* are isomorphic:

LcrcrclLs, L*/I"~T/L. (A.5)

To each integral lattice I there corresponds a chiral vertex algebra A(I)
(see, e.g., Section 1.2 of [17] and references therein). It involves, to begin
with, r linearly independent u(1) currents J'(z) = > J:z7"7! (in the basis
{e, i=1,...,7} of I') such that:

[J(21), ' (22)] = = (e']e”)d(z12) & [}, 5] = (|e))d]

n'Ym n+m:*

(A.6)

It defines a free Bose field subalgebra A, of A(I'). We consider a (reducible)
positive energy vacuum representation of A, in a Hilbert space Hr that splits
into an infinite direct sum of irreducible A, modules H, with distinguished
cyclic vectors |v) (v € I'):

He =P Hy, V) EHy, Jilv)=(elv)5o|v) for n > 0. (A7)

vell

To each (u € I') we associate a unitary shift operator E™ acting in Hr such
that:

E'W)=c(u,v)[ut+v), JE"=E"(J 4 (e'[u)d)). (A.8)
The factor e(u,v) takes values +1. It is a 2-cocycle, - i.e.,
e(ug,uz)e(uy + uz,us) = e(uyg, uz + us)e(ug, us),
and satisfies
e(u,0) =e(0,u) =1, e(u,v) = (=DPFMF-0Me(v u) Ju? = (uu),

thus guaranteeing the normal spin-statistics relation for different fields.
To each vector v = v;e’ in the real r-dimensional space R” we associate
au(l) current JV by:

SN =vd(z) . (Jz) = J%(2)). (A.9)
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If v € T" then there exists a local (Bose or Fermi) charged field EV(z) such
that:

o0 n

EY(2)[0) = GXP{ anz—} V), v) = E7[0), (A.10)
n
n=1

and

EY(2)EY(w) = (=DM EY () B (2) for w # 2. (A.11)
Let {Ji(2) := J®(2)} be a basis of u(1) currents dual to {J'(z)}. The

stress energy tensor T' for each chiral algebra A(I') belongs to its subalgebra

A, and is given by the Sugawara formula:

T(z)= 2Ji(Z)Ji(Z)2 ) (A.12)

[N

It implies that the energy of a ground state vector v of A, is given by:
1
(Lo — §|V|2)|V> =0 if (Jin—82v)|v) =0 for n >0, v; = (vl|e]). (A.13)

The irreducible positive energy representations of A(I') are labeled by the
elements of the finite abelian group I'*/I". Let v* € I'* be a representative of
the coset v* + I' satisfying:

[v*|? = infuer [V* + ul’ (A.14)

Such a v* is, in general, not unique in v* + I', however the representation
space,

Hv*-l—F - @Hv*-l—u 5 (A15)

uel’
which generalizes the vacuum space (A.7) is clearly independent of the choice
of v*. The minimal (ground state) energy in My« is 2|v*|* (provided (A.14)
takes place).
Returning to the chain of embedded lattices (A.5) we shall demonstrate
that A(L) C A(') appears as an orbifold of T'.

Proposition A.1 The finite abelian group L*/T™ acts by automorphisms on
the chiral algebra A(L') leaving each element of its subalgebra A, C A(T')
tnvariant.

Proof. Indeed, for each u* € L* we can define a gauge operator U(= Uyx) =
e?™Jo" satisfying:
aws[EY] = UEYU™" = exp {2mi(u*|v)} BV | (verl). (A.16)
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(Although the operator U depends on the choice of representative u* in the
coset u* 4+ I'* the automorphism oy« of A(I') does not.) For v € L(C T)
(u*|v) € Z so that EY is unaltered by the automorphism ay» in (A.16).

We are now prepared to apply Proposition Al to the pair L C I'y,1 =
I',, @ I’y of integral lattices studied in Section 2. In this case:

Ll 4m

|Fm71| N m

— 9 S [, 2T, (U, =T, el ., (A7)

and the non-trivial automorphism « is given by (2.4); note that the coset
L* /T, | can be represented by either of the four vectors £q; and we have,

S () = 2N e = %{%J(Z) —I—j(z)} , (A.18)

in the notation (2.7-2.9).

We shall now sketch a derivation of the formula (2.14) for the character
of the representation (A) = Aqj + L of the orbifold algebra A(L).

Proposition A.2 The character chy (7 O (2.14) is the chiral partition func-
tion of the conformal Hamiltonian Lo— = and the visible charge operator JQ

in the A(L) module Hy (= Haqr+1)-

Chi\/(T, g) — ter {qLo 1z e?wZCJ } 7 qg= 627ri7' ) (A19)

Proof. Substitute H, by the direct sum (A.15),

@ H/\QT-I-M ql+nzq?s

nl,NQEZ
nlql + n2q2 = (n1 + n2)61 + (n1 — n2)62. (AQO)

The contribution of each term to the trace (the sum over the currents’ ex-
citations in H, ) gives a factor [n(7)]~2e?7H{F(nHAai)*+(Qu+raD} where Q is
given by (2.12). Noting that ny+nz and ny —ny have the same parity we split
the resulting double sum in two terms: one with ny +ny = 2n, ny —ny = 2n’
and another with ny +ny = 2n + 1, ny — ny = 2n’ + 1 . The first of these
terms gives the first summand in (2.14):

Zqu nt+ 2 )2 4+2(n'+ 4 )2 47”((”"‘4,”) = [X/\( 4)]&7/\(T,2C,4m)

Similarly, the second one reproduces the second term, K y2(7;4) Kyjom (7,2¢; 4m),
thus completing the proof of the proposition.

A different method of computing ch; (7, ¢) (and hence of proving Propo-
sition A2) using technique of orbifold theory [17] is provided in [29)].
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Appendix B Conformal OPE for the HR An-
ticommuting Fields

Standard (global) conformal OPE are written as series of integrals of quasi-
primary fields with respect to a given stress energy tensor ( see, e.g., Ap-
pendix A of [30], [31] and [29]). Here we shall write down such an expansion
for the product of (free) fields ¢,(2)¢, (w) without committing ourselves to a
choice of the stress energy tensor (and the associated Virasoro algebra). All
we shall need is the 4-point function (3.1) with typical element:

(O g (21)0— (w1 )14 (22)— (w2)]0) =
= (21 —w1) % (22 — wa) 7% — (21 — wy) " *(wy — 29) 7% (B.1)

We shall verify (using techniques developed in the above references) that it
gives rise to an OPE of the form:

z

(2 — )y (=)0 (1) ew{l/m@O“WTm>
(= e —wp

#0E = E Odc +c = S
o [ E= QM = w)?

32/ Ve (O

+(z —w)’ Rypo(2,0) p,0 = :I:% : (B.2)

Here the 7, A and V, are (translation invariant) local fields satisfying:

(Ol (2o () T(OI0) = - (B.3a)

Z1

T(2)T (22) = =2y + 1227 /(Zl — O(C = 2)T(QdC +:T (1) T (22):

22

el )

Me) = T (s (O A0 = 2 22t

(0]¢2o(2)t0s (w)Va()|0) = =Gproa

0w 0P (B.42)

12

Vi(z1)Vi(z2) = Gu {2126 + 21—78/(21 — (¢ —22)T(¢)d¢ + -+ }



Z1

+300 /(21—4)2(4—22)2%(0(1(4‘"‘a (B.4b)

22

where the non-zero elements of G, and (¢, are:

Gioi =G =2, Geo=-1, €}, =-C°,=-2, Cf,==+1. (B.4d)

In fact, the expansion (B.2) and the conditions (B.3) (B.4) are implied
by the following result.

Proposition B.1 The 4-point function (B.l) is reproduced by the OPFE,

b (o) = ——— = Sz~ w)

(2 —w)? I=1

Bi(z,w; Q)Prpa(C)d¢ (B.5)

s\

where the (normalized) weight function,

P[(Z,w; C:) _ (ZZ(Z—’I—)zl)’ (Z(_Z é;)l(ué;z;_zﬂ) (/ PI(ZIVZ?; ()d§ = 1) )

Z1

(B.6)

is determined by the condition,

22

/ Plon o Q)¢ — 2 272C = 52t (= m—zy), (B)

Z1

while the fields ®,, are mutually orthogonal satisfying,
(0]@,,(21)Pm(22)|0) = _CN(ZIQ)_2n5nm , (B.8)
n—2
(O]t (2)pp—(w)@n(C)]0) = Ch

(s —w)

(2 = ) (w = Q)"

,n=2.3,...,(B.9)

and the constants C,, are given by,

Cryr = % n=1,2,...(Ch=1=Cs). (B.10)
Conversely, the fields ®, can be expressed from (B.5) as composites of iy :
1
Oz =~ Ll (00 = s (o1 0 ()
— ) n—k—1 ("1 k n—k—1 .
- Z( D () (0 )ttt
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The proof is based on the expansion:

(1 —n)” ZC F(n,n;2n;n) , (B.12)

n=2

for (', satisfying the recurrence relation,

. 25+1 M —2)(n —1)!
2:: 2 — 1= 1)(n + 1) =1

which is solved by (A.9); here we use the following representation for the
Hypergeometric function (cf. [31, 29]):

Fln,n: 20 ) = 2wl /( Po_1(z2,w2; () d 77_(21—101)(22—102)‘

z1 — ()" (wy — ()" B Z12W12

(B.13)
It remains to set &, = T, &3 = V4, &, = %A in order to recover (B.2).
The OPE of composite fields (Eqs. (B.3b) (B.4b) etc.) follow from their

expressions (B.11) in terms of the free fields 1+. Short distance expansions
(like (3.2)) are obtained from here using:

z

[ Pt RO = () + S50 0) + O = w)). (B14)

w

Appendix C Modular Invariants Partition Func-
tions Involving the Chiral Alge-
bra A(F874)

Let the lattice base vectors e’ and their dual e}, i = 1,2 satisfy:

G (elen) = (5 V) e =reieme ()

m—

The corresponding u(1) currents (which define, for r = 2, the stress energy
tensor (A.11) ) are:

JU(2) (= J%(2)) = 2J1(2), and J2(z) = Jy(=).

We are going to classify the (¢ = 2) RCFT whose chiral algebra includes the
tensor product algebra A(I's4) where the lattice I's 4 is spanned by 2e!, 2e*.

37



We shall continue, however, to identify the electric charge Q with (2.12), -
that is,

a-c.  (laF=3). (€2)

Proposition C.1 There are 5 S and T? invariant partition functions for
the ¢ = 1 chiral algebra A(T's), 3 such invariants for A(I'y) and hence 15
factorizable partition functions for A(I's4). The rank 2 chiral algebra A(l's 4)
also admits 4 non-factorizable modular invariants.

Proof. We first note that the choice (C.2) of the electric charge requires
substituting ¢ by 2¢ in the second argument of the characters K,(.,.;8)
(2.15a).

According to ref. [21] there are 4 S invariants made out of K\(7,2(;8)
(and their conjugate) for which the chiral algebra is unextended and the
number of superselection sectors is 8. They can be labeled by an integer
[ mod 8 satisfying [ = 1mod 8 and are given by

4
Zia(7,0) = Y Ka(7,2(;8) Kin(,2(;8)  for | = £1,43. (C.3)

A=-3
Two of them, 7y g and Z_; 5 are SL(2,Z) invariant; the two others,
Z378 = [Xfor’() + [(4E + <I(1r’3 + [(_1[(_3 + [(2[(_2 + C.C.) 5

and Z_3 g are only S and 7% invariant. There is one more invariant partition
function corresponding to the A(I';) D A(I's) extension of the chiral algebra:

Zo(1, ) (= Z(Ty D Tg)) = |Ko(7,2(;8) + Ku(r,2(;8)|?
+ Ko (7, 2¢;8) + Ko(7,2¢:8)*. (C.4)

Due to the identity:
]&’21(7,2§;4m) + Kzl-|-2m(7'72§§4m) = Kl(Ta ¢; m) ) (0-5)

Eq.(C.4) is just the diagonal invariant of the level 1 su(2) current algebra.
Similarly, there are two modular invariants:

Zira(t) =Y K\(r;4)Kp(r:4) | (C.6)

of the A(I'y) RCFT and one S invariant,
Zy(1) = |Ko(m34) + Kao(mi )P (= Zu(7,+2)) (C.7)
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corresponding to the A(I'y) D A(I'4) fermionic extension of the bosonic chiral
algebra A(I'y). The products of each of the 3 invariants (C.6) (C.7) with any
of the 5 invariants (C.3) (C.4) give the 15 factorizable partition functions.

The 4 non-factorizable S invariants correspond to the A(L) D A(I's4)
extension of the original chiral algebra where L is defined by (2.6) and (2.2)
with m = 2. They are related to the partition function (2.20) (for m = 2)
in the same way as the invariants (C.3) are related to the diagonal one for
A(Ts):

4

Zi(1,) = Y (KA 4) K (7,26:8) + Kaga(734) Koga (7, 2(;8)) x

A=-3
(Kin(754) Kin(7, 26 8) 4+ Ringa(754) Kinga(7,2658))
[ = +1,43. (C.8)

The argument of Gannon [21] then proves that there are no other S invari-
ants.

Remark C1. Note that Gannon® [21] (see, in particular, Example 2 of
Section 4) identifies rank 2 charge lattices obtained from each other by a
rotation by m and hence views partition functions differing only in the sign
of [ as equivalent. In his count there are, therefore, 3 x 2 (rather than 5 x 3)
factorizable and 2 (rather than 4) non-factorizable invariants. We shall see
that some of the partition functions, viewed as equivalent in [21], actually
differ in their U — V transformation properties.

Proposition C.2 U-invariance leaves us with 9 factorizable and 2 non-
factorizable partition functions (among the 15+ 4 ones given by Proposition
C1). If modified by a suitable prefactor of the type appearing in (2.13) they
become automatically also V-invariant.

Proof. U (i.e., ( = (+ 1) of Z;5 (C.3) requires:
A—I{A=0 mod4 for —3<A<4, (C.9)

which is only satisfied for [ = 1,—3. The same is true for the invariants
(C.8).

Given that the electric charge vector (C.2) has no projection in the di-
rection of e? one can view a reflection of the e? axis as a symmetry and
regard as indistinguishable theories obtained from one another by such a re-
flection (they indeed have identical partition functions). (Thus we substitute
the “equivalence” (e',e?) — (—e', —e?) used in [21] - see Remark C1 - by
(e, e?) = (e', —e?). )

"We thank T. Gannon for a helpful correspondence on this point
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Proposition C.3 There are 7 distinct partition functions among the 11
modular invariant ones of Proposition C2. They are given by Theorem 4.1.

Proof. Identifying the two modular invariants (C.6) we remain with 6 out
of 9 factorizable partition functions. To verify that 7 1(7,() = Z_31(7,()
we note that

K_5(m;4)K_5(7,2¢;8) + K_1(7;4)K1(7,2(;8) =
= Ki(7;4)K5(7,2¢;8) + K_1(7;4)K1(7,2(; 8)

differs from Ki(7;4)K1(7,2(;8) + K_1(7;4)K5(7,2(;8) by just a change of
sign in [ of the K;(7;4) factors.
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